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ABSTRACT. We study the almost sure asymptotic behavior of the ergodic sums
of L' functions, for the infinite measure preserving system given by the horo-
cycle flow on the unit tangent bundle of a Z%—cover of a hyperbolic surface of
finite area, equipped with the volume measure. We prove rational ergodicity,
identify the return sequence, and describe the fluctuations of the ergodic sums
normalized by the return sequence. One application is a ‘second order ergodic
theorem’: almost sure convergence of properly normalized ergodic sums, sub-
ject to a certain summability method (the ordinary pointwise ergodic theorem
fails for infinite measure preserving systems).
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1. Introduction and statement of results. The purpose of this work is to de-
scribe the almost sure asymptotic behavior of the ergodic sums fOT foh®ds of L'~
functions f for the following infinite measure preserving system: the horocycle flow
ht on the unit tangent bundle of a Z? cover of a hyperbolic surface of finite area,
equipped with the hyperbolic volume measure. Z%covers of compact hyperbolic
surfaces were treated in [33].

As proved by Kaimanovich [27], the volume measure is conservative and ergodic.
Since it has infinite mass, Aaronson’s theorem says that there is no normalization
a(T) such that ﬁ fOT fohtdt converges almost surely to a limit other than 0, +o00,

even for a single f € L* with [ f # 0 ([2], theorem 2.4.2).
This does not rule out the existence of a normalizing constants a(T") which cap-

tures the almost sure rate of growth of fOT f o hldt, but it does imply that if a(T")
exists, then ﬁ fOT f o htdt fluctuates without converging. The ratio ergodic the-
orem says that the asymptotic behavior of the fluctuations does not depend on

f. Aaronson’s theorem says that the asymptotic behavior of the fluctuations does
depend on the initial condition.

Our aim is to describe the almost sure behavior of these fluctuations, for the
dynamical system described above.

Given sufficient information on the fluctuations, one can try to design a summa-
bility method which averages them out, almost surely. The result would then be a
‘second order ergodic theorem’ — a pointwise ergodic theorem, subject to a summa-
bility method. Ergodic theorems of this type were first proved by A. Fisher for
certain subshifts in [23], and by A. Fisher, M. Denker, and J. Aaronson for a class
of pointwise dual ergodic Markov shifts [7]. The terminology ‘second order’ is from
these papers.

Unlike the ergodic theorems of classical ergodic theory, results of this type are
not universal — and are highly dependent of the specifics of the system in question.
This is already apparent in the class of systems studied here:

e The scaling a(T") depends on the surface,

e The summability method is different than the one used by [23] and [7] (both
are weighted Cesaro methods, but the weights are different),

e Our summability method works for the volume measure, but — in the case of
7% covers of compact surfaces — fails for all other globally supported invariant
Radon measure of the horocycle flow (see [32]).



HOROCYCLES ON ZY-COVERS OF FINITE VOLUME SURFACES 3

1.1. Setting. Let g, be nonnegative integers such that 2g +¢ > 2, and let M
be a hyperbolic surface obtained by deleting ¢ points from a compact connected
orientable surface of genus g, and endowing the result with a complete hyperbolic
metric. We denote the unit tangent bundle of My by T*(My), the geodesic flow by
g° : TY(My) — T (My), and the horocycle flow by h : T1(My) — T (My).

Let proj : M — My be a regular cover, whose group of deck transformations
G :={D : M — M]|D is an isometry, and projoD = proj} is isomorphic to Z.
Such covers are called Z%—covers. The geodesic flow and the horocycle flow of My lift
to continuous flows ¢g*, h* on T (M), which commute with the deck transformations.

It turns out that the fluctuations of the ergodic sums of the horocycle flow are
driven by a certain random walk associated with the geodesic flow, which we now
describe.

Parametrize the group of deck transformations G by G = {deck, : a € Z%}, in
such a way that deck,4, = deck, odeck,. Fix an identification 2 : My — M between
My and some connected fundamental domain for the action of the group of deck
transformations G on T (M). Let My := 1. [T*(My)]. Evidently,

T (M) = |4 decky (M)
a€z4

This allows us to define the Z?—coordinate of w € T*(M) to be the unique vector
§ = {(w) such that w falls in decke[Mo].

Now consider the Z%valued stochastic process {{(g°w)}s>0, Where w is chosen

uniformly in M, (i.e. w.r.t. the normalized restriction of the volume measure to
My), and g* : TY(M) — TY(M) is the geodesic flow.

This process is intimately related to the ‘winding process’ which was analyzed
by various authors in various degrees of generality (Guivarc’h & Le Jan [25], Le Jan
[30],[31], Babillot & Peigné [12], [13], Enriquez, Franchi & Le Jan [22]), and its as-
ymptotic distributional behavior is known (see the references above and proposition
2 below).

The distributional behavior depends on the direction: For some § € R?, (0, £(g°w))
is asymptotically gaussian, for others (6,&(g°w)) is asymptotically (symmetric)
Cauchy. More precisely, there exists an direct sum decomposition R¢ = E, ® E,,
such that if we decompose § = ép + éq with §p € E,, éq € E,, then

%5 (gsw) dist X
=P §—00

1 s dist

\/géq(g w) 5—00 Y

1€, (g°w) + J=6 (g°w) T N
where X € E, is a non-degenerate p—dimensional symmetric Cauchy random vari-
able, Y € E, is a non-degenerate g—dimensional Gaussian random variable, and N
is the independent sum of X and Y.
Let Fy(0,), Fy(8,), F(0) = Fy(0,)F,(8,) denote the density functions of X, Y,
and N. These functions are known, but we defer their explicit description to the

end of this section. For the time being it suffices to note that
e F,(-) is a bounded rational function with polynomial decay at infinity,
e [7(+) is proportional to exp[— 2 Q(8,,0,)] with Q(-,-) a positive definite qua-
dratic form on E,,
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e For every € > 0, there are positive, bounded, smooth, and Lipschitz functions
F* with polynomial decay at infinity such that for all § € R? and e~ <
t1,ty < €°,

F-(0,+0,) <F(t10,+t0,) < F (6, +9,),
and such that F.F /F —— 1 uniformly on compacts, & — F*(-) is decreas-
e—0
ing, and & — F_ (-) is increasing
1.2. Results. Let m be the volume measure on T* (M), normalized so that m[Mo] =

1. Define p := dim F,, q := dim E,, and

T q
CL(T) = W, Where k :p+ 5
1.2.1. Main result. Our main result is the following description of the almost sure
fluctuations of ﬁ fOT f o htdt for L'-functions f with non-zero integral:

Theorem 1.1. There exists o > 0 such that for every f € L' with [ f =1, for
every € > 0, and for almost every w € T*(M) there exists some Ty = Tp(e,w) such
that for all T > Ty,

T E(gTw) € (9T w)

ﬁ/@ f(hlw)dt < e |FF <—P ?* I _quT* ) +e| +O(er(w))
T £ (g7 w) € (9" w)

a(lT)/O f(hw)dt > e °|F- (—P ?* n _quZT* ) —e| +O(er(w))

where T* = In[T/(InT)%], and 7 : T*(M) — R tends to zero ‘on average’:

. 1 N
o lnlnN/3 TlnTET(w)dT—OfOT a.e. w.

N—o0

This means that

e The rate of growth of ergodic sums is a(7T): If one divides fOT f(hfw)dt by
less then there will be a subsequence where the quotient tends to infinity, and
if one divides by more, then there will be a subsequence where the quotient
tends to zero.

e This rate of growth depends on M (through k = p + )

e The fluctuations in ﬁ fOT f(htw)dt are driven by the geodesic orbit of w.

e The time scale of these fluctuations is logarithmic: 7 ~ InT". Thus there will
be exponentially large time intervals when ﬁ fOT f(h'w)dt deviates signifi-
cantly from [ f.

1.2.2. Applications. Theorem 1.1 has several applications, which we now explain.
The first application is to the proof of rational ergodicity of the horocycle flow.

Recall that a flow ¢! is called rationally ergodic if it is ergodic and there exists

a measurable set E of positive finite measure such that [ ( fg 1 o h%ds)?dm =

O([ [y fot 15 o h®dsdm]?). This implies the existence of b(T") and T}, — oo s.t.

1 T
Cesaro- lim ——— tw)dt :/ dm a.e.
dw s f(@'w) f

See Aaronson [2], [1] for a proof.
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Theorem 1.2. m is rationally ergodic, and one can take b(T) = a(T).

The geodesic flow, on the other hand, is not rationally ergodic (or even ergodic)
when d > 2 (Aaronson & Sullivan [3], Rees [12], Guivarc’h [24]). See also [35], [36].
Our second application is the following ‘second order’ ergodic theorem:

Theorem 1.3. There is a constant A such that for every f € L',

lim ! /N L L /TthSds dT—A/fdm m-a.e
N—oscInlnN J; TInT \ a(T) J, B o

We describe the constant A below.

1.2.3. Identification of constants. We describe the constants appearing in the pre-
vious theorems. The description is in terms of harmonic 1-forms on M and M.

Let H'(Mjy, R) denote the first cohomology group of My, and let H C H' (M, R)
denote the linear subspace of cohomology classes which vanish on projections of
cycles in Hy(M,R) to Hy(Mp,R) . Since M is a Z%-cover of My, the dimension of
‘H is d. We describe a basis for H.

The Frobenius element of a loop ¢ in My = I'y\H is the element Frob(c) € T'o/T" =
G obtained as follows: let ¢ denote the lift of ¢ to H, and g. € 'y the isometry which
maps the beginning of ¢ to its endpoint, then Frob(c) := I'g.. Clearly Frob(c)
depends only on the homotopy class of ¢, and defines a homomorphism from the
fundamental group of My to T'y/T. Since I'o/T" is abelian, and the abelianization
of homotopy is homology, Frob(c) only depends on the homology of ¢, and is a
homomorphism from H;(Mg,R) to I'yg/T. Recalling the identification I'y/T" ~ G ~
74 from §1.1, we see that

[c] — (e;, Frob(c)) ({g;} = standard basis of R%)

Sis

are d linearly independent cohomology classes in H.

Represent these elements of H by real harmonic forms with (at most) simple
poles at the cusps (this is possible, see e.g. [25], section 2).

The residue of a 1-form at a cusp is the integral of that form on a loop which is
homotopic to the cusp. Let A\ (w), ..., Ad¢+(w) denote the residues of w at the ¢ cusps
of My. Decompose H into a direct sum

H=H,DH,
where
Hy, := {w € H :the residues of w at the cusps are all zero},
H, = H/H,=2{( q(w),...,(w)):weH}.
Let dv denote the area element of My, |Mp| the area of My, and || - || the norm in

the cotangent bundle. Endow H,,,H,, and H with the norms

t
loll, = Wld;w(wn (w e Hy)
1 , 1/2
olle = (37 /), ot (e,
||WHH = maX{prHp, qu”q} (‘U EH,w=uwp+wg,wp € Hp,wy € Hq)'
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Now identify H with R? using the basis described above, and let E,, E, C R? be
the linear subspaces corresponding to H, and H,, with the corresponding norms

- llps I - Mlg-
Using results of Le Jan [30], we shall see below that

o p=dimFE, =dimH, = dim(H/H,),

e ¢ =dim E,; = dimH,,

e X is the p—dimensional random variable with characteristic function
E(ei@’ﬁ) — el

and density function
F,(0) = (—27)7” /l !0 o= llzlp g

Thus X is a multidimensional symmetric Cauchy random variable, and its
density function is a bounded rational function.
e Y is the g—dimensional random variable with characteristic function

E(eH0Y)y — Il

and density function

1 .
F,(0) = /E (102 oIl gy

Y= Gy
Thus Y is a multivariate Gaussian random variable.
e The constant A of theorem 1.3 is given by A = 27 F,(0)F,(0), where k = p+1.
There is a simple geometric interpretation of this constant. Introduce the follow-
ing norm on H ~ R? = E,®E; |80 = maX{HQleu %HQqu}, then
1 volume of the unit ball in R? w.r.t. | - ||x

A= X .
(2m)* © volume of the unit ball in R? w.r.t. || - ||o

1.3. Method.

1.3.1. Proof of theorem 1.1. The strategy of proof is the same as the one we used
in [33] for the case of a Z% cover of a compact hyperbolic surface, but the imple-
mentation is technically more demanding, due to the presence of cusps.

The ratio ergodic theorem implies that if theorem 1.1 holds for one L'—function
with integral one, then it holds for all L!'-functions with integral one. We work
with a function f = (1/m(FE))1g for a carefully chosen set E (see below), for which

we can estimate fOT f o htdt directly using a combination of symbolic dynamics,
transfer operator techniques, and harmonic analysis.

The symbolic dynamics we use codes the geodesic flow as a special flow over a
countable Markov shift. It makes the dynamics of the random walk associated to
the geodesic flow transparent, which is useful for us because this random walk drives
the fluctuations we are interested in. The price we pay is that the the dynamics
of the horocycle flow is not longer transparent: while there is a simple symbolic
description of the wunparametrized horocycle orbits — the order structure on the
orbit is cumbersome to describe.

To deal with this we use symbolic dynamics to decompose every infinite horocycle
into infinitely many pieces whose size we can control. We call these pieces symbolic
local strong stable manifolds.
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We choose our set F in such a way that £ N {h*(w):0 <t < T} can be approx-
imated by a union of symbolic strong stable local manifolds completely inside E.
The error function ep(w) in theorem 1.1 measures the quality of this approxima-
tion. This give us an approximation of fOT 1g(ht(w))dt by a sum of the lengths of
symbolic strong stable local manifolds in EN{hf(w):0 <t < T} — a number which
can be fully captured in terms of symbolic dynamics. Call it the symbolic sum.

The Fourier inversion formula, followed by some re-ordering of terms, allows us
to rewrite the symbolic sum as an integral of an infinite series of complex transfer
(Ruelle) operators. Operator perturbation theory allows us to replace the infinite
operator series by a singular kernel, thus reducing the problem to the analysis of a
singular integral. This analysis is then handled by direct estimates.

We comment on what is new and what is known in the proof.

The approximation of ergodic sums by symbolic sums is new. It is technically
more demanding than in the case of Z%covers of compact surfaces due to a variety
of technical issues arising from the presence of cusps. The most important of these
effects is that the lengths of the symbolic local strong strong stable manifolds are no
longer bounded away from zero and infinity. This means that various ‘edge effects’
in the approximation which we were able to neglect in [33] are no longer negligible.
Roughly speaking, we prove that almost surely, and ‘in the long run’ these edge
effects do not matter ‘on the average’.

The asymptotic analysis of the symbolic sum is not new, except for the generality
in which we work. The transfer operator method for analyzing symbolic sums
of the type we get is due to S. Lalley [29], who developed it for the purpose of
counting closed geodesics in homology classes on compact hyperbolic surfaces (see
also [10]). Several authors extended the method for certain hyperbolic surfaces of
finite area (for the purpose of counting closed geodesics or studying the winding of
geodesics): Guivarc’h and Le Jan [25] for the classical modular surface, Dal’bo and
Peigné [18] for the modular surface with a metric of variable negative curvature,
and Babillot and Peigné [12, 13] for hyperbolic manifolds (or surfaces) constructed
out of Schottky groups.

We use the same approach as these authors (especially Babillot & Peigné), except
that our assumptions on the hyperbolic surface are different (we assume dimension
two, but nothing else; they allow higher dimension, but assume that the underlying
group is Schottky).

To implement this method we need to be able to apply analytic operator pertur-
bation theory to the transfer operators which we get from the coding. We also need
to have a good control of the length of the symbolic local strong stable manifolds.
The ‘classical coding” which uses geodesic cutting sequences does not work, and
the codings used in the papers mentioned above does not cover all the hyperbolic
surfaces we wish to treat.

Since we do not wish to impose additional assumptions on our surfaces, we are
forced to develop a modified method of coding in section 2, in the spirit of Stadl-
bauer’s work [17] (see also Aaronson & Denker [1] for the case g = 0,t = 3). We
then check that the resulting transfer operators satisfy the properties needed to
push the Lalley—Babillot—Peigné method through (sections 3 and 4, which should
be compared to [13]).

It would be interesting to know if one could find alternative proofs using rep-
resentation theory, Selberg trace formula, or comparison with Brownian motion.
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Such methods were used successfully for counting closed geodesics or for studying
winding of geodesics, see [21], [39], [40], [46], [31], [22].

The main advantage of the symbolic dynamics method is that it extends more
easily to higher dimension (see e.g. [12], [19]) or to variable negative curvature ([18]).
Its main disadvantage is that it is based on many non-canonical constructions, and
is thus less natural.

1.3.2. Proof of theorems 1.2 and 1.3. Theorem 1.2 follows directly from theorem
1.1, and an estimate of the L' and L? norms of the error term ez (-).
Theorem 1.3 is more delicate. The crux of the matter is to show that

1 (T1 (&%) € (9°w)

converges almost surely as T — oo. In the case of Z% covers of compact surface
[33], §p = 0, and the term in the brackets can be approximated by a deterministic

reparametrization of Brownian motion. The limit can then be proved by appealing
to results on Brownian motion. But in the case of Z% covers of non-compact sur-
faces, the term in the brackets has Cauchy components, and does not behave like
Brownian motion. It is tempting to try approximation by a Lévy process, but the
tools for doing so in our context do not exist at present.

We use the following alternative approach: Using a certain Poincaré section for
the geodesic flow, we divide the time interval [3,2"] into the epochs between the 2*
return time to the 251 return time, k = 1,...,n — 1. This gives a decomposition
of the integral into a sum of n — 1 integrals on shorter time intervals.

The idea is to treat these n integrals as n (dependent) random variables, and
analyze the correlations between them. We cannot do this directly, so we approxi-
mate each of the n integrals by other quantities whose correlations we are able to
control. The dependence between the approximants turns out to be weak enough
to enable us to prove a strong law of large numbers. This LLN yields the result.

2. Preparations I: geometry and coding.

2.1. Fundamental domains of finite area surfaces. Set m = 2g+¢—1 > 2.
Since the case when M is compact (¢t = 0) was treated in [33], we assume ¢ > 0.
Then, Tukia [50] showed that My can be realized as the identification space of a
closed convex hyperbolic polygon D with the following properties:

e Dy contains the origin at its interior;

e Dy has 2m vertices, and these vertices are all located in OD;

e these vertices partition 9D into 2m intervals I, s € S which fall into m pairs
(s,s8') in such a way that for each pair (s, s), there is a pair of Mébius trans-
formations g, gs = g;l such that gs maps Iy onto 9D \ Iy, and gy maps Iy
onto OD \ I;

e My is isometric to the identification space obtained by pairwise identifying
the sides of Dg using gs, s € S.

Moreover, if we divide S into two halves which contain exactly one element of
each pair {gs, g5 '}, then each half is a free collection of generators for a group
Ty ~ m (My) such that My is isometric to T'p \ D.

Consider the tesselation of D by I'-copies of Dy at a neighbourhood of one of its
vertices v. There exists some (minimal) ¢ € N and edge-pairing isometries g5, such
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that the following are sequences of adjacent copies of Dy which touch 0D at v:

D07951 (D0)7 (952951)(D0)7 ey (gsz e gsl)(D0)7
Is1 (gsz o 'gsl)(DO)agszgﬁl (gse o 'gsl)(DO)v ) (gsz o '951)2(D0) etc.

Do, 95,' Do, (95," 95, ) Do, - - (95" -+ 95,") Do
95 (95" 95,0, 95,195, (95 95,1) Do, (95, - 95,1)? Do ete.
We call wy = (s1,...,8¢), wy = (8}, ...,s}) the cycles of v. Set
¢ := {cycles of vertices of Dy}

N(€) := least common multiplier of {|w| : w € ¢}.
The following combinatorial properties of € are immediate from the construction:

1. ¢ is closed under the flip map §, where § is defined on finite words by
S(s1,....80) = (8p,...,81).

2. € is closed under cyclic permutations.

3. Any two words in € which contain the same consecutive pair of symbols (not
necessarily at the same location) are equal up to cyclic permutation.

2.2. The classical coding the geodesic flow. There is a classical way of coding
the geodesic flow on a subset of T (M) which goes back to Artin and Hadamard,
and which we now describe.
We say that a unit tangent vector w € T (My) escapes to infinity, if g*(w) leaves,
eventually, any compact set K C My as t — oo, or as t — —oo. The geodesic
generated by such a vector tends to one of the cusps of the surface in its future
or past (or both). Let Qo C T*(Mp) be the collection of all unit tangent vectors
which do not escape to infinity. This set is invariant for the geodesic flow, and
almost invariant for the horocycle flow in the following sense: if w € g, then
|{t eER: ht(w) Q/ Qo}l = Ng.
A unit tangent vector based at a point in D N JDy is said to point inward, if
g'(w) € int(Dy) for all t > 0 sufficiently small. Denote the set of inward pointing
vectors based at dDg by (0Dg)in. Using the projection from D to My = Ty \ D,
we obtain a Poincaré section for g : Qo — €. Abusing notation, we denote this
section by (0Dg)in as well.
To obtain the coding, we first label the edges e of Dy. Each edge e determines
an arc Iy (s(e) € S) which shares the same vertices, and is situated on the side
of e which does not contain Dy. Call s(e) the external label of e, and s’ its internal
label. Extend this system of labeling to the tessellation of I by copies of Dy in the
canonical way (this leads to consistent labeling, see Series’s chapter in [14]).
The partition of (0Dg), generated by the external labeling of the sides of Dy is
a Markov partition for the section map. To see this recall that every w € (0Dg)in
determines a
1. Cutting Sequence (zy)iez € S% where z;, are the external labels of the
edges of Dy cut by g'(w), (k =1 corresponds to the first cut at positive time,
k =0 — to the first cut at non-positive time);

2. Boundary Expansion (yi)rez € S% where the lift of {g'(w)}ier to TH(D)
at w € TY(Dg) has an end point in Nis1 Ly and a beginning point in
MNi<o Lys.....y,- Here and throughout

»»»»» Yk’

+ — - — g lg=l.. .
IS sy = 9s19so Isnoadsrys Loy sn =951 Gsy sy dsne
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Since all the vertices of Dy are on 9D, (xx)kez = (Yr)rez. Thus the collection
of cutting sequences of geodesics which do not escape to infinity is equal to the
collection of boundary expansions of such geodesics. One sees by inspection that
the set of boundary expansions is equal to:

Y= {(xk)kez S SZ Tk 75 (xk)’}.

This is a subshift of finite type. Using the ‘cutting sequence’ definition of (xy)rez it
is easy to see that the section map is conjugate to the left shift map oy : X1 — 3.
We see that the edge partition is a Markov partition for the section map.

The height function for this section is captured symbolically by

t1(x) := the length of the intersection
of the geodesic with cutting sequence x with Dy.
We can now represent the geodesic flow on 2y as the suspension flow on
A =31 xR/ (z,u) ~ (012, u — t1(x))
Alternatively, Ay = {(z,u), 2 € £,0 <u < t1(z)} and
9°(x,u) = (0"z,u+s— (t1)n(z))
for the unique n such that 0 < u+s—(t1)n(x) < t1(07x), where here and throughout,

n—1
S tioak n>0
k=0

(tl)n = 0 n=2~0

In|

~ Y tioo;® n<o.
k=1

There is an important symbolic involution which reflects the symmetry of the
geodesic flow under the transformation w — —w on T (Mp): § : X1 — X1, the flip
map, given by

5(z) = (S(I)k)kez where F(x)y = (x_jy1)"

If 2 is the cutting sequence of the geodesic 7, then F(z) is the cutting sequence of
~v with reversed orientation. Clearly ¢t o§ =1t¢; and o1 0 F =Fo afl.

We finish with the following (standard) notation and terminology. Suppose (%, o)
is a subshift of finite type with alphabet A. For any = € 3, ), = (T, ..., Tp)-

For any word (wy,...,w,) € A",
[wo, ..., Wy ..., wy] i ={z€A: :c’_l;k =wgy}

is the cylinder set generated by w with the zeroth coordinate at k (the location of
the zeroth coordinate is indicated by the dot). A word is called admissible, if the
cylinders it generates are non-empty. The length of a word w is |w| :=the number
of its letters. A partition set is a cylinder generated by a word of length one.

2.3. Modification of the classical coding. The classical coding suffers from
several technical shortcomings: firstly, ¢1(z) is not Holder (or even bounded) on
partition sets, because a geodesic can come from arbitrarily far up the cusp; sec-
ondly, some sets of the form {(x,u) € A; : 9 = a} contain arbitrarily long arcs
of horocycles (which wind around one cusp an arbitrarily large number of times).
These issues make the classical coding difficult to use for our purposes.
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We resolve these problems by passing to a smaller section, and recoding the
section map. It is crucial to do this in an §—invariant way (see page 33 below). The
details follow.

2.3.1. The smaller section. Fix some natural number n* (to be determined later).
Recall the definition of € and N(€) from above, and set N* := 4n*N (&) and

¢ ={(w,w,...,w):weC}
—_—
N*/|w| times
(all words in €* are of length N*). Now set N# := 1N* —1 and
A={yeXi:(y-n# - yn) €T}

Sa :={w € (0Dg)in : the cutting sequence of {g"(w)}ser is in A}.

S 4 is a Poincaré section for ¢t : Q¢ — Qg: By the third combinatorial property of
¢ in §2.1, any geodesic whose cutting sequence avoids A from some point onwards
must have a cutting sequence which is eventually equal to (w,w,w,...) for some
w € €. This means that the geodesic tends to a cusp.

Let 04 : A — A be the induced left shift on A given by oa(z) = UiVA(z)(,T),
where N(z) := min{n > 1: o} (z) € A}, and define

ta:=1 +t1001—|—~-~—|—tloa{vf‘_1.
The geodesic flow on € is conjugate to the suspension flow on A x R/(z,u) ~
(ca(x),u —ta(x)). Alternatively, we can set

Ay ={(z,u),z€e A:0<u<ta(z)}

and conjugate the geodesic flow to the flow ¢°(z,u) := (chx,u + s — (ta)n(x)) for
the unique n such that 0 < w4+ s — (ta)n(z) < ta(o%z), where (ta), is defined
similarly to the definition of (¢1), above.

The flip invariance of € means that §(A) = A, c40F =Fo 021 and tpoF =ta.

We describe a Markov partition for 04 : A — A. Recall that a Markov partition
has the Big images and preimages (BIP) property if there is a finite collection of
states s1,..., s, such that for any state s there are some i, j such that (s;, s), (s, s;)
are admissible.

Lemma 2.1. 04 : A — A is a topologically mizing map with a countable Markov
partition consisting of:
(1) Allz # N [by, ... ,by-] C A sit. oN¥[by, ... by+] C A;
(II) All sets of the form By y(a,w,c) = J{V#[a,wf,wl,...,wk,b] where a,c € S,
we T £>0,0<k<|w| are not both zero, and

(Wkg1y -, WNr, W, ey Wi—1,¢) £=0,k#0
b = (w1, ..., wN*—1,C) L#£0,k=0;
(Wkt1y - WN*, W1, .oy We—1,¢) Lk #£0

subject to the conditions & # Byr(a,w,c) C A, [b] C A. (Note that b is
covered by type I sets).

This partition has the Big images and pre-images property, and the collection of
words which defines it is §—invariant.
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Proof. We begin by showing that the sets in the statement cover A N[N < oo].
Fix some z € AN [Ny < oo, and set Na(z) = N. Using the third combinatorial
property of € mentioned in §2.1, one checks that:

e If N =1, then [x_N#,...,xo,...,x%H]_01 [I_N#,...,I‘NT_,’_:L] is a type

I set which contains x.
e If 1 < N < N* then

N#p. .
T E O] [T_nN#, W, s WN_1;WN, -y WN*, WL, . .., WN_2,C]

with some ¢ # wy_1. This is a type Il set with / =0 and k= N — 1.
e If N > N* and N*|N, then o € o [i_nw,w™/ N jw1,..., wn-_1,c] with
{:= N/N* and ¢ # wy-. This is a type II set with £ # 0, k = 0.
e If N > N* and N* [N write N = {N* 4+ k where £ > 0 and 0 < k < N*.
We have = € U{V#[:E,N#,wé,wl, ey WE W1y« -+ s W, W« oy Wh—1, ¢] With
¢ # wg. This is a type II set with £, k #£ 0.
In all cases, x is covered by a type I or II set.

The proof also shows that N4 is constant on these sets, and that ¢ and k are
determined by its value. It follows that the sets in the statement are pairwise
disjoint.

We check the Markov property. Working in the one—sided shift, we note that

e The o4-image of a type | a{v# [150, ooy b s a{v# [151, ...,bn+] C A, which is
a union of all type I and II sets whose defining word begins with (b1,...,bn~).
e The o4-image of a type II set oV [a, w’, w1,...,wk,b] as above is o¥"[0],

which is a union of type I sets.

The Markov property is established.

The BIP property holds, because every partition set is one step away from a
type I set, and the collection of type I sets is finite (with no more than |S|V +!
elements).

We now prove that the shift is topologically mixing. It is topologically transitive,
because it is conjugate to a Poincaré section of the geodesic flow on My — which is
topologically transitive. We check the topological mixing property by studying the
periodic points of 3. There are two cases to consider:

e Case 1: Ja € S such that a is not a vertex cycle (of unit length).
e Case 2: Ya € S, a is a vertex cycle.

In the first case, x = (...,a,a,a,...) belongs to AN[Na < oo] and o4(z) = .
This means that o4 is topologically mixing, because any topologically transitive
Markov map with a fixed point is topologically mixing.

In the second case we fix two a,b € S such that a # b,b’ (possible since m > 2),
and define

T = (...,a,b,b,a,b,b,a,b,b,...)
y=(...,a,a,b,b,a,a,b,b,a,a,b,b,...)

We show below that 3 () = z, 0% (y) = y. This implies that o4 is topologically
mixing, because any topologically transitive Markov map with periodic points of
relatively prime periods is topologically mixing.

To see that o3 (z) = =z, 0% (y) = y it is enough to check that the oj—orbit of
x,y stays inside A (this implies that o4 = o1 on the orbits). Indeed, the only way
for o*(x) or o*(y) not to be in A is for  or y to contain a word w* of length N*
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which is a power of a cycle w € €. By definition N* := 4n*N(€) > 4, so any N*—
word in z or y must contain one of the pairs aa or bb. But the third combinatorial
property of € states that a cycle is determined up to cyclic permutation by any pair
of consecutive symbols it contains. It follows that w* must be equal to a™¥~ or bV,
But this is not the case because z,y do not contain the words aaaa, bbbb. O

Let (X4, 04) denote the countable Markov shift induced by the Markov partition
of the previous lemma and the alphabet

Sa:={ac U S": a{\’#[g] is a type I or II set}.
n>1

Define ¥ 4(I) and ¥ 4(II) to be the unions of all type I and type II partition sets,
respectively.

It is useful to separate the finite from the infinite in the description of S4 ele-
ments. To do this we define the shape and the length of a Sa—element a as follows:

1. The length |a| is the number of symbols in the word a;
2. The shape s(a) is:
(a) s(a) =a € SN T, when a is type I;
(b) s(a) = (k,a,w,c) € {0,...,N* =1} x § x €* x S when g is type II of the
form By i (a, w, c).

The number of possible shapes is finite, and the number of possible lengths is
infinite. An element of S4 is completely determined by its shape and length.

Define for every a = (a1, ...,an+) € Sa, (a)’ := (ay.,...,a}) (this is again an
element of S4), and let F4 : ¥4 — X4 be the involution F(x)y := (z_x)" (note the
difference between the definitions of §4 and §!). This involution can be thought of
as follows: The line element coded by Fa(x) is what one gets from the line element
coded by z after moving it forward with the geodesic flow until the first time it hits
the section S4, and then reversing its direction.

Let m4 : ¥4 — A be the natural coding map. Then o4 o w4 = ma 0 04 and
TaoFa=Foosoma. Abusing notation, we use the same symbol for the function
ta: A— R as for its coding t4 : ¥4 — R (the second t4 is the composition of the
first with m4). We have t4 o §a = t4.

2.3.2. The height function ta. We call a function f : ¥ 4 — R N-Hdlder continuous
if 3C >0,0< 60 < 1s.t.

n — n
Z Y-n

=N } = |f(x) = f)| < CO".

0-Holder continuous functions are called locally Holder. A locally Holder continuous
functions is Holder (w.r.t. the metric d(z,y) := 2~ ™ndInlza#yn}) iff it is bounded.

Lemma 2.2. There exists K >0 and h : ¥4 — R uniformly continuous such that

r:=ta— (h—hooa) is locally Hélder continuous;

25" = y5° = r(x) = r(y);

. dC >0 s.t. T—I—TOO’A—I—"'—FTOO’X_l >C foralln > K;

hels, ) s N#_Hélder and h - Is,,an s 0-Holder;

- |h(@)| = O(|In |z || + |In|z—g||), where kg := min({k > 0 : zy, is type 1T} U
{N#}) and €y := min({¢ > 0: z_g is type I} U {N#}).

G e e~
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Proof. We follow [34] and use Busemann’s function. Recall that this is the function
Bio(z,w) (e € 0D, z,w € D) defined by B,is(z,w) = s with the s € R such that
g°[Horgie (2)] = Horgie (w) where Hor, () is the stable horocycle passing through
¢ € D and n € 9D. Some basic facts (see e.g. [27]):

1. Bgio(21,22) + Beio (22, 23) = B (21, 23);

2. By(eioy(g(21),9(22)) = Beio (21, 22) for all Mobius maps g : D — D

3. B,io(g71(0),0) = —In|g'(e?)| for all Mébius maps g : D — D.

Recall the definitions of the section S4 and the suspension space A 4 from §2.3.1.
Every @ = (x1) € ¥4 determines a point 74 (z) € A, which determines an element
(ra(x),0) of A, which corresponds to a unit tangent vector w = w(x) € Sa. Let
b(z) € Sa be the base point of w(x), and let n(x),((z) € D be the beginning point
and the end point of w(x). Note that

C(@) = ((zo,21,-..) sn(z) =n(...,2-1,20),
because if (s;)72 . € X1 is the cutting sequence of w(x), then ((x) only depends
on (sk)k>1, which can be determined by (2 )k>0, and n(z) only depends on (si)k<o,
which can be determined from (xy)k<o-
Define for every xg = (S_n#,--+,Sn_n#_1) € Sa,
Gzo = Gs; © O 0s, N>

and let 7% : 0D — 0D be the map T%|¢z,] = g;ol. It is routine to check that
(ooa =T} 0(, and so

tA(x) = BC(I) (b(‘r)vgwob(oA‘r))
= BC(m) (b(:l?), O) + BC(:E) (Oa Gzo (O)) + BC (gzo (0)7 gmob(UAI))
= B@)(b(2),0) + B(2) (0, 920 (0)) + By 14 (4 (0, b(0az))
— By (5(2),0) + Begay (0. (9771 (0)) = By s (b(0a7),0)
= h+r—hooay,
where
r(x) = Bew)(0,(95,)71(0) = n|(g5,) (¢(2))]
= W|(T})|o¢
h(z) := B<(I)(b(:17), 0).

Evidently r(z) depends only on the non-negative coordinates of z (because ((x) has
this property).

We establish the other properties of r(z), h(x) listed above.

It is useful to relate 77} to the Bowen-Series map associated to the fundamental

domain Dy [15], defined by T : 9D — 9D where T(e?) = g, (') for € € I,
b e S. To do this, define
N U (e s 0 0920) (Cli0)

zo:(st# """ San#fl)eSA
= {e": the boundary expansion of ¢/ starts with (y1,...,yn-) & €*}.

Now let Ty : A’ — A’ be the induced Bowen—Series map on A’, defined by
Tar(e) = TN(e) for the minimal N > 1 for which TV (e??) € A’. One can
check that if g = (s_n#,.--,$p_nN#_1) € Sa, then
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Ta |937N# 00950 ClEo] =

— -1

= (s s O 0G5, _iniy)

= (gsnfzv*fzv# 0O.-+0 gSan*) o T,Z o (gs_gl 0O.-+0 gs—ilN#)
= Fy, 0T} oGy,

with some Fy,, Gz, € F := {91 o--rogn#:gi €E{gs: s €E S}} which are completely
determined by zy. The reader should note that F,, = G 11, and that F is finite
(IF] < |SIN*+1). Since F is finite, F is equi-bi-Lipschitz.
The set A’ was concocted to have the following properties:
1. A’ is bounded away from the vertices of Dy;
2. T has Markov partition {G!(¢[#o]) : ©0 € Sa} which makes it conjugate
to o4 : X — ¥} via the conjugacy ¢'(z) = G;1(¢(x)). In particular, T/
has the big images and preimages property.

Lemma 4.3 in [47] and the proof of proposition 4.4 there imply the existence of
constants C7 > 0, Cy > 1 and an integer K’ such that
(TX/)”

ayz| < Crae on A’ for alln € N,
Al

1
[(Th)] > Cy>1foraln>K. @)

Thus T4/ is a ‘Gibbs-Markov’ interval map in the sense of [3] (see also [6]). ‘Folklore’
techniques imply that ¢/, Ta o (', and In|(Ta/)'| o ¢’ are locally Holder continuous
(see Adler’s chapter in [14] or [6]).

It follows that ¢ is Holder continuous, because ¢ is bounded, and (|(;,] = Gz, 0 ¢’
where G, ranges over an equi-bi-Lipschitz family and ¢’ is Holder. To see the local
Holder continuity of In|(T%)'| o ¢, we recall that T« = F, .t o Tar 0 G}, s0

In|(T3) o ¢ =W |(F 1) oTa o'l + W |(Tar)| o ¢ +In|(G1) | o .

The third summand is Holder because {G, : ©o € Sa} is a finite family of Mobius
transformations without poles on 0. The second summand is locally Hélder by the
previous paragraph. The first summand can be written as In|(F, ') (('004)|. This
may seem to be only 1-Holder continuous, but is in fact 0-Holder (even Holder)
because |(F,.')'| is uniformly bounded (a finite family of Mdbius transformations
without poles in 9D). The local Holder continuity of r = In|(7T7%)’| o ¢ follows.

To analyze the sign of r, := ZZ;& ro affx we first note using the the chain rule,
that 7, = In|((T%)")'| o (. We have already noted that F,, = G, therefore
T% = Gil o (Th)" o Gy, Since Gy, , Gy, range over an equi-bi-Lipschitz family,
and since |[(T,)']| > Co > 1 for all n > K’, there must be some K > K’ such that
[(T5)™)'| > C2 > 1 for all n > K. This means that the n-th Birkhoff sums of r are

eventually uniformly positive. Thus r(z) is as stated.

It remains to establish the properties of h. Fix 2y € S4. All points in 2] corre-
spond to unit tangent vectors based at the same edge s (if xg = (S_n#,. ., Sn—N*),
then s = sg). Let vp(s),v0(s) € D be the endpoints of edge s of Dy, and define
U,:D— H:={z€C:Im(z) >0} by

2z —vo(8)

Uy(z) :=Cyi ) with Cy s.t. U4[Dg] = polygon with sides Re(z) =0, 1.
Z— Uso(s
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Let w(z) be the geodesic in D coded by z, let n(z) be its beginning point, {(x)
its end point, and b(z) its base point (a point on edge s). Now let b(z) = W,[b(z)]
(a point on the upper half of the y—axis), 7(z) = W [n(z)], (z) = W,[¢(z)] (points
on the z—axis). By definition, 5(:10) is the intersection of the y—axis with the upper
half circle with endpoints Z , 1. Consequently

b(x) = iv/[¢(2)ii(x)].

Next, let Em (z,w) denote Busemann’s function in the upper half plane model. Stan-
dard calculations show that

By(z,w) = In (Mlm(“’)) .

|w — z|? Tm(z)

Putting this altogether we get that

h(ac) = BC(m) (b(l‘), 0) = BE(I) (b(l‘), \I/S(O))
. (Ib(sv)lj+<<:v)2> b ( m ¥, (0) )
|b(2))| [Ws(0) = ¢(2)?
In |g(x)| +1In <1 + £($)2 ) +In (M)
lb(x)[? [Ws(0) = ¢(2)?

E In |¢(z —1n~:1c) ln(Nx ~x) ln<M>.
> (@) = fii@)]) +n (IC@)| + )] ) + TR
We use this identity to prove parts (4) and (5) of the lemma. Recalling that
Z: V,o0(,n = VYson, and that ¢,n are Holder continuous, we see that it is enough
to show:
(a) ||, |7] are N#¥-Hélder continuous on $4(I) and 0-Hélder on ¥ 4(II) (this
shows that the third summand is bounded and Holder, because |¥(0) — | >
Im[T,(0)] > 0 and In is Lipschitz away from zero);

(b) |6 [4+]7] is uniformly bounded away from zero by a constant which only depends
on s (this shows that the second summand is bounded and Holder);

(c) In|C(z)] = O(ln |z, |), In [7i(x)| = O(In |z_g,|) where ko, £y are defined in the
statement of the lemma.

Claim (b) is immediate from the definition of A: Let v be the vertex cycle of

vo(s) (the one which starts with s). If |((x)| is very small then the non-negative
part of the (S—)cutting sequence of w(zx) starts with v with large n. If |i(x)] is
very small, then the non-positive part of the cutting sequence of w(x) starts with
v™ with large m. But these two conditions cannot hold at the same time, because
by assumption the cutting sequence of z is in A, whence claim (b).

Claims (a) and (c) are more subtle. We prove both at the same time, separating
the cases when xg is type I and type II.

Case 1: xq is of type II.

If 20 = (S_n#,---5805- -5 Sp_n#_1) is type II, then (s_p#%,...,80) cannot be a
power of a vertex cycle, so n[2o] is uniformly bounded away from the vertices of Dy.
It follows that 7 = W, o7 is uniformly Hélder continuous and uniformly bounded
away from zero on partition sets in X 4(II). We see that 77, In |7| are 0-Holder and
bounded on X 4(II) .
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The behavior of ¢ on ¥ A(IT) is more complicated. We start by noting that Z| (0]
is uniformly Hoélder and uniformly bounded on the following collection of partition
sets [Zo]:

Cs:=A{[&o] : w0 =(S_N#s---,Sn_N#_1), §s; O 0 Gsy. & stabr(vs(s))}.
This is because the (—images of partition sets in Cs are uniformly bounded away
from v (s), and Uy is Lipschitz away from veo(s).

Now consider partition sets [Zo] & Cs. We claim that there exist n(xzg) > 0, some
Ps(z0) € Stabr(vao(s)), and some fo(uo) € {gn, 0+~ 0 g5, 1 b; € S,j < EN*} st

Clizo) = p:((fs)) © fo(ze)©C00A

1
T |zol| = O(1)

dist ((fs(zg) © ¢ © 04)[E0], Voo (s)) > 6(Do)
with some §(Dg) > 0. Here is the proof. Set:

[n(z0) —

_ x 3
§(Do) := min{dist(I; . .. DoNoD):ze L,z ¢, k< SN}
Since xq is type II, g = (S_n#,--.,8,_n#_1) Where n > N* and Va € [&],
oA(x)o = (Sp_N#—_nN*s---sSn_n#—_1;%) (the last coordinate, indicated by a star,

depends on z1), and so w(oa(z)) is based at edge s, n+. Thus
Clizg) = (9s19°°°0Gs, v nu ) O(Fs, yu nu© " 0G5, n.)0((00a)
= (9510 0Gs, 4 ney) Gyl 0(Co0n)
= (95100955 )" 0 g5 Ly e 0 0Gs, s ae ) 0C 00,

where n(zg) > 0,0 < k < N* are given by n— N# — N* — 1 = n(2¢) N* + k. We set
Ps(w0) = Gs1 0O Gsnur fo(zo) = (gsn—N#—N*—k 0---0gs _..) (note that these only
n(xzo)

depend on the shape of xo, not its length!). Then (|;,) = Pa(re) © fo(zo) ©C00A,
Ps(zo) € Stabr(veo(s)) (because [ig] & Cs), and

dist(fa(zo) © ¢ © 0A[T0]; Voo (8))

> dist(gs A'nIf )s Voo (8)) > 8(Dy).

O---0 (
n—N#_N*_k gSn—N#—N*—l S N#_N*

We use this representation to study Z| o] When [io] & Cs: Observe that pg,) =
Vs 0Pg(a0) © U1 is a parabolic map of H which fixes co. Therefore it must take the
form py(zy)(2) = 2 + ¢(s). The constant is the integer (in fact c(s) = N*), because
by construction ¥(Djy) is a polygon with sides R(z) = 0, 1. Therefore

Clizo) = ¥s © fa(wo) © €0 Talg) + n(T0)c(s). (2)

Now: (oo 4 is Holder continuous, { fs(s,) : o € Sa} is equi-Lipschitz (a finite family
of elements in M&b(D)), dist(fs(zy)0¢00a)[F0], Voo (s)) > 6(Do), and Wy is Lipschitz
away from vao (s). It follows that (| 4] 18 O-Holder continuous with constants which
only depend on s. Since there are finitely many possibilities for s (an element of
S), ¢ is 0-Hélder continuous on X(II), and a[io] = O(n(zg)) = O(|zo]) = O(Jak,|)-
The local Holder continuity of CN forces the local Holder continuity of lng on sets
with (-image bounded away from vg(s), because |Z | is bounded away from zero on



18 FRANCOIS LEDRAPPIER AND OMRI SARIG

such sets, and In is Lipschitz on [0, 00). It is thus enough to check uniform Holder
continuity on partition sets [@g] where zg = (s_n#,...,5,_n#_1) and

Ps(zg) = gs1 OO sy« € Stabp(vo(s)).

This is done precisely as before, with vg(s) replacing v (s), except that now pg(z,)

satisfies
z

d(s)z+1
(This is the general form of a parabolic isometry which preserves 0.) Note that
c(s) > 0, because py(,,) maps the upper half of the y-axis onto a side of 1s[Dy], so

c/%s) = Ps(20)(00) > 0. The n-th iterate of pg(,) is 2 +— 2/(n(x0)c'(s)z + 1), so

ﬁs(mo) =Wy O Ps () © \11;1 is 55@0) A

In |ZH[$‘0] = In |§2(m0) © (\I]s o fs(mo) o(o UA)l
1
\Ijsofs(mo)OCOUA

= —In|n(xo)c(s) +

As before, Wy o fy,) © (004 is locally Holder continuous, positive, and uni-
formly bounded away from zero, because dist((fs(z,) (00 a)[Z0], vo(s)) is uniformly

bounded away from zero. The (uniform) Hélder continuity of In|(] |‘[ | on type II
Zo

partition sets follows as well, as does the estimate

In |zo| + O(1) xo is type Il and g5, © - 0 gs . € stabr (v (s0))
In|Clizo) = § —Infzo| + O(1) o is type Il and g, 0 -+ 0 gs . € stabr(vo(so))
O(1) otherwise.

This finishes the proof of claims (a) and (c) above, on X(IT).
Case 2: xq is of type I

¢, In |Z | are uniformly Holder and uniformly bounded on the union of the following
collection of sets:

C:={[x_Nn#,..., %0y, TN#]: Xo,..., L% are of type I},

because any point in the union of C has cutting sequence (s;) s.t. (s1,...,sn+) & €*.
This means that ((|JC) is uniformly bounded away from v (s), veo (), and thus falls
in a domain where ¥, is Lipschitz and bounded away from zero.

We now consider cylinders as above where there exists 0 < kg < N7 such that
X0, ..., Tho—1 are type I and xy, is type II. In this case, the cutting sequence (sy)
of any x € [0, ..., 2k, is determined on k = 1,... ko + |zg,| — N¥ — 1, and is of
the form

(So, S1y-- .,Skofl,to;tl, e 7t|Ik0\—N#—N*7 . ’t|Iko‘_N#_l>’

where x; = (x, §;, %) for i < ko, and x, = (*,%0, ... ,t‘%HN#,l).

Let Ck, denote the collection of cylinders [io, ..., 2k,] where z; is type I for
1 < i < kg, xp, is type II, and for which (s1,...,Skg—1,t1,. -, tN*—ko+1) & €*. The
(-image of such sets is inside A’, so it is bounded away from the vertices of Dy.
Thus ¢, In || are uniformly Hélder on elements of Cy, .

It remains to treat cylinders outside Cg,. The third combinatorial property of €
(see §2.1) can be used to show that for such cylinders,

. ol
(153 Sko—1, 805805+« s Uy |- N#—N=s - o+ Eay |- N# 1) = (W, 0, D)
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where w € €%, b is word of length N* not in €*, v is a word of length less than N*,
and £ < |z, |. The behavior of ¢ in this case can be analyzed exactly as in the case of
a type II partition set (see Case 1), with the result that E| [0,y 3] 111 |Z||[i0)m7wN#]
are Holder continuous with constants that only depend on s(zg),...,s(xy%), and
are O(|zy,|) and O(ln |xy,|) respectively.

A similar argument shows that 7| iols N[z 4. &) are Holder con-

I—N# yoo
tinuous with constants that only depend on z_y#, ..., xo, are (|x_g,|), O(ln |z_g,|)
respectively. We conclude that h is N#-Holder on ¥ 4(I) and that satisfies the
bounds advertised in part (5). O

2.3.3. Choice of n*. The construction of the modified section relies on the choice
of a constant n*, which remained so far unspecified (see §2.1). We now choose n*.

Lemma 2.3. If n* is sufficiently large, then there exists a state yo € Sa with the
property 0 < infy,) h < supp h <infjta.

Proof. Take some ¢ € 9D with boundary expansion (s1, 2, ...) so that

(505 S4N(¢)—1)

are not powers of a vertex cycle.
(8150005 S4N(¢)

Let v be the geodesic emanating from —( and ending at (. This geodesic passes
through the origin, which by our assumptions lies in Dy, therefore it crosses Dy.
Let w € (0D);y, be the tangent to v at the point where it enters Dy. The following
holds for all values of n*:

1. w belongs to the section Sa, because (sq, .. .,34N(¢),1) is not a power of a
vertex cycle;
2. ta(w) = t1(w), because (s1,...,s4n(¢)) is not a power of a vertex cycle (we

have abused notation here and viewed t 4, t; as functions of w rather than of
its cutting sequence);

3. let b(w) :=base point of w, and ((w) := ¢ the endpoint of the forward geodesic
of w, then 0 < B¢(b(w),0) < t1(w) (because g'(w) passes through 0 before
leaving Dj). Choose some e1,e2 > 0 such that B¢(b(w),0) > 1 and ¢ (w) —
Bg(b(w),O) > €9.

Now consider an w’ € (0Dy);, with cutting sequence (s}, )xez. There exists an N
such that if s, = s}, for all |k| < N, then w’ satisfies properties (1),(2), and (3) with
%ai instead of ¢; (i = 1,2), because t4 and h depends continuously on the cutting
sequence, thanks to lemma 2.2.

If we choose n* so large that N* = 4n*N(€) > 2N + 1, and let yo be the zero
digit in the y such that w = 7(y,0), then any ' = 7(y’,0) with 3/ € [go] will have
cutting sequence (s,) which agrees with (s,) for all =4 N*+1 < k < $N*, whence
for all |k] < N. By the above,

h(y) = Bew) (&), 0) > S amd ta(y)) = h(y') = t1(w) = Ben (b(),0) > 2.

Since this is true for all 3 € [go], we found our yo. O
Henceforth fix some n* large enough as in the lemma.

2.4. Coding Z%—covers. Suppose M is a Z%—cover of My, and let {deck, : a € Z¢}
be an enumeration of the group of deck transformations of the cover proj : M — M
done in such a way that deck,, = deck, o decky. If we realize M, as the quotient
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[\ D, then M can be thought of as I' \ D for some I' <« Ty such that T'y/T" ~ Z4.
From this point onwards we fix an isomorphism

{deck, : a € Z%} ~T/T,

and think of elements of T'y/T as elements of Z%, or as deck transformations.

Fix some identification ¢ : My — M of My with some connected fundamental set
for the action of the group of deck transformations on M. Abusing notation, we
also write 1 for the resulting identification T (My) < T*(M). Set My := o[T*(My)].

The section S4 we found above for gt : T(My) — T (M) lifts to the following
section for g* : TH(M) — T*(M):

= U deck, (2(S4))

a€zd

We describe the associated symbolic dynamics.
Consider the suspension flow

Aa = (B4 x 2% x R/(2,&,u) ~ (04, & + f(z),u — ta(z)),
where f: ¥4 — Io/T =~ Z¢, the Frobenius function, is defined by
f(x) :==Tgs, =Tgs, -~ gs,_n., Where o = (S_n#,...,S,_n#_1) € Sa.
Then the map 7(z, §, u) := g"decke (1ma(2)) is finite-to-one and semiconjugates the
suspension flow to the geodesic flow on Ti(M ). (We are ignoring the set of measure

zero of line elements which do not hit S4 infinitely many times in the past and
future.)

2.5. Symbolic local strong stable manifolds. The symbolic local strong stable
manifolds of a point 7(x,§,u) is the set

Wit (2,6 u) = g7 "R (y, & u+ h(y)) : y5° = 25}

Lemma 2.4. Let Hor(w) denote the stable horocycle of w € TY(M), and let £y, d,,

denote the hyperbolic length measure and metric on Hor(w).
1. Wigi(x, &, u) is a subset of Hor(w) for w =ma(x,§,u).
2. LWt (2, &, u)] = M@~ (xg, 21, ...), where ¢ : £ — R is locally Hélder

continuous, and bounded away from zero and infinity.
3. There is a constant Cgiam such that diamg, [WiS% (2, €, u)] < Ciiame™® 4,

Proof. We first note that that Z?-coordinate has no bearing on the validity of
the statement. More precisely, let T4 : ¥4 X R — £y be composition of the
natural projections ¥4 x R — A4 — g, which conjugates the translation flow
g': (z,u) — (x,u+1) to the geodesic flow g* : Qg — Qp. Define the symbolic local

strong stable manifold of (x,u) by

Wiss (2, u) = g 7" O{Faly, u + h(y)) = y5° = 27}
We have Wit (2,&,u) = (decke o 0)[Wiii(z,u)]. Therefore, the lemma holds for

loc loc

Wiss (, &, u) iff it holds for Wi (z, u).
We prove it for W3 (z, u).
To see (1), we assume y5° = x§°, and check that ¢°[7a(y,u + h(y) — h(x))],
g°[Ta(x,u)] are forward asymptotic. Since T4 intertwines the geodesic flow with

the translation flow, it is enough to show that (z,u), (y, u+ h(y) — h(z)) are forward
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asymptotic under the translation flow. Fix s > 0 and choose n for which 0 <
u+s— (ta)n(z) <ta(o%(z)). We have

g [ralz,u)] = Taloh(x),u+s— (ta)n(2)),
9°[maly,u+h(y) —h(@))] = 7Talod(y),u+h(y) —h(z) +s—(ta)n(y))-

We now compare the coordinates.
The first coordinates, o’} (x) and o'} (y), are forward asymptotic because z§° =
y5°. The second coordinates are also asymptotic:

u+s—(ta)n(r) = u+s—[rp(x)+ h(z) = h(o)(2))]
= [u—h(z)+s—ru(2)] + h(o}(2))
[u+ h(y) —h(x)] +s
~[rn(y) + 2(y) — M4 (y))]
= [u—h(@)+s—ru(y)] +h(o%(y))

The difference is [, (y) — o ()] + [h(07} (y)) — h(c"} (z))]. The first summand is zero,
because z5° = y5°, and the second summand tends to zero because h is uniformly
continuous. This proves (1).

To check (2), we recall that the geodesic flow contracts the length of horocycle
pieces exponentially, and so £[W5 (z,u)] = e"®)~)(z) where (z) is the hyper-
bolic length measure of {74 (y, h(y)) : y5° = x3°}. It is clear from this representation
that ¢ = ¥(zo,z1,...), and that 1 is continuous. Next, we establish a functional
equation for v which forces the Holder continuity of .

Define for every a € Sa, P'(a) := {p € Sa : [p,a] # @}, and choose for every
a € PY(z0) points x(a) s.t. [x(a)]® = (4, 20,21, ...). Then:

u+h(y) = h(z) + s = (ta)n(y)

{Taly, My)) 1 yg” =257} =

= 7a H‘J {(ya h(y)) : yiol - (aaithxlv x )}

a€P!(z0)

= 7| W {03 W) tal03 @) +hW)) v = (i, x1.. )}

a€P(z0)

= 7a| W {Gtale) +h0a2) : 25° = (@, 20,21,...)}
a€P!(z0)

= 7a| W {GEr@)+h(z): 2 = (@,20,21,...)}

a€P!(z0)

= | W o) = (a0,
a€P!(z0)
= L—lj g~ @)% , {(z,h(2)) : 25° = [x(a)]5°}) up to sets of length zero,
acP(zg)

where 7+ (20, 21,...) :=r(2) is a function on the one-sided shift X¥. Since the geo-
desic flow contracts stable horocycles exponentially, we get the following equation
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for ¢ (here and throughout o} : £ — %7 is the one-sided shift):

PE) = Y e My(y). (3)

od (m)=¢

According to Lemma 2.2, rT : Ej — R is a locally Holder continuous function,
and (Efg, o4) is a topologically mixing countable Markov shift with the BIP prop-
erty. It is not difficult to see, using the continuity of v, that equation (3) implies
that —r* has finite Gurevich pressure. In this situation, all non-negative continuous
solutions of equation (3) are proportional, locally Holder continuous, and bounded
away from zero and infinity [15]. This proves (2).

To see part (3) of the lemma, we use the fact that the geodesic flow contracts
horocycles exponentially to note that

diam[W5 (2, u)] < M@~ diam[H ()], where H(z) := 7a{(y, h(y)) : y® = x5}

Recalling that h(y) = B¢(y)(b(y),0), we see that H(x) is a subset of Hor(,)(0), the
stable horocycle passing through 0 and ((z). If 2o = (S_ny#,-- -, Sn_N#_1), then

H(z) = {weHory(0):w=g""7a(y,0), y5° = a5}
= {w € Horey)(0) 1 w € {g"(W)}her,w' € (9Do)in starts at I,
= {w € Hor¢(4(0) : w starts at I
Applying the hyperbolic isometry G;()l 1= Gsyy OO s, Gives
diam[H (zg)] = diam{w € HOI‘G;JC(OC)(G;(} (0)) : the beginning of w is in I, }.

Now G !(¢(x)) € A" (see the proof of the previous lemma) is uniformly bounded
away from the vertices of Dy; in particular it is uniformly bounded away from
the endpoints of I, . Standard calculations in hyperbolic geometry show that

diam{w € Horg_1.(, (G '(0)) : the beginning of w is in I} is bounded by

2o
a constant which only depends on G;()l (0). There are only finitely many pos-
sibilities for G '(0) (because there are at most |S|N"+1 possibilities for G, );
thus 3Cqiam such that diam[H (z)] < Cgiam. It follows that diam[W? (z,u)] =

M@= diam[H ()] < Cgiame™® . O

3. Preparations II: The Liouville measure. In this section we describe the
Liouville measure mg in the symbolic model Ay = ¥4 X R/(z,u) ~ (0a(z),u —
ta(x)) for T*(My). There are various ways of describing the (normalized) Liouville
measure on T (My):

1. Geometry: my is the Riemannian volume measure on T (M), normalized to
have volume one.

2. Algebra: Identify T'(My) = T\ PSL(2,R) where T is a lattice in PSL(2,R);
my is the normalization of the measure induced on I' \ PSL(2, R) by the Haar
measure on PSL(2, R).

3. Horocycle Dynamics: mg is, up to a constant, the unique invariant Radon
measure for the horocycle flow on T (My), which does not give positive mea-
sure to a single (necessarily closed) horocycle (Dani and Smillie [17]).

4. Geodesic Dynamics: mg is invariant under the geodesic flow. The entropy of
the geodesic flow with respect to myg is 1; mg is the only invariant probability
measure realizing the topological entropy of the geodesic flow.
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We shall use these characterizations to describe mg symbolically.

3.1. Symbolic description and basic properties. Let Uj : Ejg — Ejg be the
one-sided version of the subshift (¥4,04), and let r+ : % — R be given by
(20, 21,...) = r(y) for any y € X4 s.t. y® = 25°. Let L: Cp(X}) — Cp(3}) be
the operator
(LF)(z)= Y e WEr(y).
oh(y)=z

Recall that (z) := "M@ [WS (z,u)] satisfies L) = 1.

The Gurevich topological pressure (or just ‘topological pressure’) of a 1-Holder
continuous ¢ : EX — R on a topologically mixing countable Markov shift ZX is
defined by

Prop(9) := nh—>H;o % log Z e“’"(m)l[a] (x), for some state a.
Trr=x
The limit exists, is independent of the choice of a, and if sup ¢ < oo, then Py (¢) =
sup{h,(o}) + [ ¢du}, where the supremum ranges over all invariant probability
measures g for the sum makes sense, see [13].

Lemma 3.1. There exists a unique finite measure o on X7 such that o(LF) = o(F)
for all non-negative F € C(EX), and such that dv™ := do is a shift invariant
probability measure on Ej. Let v be its shift invariant natural extension to X 4.

1. The Liouville measure is mg = m(dydt|{(i,u)EAAIOSu<tA(LE)}) o %21.

2. v is shift invariant, ergodic, §a—invariant, and satisfies the Gibbs property:
There is a constant G > 1, s.t. for allx € ¥ 4,n >0,

Gle @ <z, ..., xp_1] < Ge @), (4)

The entropy of the shift with respect to v is h,(ca) = [rdv = [tadv.
3. Let ¢ be a bounded Holder continuous function on K. Then s+ Prop(se) is
analytic around 0, and there is a nonnegative o*(p) such that:
2

Pun(=r* +59) = [ oo+ 50%(0) + 0, o)

the constant o(y) is positive unless there is a number b and a function ¢’
such that o = b+ ¢ ooa —¢'.

4. v]o] = %[1 + o(1)] as |zo| — oo, for some constant C, which only
depends on the shape of xo. In particular, v]ig] < |xo| 2 and r(z) = 21In|zo|+
O(1) uniformly on $7.

5. Exponential ¢-mixing: there are C' > 0,8 < 1 such that for all n,k € N, and
every A, B C X4 such that A is measurable w.r.t o(xg,x1, - ,2x) and B is
measurable w.r.t o(z;,j > n+k), [v(A|B) —v(4)] < Cs™.

6. mo[|h| > t] = O(e™%"*t) as t — oo, for some &, > 0.

fEA max{ta(z) — N,0}dv(z) = O(e >N N) as N — oo, for some &, > 0.

8. mol|zk| > t] = Ot In’t) as t — oo, and the constant implied by the big Oh
doesn’t depend on k.

=

Proof. The one-sided shift (X7, 07) is topologically mixing, and has the BIP prop-
erty. The function (—r") is locally Holder continuous, and as mentioned above,
equation (3) implies that its (Gurevich) topological pressure is finite. The general
theory of BIP shifts implies that existence and uniqueness of o such that L*c = o
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and [tdo = 1. It also implies that o has the Gibbs property: equation (4) with &
replacing v. In particular, ¢ is non-atomic and has global support.

Now one proves, as in [11] proposition 6, that dvdt|(, u)en:0<u<ta(z)} © %Zl is
invariant under the stable horocycle flow. Since it is Radon, it follows by the Dani’s
Theorem mentioned above that this measure is proportional to Liouville’s measure.
The (necessarily finite) proportionality constant must be [ tadv. This proves (1).

We now repeat this argument with ¥, := {2% _ : € £4}, o, :=right shift,
and (L™ F)(x) = Za;(y) e~ W F(y) where 7~ = rt 0 F4. As before,

o la=14 OSA:T7+hOSA—(hOSA)OUZ;

e )7 := 1) oF 4 satisfies LTy~ =9~;

e 0~ :=00F, satisfies (L7 )0 =0
Define the o, —invariant probability measure dv~ := 1)~ do ™, and its shift-invariant
natural extension v*. Observe that v o§ 4 is another shift-invariant extension of v~
to X 4. Since the natural extension is unique, v* = v o Fa.

Just as v can be used to construct a probability measure which is invariant under
the stable horocycle flow (see part (1)), ¥* can be used to construct a probability
measure on T'(M) which is invariant under the unstable horocycle flow. This
measure is not supported on a single horocycle (because v* is non-atomic), therefore
By Dani’s theorem [16], this measure is the normalized Liouville measure. This
forces v* = v.

But we saw above that v* = v o §4, therefore v = v o Fa.

The remaining properties of v mentioned in (2) are clear from the construction: v
is obviously shift invariant and ergodic, it satisfies the Gibbs property, because v =
do, 0 < infv < supy < oo, o has the Gibbs property and v is the equilibrium
measure for —rt. We have P,,(—1") = hy(04) — [rTdv. Since 1 = hy,(g*) =
hy(oa)/ [rTdv, Pip(—rt) =0 and h,(04) = [rTdv. Since ta =r* +h—hooa,
ftAdV = f?"dl/.l

Part (3) of the lemma follows from the BIP property, since r* is locally Holder

continuous and ¢ is bounded continuous [3] (see also [15]).
Next we prove part (4) of the lemma. Write zg = (S_n#,. .., Sp_N#_1)-
o] = vl = [ dpgde = [ L0 do)
=4 =4

= [T
[eg o

B ([H (z0y)] -
- /O.M T o) W)

where H(z) is defined in the proof of Lemma 2.4 in §2.5, and T and ¢ are defined
in the proof of Lemma 2.2 in §2.3.2.

We study the behavior of the numerator in the limit |z| — o0, §(z) fixed. Write
2o = (S_N#,---ySn_nN#_1), and note that (s_y#,...,S0) is determined by s(xg).
By definition, H(xoy) = {w € Hor¢(4,4)(0) : w starts at I

.....

1The last identity is because both integrals are almost everywhere limits of Birkoff averages,
and their difference goes to 0 in probability.
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C(zoy) — wv(s(xp)) uniformly in y, where v(s(xg)) is a vertex of Dy which only
depends on the shape of xq. It is therefore clear that £[H (zoy)] = [1+0(1)]C1(s(z0)),
with

C1(s(z0)) = {w € Hory(5(20))(0) : w starts at IST),~~~7S,N#}'

We also note, for future reference that the numerator ([H (zoy)] = ¥ (xoy) is uni-
formly bounded away from zero and infinity (because 1 is).

We study the behavior of the denominator in the limit |xg| — o0, s(x¢) fixed.
By the definition of 17,

_ _ _ 1 _
(T2) letio) = (90 ) lctiro) = (925" © Gro © Gary lcln) = (QT) © Gag o)
zo

To estimate g, , we write xo = (s_y#,...,5,_ny#_1) and assume w.l.o.g. that
n = |xg| > N*. In this case xo must be type II, and (s1,...,sn+) is a power of
some vertex cycle. If we divide with reminder n — N* =/N*+k, 0 < k < N*, then

9z = Y9s1 0 O0s, nx = (gsy 0+ 0 Gsn= )g Osynsy1 O O Gsynwin

.o
= ps(mo) o hS(:E()))

where pg(z,) := gs, © 0 gs . 18 a parabolic isometry whose fixed point v(s(z¢)) is
a vertex of Do, and hg(z,) € {gp, ©---0 gy, : bs €S, k < N*}. In particular,

1 1 1

gllﬂo (pg(mo)y °© hs(mo) h/s(mo) '
The second term is uniformly bounded on 9D, because hy(,) is one of finitely many
Mébius transformations, none of which has poles on 0. As for the first term, since
Ps(xo) 18 parabolic, it is conjugate (in the group of Mobius transformations of C) to
some translation z — z + T4(4,), With 74(4,) € R\ {0}. By [12], Lemma 1.1:

e vl 4[1 4 o(1)]
[(Pa(ae)) (2)] = 272,012 = v(s(z0)?

uniformly on compacts in D \ {v(s(xo))}.

In the calculation of |(T%)'| we are applying (pﬁ(mo))’ 0 Rg(zo) © gpy'» ON the set
C[&o], so we need to check that he(yy) © g5 (¢[#0]) is uniformly bounded away from
v(s(xo)). This is indeed the case: Since xq is of type I, (Coo4)[Zo] is bounded away
from the vertices of Dgy. This bound is uniform, because 04[] has a finite number
of possibilities (it only depends on s(x()). Furthermore, (¢ o 0.4)[Zo] is a subset of
I;:N*+k+1’ and Rg(g) = Gspnresr O O Gsynuyn WHETE (SeNeq1,. .0y SON=yh11) 1S
¥1 admissible. Thus hg(,,)(¢ © 04)[70] is bounded away from the vertices of Dj.
Again, the bound is global, because there are finitely many possibilities for hg(,,)-
It follows that

(hs(ao) © g;[)l)(g“[j:o]) is uniformly bounded away from v(s(zg)).
We conclude that

|(T2)/||<[i0] =[1+ 0(1)]|x0|2b5(m0) o g;01 uniformly as |zg| — oo, (6)

2Proof: Write v = v(8(20)), T = Te(wg)s P = P (wg)- I ¥(2) = —iZE% then p:=¢oporp~lis

zZ—v
2 247, s0 pf = (Y1 + €7)). Now ¢ (w) = v+ 227, s0 [(~1) (w)| = 2lw + |2, and

also |9/ (2)| = 2|z — v| 2. We get |(p*)| = 4|¢p(2) + €7 4 i| 2|z —v| 2. If z is bounded away from
v, then 1 (z) is bounded away from oo, and the second term is uniformly asymptotic to (£7)72.
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2
Ts(zq / 2
*

where by, = WMS(%” . |h5(10) — v(s(zo)|
zero and infinity.

Now that we know the behavior of the numerator and denominator in the integral
representation for v[#g] stated above, we can use the bounded convergence theorem
to see that

is uniformly bounded away from

v[to] = [1+ 0(1)]%, uniformly as |zg| — oo
where
e Gslw) [ Cilst)
Cy(s( 0)) . /UX[IO] bs(wo) Og;OI(C(on))d (y) /<7+[960] bﬁ(fo)(c(y))d (y)

Note that C, (s(x0)) only depends on the shape of z¢ (because o [i:9] does). Since

there are finitely many shapes, C, (s(zo)) has finitely many values, whence v[&¢] =<
|zo| =2, uniformly as |2¢| — oo, hence by equation (4), r(z) = Inv[ig] + O(1) =
21n|zg| + O(1) uniformly as |z¢| — oo, which proves part (4).

Property (5) follows from BIP, see [6] Section 6 (§ comes from the spectral gap
of the operator L acting on Hélder continuous functions, see [3]).
We show part (6). Recall that |h| = O(In |z, (z)| + In|2_4(2)]), Where
ko(z) := min({k >0:xzy is type II} U {N#}),
o) = min({k >0:2_y is type II} U {N#}).
Define k{(z) = ko(cax) + 1 and £{(x) = lo(ocaz) + 1. Then 3C, s.t.

~

ta(z) =r(x) 4+ h(z) — hloa(z)) <
Cy,[In|zo| + In |z, | + In |Ik6| + In |xg,| + In |‘T%H'
The vector of shapes (s(z_n#),...,5(xy#)) takes finitely many possible values
(because there are finitely many shapes). Fix one such shape (§_n#,...,5y%),
and let (Lo, £y, ko, k() be the (constant) value of (—€y(x), €} (x), ko(x), k{(z)) on the
union of cylinders [x_y#,...,¥y#] such that s(z;) =s; (i = —N#,... N#).

mo[ln [zx,| > t, s(z;) = 8 (i = —N¥,...,N#)| <

< Z ‘[[171\7#)"'@1\7#] tA(ZC)dV(x)
s(xzq)=s; (i=—N#, .. N#) fAA tadv
|Ik0|>et
V['IfN#a v axN#]
< Cu > T i (ollons o oo, )
— . A 174
S(Ii)—si (lf—N#V,,)N#) A
|Ik0|>et
N#
exp <—2 > 1n|:vi|>
Ay (o
< const Z v In (|:C0||xk0||$k6||$—g0||$_%|) ,
. Jy, tadv
s(xi)=s; (|i|<N#) A

|2k [>et

where we have used the Gibbs property of v and the estimate 7(x) = 21n|zo|+O(1).



HOROCYCLES ON ZY-COVERS OF FINITE VOLUME SURFACES 27

We continue by replacing In (|zo||zk, |2k, [|z—¢,|[z—¢ |) by the larger quantity
#
[TV vs (14 In|z])5 to get the bound

molln |zg, | > t, s(x;) =5; (i =—N#, ... N#)| <

< const Z — NF
4 N# ZN#:l H 67‘2
fk0>€t i=— N#
= 1 +mep\ Y T (& (1w
n n _
(5 00) (5 050 i,
(=1 £>et
Summing over all possibilities for (s_n#,...,65#), we get m[ln |zk,| > t] =
O(e~'®). A similar argument shows that mo[ln|z_gs| > t] = O(e *7). Since

|h] = O(In |2k, | + In|2x_g,|) (lemma 2.2), there is a constant &y, such that
mo[|h| > t] = O(e™°"'t) as t — co.

The proof of part (7) is similar. Fix a vector of shapes s := (s_y#,...,5y#), and
set Q(s) := {x :s(x;) =s;, (i=—N7#,...,N#)}. We estimate the contribution of
Q(s) to the integral, and then sum over all (finitely many) possibilities. Recall that
tg <Cy, (111|x0||:1:k0||3:k6||3:,go||:1:,%|), therefore 3C;, Cy such that

N
max{ts — N,0} < C4 g max{In x| — =, 0}.
Cs
k€e{0,ko,kl,—Lo,— L)}
For every k € {0, ko, k{, —lo, — £} },

max{In x| — N/Cs,0}dv(z) =
Q(s)

< Z VT _N#, . Ty In |2k
s(wi)=s; ([i|<N#)
|z |>eN/C2
x4 2N# -1 "
n _
< const (Z 6_2> Z o= O(Ne N/C2),
=1 {>exp(N/C>)

as N — oco. Summing first over k € {0, ko, k{,, —lo, —£,}, and then over s, we see
that for some constant d, > 0, fZA max{ts — N,0}dv = O(e "N N), as N — oc.

We show part (8). Fix a vector of shapes s = (5_y#,...,5y%). If k < N7,

mollar] > t,5i(x) = s; (|il < N¥)] <

S Jio- ity P @) (2)
si(z)=s; fAA tadv
|k |>t

< const Z vie_n#, . ane] I (Jzol 2k |z |2 ||z |)
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(1+In|x;
S const Z H\ |<N# | |)

oi(2)=ss H\ |<N# |3 ]?
[zp|>t
2N# -1
< const i M i M =0t 'In’t)
- =1 £ =t £ N .

If k > N#, then the situation is even better because we know that k # ko, Kk, so

mollex] > tosi(x) =i (il < N#)] <

(]

si(x)=si (I<N¥) S tadv
T;ESA (N#<j<k),|lzi|>t
< const > (V[a_n#,. . xye] Do ")) x
si(x)=s: (Ji|<N#)
T;€ESA (N#<j<k),|lzi|>t
x In (2o ||y |2y |2 — 00|21, )
< const Z VIT_N#, .. Ty |V[EE] X

si(z)=s; (|i|<N#)
;€84 (N#<j<k),|zy|>t

x In (|a:0||3:k0||xk6||:17,g0||a:,g0|) (". Gibbs property of v)

o) 5 2N# o)
< const (Z “%M) 3 élz —0(tY) = Ot 1),
(=1 (=t

Summing over all possible s we get mo[|lzx| > t] = O(t~'1In°t), as t — co. It is
clear from the proof that the big Oh is uniform in k. O

Corollary 1. There is a positive constant M such that, for v almost every x € X4,

1
we have limsup ———— )2 Z |x;| < M.
nn

n—oo

|zo|(InIn |zg])7
(In |z )?
0,1,2 because of property (4) of the previous lemma. By the pointwise ergodic
theorem, %qﬁ o0t —— 0 almost surely. Therefore, for a.e. z, there is N(x) such
n—oo

that for n > N(x),

Proof. The functions ¢;(z) = are absolutely integrable for j =

2| < n(lnfa, ). (7)
Using this bound we can write and see that

N(z)—1

IR 1
n(lnn)2;|xi| ~ n(lnn)? Z |$Z|+

i=0 N(z)
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1 N(xz)—1
n(lnn)? Z ol +
=0
: Z 5 (it 2nnfwi])? (0 (7)

n(Inn)? < (In |z;|) ! ’

N(z) n
< - I N i
~ n(lnn)? ; il + n ; (In |z;])?

n 4 1 i |;| InIn || n 4 1 i |:Ci|(1n1n|:vi|)2.

nnn < (nz))2 " (lnn)?n (In|z;))2

i=0
The first term tends to 0 almost surely. By the ergodic theorem, the second term

tends to M =3, %V([E]) (recall that v is ergodic) almost surely, and each of
the other two terms tends to zero almost surely. |

Remark. The stationary sequence {|z,|} has the same qualitative properties as
the continued fraction expansion of a random number between 0 and 1. Using
the exponential ¢-mixing (Property (5)), it is likely that one can prove, following

1 n
Diamond and Vaaler ([19], Corollary 2) that limsup — Z |z;| < oo for all in-
" i=0

p(n) =
creasing ¢ : N — N such that ) ﬁ < 00. The simpler proof above (of a slightly

weaker result, but without mixing hypotheses) has been suggested to us by Yves
Derriennic.

3.2. Distribution of the Frobenius function. We study the v—distribution of
the Frobenius function f defined in §2.4. Our first result is that f is aperiodic in
the sense of Guivarc’h:

Lemma 3.2. Suppose x : R x Z¢ — 0D is a character for which there are A € 0D
and F : Ez — 0D measurable such that

X(—=r, f) = AF/F o o4 almost everywhere,
then A =1, x =1, and F = const almost everywhere.

Proof. Suppose x(—r, f) = AF/F o o almost everywhere. Since v is an invariant
Gibbs measure (§3.1, Lemma 3.1, part (2)), F' has a continuous version such that
X(=r, f) = AF/F o 04 everywhere (see [3]).

Consider a periodic point = with period (zo,...,z,—1) and at least one state
(say o) of type II. We fix the configuration (s(x¢),z1,...,2n—1), and study the
asymptotic behavior of r,(z) as |zg| — oo, and z3,...,z,_1 stay constant. Note

that the period of x does not change in this limit. By the definition of » and 17,

ro(z) =In|(TH)'(C(... 2o, z1,.. )| + -+ [(T2) (C(..., En-1,Z0,...))].

It is not difficult to see, using equation (6), that there are constants co,...,c,—1
such that as |xg| — oo, the first summand is 21In |zg| 4+ ¢o + o(1), and the remaining
summands are ¢; + o(1). This means that

ro(@) = 2In|zo| + c+o(1), = cx.
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In particular, we can construct for every N and every w € €* two periodic points
x,y of the same period n such that

ro(@x) —rn(y) = 2In(N+1)—2InN + o,(1).

Claim 1. X|gx{o} = 1.
If x(—r, f) = AF/F ooa, then x(—r,(x), fn(z)) = \"F(z)/F(c’x). In particular,
o't (z) = x implies x(—r,(x), fn(z)) = A™.
If o (z) = x, then 073 (Fa(2)) = Fa(z), m(Fa(@)) = (ta)n(Fa(z)) = (Ea)n(z) =
rn(2), and f,(Fa(z)) = —fn(z). Thus
X(=2rn(2),0) = x(=rn(2), fu(2)) - X(=7n(Fa(@)), fn(Fa(2))) = A"

Using the points x,y constructed above, we see that x(—2(r,(y) — rn(x)),0)) =

2n
% =1, whence

1
x(41In(1 + N +0,(1)),0) =1 for all N € N.

Since ((4In(1 + %),0) : N € N) is dense in R x {0}, x must vanish on R x {0}.

Claim 2. A\* =1, and for every s € S, x(0,T'gs) = \.

Suppose that there is no s € S such that s™ is a vertex cycle for some m; then
x=1(..,8588,...)

is an element of X1 whose o1—orbit never leaves A, and x defines a point € 3 4 such
that o4(Z) = Z and f(Z) = T'gs. It follows that x(0,Tgs) = x(—r(@), f(Z)) = \.
Thus x(0,Tgs) = A for all s € S. Since this is also true for s’, and I'gy = —T'gs, we
have must have \? = 1.

Now assume that there exists a € S such that a™ is a vertex cycle for some m.
Fix s € S different from a,a’, and define the following periodic points in ¥:

x = (...;a,a,80,a,8,...)
y = (...;a,a,8,8a,a,8,8;...)
z = (...;a,0a,a,8a,a,a,8;...)

These points do not contain any word from €* (the only possibility by the third
combinatorial property of € is V", which does not appear), so their o1—orbit never
leaves A. Let x,y,z be the points in ¥4 which they define. Since the o1—orbit of
x,y, z does not leave A

o 0%(%) =7 and f3(%) = 2g, + L'ys;

o o4 (y) =7, and f1(y) = 2Tga + 2T'gs;

o 04(2) =7, and f4(2) = 3T'g, + Tg,.
We see that
A . X(_T4(§)7 2l'g, + 2ng)

AT ¥ T (@), 2 + Ta)
= x(-ra(¥y) +73(2),T'gs) = x(0,Tgs) (s # a,a’)
4
A = 55 = X(nal3) + rs(), Taa) = x(0,Ta),

This implies that x(0,T'gs) = A for all s # a’. This is enough to deduce that \? = 1,
which in turn implies the missing equation

X(0,Tgar) = x(0,Tga) " = A7" = A,
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The claim follows.
Claim 3. X =1, x|01xz¢ = 1, and F' = const.
Fix some vertex cycle (wq,...,wn«), some a # w},wy« in S, some odd k, 0 < k <
N*—2, and some ¢ € S s.t. ¢ # wj,_,a (there are 2m > 4 elements in S so such
a, i exist). Now consider the periodic point  in ¥; with period

(aawuwh oy WS Wh41y e ooy WN*, W1y - - 7wk—luck)

(this word is a type II state in S4). This point determines a periodic point Z in
Y 4. The period of this point, with respect to 04 does not depend on k! (it is equal
to N* +1). But the sum of f along the period does:

fN*+1(§) =Tg, + 2(Fgw1 ot Fng*) + Fgck + (Fgwl +oeee Fgwk—l)'
Using the previous claim, we calculate and see that, since N* is even and k is odd:
A=A = (v (@), fae (@) = A =1
But if A = 1, then the previous claim says that x(0,T'gs) = 1 for all s € S. We

know that (gs : s € S) = I, therefore (I'gs : s € S) = I'x/T = Z%. Tt follows that
Xloyxz¢ = 1. Since also x|gx (o} = 1, x = 1.

It remains to see that F' = const. This is clear, because the triviality of A and x
mean that F' = Foo 4. Therefore F' = const a.e. with respect to the ergodic measure
v. Since this measure is globally supported and F' is continuous, F' = const. |

Next we study the tails of f.
Recall from §2.1 that €* is the collection of words w of length N*, which can be
written as powers of a vertex cycle. Define for w = (wy,...,wyn=) € €*,

@y = Lguw, + -+ Tguy. € 74,

There is considerable redundancy in this list: if w,w’ are two different vertex cycles
of the same cusp, then a,, = +a,,,. Define

o B, :=spang{a, 1w € €}, p:= dim Ey;

o By:= (Bt ={0eR: (0,a,)=0 forall we €}, ¢:=dimE;

= Qp + Qq the decomposition according to R = E,® L,
(We shall see a posteriori that this decomposition coincides with the one described
in the introduction, see section 5.3 below.)

Lemma 3.3. The v-distribution of f : ¥4 — R is symmetric, and for all § € RY,
1. If 0, # 0, then (0, f) is in the domain of attraction of a symmetric 1-stable
law which only depends on 8,,, and E, (eeh)) = 1—L(0,)+o(]|0]]) as & — O,
where L(0) has the form L(0) = > ce- cwl(0, )| In particular, L defines
a norm on E,.
2. If 0, =0, then (0, f) is bounded, there is a positive definite quadratic form Q
on By such that Pyop(—r" +(0,, f)) = 3Q(0,,8,) +o(|8,]?) as 8, — 0 in Eg,
and Q(0,,8,) is the asymptotic variance of % E;:ol (0,,fo ai).

3. By [|e"®D —1]] = O(|1g, I 1 [|ell,) + O(l1e]]). as & — 0.

Proof. By definition, fo§a = —f. Since v o §4 = v, the v-distribution of f is
symmetric. One corollary is that (0, f) all have zero mean w.r.t. v.
To calculate the tails of (6, f), we decompose ¥4 = Za(I) W, ce- Xa(w), where

Ya(w) :={z: o is type II, s(xg) = (*, *,w, *)}.
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If M(f):= (N*+1)maxses ||[Tgs|| (the norm is the norm of the Z%-element corre-
sponding to I'gs € Ty/T ~ Z9), then

L On X(1), |[f] < M(f);

2. On Za(w), f(2) = wwlrolay, + b(zo), where ||b(wo)|| < M(f).

Thus, if §, = 0, then (6, f) is bounded, hence 0, + Piop(—r" + (8, f)) is
analytic. The Hessian at 0 corresponds to a quadratlc form Q(0 0, q) which can
also be recognized as the coefficient o®((6,, f)) in the expansion of §3.1 Lemma 3.1,
part (3). Since Pop(—r") = 0 (§3.1 Lemma 3.1, part (2)), and [ (g, f)dv = 0
(symmetry of v, antisymmetry of f), we have

Puop(—r* + 0 1)) = £Q(0,:8,) +o(6, 1), a5 8, 0

—q’=q

The quadratic form () is positive definite, because if there is a direction ¢, with
Q0,,8,) = 0, then a®((8,, f)) = 0 (see [3]), in which case by §3.1 Lemma 3.1,
part (3), there is a real b and a continuous function ¢’ on ¥4 such that (0, f) =
b+ ¢ oo — . This implies x(f) = AF/F o o4 for x(-) := e"%) X\ = ¢ and
F = ¢ ", Lemma 3.2 above implies that x(-) = 1, whence 0, =0, proving positive
definiteness, as well as part (2).

Now assume Qp #0. If t > 1, then

V1. 1) > 1 (w) N [0, = zolay, + b(zo)) > ¢]

S u(zm)ﬂ[lwo|>N*t_<ﬂi’>m)>>D

= 2 2. viiol

weer,(B,a,)>0 To € Sa s.t. E(IE()) =5,
= N"t—N"(0,b(z0))
|zo| > G0m) .

I
\

g
<
™
b

N

The external sum is finite, because €* is finite, and the number of possible shapes
is finite. The inner summand is [1 + o(1)]C, (s)|zo| ™2, and the |z| takes the values
(N* + k with k = k(s) fixed and ¢ € N. Therefore

e N>1 = Mol Y Gl
WL, (0,a,,)>0

shapes s=(x,*,w,*)

Note that a,, = —a,,, and that C,(s(zo)) = C,(s(zg)) (this follows from the
definition of C and the §s—invariance of v). We can therefore write

Ae.5>0 = Droly ¥ 1Ga)l X 5<%

wEC* shapcs 5=, %,Ww,%)

I

= [1+ 0(1)]t*12L(Q), as t — 0o

where

wee* shapes s=(x,*,w,*)
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(The redundant m/2 will get cancelled soon.) Since (6, f) has symmetric distribu-
tion, the left tail v[(f, f) < —t] has the same asymptotic behavior as t — co.

This tail behavior indicates that (6, f) is in the domain of attraction of a sym-
metric 1-stable law when 6§, # 0. The characteristic function in this case must
satisfy [26] (see also [5])

E, (e"®77) =1~ L(0) + o(|1g), as 4] — 0.

Part (1) is proved.

We remark that the symmetry of the distribution was crucial in the previous
argument. In the non-symmetric case the asymptotic expansion of the characteristic
function of f has additional terms, and the error term is larger — too large for our
future purposes.

To see part (3), decompose

E,, [|6i<g’f> — 1” = E,, [12A(1)|6i<g’f> — 1” + Z EU [12A(£)|ei<g’f> — 1|]
wee*

The first summand is analytic in @, because f is bounded on X 4(I), so it is O(||8]])
as @ — 0. The cher summands satisfy
E, [12A(£) |€Z<Q’f> — 1” =

all shapes To € Sa s.t.
6 = (x, %, w, %) s(xo) =5
< X S|t —ahie + oflal)

all shapes To € Sa s.t.
5 = (%, %, w, ) s(xg) =5

because b(zg) is uniformly bounded. Since |e¥ — 1| < min{|t|, 2},

>, min{2, £|(
< [1+0(1)] > (5)> {262)\];2_1“”} +0(19]))
/=

—

all shapes
5= (*7 *7 w, *)

— min{2,([(0,, o, )|}
o) Y )
all shapes =1
5 = (, %, W, *)

O, 1Mm 18, 1) + Odllal)-

Summing over all w € €*, we obtain (3). O

IN
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4. Preparations III: Transfer operators.

4.1. Transfer operator. This section is modeled after section 2 in [12], where
similar estimates were obtained in a different symbolic setting.
Henceforth we work in the one sided countable Markov shift ng. We identify
7,9 N4 — R with 7,1 : ¥ — R, and drop the superscripts in r*, 07, 2" and y*.
Define a metric on ¥} by d(z,y) := 27 ™in{k20zx=ve}  There exists a k > 0
which makes 7 : Zj — R k—Holder continuous. Fix such a x and define

Hy:={F:35 5 R:||F|lx = |Fllec +sup |F(z) — F(y)|/d(z,y)" < oo}

Consider the transfer operator L = L ¢ given by

LF(z) = Z e TWE(y).
This is a bounded operator on H,;, and we already saw that it has a positive Holder
continuous eigenfunction ¢ with eigenvalue equal to one. By the general theory of
topologically mixing countable Markov shifts with the BIP property, we have:

(a) The spectral radius of L is equal to one.

(b) L = P4+ N,dim[Im(P)] =1, LP = P, PN = NP =0, and the spectral radius
of N is strictly less than 1. The operator P is a projection on span{t} and
has the form PF := f Fdo, where o is the positive finite measure satisfying
L*o =0 and o(¢) =1 (see §3.1 lemma 3.1 for the connection between o and
mo).

We write for (z,0) € C x R?

(L, oF)(x) := Z e~ WIFIFW).0) F(y)).

TAY=T
One checks that (L7 ,F)(2) = 3 n,—, e~ W+ (1).9) (y), where
Ty = r—i—roaA—l—---—i—rooX_l,
fu = fHfooat -+ foayh

4.2. Regularity estimates. We study the regularity of the map (z,0) — Li_i. ¢
w.r.t the operator norm. We are particularly interested in the behavior close to
(0,0). In what follows, T? is identified with (—, ]9 C R%.

Lemma 4.1. 3 a constant s.t. ||Li—iz.9 — L1 || < const(]|0 — 8'||1/3 + |2 — 2/|)
for all |z],|2'| < % and 6,8 € T In the particular case z,2 = 0 and §' = 0,

11,6 = Lol < const [|8]| In 6]

Proof. We fix F' € H,, and estimate ||(L1—;z0 — L1_;.r /) F||. Suppose x € [a], and
set P(a) :={p € 8a:[p,al # D}, Az := 2z — 2 and A =0 — §'. Assume without
loss of generality that

Im(Az) > 0.

A straightforward calculation shows that

’[Llfiag - Llfiz/,ﬁ’)F] (x)‘ S Z e*(lJrImZ)T(ZDI)
pEP(a)

+ Z e—(1+Im 2")r(px)
pEP(a)

i (p2),A0) _ 1} [1F| s

220 ]| Flls. (8)
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We claim that

Z e—(1+1mz)7‘(pw) |ei<f(p;n),A9 1| _ ”A9H1/3)

pEP(a) , ) (9)
E ef(lJrImz )r(pz) ‘ez(Az)r(px) ‘ |AZ|)

pEP(a)

uniformly in |z[,[2'| < 3.
Recall that f(pz) doesn’t depend on z, that var,r := sup, _, |r(y) —r(y")| < oo,

and that e~"(P*) < Gu[p] where G is as in equation (4) in §3.1. We see that the
sum appearing in the first half of (9) is not larger than

Gelmzlvarir Z / (Imz)’“‘e (f,80) 1‘du < constE, [e ~(m2)r|i(f,A0) —1]].
peP(a)
Define for every w € €*, E4(w) := {x : xo is type II, s(xg) = (%, *,w,*)}, and set
Ya(I) :={x: xo is type I}. We decompose
E, [e—(Imz)r|ei<AQ,f> _ 1” =E, [e—(lmz)rl I)|€ (A0, f) 1”+
+ Z 1EA(w)e (Imz)r|ei(AQ,f) _ 1”

wed*
and estimate each summand separately.

First summand: f and r are bounded on X 4(I), so

e (A HALS) 1) < (sup [e3" f]|)]| A8,
)

Ya(l

whence the 1st summand < (supy, (1) ez )| AG]|v[2(D)] = O(]| Ad))).

Second summand: On Y 4(w), f(x) = & w T b(wo) with [[b(-)[] < M(f) (§3.2
lemma 3.3), and r(zo) = 2In|ze| + O(1) (§3.1 lemma 3.1). Therefore, if |z| < %
then

]EV I:le(w) —(Im z)r| iW(AG, f) 1” S

< const Z Z |zo|?/3|e

all shapes T € Sa s.t.
6= (x,%,w, *) s(xo) =5

< const Z Z ! 7

xol3
all shapes T € Sa s.t. 2ol
5 = (%, %, w, *) s(zg) =s

-+ const Z Z %

|zo|3
all shapes o € Sa s.t.
6= (%, %, W, %) s(xo) =5

(a0 Kela, +b(@a)) _ 4

W

v[wo]

; lzo|
(80, 0

a_)_l‘

HA0b(e0) _ 1’,

The second summand is O(]|A]|), because it is bounded above by a constant times
#(shapes) Zz>0 WM(JC)HAQH
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Using the inequality |e® — 1| < min{]|¢|, 2}, we see that

°° min{2, £(Af, g£>}

2nd summand < const Z Cy(s) Z CBLE o(||lag|).
all shapes =1
6 = (, %, W, %)
For every a > 0, Y_,°, % > %dy = O(a'/?) as a — 0, therefore,

2nd summand = O(||AG,[|'/3) as A — 0 uniformly in z s.t. [Imz| < %. The first
part of (9) follows.

The second half of (9) is easier. We need the following estimates: ( ) |e
1| < e~ mATE2) | Az||r(px)| (a result of [¢¥ — 1| = |f0w e*dz| < eRelw |w|) and (2)
r(pz) = 2In[p| + O(1), p € Sa, (lemma 3.1). These imply that if |2’| < 1, then

iAr(pz) _

Z e—(l+Imz’)r(pm)'eiAzr(p;E) _ 1| <

pEP(a)

< const!H™m# Z e (AR IPIHFOMIAZ|(21n [p| + const)

2 1+Imz
55, IpPaFm e
O(In [pl) 1
< Az > SRR (ImAz>0, 2] < 3)
pPESA
O(In [p]) = O(lnn)
= |Az| Z Z TP < |Az|#(shapes) Z ey O(]Az]).

shapes s \s(p)=s

Thus the second summand is O(||g]|*/?).

The second half of (9) follows.

Now that we have proved (9), it is straightforward from (8) that there is a
constant such that for all [z],]2'| < %, 0,0" € T, and F € H,,

I(Z1-iz0 = Li—izrg))Flloo = O(18 = €'/ + |2 — ') | F| o

We estimate the Holder constant of (L1—i. 9 — L1_;. ¢)F. Fix two sequences
z,2" € X which begin with the same symbol a. Using the fact that f(pz’) = f(pz)
for all p € P(a), we see that

‘ [(L1-izp — Li—iz 0 ) Fly)|._. | <

Yy=x

—(1—i2)r(py) ( il (py),28) _ y=a'
< > ‘e (e’ DF(py)|,_,
pEP(a)

- ‘ ~(1=iz")r(py) (em”@y) - 1) F (py)\zji,
pEP(a)

= 8W 4 5@
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We estimate S(1), §(2)
sHo< Y ‘e—(l—iZ)T(pw') _ ¢~ (1=iz)r(pa)

cilF(pa’),00) _ 1‘ e

pEP(a)

+ Y e Hmaren) el’(f(ﬁf’)AQ)_ei<f(pm)>AQ>’|| Flloo
pEP(a)

+ 30 e (HmArn) | il (pn).20) 1‘DFd:c y)r = S 4 5V 4+ gV,
pEP(a)

S(2) < Z ’e—(l—iz’)r(pm/) o e—(l—iz’)r(pw)

) ||| Pl

pEP(a)

4 Z o~ (1H+Im 2)r(po) | jidzr(pa’) _ jider(pa) 11F|oo
peP(a)

+ 3 e Hmren) gideren) | pRd(e,y)t = S+ 55 + 8.
peP(a)

We estimate Sj(i)'

S§1): Each summand in this sum is bounded above by

o~ (Hm 2)r(p2) | = (1=i2)[r(pa’) —r(p2)]

@20 1] P

< KD’I"d({E, y)ne—(l-l-lm z)r(px)

ei{f(p2"),00) _ 1‘ 17| oo,

where K is a constant such that |e~ (17198 — 1| < K[¢] (|2] < 3,/¢| < varyr).
Therefore S%l) is bounded from above by K Drd(x,y)”||F||~ times the first

sum in (9), whence Sfl) = O(||A8)|*/?)d(z,y)"||F||s uniformly in 6,0" € T4
and |z|,|2'| < &

5’%2): Each summand can be estimated from above by

o~ (1HIm 2)r(p) | = (1=iz)[r(pa”) —r(pw)] _ 1‘ pilrar(pa’)

L[l

< KDrd(z, y)'””e*(”lm #)r(px)

) 1] || Floo.

We see that S’§2) is bounded from above by KDrd(x,y)"||F||s times the

second sum in (9), whence S’§2) = O(|z—2'|)d(z,y)"|| F||oo uniformly in 8,0’ €
T¢ and |z|, |2/| < %.

S’él): This term is identically zero because f is constant on each [p].

S§2): Here we use our assumption that Im Az > 0 and the general inequality |e** —
ev?] < emax{Re(w1),Re(wz }|w1 — ws| to bound

|61Az7‘(pw ) ezAzr(p;E)| <e Im Az mmT|AZ|DTd($,y)N.

Since |Az| < 1 and minr is finite (because r(x) = 21In|zg| + O(1) uniformly
on X1), we get that for every |2],[z] < %

S’é < const |Az|d(x,y)" || F|| o Z e~ 3r(pz).
PESA
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Since r(pz) = 2In|p| + O(1), the last sum converges. We obtain: S§2) =
O(|]z — 2|)d(x,y)"||F||sc uniformly in |z[,|2’| < § and 6,6" € T
SV: By (9), this is O([|6 — 8| /3) DFd(x,y)" uniformly in 6,6 € T%, |z|,|2/| < 1.
S?EQ): By (9), this is O(|z — 2|)DFd(z, y)" uniformly in 6,6 € T?, |z[,]2/| < 1.

Combining these estimates we deduce that uniformly in |z|, |2/| < 3, 6,60 € T,
D[(Li-iz — L1—izr,0)F] = O(|0 = €' + |2 = Z')|| F |,

We have already established a similar estimate for ||(Li1—iz9 — L1—iz 0/ )F||oo. It
follows that there exists a constant such that ||[Li_i. 9 — L1_;.r ¢/) F || < const(||6 —
O'|'2 + |z = 2'|)||F||n, for all |2],]2'| < %, 0,0' € T, and F € H,,. The first part
of the lemma follows.

To see the second part, observe that if z = 2/ = 0, §’ = 0, then the relation (9)
can be replaced by

/0 — 1] = (6] 1n ),

3 et

pPESA

min{2,a}

o0
because [| e

dy = O(Jalnal) as a — 0. Now continue as above. O

Recall the (orthogonal) direct sum decomposition R? = E, @ E,,.

Lemma 4.2. The function 0, — Ll—iz,Qp-l—Qq is real analytic in E, for all ||QpH <1

and |z| < %

5, and the following series converges in norm uniformly on compacts:

(100, F))"

F.
n!

Ll,izyngrQq = Z Llﬂ'z,gpMn(Qq), where Mn(Qq) F—
n=0

Proof. By construction, the orthogonal projection of f on E, is bounded. Therefore
dM > 0 such that [(0,, f)] < M||g,]|. Recalling that f is constant on elements of
Sa it is easy to deduce that ||M,(8,)] < %M"HQqH, and the lemma follows from
the uniform boundedness of L1_;z 9 when [|0,[ <1, [2] < 1 and from the Taylor
expansion of the exponent. O

Lemma 4.3. 2z — Li_;. g is analytic in {z € C: |z| < 1} for all ||| < 1.

Proof. Writing e~(1=%)r = =37 > >0 %(ir)"e‘ir, we see that for every F' €
He,
E * * (422)71 1 n_ —Lir
LiizpF =Ls, <Z Mn(z)F> , where M (2)F := — (ZT) e"1"F.
n=0

The norm of M (z) is equal to the H,—norm of (413)7@ (%r)”e*i’”, because H, is a

Banach algebra.

To calculate this norm we represent this function as (4iz)"@, o r where @, (t) =
% Now r is bounded from below, and ¢,, ¢!, are uniformly bounded on
(inf 7, 00). This implies that ||, o r|x, = O(1).

It follows that || M, (z)| = O(|4z]™), and so ), -, M;(z) converges in norm
uniformly on compacts in {z : |z| < 1/4}. N
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Now observe that [[Lz o[| < oo (we omit the proof which is the same as that of
lemma 4.1). By lemma 4.1, supjg) < || Lz 4] < 00, and so the right hand side in

oo
Li_iz9= Z L%,QM;;(Z)
n=1
converges in norm uniformly on compacts in {z : |z] < 1/4}. Since M;(z) is analytic
(a monomiall), the lemma follows. O

Lemma 4.4. The map o — Li_ja)rp is C° for all § € T, and each of its a—
derivatives is uniformly bounded as an operator depending on § € T?. Moreover,
for (o, 8) # (0,0), the spectral radius of the operator Li_;ng in H, is less than 1,
and ||(I — Li—ia.p) || s bounded on compact sets not containing (a,8) = (0,0).

Proof. Since the sum ) s, M (az)e~"(**) is absolutely convergent for all M, the
first statement follows. The second statement is because by proposition 3.7 in [3],
the spectral radius of Li_;q,¢ is always less than or equal to the spectral radius of
L1 (namely one), and is equal to it only when e—tort8.f) is equal to A\F/F ooy
for some continuous F : ¥} — 9D and |A| = 1. Lemma 3.2 shows that this can only
happen if the character x(s,z) = exp(—ias + (6, z)) is trivial, equivalently o = 0
and 0§ = 0.

Since Li_jq,¢ has spectral radius less than one on compacts K C R\ {(0,0)},
(I — Li—jap)~" is well defined and bounded on K. Since (a,8) — Li_jnp is
continuous on K, (a,f) — (I — Li_ja9)"" is continuous on K. It follows that
(a,8) — ||(I = L1—ia )" is continuous, whence bounded on K. O

4.3. Perturbation theory. We have already seen that the shift (X7}, 04) is topo-
logically mixing with the BIP property, r is 1-Hdlder continuous, Piop(—r) = 0, and
if L := L, then L*0 = o0, L1 = . This implies that the spectrum of L : H,; — H,.
consists of a simple eigenvalue at {1} and a compact subset of the open unit disc
[3] (see also [15]).

This ‘spectral gap’ survives in some neighborhood L € Upery C Hom(H, Hy),
and it is possible to choose Upert so small that there are analytic maps A(+), Ao(+),
P(-), N(-) and a constant ppe,e < 1 such that every T € Uy is of the form

T = XT)[P(T)+ N(T)],

where P(T) is a projection such that P(T)oT = T o P(T) = MNT)P(T) and
dimIm P(T) = 1, N(T) is an operator of spectral radius smaller than ppe,+ such
that P(T') o N(T) N(T)o P(T) = 0. Now consider the perturbation operator

LioF = Z e TN P (y).

TAY=2

By lemma 4.1, ||L1,9 — L|| -~ 0. Henceforth let €,er+ > 0 be a constant so small

that ||8]| < epert implies that L1 0 € Upere. On this neighbourhood, we can define
the following functions: A; g := )\(L1 9), Prg:=P(Lig), Ni,g :=N(L1y).

Lemma 4.5. There exists a constant 0 < €¢.. < Epert such that for all [|0]| < ...,
Ao +o, = 1= L(0,)+R(0,) —5Q0,, 8,)+O0a (10,6, n[16,1)+Os(/16,]1*), where
1. L,Q are as in §3.2 lemma 3.3;
R(8,) = o (118,]) as 8, — 0, and |R(8,)| < 5L(8,) for all ||8,|| < ec.o.;

3. 0g(118,1*) is smaller than 1Q(0,,9,) for all ||]| < ec...
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The notation o¢(-), O¢(-) means that o¢(-), O¢(+) are functions of €.
Proof. The argument is a modification of the proof of theorem 2.4 in [12]. By lemma
4.1, ||L1p, — LIl = O([|0][ In[|6]), and L1,p, € Upert for all [|0f| < epere-

Set A1 = A(Lu1g,), Pre, = P(L1g,), and let hip be the corresponding
eigenfunction, normalized so that o(h1,9 ) = 1. Let h = hio = ¢. Noting that
L*o = o, we have:

)\LQP -1 = U(Ll 0, hq, 0, )—1= U(Ll 0, h)—1 +0(L17Qp(h1ﬁp —h))
= o(Ligh) =1+ 0((Lie, — L)(h1e, — 1))
= o(e"®%Ph) =14 O(|[Lrg, — LI - b1, — hll)
("% T —1) + O(|| L, — L),
because dv = hdo and [|h1 — h| = O(|[L1,e, — L|) ([12], lemma 2.5). We have
already noted that || Ly g —L| = O(||6, ]| In[|6,[|). Consequently, Ay g, = v(e"® ¥ —
1) + O(/|6, 1> * (|6, ).

By lemma 3.3 part 1, we can write v(e!% /) — 1) = —L(8,) + o(llg,l), and
therefore:

= vV

)\LQP =1- L(Qp) + R(Qp)u
where R(6,) = of[4, ).
Since L(9 ) is a norm on E, and all norms are equivalent, it is possible to choose

0 < epert(1) < epere such that [R(6,)] < $L(0,) whenever [|0,]| < epert(1).

We now expand the eigenvalue \; g of the full perturbation operator L,y =
Ly +o, - Recall that T — A(T') is analytic on Uper, and that 0, — L1 +o, is real
analytic (lemma 4.2) uniformly in [|0,[| < 1. The composition 0, — A1 1 must
also be real analytic uniformly in ||6, || <1, and consequently we have a vector pg
and a quadratic form Qg (*,+) such that uniformly in 6,

1
5@0,(0,,0,) + On(16, ).

Differentiating w.r.t 6, at 6, = 0 we see that pg = Vg g =0(A1,0,) = E[(f)q] = 0.

Consequently, pg, P 0. In a similar vain, QQP(-,-) P Q(-,-) uniformly
P_) *P_)*

on compacts, where Q(-,-) is the quadratic form associated with the Hessian of
0y — Piop(=1 + (8, f)) = expAip, at 8, = 0. In particular it is the positive
definite quadratic form Q from §3.2 lemma 3.3. We have

1
QQ(QW Qq)

+{pa, — po,0q) + (Qe —Q0)(04.9,) + Oa (I8, I°).
We study the size of pe, — Po; QQP — Qo. Sketch:

1. The perturbed eigenvalue A(T) can be written as

%’ provided / P(T)Fdv # 0.

Ao +o, = Ao, + (po,.0,) —

)\Lﬁp‘i‘ﬁq = 1- L(Qp) + R(Qp) -

AT) =

2. Thus the regularity of the derivatives of 0, — A(L1,¢ +¢, ) is as good as the
regularity of the derivatives of 8, — P(L1,g 0 ).
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3. The derivatives of §, +— P(L1, 1o ) can be represented in terms of Cauchy
integrals, e.g.,

92 2! 11
o5 P(Lig, +6,) = f{ ——,j{ (21— Lig 16 1wei) ‘dzdw
9(0:)2 + o o 1,0, +0,+we;

2mi , W2 2mi

where gfz = i-th base vector in R?, C; encircles \; g and separates it from

the rest of the spectrum and zero, and Cs encircles the origin. By analytic
perturbation theory, 30 < eper¢(3) < €pere(2) such that Cq can be chosen
independently of @ for |8 < epert-
4. 0, — (zI—LLQerQquwgé)_l (z,w € C) has modulus of continuity O(||€,,[| In {|6,,[)
uniformly in @ , w because of the operator theoretic identity
(I-T) ' = (I-Tp) ' =T -T) 'Y [(Ta—T)I - T1) ']
n=1
applied for T7 = %L and Ty = %LLQPJFQJWQZ, and lemmas 4.1 and 4.2.
It follows that the derivatives of 0, — A1, 1o at 0, = 0 are O(||6,[/In||6,])), and
consequently
e, — poll = O|€, I n [|6,[]) and [(Qe, — Qo) (€4, 8,) = O(16, [ [[6,]1)1€,I>-
In summary: A1g 1o =1—L(6,) + R(® p) = 3Q(04,0,) + Og (10,1116, |1 1 [|6,,[1) +
Oy (10, 1?). Since the Oy(]|8,|*) is uniform in ¢, and Q(8,,8,) is positive definite
we can find a constant 0 < €peri(4) < epere(3) such that O(||6,[I*) < $Q(8,.0,) for
all [|0]] < epert(4). This is the constant ., mentioned in the statement. O

Fix yo € S4 as in §2.3.3 Lemma 2.3, and set ¥y, (+) := L10)(-)y, ()

Lemma 4.6. There exists €eqyp > 0 such that

S %, bk (0)(x)
Z(Llfmhgwyo)( ) kl(g(éc) — o

n=0

+ B(a,Q)(x) (|a| < Eewp)

where there are some constants co =1/ frdu, My such that
1. i) = co[L(8,) + 5Q(0,,0,)] + £(8) where
(a) () —09( (0,) + 5Q(0,,8,)) as 8] — 0F;

(b) |5(9)| < 100 0[ ( ) QQ( Y q)] fOT all ETd
2. a— B(a,0) is umformly analytic at zero for § € T?.

3. |bp(0)(z)| < MER! for all k, x, and 0.
4. |br(8)(x )—bk( )| < Mé“k'HHHl/Bln(l/HHH) for all k, x, and 6.
5. bo(0)(z) = v[yoly(z)/ [ rdv.

1

Proof. By lemma 4.1 there exists 0 < e.4p(1) < 5 such that for all |af, [|8]] <
€eap(l) we have L1_;q 9 € Upert. For these parameters LY 0o = (M—ia,0Pi—ia,p +
Ni—ia,0)" = AN _ineP1—ia,0 + Ni" 4, o, and so

oo

Z( (1—ia). z/fyo)() %Jw(a,g)(x)

n=0

where A1(a,0)(z) := (Pi—ia,0¥y,)(z) and
B(,0)(x) = (I = Nizia.0) ™ Pyo (2).

(The RHS makes sense because the spectral radius of Ni_;q,¢ is less than ppey+ < 1.)
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A1(+,0) and B(-, 8) are uniformly analytic in « for ||0]| < 1: P(-), N(-) are analytic
in Uperr and o +— Li_jq ¢ is uniformly analytic in {a : o] < 1} for all ||0]] < 1
(lemma 4.3), therefore A;(cv, ), B(e, 6) are analytic in {a : |a] < 1} for all [|8]| < 1.
Note that A1(0,0) = Py, (x) = v[go]Y(x).

Standard manipulations (see [37]) show that d%|z:1 Ao = — [rdv # 0, so
z +— 1 — A(z,0) has a simple zero at z = 1. Choose some 0 < J;5, < % such that
1 is the only zero in its 20;s,neighborhood. As in [12], lemma 2.3, one can use
Rouché’s theorem to find 0 < €¢p(2) < €cpp(1) so that z — 1 —A(z, 8) has a unique
zero z(f) in a d;s0—neighborhood of 1 for all ||8]] < €exp(2), and this zero is simple.
Moreover, Re z(8) < 1 when 8 # 0, because by Lemma 4.4 for Rez > 1 and 6 # 0,
|)‘(27Q)| = p(LRc(z),Q) <L

Write z(0) =1 —ia(f). Then |a(f)] < d;s0 and

1 B As(a, 0) B As(a, )
L= A1 —ia,0)  (1—ia)—2(0) ia(d) —ia (10)

with Az(a, 0) some non-zero function which is analytic in {a : |a| < ;50 } for all

8]l < €eap(2). Note that A5(0,0) = -1/ | _ A.o=1/[rdv.
We conclude that 307 o (LY_; gty ) (1) = G052 + Bla, 0)(2), (|a] <
Jisos |0l < €exp(2)). Expanding the numerator in a Taylor series in « gives

o o Lb(0) (2
D (L e g¥u) (@) = Z’“;CS(; _k(m)( )y B(e, 0) (@), (|a] < diso, 18]l < eap(2))-
n=0 =

with by (8)(z) == %‘H Ai (o, 8)(2) Az (a, §).

We proceed to analyze a(f). By (10), ia(0) — iov = Ag(a,0)[1 — A(1 — iav, 0)],
whence by lemma 4.5,

i0(6) = A4(0,6)[1 - A(1,0)
— (co+op(1))[L — A(L,0)], where ¢y := A5(0,0)
— foo+ V)] (L6,) - RO, + 5000,.8,)) +
(o + 0g(1)) (Ou (1, 11,1 18,1) + O (118,]1°)
= (L8, - R@,) + FQ0,.8,) +
e (00(L1(8,)) + O (118,116,110 18, 1) + O (|
= coL(f )+ Q( 04,0, +
Lop(L(6,)) + 0a(118,116, 1 18,])) + Oa( 6, 1)
= L@, + 06,6, + <)

0,1%))

where &(0) := 0g(L(6,)) + Oa([1€, 1118, [/ n[|6,,]) + Oa(

16,11%)-
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We now observe that as [|0] — 0T, [|6,]° = o(Q(8,,8,)) (because Q(-,-) is
positive definite), and

041118, 11 (17118, ) o(D)18y 114/ 118,11 = o(1)4/11€,[12118,

0 1 +16.>
< oplt 2|\_q|\

o(1)[L(8,) + Q( 0,.0,)] (. Q is positive definite.).

Thus e(8) = op (L (0 ) 2Q(_q,_q)) as 0 — 0.
Choose 0 < aezp(?)) < €eap(2) small enough to ensure that |e(0)| < m5c0L(0,) +
2Q( q,_q)] for all ||8]] < €exp(3). We have
1 < Relia(9)]
27 clL(8,) + 3Q(0,,8,) ~
for all ||8]] < €exp(3). (We will work later to remove the restriction on 6.)
Next we analyze by (6)(x). In what follows we suppress the dependence on x to
make the notation simpler. By definition,

IN

k o0
be(@) = % Oi(a(Q) — ) | D (L a0ty (@) — B(aaﬁ)(fﬂ)]
a= n=0
k
= |00 = ) (T~ Liiag) ) () — 5u(©)
a=0 6k
where (i (0) := Dok B(a, 0)(x)
a=0
k! 1 _
= 3 5 O Zirr (@) — 2)((I = Liziz0) ™ "y, (x)dz — Br(0)

where ¢ > 0 is independent of 6 for 8 at a neighborhood of zero (uniform analyticity
of Al . Ag)
Next we set Ro := sup|,|_, [[(I = L1-iz6)""'|| and observe that

‘(I_ Ll—iz,9) 1byo ‘ <
< H(I — Llfiz,g)_l (I —(Li—iz0 — L1—iz9)(I — L1—iz0) H [1thyo |l
< Rolliby,|| Z R||L1—izp — L1—iz 0"
k=1
< R3¢yl L1—iz0 = Liizgll D REIL1—iz0 — L1iz ]l *.

k=0

Thus, by lemma 4.1, there exists € > 0 such that
(I = Lioiag) " 0(@)]g-Zo| < const [6]/2, (18] < 1] = ro).

The expansion of «(f) implies that
(@) — a(0)] < const 18] In [|6]], (]l < epert(3))-
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Finally, the analyticity of (z,0) — B(z,0)(x) € H, at a neighborhood of (0,0)
implies via a Cauchy estimate that for some Mg > 0,

sup |Br(0)(z) — Br(0)(z)| < const k!Mg.
A+

cex(
These estimates can be used to see that for some My > 0 and all ||8]] < epere(3),
bk (8) — by (0)] < MEE!6]]*3 1n||8]| uniformly in z.
A similar argument shows that My can be enlarged to ensure
b (0)| < MEE! uniformly in z.

The two inequalities imply that for all ||0]| < €pert, |br ()| < const MEFk!. Increasing
My, we make this constant equal to one.

These considerations give us the conclusion of lemma 4.6 under the assumption
that |af, ||@]] are small enough. We wish to remove the assumption that ||@]| is small.
Let x(f) be a C*° function such that 0 < x(0) < 1, x(€) = 0 for ||| > Lecup(3),
and x(6) =1 for ||| < 3ecap(3). Then

k

(L ) — Zono GTX(Ob(0) ()
;wl,mygwyo)( )= =00 i

n=0

+ (X(Q)B(Q,Q)(UC) + (1 =x(9) Z(L?m,giﬂyo)(ﬂﬁ)) :
The first summand is identically zero for [|6]| > 2epe4(3) so we can change the
definition of «(f) to make sure that its expansion obeys part (1) for all § (not
just ||@]l < epert(3)) without affecting the value of the fraction as a whole. We
now redefine by (6)(x) and B(a,8)(z) (noting that the term in the brackets is still
real analytic in « for |a| < €eqzp(3) because, by Lemma 4.4 p(L1_jq,9) < 1 when
[0]] > 2epere(3)) and obtain the lemma. O

Lemma 4.7. The function o 3377 (LY, gtby,)(x) is C° on any compact set
K C R\ {0}, and each of its a—derivatives is uniformly bounded on K x T4 x X¥.

Proof. We use the following general fact: Let T(«) be an operator depending on
a parameter «; if the spectral radius of T'(«) is less than one, and « +— T(«) is
differentiable, then

d ~1 — Lt ~1

(=T = (I -T)' T -T)7

(for a proof, differentiate the identity (I—7T)~(I—T) = I). Repeated differentiation
of this identity shows that if T'(a) is CV, then (I — T(a))~t is CV, and that
Hﬁl—NN[(I — T(a))~Y|| is bounded by some function of ||[(I — T(a))™ |, |T® (a)|,
k=1,....N.

Lemma 4.4 says that o — Li_;q,9 is C° with derivatives uniformly bounded
for a € K,0 € T?, and that its spectral radius is less than one for o € K. It is
also clear that ||(/ — Li_in )~ '| is bounded on K, because that operator depends
continuously on «, § (lemma 4.6). The lemma follows. O

Lemma 4.8. [[Y27° LT, |l is absolutely integrable on any compact subset of
R x T¢.
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Proof. Take U := {(,0) € R x T : |a|, [|0]| < Sine} With §iy := 5 min{epers, Ceap}
and €per¢ as in lemma 4.5 and €4, as in lemma 4.6. By Lemma 4.4, || > oo L ia gl
is bounded outside U, so it is enough to check integrability on U. As in the beginning
of the proof of lemma 4.6,

= Pi_iap 1
L., = 1l N
Z 1—ic,0 1— )\l—ia,Q +( 1 -,Q)
As(a,0)Pi—ia g
1a(f) — i
where As(a, 0) is a (scalar) function, and P _; g and (I—N1_;a,9)" " are continuous
(operator—valued) functions on a neighborhood of U. It follows that

ZLI Y 0oQ)

ia(ﬁ) — i
Part (1) of lemma 4.6 implies that Re[ia(0)] > 3co[L(6,) + $Q(0,,0,)]. Since
Q(0,,8,) and L(0,) are positive definite, there is a constant such that Re[ia(0)] >
const||6, || + [18,/17]. It follows that |ic(0) — ia| > const[|a| + [|6,[ + [|6,]|*], so it
suffices to show that [|or| + ||, ]| + [16,]|?] ™" is integrable on [—int, Gine] x T

+ (I = Ni—iag)™

+O(1) on U.

/ dado -
[=0int,0ine] xT? |a| + HQp” + HQqH2

_ /°° / e=sal+18,1418,1%) g dp | ds (- l:/mefswds)
0 [fémt,émt]x'ﬂ‘d w 0

2%, +/°° (/ (o’ +1e 1+ ey ) de_df’ )ds <
1 Rx']l‘d s Pt

where in the last integral we have splitted fooo = fo + floo and used a change of
coordinates in the second integral. O

IN

5. Proof of theorem 1.1. Recall the decomposition R? = E, @ E, and the func-
tions L(0,), Q(0,,0,) which appear in §3.2 lemma 3.3. Define F, : £}, — R and
F,: Eq — R by

1 i
RE) = ), O en(-aL@)ar, (11)

_ 1 H0,E,) oo
F€,) = @y /Qquqe ep( Q(eq,eq))dﬁq, (12)

where ¢o = 1/ [tadv =1/ [ rdv (see footnote 1). These are the probability density
functions:

1. Let X\, (w € €*) be independent standard symmetric Cauchy random vari-
ables (i.e. E(e"Xw) = el Pry, (dr) = 2L.3), and set
X = ) pee- CwXway,. Then E(e!®X)) = ¢=«l® and F,(6,) is the
density function of X.

2. Let Y be the multivariate normal random variable on E; such that E(Y) =0
and 9T Cov(Y)8, = coQ(8 Then E(e/@Y)) = e"cOQ(e 9 and F, is the

den51ty function of Y.

Zq q)
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Both functions are positive, uniformly continuous, and absolutely integrable;
Fp(gp) is rational with polynomial decay at infinity; and F‘I(éq) has super expo-
nential decay at infinity. For every € > 0, one can construct by direct means two
positive, Lipschitz, uniformly bounded functions F.*, F.~ with (at least) polynomial
decay at infinity such that

Fo(§,+8,) S Fp(tig JFy(ta€ ) S FI(E +€ ) forall e7= <ty 1y < €f
+

£ ——— 1 uniformly on compact sets.
FZo e—0+

This can be done in such a way that ¢ — F.F(-) is decreasing, ¢ — F. (-) is
increasing, and the Fourier transforms of F* are absolutely integrable.

We prove theorem 1.1 with F as above. It will then transpire that F,(-), F,(-)
coincide with the functions described in the introduction (see §5.3 below).

5.1. Reduction to asymptotic analysis of a symbolic sum. The first obser-
vation is that if theorem 1.1 holds for one f € L' with [ f = 1, then it holds for
all f € L' with [ f = 1, because of the ratio ergodic theorem. We will choose a
function f for which the proof can be done by means of symbolic dynamics.

Define the Y4, Z? and R-coordinates of w € T'(M) to be the z(w) € Y4,
¢(w) € Z%, and s(w) € RT such that

@ =7(z(w),{(w),s(w)) and 0 < s(w) < ta(z(w)).

Almost every w € T1(M) has well-defined unique coordinates as above.

Define a set E C T (M) as follows: Let yo € Sa be a state such that there is
a > 0 with infjz) h > a/2 and infj, t4 — supp,h > a/2 (§2.3 lemma 2.3); the set
is

E:={we T (M): x(w) € [jo),{w) = 0, and — g < s(w) — h(z(w)) < g}.

By our choice of yg,

1 ta(y’) )
E)=5— Lty neo s o (B)dtd
mE) ftAdu/[y /0 [h(y") 27h<y>+21() v(y')

ftAdl/ (o] Jh(y)—2 ftAdV Jrdv’

Proposition 1. There exists o > 0 with the following property: For every e > 0
and almost every w € TY(M) there is some Ty = To(e,w) such that for all T > Ty,

L/T1E(htw)dt < efmr (2979 LSOO LB 4 Oen(@)
) y s A

7, Clstwdt > e pm (90 LSOO ey 4 Oer()
a(T) Jo o B c kN VT g ’

where T* = In(T/(InT)3®), a(T) = T/(InT)?*3, and ex : T' (M) — Rt is some
positive function (which depends on £) satisfying
1. limsup m fBN ET (w)% =0 almost surely;
N—o0
2. Tlim [ Gerdm =0 for all G : TY(M) — R continuous with compact support;

3. limsup |lerlg|: < e, limsup [lerlgl <e.

T—o0 T—o0
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We show how to reduce this proof to the problem of finding the asymptotic behavior
a certain ‘symbolic sum’, defined below.

Fix some €', to be determined later, choose some a > (p + %) max{2, 5%, i}
where dy, d, are as in lemma 3.1, and define

T* = In(T/(InT)**);
Fr = {w:|h(z(g" w))| < 2alnlnT, and s(gT* (w)) < 2alnInT};
1 T
ep(w) = m/0 L(ppye (Rfw)dt.

By definition,

1 1

T T
m‘/o 1E(ht(U)dt— m‘/o 1EQFT(ht(AJ)dt S E{T(W),

so we can prove the proposition by estimating ﬁ fOT 1enp, (Mw)dt and e/ (w).

. N . .
Step 1. NIEI})O 1n1}1N f3 E/T(W>Tg1lgT =0ae, Th_f};o [1ger|li =0, Tlggo [1gerll2 =0
and for all G continuous with compact support, Tlim f Gepdm = 0.
—00

Proof. The condition which defines Fr does not involve Z%coordinates, so Fr =
proj ! (Fr,) where proj: T*(M) — T'(My) is the covering map, and

Fro:=g T {weT" (M) : |hz(w))] <2InInT and s(w) < 2InInT}.
It follows that 7 = 7 o proj, where

1 T
ero(w) = FT)/O L(py.o)e (how)dt,

where we have written hj to stress that this is the horocycle flow on T (My). It is
thus enough to study &7 ,.

Recall that mg denotes the normalized Liouville measure on T (Mj). The key is
to observe that there exists some d > 2p + ¢ such that

mo[(Fro) = O((InT)~°). (14)

This is because by §3.1 lemma 3.1 and the invariance of mo under the geodesic flow,

mo[(Fro)] < mg[|lh] > 2alnlnT] + max{ts(z) —2InlnT,0}dv(z)

ftAdV Sa
InlnT InlnT
= () +0 ()

so (14) holds with any 2p + ¢ < ¢ < 2amin{dy, , }.
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‘We now calculate and see that

2
1 T
HE/T,O(W)H% = m /Tl(M ) </0 1(FT,o)c o hédt) dmg
0
2
T2 1 (T
= m Al(M ) <T\/O< 1(FTVO)C o hédt) dmo
0
T2 1 (T
m Al(M ) <T/0 1(FT,0)C o hédt) dmo
0

1 t
= — 1 ¢ 0 hgdmodt
a 1 2 / /’l 1(Myo) (Fro) o oo

(InT)*P+e g 5
_ / mol(Fro)ldt = 2 0 2+/ (InT)~%dT
2

(InT)?+e T
T (ln T)‘S T—o0

IN

= [I+o(1)]

0 (8>2p+q).

Since ||1gef |2 < |lefoll2, we have ||1ge’||2 — 0, whence also ||1ge/p||1 — 0.

If G is continuous with compact support, then G is the sum of finitely many
L>*NL' functions supported inside fundamental domains for the action of the group
of deck transformations. The previous argument shows that Tlgréo | Gelndm = 0.

We need more information on the decay of the L'-norm of e, :

1 T
! = — 1 e o ht dmodt
rale = oo [ [, Lnar o dmo

! p+3 T
- %T)/o mo[(Fr,o)°)dT = %'O <2+/2 (1nT)5dT>

- 0 <(1n];21’+% (ln];)6> -0 ((lnT)p+%76)

as T' — oo. This means that

[ ([ ey, e

o 1
= ‘/3 O(T(IHT)1+6(p+g)>dT<007

because 0 > p + 2. The convergence of the double integral implies the almost sure
oo e o(w)dT
TInT

— 0 a.e. in TH(Mo), so 7 Ja

< oo almost surely. Evidently,

N el (w)dT
TInT

convergence of the inner integral, so f

1 N eh o (w)dT
Inln N J3 TinT
TY(M).

Step 2. For all €, there is Ty = T'(¢’) such that for all T > Ty and w, there are
N* €N, w; =n(z},&,0), and S; (i =1,..., N*) satisfying

— 0 almost surely on

L ooy S 1
O(

o
p(HW)dt = iy B 0 g™ ST (0, €,0)] + O () +

W) uniformly in w as T" — oc;
n
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2. T[l—%]<zz, e w( #)<Tand |S; —InT| < 7alnlnT;

3. For almost every w, || —&(g" W) =0((InInT)?) = o(V/T*) as T — oo (this

is not uniform in w).

Proof. The integral fOT 1pnry (htw)dt is equal to the length of the intersection of the
horocyclic arc Ay = {ht(w) : 0 < t < T} with EN Fr. Therefore, if By := g7 (A7),
then [ 1pnp, (hw)dt = £, [EN Fr 0 g~ Br].

We claim that FrNg~" (Br) is, up to an error of length at most O(T/ (InT)>)+
O(a(T)elr(w)), contained in a union of sets of the form g~ [W”( 3 > )] with

loc

WS (x E,gi, s?) C By. To see this assume that w” € Fr Ng~" (Br) and that
dist(wb, endpoints of Ap) > Caiame” (In T)zo‘
where Cyjam is taken from §2.5 lemma 2.4. If g7~ (w®) = W(Ib,éb, 5°), then

diam[Wss (2”, €, 8°)] diam[W5s (2”, s°)]

S C'diameh(mb)_sb S Cdiameh(mb) (lemma‘ 24)
< Cdiam(ln T)Za ( Wb S FT)
< dist(¢7" &’ endpoints of By).

This means that g~ (wes (xb,éb, 5°)] is a subset of Ar. We see that every w” as
above is covered by a subset of Az of the form g~ [W3.(-, -, -)]. Thus,

loc

ArNEFr C U{ -T* (Wi (x b,gb,sb)] : g_T*[WlffC(xb,éb,sb)] - AT} U
U {w € A : dist(w’, endpoints of Ar) < Caiame X (In T)2°‘}.

Since LA \ Fr] = a(T)elr(w), the error in replacing Ay by the union of
]

T [Ws(+)] it contains is at most

a(T)e'r(w) 4+ 2Cgiame” (InT)%* = O(a(T)elyr(w)) + O(T/(InT)%).

Any two symbolic local strong stable manifolds are equal or disjoint up to sets
of length zero, so we can enumerate

{Wise(?,€.8) s Wit(a"€.8") € Brn g™ (Pr)} = (Wi (e, €, )}

in such a way that the sets on the right hand side are pairwise disjoint up to sets
of length zero. The right hand side must be finite, because the length of each set it

contains is bounded from below by eh(wb_s:w(a@?) > W infy >0 (§2.5 lemma
2.4). Let N* be the number of terms (note that N* = O((InT)**)). We obtain:

LIEN A7) = Ze[Emg-T Wi (ah. €. 50)] + O(a(1)er () + Oy ):

Now set w) := g (W?) and S; := h(x) + T* — 0. Since w? € g7 (Fr), 0 <
|h(22)|+s? <4a1nlnT solnT— 7a1n1nT<S <InT. Moreover wi =m(z7,&,0)
where ‘Ti = JJ S, T 5 SO g [VVIOC( iu_:u z)] =49 ~(Si=h(=D) [WISS( é* )]
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whence
T

/1E (htw) Zé[Eﬂg (Si—h(z} ))(WSS( r,g,()))}-po(a(T) (w ))+O((lnT) ).
0

If we divide by a(T"), remembering that o > (p+%)-2, then we get part (1). Observe
that the big oh’s are all uniform in w.
To see part (2), note that by §2.5 lemma 2.4,

e lai) = 3D ptal) = 3Dl Wik (o € 1)

[

By construction, the union of g=7~ VVlffC( - :, s?) is contained in Ar, and differs
from Ar by a union of a subset of (A7 \ Fr) and two arcs of length Caiamel” (InT)2e,
Therefore
S Sipal) < B = (A =T
S"eSpa?) > [Fr 0 Ar] = 2Caame” (InT)>
= ([A7] — l[Ap \ Fr] — 2Cgiame” (InT)%*
T
= T-— G(T)E%(W) - 2Cdiamm
> T[1- M] if T' is large enough.

(InT)pFa/zh

This is part (2).

We turn to the proof of part (3). Set w* := g7 (w) = w(z*, £*,u*), and assume
without loss of generality that §* = 0. Our aim is to find an uI)per bound for the
size of ¢’ in the Wi (2',¢', s') contained in By = g7 (Ar). To do this we divide

loc
the horocycle of w* into a sequence of adjacent arcs {h'(w*) : T; <t < Ty41} in
such a way that all local stable manifolds contained in the same arc have the same
7% coordinate §,- We then estimate T; from below, |§l| from above, and determine
how large can [|£ || be inside By = {h'(w*) : 0 <t < (InT)?*}.

We work in the hyperbolic disc model D. Draw w* in D inside the fundamental
domain Dy (of T'g) which contains the origin o. Every time the geodesic ray {g7(w*) :
s > 0} cuts the (D-lift) of our Poincaré section Sa, it cuts a geodesic e which is a
Ty copy of an edge of Dy (see §2.3, §2.4). Let €1, ea, ... be a list of these geodesics.
The external labels of the corresponding edges of Dy can be read from x*: If

*

x* = (2} )nez, then the external label of e, is the zeroth coordinate si(n) in

zy, = (s yu(n),.. .,s(’;(n), . .,srx;|7N#71(n)).

Now draw the horocycle ray {h}(w*) : ¢t > 0}. Abusing notation, let gi°(w) € oD
(resp. gp°“(w) € OD) denote the endpoint (resp. beginning point) of the geodesic
determined by w. The point gy (h!(w*)), t > 0 traces the arc of 9D from gy *°(w*)
to g°(w*), so there will be times 0 < 7T}, < Ty, 11 < --- when gy (" (w*)) = v,, :=
endpoint of e,. It is possible to have T;, = T,,41, because e, €,+1 may share an
endpoint. Define T;,, to be the subsequence of different times:

0<Ty <Tpy <Tp, <---, and {Ty, } = {Tn}
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Now partition the horocycle into arcs By := {h*(w*) : T, < t < Ty, }. We
analyze the arcs Bj.
Define for this purpose
e v, = gy (AT w*) (an endpoint of e,,). Note that v,,,v,,... is a se-
quence of different points on 9D, ordered counterclockwise, and accumulating
at g5°(w*).
e F,, = a copy of Dy with e,, as an edge. There are two such copies. We
choose the one on the side of e,, not containing g3°(w*), namely the one
relative to which e,, has internal label so(ng). With this convention

Fop =ggro0---0 Gy, (Dy).

e u,, = the vertex of F,,, next to v,, in the clockwise order;
® 0y, = I'g—copy of o inside F,,, . By the above, 0,, = (gzx 00 gsx )(0).

’Vlk
In the following calculation we use the natural counterclockwise order on 9D \
{g5°(w*)} and let b(w*) denote the base point of w* (so b(w*) = g* (b(x*))):

—Be(exy(b(w™),0n,)
9p C(z*) k

By, {w’" € Hor¢(p+)(0n,) = gp (') is between vy, , Un, ., }

By (b0, g5 (W) = cla’)
9p =) el W e Tl(D) : B<(m*)(b(w’), On,,) =0
gp (') is between vp, , vp,

—B o b(w™ 3O0n )
g]D ¢( )( ( ) k (gw)lk O+ ng;k) {w// S Tl(]D)) .

95°(W") = C(a4" @), Be(on ey (b(w"),0) = 0, and g5 (") is
between (gr o+ -0 gz;k)*l(vnk) and (ggyz0---0 gz;k)*l(vnkﬂ)

The inner set consists of points on the horocycle Horc(gzk (w*))(o) whose geodesics

begin somewhere on the side of edge si(ny) which does not contain ((o')* (z*)),
and end on the other side. Such geodesics must intersect Dy. This means that the

inner set consists of line elements of the form ¢g*(w"”) where 0 < u < t4 ("), W" €

(0D);n, and such that w” has forward cutting sequence (*,z - It

*
Ngt1? “Ngp1+10°
follows that

By — QH;BC(m*)(b(w ),0n;,) {w/// c Horq(m*)(Onk) : I(u)/”)(fo _ (:C*);.:;H’

and gp ™ (w"") is between vy, , vp,,, } . (15)

One consequence of (15) is that if W5 (x, £, %) N By, # @, then £ = Z%coordinate

loc

of Fr,; 80 § =Tges + -+ + Fgm:lk. In other words,
If Wik (+,&,%) N By, # @, then £ = fy,, (z*).

(Of course had we not assumed w.l.o.g. that the Z% coordinate of w*, £* was zero,
we would have had & + f,, (z*) here.)

Another consequence is an estimate of the largest possible nj, which appears in
the decomposition of Brp:

Choose some a € S4 such that I, is between vy, , v, ., (any state whose zeroth
coordinate is the label of the edge of Dy between v, , u,, will work). Then

LBy gy M H a(e)).

(See the proof of §2.5 lemma 2.4 for the definition of H(a(x*)$°).) This means that
((By,) > eBean (0@ )on) infq). We estimate the exponent.
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We first claim that there exists k < N# + 1 such that ¢ (O'Z; x*) is uniformly
bounded away from the vertices of Dy:

1. Case 1: 31 <i < N7 s.t. x; is type II. By §2 lemma 2.1, x7, ; is type I, and

s1(xf {),...,8n+/2(xF is not a power of a vertex cycle, so ((o%1z*) is
1+1 / 1+1 Yy A
bounded away from the vertices of Dy. Choose kj := i+ 1.
2. Case 2: x7,...,T54 are all type 1. There are two possibilities:

(a) either 3i < N7 such that (so(x7),...,so(z})) is not the prefix of some
power of a vertex cycle, and then we choose kj := 0;

(b) or (so(x7),...,s0(wyx)) is a prefix of a power of vertex cycle (in fact
a full power). Observe that in case 2, (s_n#(Ths),.--s50(Txe)) =
(so(x1),...,80(xy%)). Using the third combinatorial property of € in §2.1
and the fact that 23, € Sa, we see that there must be some 1 < j < NT*
such that (s_1(274),...,5;(x}4)) is not the prefix of a power of a vertex

cycle. Let ¢ be the minimal such j.
(i) if i <2, then

(s1(@n#_0)s - siva(ne o)) = (s—1(@yw), o si(Tys))
is not the prefix of a power of a vertex cycle. Choose k := N# — 2;
(ii) if 4 > 2, then (s1(x34),--,Si(z3%)) is not the prefix of a power of
a vertex cycle. Choose ki :== N7#.
This completes the proof that kj exists.

The existence of kf as above implies that there is a constant Che, (which only
depends on the geometry of Dy) with the property that

Chor . . . x
gCr Hor((ai%*)(o) is under the edge with external label @7.

(by ‘under’ we mean contained in the hyperbolic half-space cut by that edge, which
contains C(UZO x*)).
Write oy := (gaz0-- ©9a;, )(0). Then grerHore(,+)(ok; ) and w* are on different

sides of the same geodesic, consequently Hor¢ () (b(w*)) is outside g<or Hor¢(,+ (kg ),
which means that Be(z«)(b(w*), 0k ) > —Chor for some ki < N#+1. It follows that

Bc(w*) (b(w*), Onk) > BC(w*)(OkS , Onk) — Chor

(07 Onk—ké) - C(hm“

c(ohiam)
Kt

= Tn—ky(042") = Chor (7 7(2) = Be(2)(0,920))-
When we constructed r, we saw that there exist constants K € N, C5 > 0 such

that r, > C5 for all n > K. It is easy to deduce from this that there are positive
constants such that r,_gs > const; n — consty for all n > K' .= K+ N# + 1.

Consequently, there are constants Cy, C,. > 0 for which for all k > K,
BC(I*)(Z)(W*), Onk) Z Crnk — ér-

This is the estimate of the exponent we were after.
We saw above that £(By) > B (0@ ).0n) infq). Thus, for some positive con-
stants C, Cl, K’

if ng > K', then ¢(By,) > CleC ™™ uniformly in w = m(z*, £, u*).
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This implies (trivially) that the largest possible nj; which appears in the partition
of By must satisfy ny < K’ or C.e“"™ < ((Br) = (InT)3*. Consequently, n; =
O(InInT) as T — oo and this is uniform in w.

We have shown:

x(gT*w) (16)

ss (. ¢l / *
Wige (', &, u") € By = €] < | fu(2")| where O(nInT).

To complete the proof of Step 2 part (3), it is thus enough to show for every C' > 0
that for almost every w,

max{|fi(z(g" w))| : k < CN} = O(N®) as N =InlnT — oo.

It is clearly enough to treat w in the zeroth copy of T (My) in the cover T (M).

We estimate P(N) := mo[3k < CN s.t. |fr(z(¢” w))| > N°]. Recall from the
proof of §3.2 lemma 3.3 that there is a constant C; such that [f(z)] < Cy|zol.
Therefore, if N > 1 then

P(N) = mg[3k < CN s.t. |fr(z(w))] > N°] (.- my is g-invariant)
k
1
< mp[3k < CN s.t. Z|xz| > C—]\]S]
!

CN 1
< di < kst |z — — ___N°
< ];Jmo[z_ s.t |I|>(k+1)cf ]

CN k
= ZZmO || > ]

k=0 i=0 200

20C N4
< 2. L ——) (831 1
< (CN)*-O( i In QC'Cf) (" §3.1 lemma 3.1, part (8))
= O(N2In°N),
so > P(N) <

By the Borel-Cantelli lemma, for a.e. w, max{|fx(z(¢” w))|: k < CN} < N°
for all N sufficiently large. This together with (16) implies that for a.e. w, if T is
large enough then

loc( 5 U)CBT:>|§_/|§(1nlnT)5

Part (3) follows, in the case when £* = 0. But we can always reduce to this case by
moving w with a suitable deck transformation. This completes the proof of step 2.

Step 3. Js(x*,&") :=L(E N g~ S=MENTWEs (2 *,£7,0)) is given by
(2t
Z Yo T ey =8)0e g () Lol (U (2T
=0 o7 ()= (a*)5°
(The ‘+’ superscripts are meant to imply summation on 2+ in ¥7.)

Proof. w' = 7(z,n,v) is in BN g~ ~h@NWes (2%, €%,0) iff ' € E and

S(Zvﬂvv) = (0227ﬂ+ fn(z)vv +8 - (tA)n(Z))
€ "W (", €5, 0)] = {7 (y, £, b)) sy = (@)},

g
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for the n such that 0 < v+ S — (ta)n(2) < ta(c%2). This means:

42" = (@7)5°, and 20 = yo;
n+ fulz) = £, andn=0;
v+ S —(ta)n(z) = h(ohz), and —a/2 <v—h(z) <a/2.

Using the identity t4 = r+h—hooy we see that v—h(z) = r,(2) — S, so v satisfies
the last condition iff v = r,(2) + h(2) — S, and r,(2) — S € [—a/2,a/2].
We conclude that

JS(x*;é*)
20 = Yo
O.n Z)OO — (;C*)oo
=/ 2,0, (2) =S+ h(2)):In>0st. A0 T 0
m(z,0,0(2) = 8 +h(z)) : 3n > -
m(z) = S € [-a/2,a/2]
- > g™ Tn<z>>H< !
texh o = =wo ok (z1) = (@")F
and n > 0 fn( )—f ymn(2) — S € [~a/2,a/2]

where H(21) := {n(y,0,h(y)) : y° = 25°}. We have seen that the length of this set
is 1(2T) (where we are abusing notation and identify ¢ : ¥4 — R with the function
it defines on X¥). Tt follows that

Js(@*,€)
— - Z+
= Z Z 5N o272 (27) = 885, (24),6x 1oy (2T (27T),
n=00%(z7)=(2*)§°
as required.

Step 4. It is now clear that to finish the proof one needs to find the asymptotic
behavior of Jg(z*,£*) as S — oo. We have:

Lemma 5.1. For every € > 0, there exists Sy such that for all S > Sy, =*, and §*,
ife& = §; —|—§Z where é; € B, é; € E,, then

. . s ¢ & ;
Jo(a &) = oy [Fr 4 ) ke B

. I P S \
Js(@", ) = e e [Fs (F+5) —5] m(E)(x").

Let’s see first how lemma 5.1 implies the proposition. The proof of the lemma is in
the next section.
Fix ¢/ > 0 and let Sy be as in step 4. By step 2, part (1)

1 T
m/O lp(hlw)dt = ZJS 27, &)+ O(e ())+O(W)

, N eS
a(lT) > o [+ S+ mimptan)

-

IN
@
)
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uniformly as 7 — oo. Now S; = InT £ 7alnlnT, so S;(H%) ~ (InT)~(+3)
uniformly as T' — co. Moreover, for a.e. w, [|£ — (g7 w)|| = o(/T*), therefore
since Ff(-) is uniformly continuous, if 7' (whence T*) is sufficiently large, then

T
a(lT) /0 1g(hlw)dt <

<Ze e )[ (g(gTi*W)-i-E(jT—W))-i-2€] m(E)

/ 1
+0(er(w)) + 0(7(IHT)p+g )
)€ (9T w)

< 625 |:F+( ((;* +7q\7F )+2€/:| m(E)-i—O(E/T(w))'i‘O(W)u

because Y, e%i1p(x}) < T. In the same way, one obtains

T
CL(lT) /0 1E(htw)dt Z

> (Ze e )[ (S “”+Eq(5;—f”>—2s'}m<E>
+0(er (w)) + o( —577)

(InT)P+3
o )
+O(e (@) + ol )
- {Fsl(épg*w)+§q<5;w>)_251} m(E) + O (@) + ol o=y,

where we have absorbed ‘)((11);7;1(%’) in the big and little oh’s.

Now choose ¢’ := ¢, and set ep(w) := &/ (w) + o((In T)P*3). Since the big Oh’s
and little oh’s are uniform in w (they come from part (1) of step 2), Proposition 1
holds with e7 replacing €7, and we are done.

5.2. Asymptotic analysis of the symbolic sum. We prove Lemma 5.1. To
ease the notation, we drop + and * superscripts, identify « with z§°, set ¢, (-) =
l[yo](-)w(-), and write

(2,€) :Z > IO a0y (rn(2) = 8)e 1, () Yo (2),

n=00%(z)=x

where the z’s in this sum take values in the one-sided shift ZX, and d;; is Kronecker’s
delta. Our aim is to find the asymptotic behavior of Jg(z,§) as S — oo. It is crucial
that all our estimates be uniform in z and &, because we wish to employ them at
‘random’ 2*, ™.
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Fourier Transformation. Construct two even functions 71,72 € L'(R) such that
m(s) < ﬁl[,a/za/g] (8) < va(s) in such a way that 41,72 have compact support,

belong to CN (R) for N > 2d + 10, and satisfy e~*/2 < 7;(0)/72(0) < e¥/2.%> Then:

L —e/2 A L e/2
(271')d6 < 77/(0) < T € ? (17)

and Ay (z,£,5) < Jg(2,£) < Aa(z,&, S), where, writing T for (—m, 71]%,

Z Z S Wi (rn () = )by () /Tdei@é‘f"(””de.
= y

Fourier’s inversion formula gives

Ai(:vaés):;i > /R [e—is%i@@ai(a)x

n=0oc%y=x xTd

xR O L Wy, ()| dadg, (1)

From this point, we work with the A;’s not the Jg’s, with the aim of bounding A4
from below, and As from above.

Rewrite in terms of Ruelle operators. We first exchange the order of integration
and summation in the defining expression for 4;(x, &, S). Define

Ai(2,6,9) %/WZZ B O

n=00o"%

e~ 1HO) P )+, Fu ) gy (y)} dads.

Using the operator (L.oF)(x) :=3_,,, _, e~ W+ilFW).0 p(y), we can rewrite the
above in a more compact form as follows:

Y e’ —iSa (0,6 — (rn
Ai(2,€,8) = %/R . [e Sagi8)7, (o) Z ( (kia)’gwyo) (x)] dadf.
xTd n=0

We now show that gl = A;.

The first step is to take the summation over n outside the integral. We do
Fi(a) >0 (L” ia), 91/17;0) (a:)’ < some absolutely integrable
function of (o, ) (independent of N). Since this sequence tends to zero for all
(v, 0) # (0,0), the dominated convergence theorem implies that its contribution to

this by showing that

A, goes to zero, whence the sum can be taken outside the integral. The criterion of
the dominated convergence theorem:

i (L?l—ia)ﬂ/’yo) (z)| <
n=N

3Here and throughout, the Fourier transform is @(u) = [ e~ *“to(t)dt.
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< L iag (Z Liiia), e%o) (DI o gl < o0 for (a,6) # (0,0)
00 n=0
< (L% < ) LY ( 1—ia),0 Vo >
oo n=0 H,.
< sup ”L{\,[Q” < ?—ia,ﬁwyo )
N H
< sup L7y ZL”1 CiaPuo|  Col Ny, S I F N, for all f € M)
n=0 H,e
< const Z LY ;n4| (. L1 has spectral gap, and p(L1) = 1)

The last expression is absolutely integrable on compacts, by §4.3 lemma 4.8.
Having taken the sum out of the integral, we can now write

gz(iU 5 S) =
/ Z —zSoz z 0£)A( ) —(1—ia)ry (y)+i(0, fn(y))1/} ( )} dadQ
RxTd

ohy=x
By the Gibbs property of v (§3.1 equation (4)), for all y € X and all n,

Fi(e)le™ Wy, (y) < GFi@)Vlyo, -, yn-1llltyolloc-

Therefore the integrand is bounded by G||¢y,|l|7i(c¥)], which is absolutely inte-
grable on R x T¢. Again, we can take the sum out of the integral and obtain
Avi(xagvs) = Ai(l',f,S).

We see that N

S o0
Ai(z, £, S) = ;ﬂ- /RXTd [e—zSaeM@xé)fy\i(a)nZO( ?171-(1)&1#%) (CL‘)‘| dadf.
Representation as a singular integral. We apply §4.3 Lemma 4.6, which describes
the singularity of >° LT, g1y, for |a| < eezp.

But first we need to wc;rry about a € supp?; s.t. |a| > €epp. To deal with
these a introduce a small positive number dg,,, which will be chosen later, and two
positive functions of class CV, y;,j = 1,2 with compact support on R, such that
X1+ x2 = 1 on the support of both 7;, x1 = 0 outside of [—0dsupp; Isupp] and x2 =0
on [—8supp/2, Osupp/2]. (Here N > 2d + 10 is the same N such that 5; € CV.) We
may write:

Al &8) = o | [“S“e“g@ (@x1(@) Y (Ll ot ) (2)| dadt
xTd

n=0

S o0
. —iSa ,i{0,€) 5. o e,
+ 2 RxT<d |f2 ¢ Z(Q)X2(a)7;3 ( (l—za),Qd}yo) (I)] aat

The second summand is

S ) ) o0
c /R o—iSa l /T DT (a)xa(a) D (L2 im0 @)d@] do

n=0
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which can be viewed as the Fourier transform of the bracketed integral calculated
at S. Since y2 vanishes on a neighborhood of 0, and since the a—derivatives of
(LY 6%yo)(w) are uniformly bounded on compact subsets of (R\ {0}) x T
(Lemma 4.7), the bracketed integral is a CV function of a. It follows that its
Fourier transform is O(S™V) as S — oc.

Our first restriction on dsypp is that it be smaller than the €.,y given by Lemma
4.6. This allows us to write (supressing the dependence on ) the first summand as

s 0k
e —iSa il0.6) 5 '@ 1
27 Jrymd ¢ ¢ Yilepa(a) kz—o k! da(f) —ia B
eS . .
+ — e 99887 (o) x1 () B(ev, B)devdf.
2 RxTd
Next we assume that dgupp < ﬁ with My as in lemma 4.6. This implies that
the series 220:0 % converges uniformly on the support of 4;x1 to a bounded

function. We also make sure that 0 < dgupp < %

The proof of Lemma 4.8 shows that ia(eﬁim

is absolutely integrable. By the

dominated convergence theorem

e S i Fby, (0 1
1st summand = — / e 5897 () x, (a)a k(6) ' — dadf
21 £~ Jrxre k!l ia(f) —ia
S . .
4o [ eisa {/ %97, (a)x1 (a)B(a,Q)dQ] da.
2w R Td

The bracketed integral is a CV function of a, so its Fourier transform is O(S—).
We isolated the main contribution to A;(z,§,S) as S — ococ:

Ai(z,€,5) =
e [ S i aFb(0) 1
= — —iSa i(0,6) 5. k\Z dadf —N
= (};) /R €O ) ()T o dadd + O(5 V) )

Separating the variables o and 6. The trick is to use the identity % = fooo e_slwdsl,
valid for every Rew > 0. By construction ia(f) = 1 — z(0) where Re z(0) < 1 for
0 # 0 (see the proof of lemma 4.6), so we are allowed to set w = i« (f) — i and get

1 <
- —1is (a(ﬁ)fa)d /.
ia(f) —ia /0 ‘ ’

We plug this into the previous equation, and re-arrange terms, setting ap(a) =
aj,(@) == o*Fi(a)x1(a)

eS - > Ap\&) _i(S—s")a
Ai(x,&,8) = Py lZ/O ds’/]R (%!)e (5=57) )da X
k=0

/ (@9 p(@)e @) ag + O(SN)] .
Td

We write this in the form

Ai(x,&,8) = ; [Z /000 W[Inner Integral]ds’ + O(SN)] (19)
k=0 '
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where the ‘inner integral’ is [, (ei@@ bi (Q)e*”,o‘@) de.
Estimating the Inner Integral. Recall the (orthogonal) direct sum decomposition
RY = E, ® E,, and our convention that T¢ = (—, 7] C R% Define
T, = {0,€E,:0¢ T4},
To(0,) = {0, € Ep:0,+0, €T}
These are compact subsets of E,, F,, and since E, L E,, if F € L*(T¢), then

[ ra- | ( / ngp> @,
T4 T \JT?(8,)

The expansion of a(f) from lemma §4.3 4.6 says that

Inner Int. :/ ei@q’é)e_co;lg(gq’gq)/ 88 geos L(O,) o =5'=(O)y, (g)ap, b,
T T,(0,) e

q

with e(6) = o(L(8,) + 5Q(8,,8,)) such that [e(0)] < g55¢0[L(6,) + 3Q(8,,8,)]-

Changing coordinates (6,,,0,) — (i, , \/—,) =:0(s"), gives
i £ ¢
Inner Int. = ;/ ey 770 o= B Q0,0,)
(s) Vs'T

x/ , el’(ﬁ,ﬁ%) —coL(0,) ,—s"=(0(s’ )))b (9(5/))dﬁpdﬁq
"Tp(%)

1 / o6,
COLaE NS
x[S1 + S2]db,,dd,,,

where S1 := bz (0) and Sy = by (8(s'))e~ <€) — b, (0) We break the inner integral
in the obvious way into two integrals involving S7 and Ss.

2

)~ $Q,8,) / {0, 5) o —eoL(B,)
2]
ITP( 73/ )

Estimation of the Si—integral:

. £ c .
Sl*Int. = bk (%_)2 / 61<QQ’ J?>6770Q(Qq’gq) / . el<gp’s;’>efcoL(gp)dequ
(s")P*= Jyer T, (L)

_ kO [/ GO+ Q00,0 L(6,) gg+
R4 B

()77
+0<

OO S S e
= s BBG) wel) =

where §p, §q are the components of of £ in E,, E,;, and F, I, are as in §5:

=

e—coL(6,)—£Q(,, _q>d9 de,
s')g¢Td]

= 1 i(x — <o
Fy(z) @) /Rq eilewre=F Q) gy
F = 1 i(x —c

P(E) (27T)p /]Rp e <7)y>e OL(y)dg

The o(1) is uniform in &, z, and §.
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Estimation of the Sa—integral. Passing to absolute values, we see that the So—
integral is bounded by

1
Fix ¢ > 0 (not to be confused with the function £(¢)). Since £(0) = o(L(0,) +
2Q( 0,,0,)) as 0 — 0, there exists 6 = d() such that

[ e Bk gD by )] g,

16(s)]] < 6(e) = |s'e(6(s))] < ecolL(8,) + 5 Q( 045 0,4)]-

This, and the properties of by(-) described in §4.3 lemma 4.6, implies the following
upper bound for the absolute value in the integrand:

Abs. Value < e %@ b, (0(s")) — b (0)]
+|br(0)] - |e—s’€(ﬁ(s’)) —1|
< MERLeS O30 AN g(s)|Y3 n(1/]10(s)])
+ME ke @D
+ Mkl e O — 11000 1250

< MEReT EO) 2RO g (5|3 n(1/]160(s") )
+M’€]€I‘ ecolL(8,)+3Q(8y:8,)] _ 1‘

— 11 <o)

k 0 .0
+ MR et B3 QE 8] 11110y 55

Integrating the absolute value against e —colL(8,)+3Q(8y8,)] e get that
. MEE!
So—int. = o ((S/)p+% >

k
(J‘{)(;f_'/ ¢ COlE @)+, 8,)] | eeol 8+, 8)] _ 1|
S 2 Rd

Mgk! ol L(0,) 4 5Q(0,0,)] | B L(60,)+5Q0,.0,)]
+ 7 / e O )T 2T 2/l e T0 LA Ep /T 22 —1|dQ.
(s)PF2 Jigsn) 1> 5()

The first integral above tends to zero as e — 0, because of the dominated conver-
gence theorem. Therefore, for every ¢ > 0 there is € > 0 such that the the second
term is smaller than eg MFk!(s')~(P+3). Fixing this ¢, we see that the second inte-
gral above tends to zero as s’ — oo (again because of the dominated convergence
theorem). It follows that Jsg = so(gp) such that for every s’ > sg, the absolute
value of the Sy-integral is no more that 3so x MFk!(s’)~(P+3), In other words:

M(Ifk!
(S/)p-i-%

Sy—integral = o ( ) as s’ — o0

and this is uniform in k, z, and &.

Adding the S7 and S5 integrals, we see that

Cr0) o G
i Fal R )+ ol

uniformly in k, x, and .

RIME

(s’)p+%> as s’ — oo, (20)

Inner Int. =
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Returning to the estimate of A;(x,&,S). Recall that ay () := o#5;(a)x1(a). Equa-
tions (19) and (20) show that

S [ [ aR(S — be(0) (2m)? & €
A; = — = F(=L)F,(Z2£) ds’
(I,é,S) 27T [kOA k' (S/)IH_% q(\/?) ZD(S/) S
0o OOA M )
+ S — / 0( Oq /
2/ WS =
oo 1~ !
+ Z / (S = 5) [Inner Integral} ds' + O(S_N)]
0 k!
k=0
s
=: ;— [First Sum + Second Sum + Third Sum + O(SN)],
T

where the three sums are defined in the obvious way.

Estimating the first sum. Break the domain of integration into [|S — s'| < V/S],

[|S —s'| > /S,s > 1]. Recall that F.t, F- are two positive bounded functions
such that

F- (§p +§q) < Fq(tléq)Fp(tgép) < F:‘(ép + §q) for all e™° < t1,t2 < €,

+

and —=— 0 1 uniformly on compact sets.
e &0+

For all S sufficiently large, for all k, x, and §

ax(S — s")b(0) (2m)? £, £
/nss/|<\/§] k! (s)P+3 Fq(\/;>Fp(§)dS

£ £
FH+3)
(2m)[1 + o(1)] —L5 2 b’“(,Q)/ ar(S — ¢')ds'
Spts kL Jys—s1<v3)

2

IN

£ §
FH (5 +3) b(0) /ﬁ

= ool —g = |

ag (u)du.

We need more information on @ (u) to continue. Recall that ay(a) := aF75(a)x1 ()
has compact support inside [—dsupp, Osupp] and belongs to CV where N > 2d + 10
and dsypp Mo < 1. We have

~ N - 1
[ak(u)] < const x . (ssup(S };(l;z—N(ak”YXl)} W
S| =Osupp;9supp

NAk
const N k! .
< D < )—6’“‘] IAxallon
= N : — o\ Ysupp
V' =\ ) (k=)
NAk
const b N\ . v
< W”/yxlncN(Ssupjz\)[ (j)k](sé\;p;g
=0
const P (k +1)Nok

= |u| Y Axallen 85y (k + dsupp) ™ = O( Z2PP) uniformly in k.

Jul™
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Therefore, by the Fourier inversion formula

/ ap(u)du = 2mar(0)+ O (2,# uniformly in k.
—V5 S

Recalling that by (0)(z)| < M¥E!, we see that

/ (S = @) @M S Sy
(1S—5'|< V3] 5

k! (s')Prs Do
e, &
FAE+4) b0 (k + DN Mpsk,
< (2m) "1 + 0g(1)] gﬁr% k('_) ax(0) +o 5p+%0 o

uniformly in k.
We now estimate the contribution of the domain [|S — s'| > /S, s’ > 1]:

an(S — sbe(0) 1 & &
= )+ Fq(ﬁ)Fp(?

)| ds’

/[55/|>¢§,s'>1]

O(1S|=N2)(k + )N 6k, be(0) 1
< IS0+ )0y @) 1
[15—5'1>/18Ts'>1] k! (s')Pt=
< const x (k4 1)NM§5§uppo(S_(p+%)) uniformly in k.

Adding the contributions of the two domains, and summing over k (noting that
ar(0) = 0 for k # 0 and that > (k + 1)N6* ME < oo by our choice of sypp), We

supp
see that the first sum is bounded above by
€ g
FH(E+3)

(2m)[1 + o(1)] I + o(S~ %)) where I; := (21)%o(0)ao(0).

Sp+3
The value of by(0) is given in lemma 4.6, and that of 7;(0) by equation (17). We
find that e’sﬂw <I; < 65/2% (in particular I; # 0). Thus

¢
FH(=% 4 =2) 1
First Sum < 27L;[1 + o(1)] £+ﬂ 574 o( 73 ).
2 2
In the same way one shows
£ g
Fo(E+3) 1
First Sum > 27 ;1 + o(1)] : ;’/piﬂ 5 O(Serg ).
2 2

Both estimates are uniform in x and § .

N sk
FEstimating the second sum. This is similar. We saw that |ay (u)| = OS(%).
There is no divergence at zero: [ax| < [|axll1 < [FilloolIX1lloc0%p,- Thus [[ax]s =
O((k+1)Nok, ).

It follows that if | S| is sufficiently large, then uniformly in &

k NE
< os(Mg) / @ (w)|du
Sp+ b3 _\/§

Os(M(Ifék (k-i- 1)N)

s/ Mk
/ ak(S— S/)O ( Oq) S/
(15 —5'|</3] (s')P+z

supp
Sp+3
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Os/ (Méc)

/

(S — ')

< os(Mé“)/ [ax(S — s')|ds’

’/nsywis»u 1S—5'|> V5]

os(MF) / os((k +1)V45,,,,)du
SP3 Jjjuzva) Jul™

os((k+1)Ngk — ME)

supp
Spt+3

Sop(i?q_ uniformly in z, &.
2 =

Summing over k, we see that the second sum is

Estimating the third sum. Recall the original definition of the inner integral (page
59). By construction Im a(#) is bounded on T¢, and sup |bgx| = O(MEFE!) uniformly
on [0 < s’ < 1], therefore the inner integral is O(MFk!) uniformly on [0 < s’ < 1].
Using [ax(u)| = O((k + 1)N6%, |u|=™) and N > 2d + 10, it is easy to see that

supp
(S — k4 1)Nok, b
/ M[Inner Int.]ds'| = O ( ) 2 0
[0<s’<1] S

k!

uniformly in k£ as S — oo.
Summing over k gives that the third sum is -2 (because N > p + £). Again,

SP+%

the estimate is uniform in z and é .

Conclusion. Putting this all together, we see that

e £ ¢

Js(z,§) < Ag(x,€,5) <[1+ 0(1)]51){2% lF;(\;—qg + %) +o(1)|, as S — o0
6511 _ éq ép

Js(x,§) > Ai(x,€,9) > [1+ 0(1)]Sp+% E. (ﬁ + g) +o(1)|, as S — oo,

uniformly in x, £, where e‘gﬂw <I < eEmw (i = 1,2). It remains

to note, using lemma 3.1, that m(E) = av[yo]/ [ rdv, thus
e~ Pm(E)(x) < I, I < e¥?m(E)(x).

Lemma 5.1 follows.

5.3. Identification of the limiting distributions. Recall the definition of F)(-),
F,(-) and N from the beginning of section 5. We show that these functions coincide
with the densities of the distributional limits of %gp(gsw) and %éq (¢°w), when w

is sampled uniformly on Mg, as described in section 1.2.
For reasons of convenience, we prefer to work on T (M), equipped with its
normalized volume measure, and analyze the (equivalent) process

e g lew)
Ei(w) = +
s Vs
on TY(My), where 2 : T (M) — M, is as in the introduction.

Let g5 : TY(Mo) — T'(My) denote the geodesic flow on T1(Mj), and define
Ey:={w e T (Mp) : z(w) € [jo] and — & < s(w) — h(z(w)) < %}
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Lemma 5.2. Suppose U € R and G : R* — R satisfies G, Ge LY(R?), then
s s
o (&) | g 6%w)
oV Eo S VS
Proof. Assume first that U = 0. Write:

£ ) g (%)
/EUG< e )1 J(g5)dmo(v)

= M M 1(oxx ro(x) — LVI
_/[yo];(;< § ) e e 2) - 8) ),

lim
S—o0
90

)1 o(gow)dmo(w) = E[G(N)]mo(E)?.

where H,(t) = max(a — |t|,0).*

Recall the definition of the functions 71,72 € L'(R) constructed in §5.2, and
define the convolution squares 3 := (2)%y1 % 71,74 := (27)%y2 % 2. The following
statements are immediate:

L 3(s) < gayaHa(s) < (),
2. 73,74 have compact support, belong to CV(R) for N > 2d + 10, and satisfy
e~ < 35(0)/34(0) < ¢,

3. Gore " < 7:(0) < PR
We replace H, (7, (z)—S) by its bounds (27)%v;(s) (i = 3,4) to obtain the following
lower and upper bounds for the integral in the limit:
Bi(S) = /[ ] Soemie (Y + Sl 1 (oha)vi(rale) - S)IL
9o

rdv

dv (i =3,4).

We now analyze B;(S) in the limit S — oc.
The method is the same as in §5.2, so we sketch it very briefly. By the Fourier
inversion formula,

Bi(8) = W ; /wo—zn—yo /Rde Fiisaé(g)%(a)x

Xemrn(m)JrZ( \/§ =) dadfdv(x).

Recalling that dv = 1¢do, we see that for every n

/  edvla) - / (@) () oy ()1 oy (073 ()

/H > O () () (@),

20} 2=

whence

Bi(S 27rfrdu Z /u /Rde {e‘isaé(ﬁ)%(a)x

. 2 2
we~ mimEHF+ T Gy, o3| dadfdo(x).

O]Z(T z=x

4 because fl[h(x),%yh(x)+%](u)l[h(oz(x))7%yh(az(x))Jr%](u — (tA)n(w) + S)du is equal to
fl[,%’%](u — h(m))l[,%y%](u — h(z) = (rn(z) — S))du = Hq(rn(z) — S).



HOROCYCLES ON ZY-COVERS OF FINITE VOLUME SURFACES 65

As in §5.2, we can write

= # —iSa A n\5.
Bi(5) = 2m [ rdv /[yo] /Rde [6 G(0)7i(a)x
% Z (1—ia), —P+—q Pyo (T )‘| dadfdo(z),

and show that B;(S) is asymptotic to

wﬁ ‘/[1)0] 1;20 /Rx]Rd [e_isaé(g)% (a)Xl (O‘) X

ak xr
bk(kQ!Sx ) m@sl) - Z_OJ dadfdo (z),

0 )
where g = 2% + 75
The same argument as in §5.2 shows that

(21)

B;(S 27rfrdu lZ/ Inner Integrallds’ + o(1)

where ay(a) = of5;(a)x1(a), i = 3,4, and the ‘Inner integral’ is

/[ /Rd 9)bi(0.5)(x)e ™" s >)d9da
Yo]

Lemma 4.6 allows us to expand «(f) and obtain that

Inner Integral =

8 , 9 —eosl g le fay oo (%) —s'e(0,)
/[yo /Rd ( 0)br (% \/g)(:zr) Xe 2 UNS'Vs s 57 ) dfdo (z),

which (as in §5.2) means that uniformly in k and s’ s.t. |S — 5’| < /S:

Inner Integral = / br.(0)(x)do () / (@(Q)e_%oQ(Qq’Qq)_COL@P))dQ+o(1)
[9o]

Rd
— / by (0)()do (x)E { / @(Q)e“@’mdﬁ] +o(1)
[9o] R
— OEEW)] [ b O@)ds() +of0).
[o]
Equation (21) and the uniform smoothness of aj implies

<m%mm%“/ﬁmw
271'de1/ V5 k!

B;(S) = du/[ ]bk(O)(I)dU(I) +o(1)

Now fﬁgak(u)du — 2mag(0) as S — oo, where ai(0) = 0 for & > 1, and

ap(0) = 7:(0) = (2"TQ)dei5. Moreover, by(0)(z) = % (Lemma 4.6 (5)), so
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S0 b0 (@)dor(x [g;;j S0 Y (@)do = ’}[U‘;} Thus
BZ(S) _ (27T)dE[G(M)]2ﬂ_ a2 Eiay[yo]2 +0(1)

2m [ rdv (2m)d”  [rdv
= e E[G(N)]mo(E)? + o(1).
Since € was arbitrary, this proves lemma 5.2 in the case U = 0.
One (routine) consequence is that {E,1p, : s > 0}, defined on the probability
space (Eo, B(Ey), m(-|Ep)), is tight.
We now prove the lemma for general U by comparing the limit in the statement

with the limit for U = 0. Since my is g, ¥ -invariant, the difference between the two
limits is equal to the limit as S — oo of

| 16 Estef)) - 6 (Es0@)] 1a o5 U wiimo).

0

An easy lifting argument shows that £(g°Vw) = (g% w) + £(g%gfw). A routine
algebraic manipulation implies that

15008 ~Esoll —— 0 wniformly on O(M, 8,0) = {w: |Esull + |Eg ] < M}.
Thus, since G is bounded and uniformly continuous on bounded intervals (its Fourier
transform is absolutely integrable), the previous integral is bounded by

m(1) +2sup|Glm (Eo N [||Essp || = M]) + 2sup |Glm (EN[[|Zy ]| > M]).

This bound can be made arbitrarily small uniformly in S, by choosing M large
enough, because of tightness. The lemma follows for U # 0. O

Proposition 2. Suppose G,G € L*(R%), and ¢ € L>®(T(My)), then
€ (9°w) € (9°w)
G- + =
o) < S VS

£ (%) £ (6°w)

lim
S—o00

) dmo = E[G(Y)] / odm.

In particular, #—— + v tends in distribution to N on (MO, B(]T/[/O), m|z)-
. - £,(g%w) € (g°w) —-
Proof. Write as usual E, := =——— + =*—=—. We are asked to show that G(Zg)

converges in the weak star topology of L> (T My) (when identified with L*(7T" Mg)*)
to the constant function E[G(V)].

The family {G (Z,)}s>0 is precompact in the weak star topology, because G is
bounded (its Fourier transform is in L'). Thus it is enough to show that every weak
star accumulation point is equal to the constant function E[G(V)].

Suppose S; 1 oo and G(Zg,) — 9. Tt is not difficult to see, using the uniform
1— 00

continuity and boundedness of G, that for every s € R,
G(Es, 2 98) — O(Es,12) 0,
This implies that 1 o g§ = 1. Since the geodesic flow on T (M) is ergodic, ¥ is
constant. (This trick is due to Eagleson [20].)
We identify the constant by showing that [ ¢dmg = E[G(N)].
Let G* be the function G*(z) = G(—z). This is a bounded function, so as before,
the family {G* (E,) 1g,(¢9°w) : s > 0} is precompact with respect to the weak star

—Ss

topology of L>(T'My) = L' (T*My)*.
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Let ¢ be a weak star limit of G*(Zg,)1E, © gbgi for some S; T co. By lemma 5.2,

/¢1E009Udmo = lim [ G*(Eg)1p, © 95 Lr, © 9§ dm = E[G*(N)]mo(Eo)”.

11— 00

The left hand side tends to mg(FEy) f odmgy as U — oo, because of the mixing of
the geodesic flow on T (My). Thus [ ¢dmo = E[G* (N )]mo(Eo)

This shows that all the weak star limit points of G*(Z,)1g, o ¢ have the same
integral, and this integral is equal to E[G* (N )]mo(Ep). This means that

Jim [ G*(Zg)15, © g5 dmo = E[G™ (N)]mo(Ep)-

But the invariance of mg under the geodesic flow and the time reversal symmetry
w — —w imply that

[ & Esne,Gwdma) = [ 62l w)dmo(w)

Eg

- / G(Es(~w))dmo(w) = / G(Es(w))dmo(w).
Eo Ey

Thus [, G(Es(@))dmo(s) ——— EIG" (N)]mo(Ey) = E[G(~N)]mo(Ep).
Thus, if ¢ is a w*-limit point of G(Eg(w)), then [dmy = E[G(—N)]mo(Ey).
By the first part of the proof G(Eg(w)) Sw—> E[G(—N)]. Since N is symmetric

(its characteristic function is real valued), G(2g(w)) Sw—*> E[G(N)]. O

We have obtained a description of N as the distributional limit of £ (g°w) after
proper scaling. Below, we represent 5 (¢°w) in terms of another process, whose
distributional behavior is known. This w1ll allow us to identify IV, and with it p, g,
Fy(-), and Fy(-).

Fix for this purpose two identifications

Z% =~ deck transformations for the cover M — M,
&~ H;(Mp,R)/{projections of Hy(M,R) cycles}
R? = {9 e H'(M,R): 6 vanishes on projections of H;(M,R) cycles}

1%

{harmonic forms 6 s.t. / 0 = 0 for all projections 7 of closed M—curves}
gl
= H.

These identifications allow one to make sense of expressions of the form (6, {) where
0 € H and £ € deck transformations = VAS

We now express (97 w), w € T"(My), in terms of deck transformations. Let
~1. denote the Mo—loop obtained by closing {g§(w) : 0 < s < T'} by the projection
of the shortest geodesic in My connecting its endpoints. If 7, is the lift of 7,
to M, then the endpoints of 7, differ by a unique deck transformation, and this
deck transformation is exactly £(g” w).

Sullivan [48] has shown that for mg a.e. w, h?l sup mdas, (w, g7w) = 1. Al-

—00

though the closing geodesic we use is not necessarily the shortest in My, it is still
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true that its length is O(InT) for a.e. w.” It follows that for every 6 € H and a.e.
w e Tl(Mo),

T
(6,609 ) = / B(giw)ds + O T).
0

The asymptotic distributional limit of fOT 0(g°w)ds is known for all harmonic
forms (Le Jan [30], see also [25], [22] and [13]). This allows us to identify X,Y , and
N in terms of the structure of harmonic one-forms of M. The description of N,
E,, Eq, L,Q,p,q,k and A stated in the introduction follows from these works.

We mention the following related corollary:

Corollary 2. Let Q(w,T) be the 7% displacement associated to the closure of the
geodesic segment gl®Tlw. Then the decomposition ((w,T) = gp(w,T) + gq(w,T)
along R? = E, ® E,; and the variables X, Y and N defined in this section satisfy:
1. The variables %gp (w,T) converge towards X in distribution.
2. The variables #gq (w,T) converge towards Y.
3. )7(%6 }U/ariable %gp(w,T) + %gq(w,T) converge the independent sum N =
+Y.

6. Proof of theorem 1.2. Take E as in the statement of proposition 1, and set
Ir(w) == fOT 1p(htw)dt. We have to show || 1glr|2 = O(||1glr|1) as T — oco. Fix
e, and let Q(e, Tp) denote the collection of w € E where the estimates of proposition
1 hold with ¢ for all T' > Tp. Certainly m[Q(e, To)] —— m(FE). Fix ¢ > 0. Using

To—o0
the fact that the big Oh in proposition 1 is uniform in w (see step 3 in the proof),
we see that, for all T' > Tp,

ﬁHlEITHI > m”lﬂ(s,Tg)ITlh

. G NNE AC N

= /SZ(E,T0)|:F€( t ‘/T_) ] (&)

+O0(|1per(w)l),

. 607w e T w

> o [ [ B2 A2 i
(17 Nloo + elm(E\ Q(e, To)) + O(|[1ger(w)ll1)

> e °[1+o(1)] (E[F, (N)]Jm(E) + O(¢)) + o(1).

If € is sufficiently small, then we get that for all T large enough,
1
Itelrlly 2 5a(T)[1 + o()EF (N)]m(E),

where F(§) := Fp(gp)Fq(éq).

For the upper bound, we use step 2 parts (1), (2) in the proof of proposition 1
to note that uniformly in w,

L[T _ 1 i Js, (x7,7) + O(er(w))
a(T) a(T) =1 e

5This is the case for w bounded away from the cusps of My, and therefore also for all w with
a backward—dense geodesic.
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(the non-uniformity in proposition 1 is solely due to the replacement of g by

é(gT*w)). Using steps 3 and 4 in that proof, we see that if 1" is sufficiently large,
then for all w,

1 1 X s
— I ¢ Ft
" =T & &

(& + &) e mE() + Oler(w))

A
®

o 1 o /N* eSi . oo
e m[” a/||oo+€];Ww(:ci)m( )+ O(er(w))

const[1 + o(1)jm(F) + O(er(w))

IN

uniformly as T — oo (because S’Z—_(H%) ~ (InT)~®*+2) uniformly as T — oo and

S, eSib(at) < 7).

Squaring and integrating over E gives

1
a(—T)gﬂlEI%Hl

IN

O(1) (m(E)* +m(E)|1ger|1 + 1perll3 + o(1))
= O(1), as T — oo (. proposition 1).

We conclude that ||1gI7||2 < const a(T). Combining this with ||1gIr||1 > const[1+
o(1)]a(T), we see that ||1gIr|2 = O(||1gIr|l1) as T — oo. This is rational ergodic-
ity. The identification of a(T") with b(T") follows from general theory [1]. .

7. Proof of theorem 1.3.

7.1. Averaging out the fluctuations.
Proposition 3. If G : RY — R is Lipschitz and G, G € L*(R?), then

1 (Y (%) g %) dS o
Ulgnoom/ G( s— T35 )?zE[G(M)] a.e. in My.

Proof. For w = m(z(w),{(w),s(w)), let Sy(w),n > 1 be the successive non-negative
times when ¢®(w) hits the section S4. We have

Sn(w) = =s(w) + (Ea)n(2(w)) = =s(w) + rn(2(w)) + h(z(w)) — h(oi2(W)),

thus S, (w)/n — [rdv = [tadv ae. as n — oco.

We need more information on sup,, (S, (w)/n).

By §3.1 Lemma 3.1, t4 belongs to LP(v) for all p > 1. By the Ergodic Maximal
Lemma, sup,, (ta)n/n is in LP(v) for every p > 1. Using lemma 3.1 once more, we
see that, for all p > 1,

Enm, <supM>P]=EV [m@)(supW)p < lltalallsup 527, < oo

Since s(w) < ta(z(w)) € LP(My) for all p > 1, we conclude that:

sup Snlw) € LP(MO) for all p > 1. (22)
n

n



70 FRANCOIS LEDRAPPIER AND OMRI SARIG

We also need to control |In S"T(“)) |, which might involve small values of S,,. Set:

n

2
F, = {w s For all ' s.t. 2(w'); = 2(w); when = —n <i < 2" 4 n,
n

!
if k =n,n+1, then %k(w)) > %Eu[r]}

The ergodic theorem, the N#-Hélder continuity of t 4, and its positivity, imply that
for a.e. w, there is Ny(w) such that 1p, (w) =1 for n > Ny(w).

Consider the random variables X,, on M, defined by
_ Spnr(@) (€ (9%w) € (6°w) a5
Xp(w) = 1p (w G|=2 + =
) ! )/s2n @ < S V5

Xo(w) = X,(w)—E[X,]

Step 1. 1t suffices to show that + Zf[ Xpn(w) —— 0 ae.

Proof. G is bounded (because G e L'), therefore the limit in the proposition is
equivalent to the statement that

1 £ (g%w) £ (g%)\ dS
- =i =4 — E|G(N .e. 2
N1n2/3 G< + > [G(N)] a.e (23)
Consider

S NE S N —o00 —
N 2n+l s s
_ 1 £ (0°0) | £ 6% dS

o 273

The difference between Gy (w) and i Ef[ X,,(w) is bounded by

2N+1

No(w)
1 52n+1 (W) SQN ((AJ)
1G]l I 22y, 22N )
Nzl nz::l T I T
Since In Szg—N(“’) = In [ rdv, the difference goes to 0 almost surely as N — oo.

These random variables are uniformly integrable by (22) and the definition of F,,
therefore the difference of their expectations also tends to zero.
We conclude that if 3 Zf[ X, — 0 almost surely, then

N —oc0
Gn(w) —E[GN] pr 0 almost surely. (24)
This and (23) imply that for a.e. w,
12 (et g9\ dS
N1n2/3 G( T T 75 )? — Gn(w) S 0. (25)

On the other hand, we may write, for any fixed Ny:

r N ontl s s
1 ¢ (9%w) € (¢°w)\ dS
£ mzllmmfzn G( T )? oll) <
< E[Gn(W)] <
(1 2 £ (°w) € (d°w) dS
< E S S il 1
= Nln2/3 G< + > +oll),

S VS S
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where FND = Np>nN, Fpn. This can be written as:

1 £ (g%w) € (g°w) as
Nln2/3 E|:1FN0(LU)G <—7’ S =+ q\/§ :|

— 1 2" £ (g%) & (g%w)\ | dS
< < >p 2q )
< E[Gy] < 1n2/3 IE[G( — + 1 ) — o)

By Proposition 2, we get, for any fixed Ny, as N — oo:

mo(Fn,)E[G(N)] < liminf E[Gx(w)] < limsup E[Gy(w)] < E[G(N)].
Letting Ny — oo, we obtain: E[G y(w)] o E[G(N)]. This, (24), and (25) prove
the first step.
Step 2. Define

2N

527l+1 (W) ()

— € (gSw)—=€ (6" /) € (gSw)—g (67 w) dS
Yo(w) == 1g, (w) G (—p 9 5p\9 4 2e 9 549 -

Son (w)
Ya(w) = Yy(w) —E(Y ).

It suffices to show that - 21 Y, (w) —— 0 almost surely.

Proof. We show that X,, —Y,, —— 0 almost surely. We compare X, —Y, forn
large. Denote the following difference by Ag(w):

Son n (w) _ Snn(‘“’)
‘G (ﬁp(gsw)—fp(g ) g (o (0 w>> e (gmssw) N 5q<gsw>> ‘

VS VE

Then, [X, — V| < fS;jtj)(“’) Ag(w)ds
We estimate the integral. Recall frorn the beginning of the proof of §3.2 lemma
n 6
3.3 that there is a constant C), such that ||§p(gs2"/n6w)|\ <Gy ZP /2|, Thus

if L is the Lipschitz constant of G, then for every S € [San (w), Son+1(w)],

San /n6 27 /n°1
) < 1€, (g )l 2 e
SQTL (W) 5271 ((U)
g, (g% o)l 12"/t
—q 1 ?
< [1+0(1)]const< /2 + on

almost surely, because S"T(“’) — [rdv.

The first summand in the brackets tends to zero a.s.: By §3.2 lemma 3.3 and its
proof, §q (g% /0 w) = Z}i};/nﬁj fq(zi(w)) where f, is a bounded symmetric random
variable with respect to the Gibbs measure v. Thus [(]

nhi&Q / 5 Var, (§ (gSQ”/"Gw)) exists

(the variance of a vector is the vector of component variances). It follows that

oo Son/n
]
n=1

on/2 < o0

)

2
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whence Héq(gSQ"/"G w)|/27/? — 0 almost surely.
The second summand also tends to zero almost surely: §3.1 corollary 1 says that
1 [2"/n°]
W Z |ZZ?»L| —’O&.S., as n — 0.
25 (In %) 1
: 2 =P
Since, for n > 1, 25[In(2" /n®)]* <27, =L——2% — 0 almost surely as well.
This shows that for almost every w, Ag(w) —— 0 uniformly for S € [Sgn, San-+1]
n—oo

Sanit dsS
As(w)—
/. 5

on

as S — oo. Thus

S 0(1) ln Szn+l

— 0
on n— o0

)

proving that X,, —Y,, —— 0 almost surely.

n—oo

Observe that X,, and Y, are are dominated by 1f, |G| sup,, In Sg’;l . Since

In —S -

52n+1 2
2n+1

In

S’Vl
< (suplpn lnzin}—i—lrﬂ) e LY,

sup 1g, +suplp,
n n

2"
X, Y, are uniformly integrable. It follows that E[X,, —Y ] goes to 0, and therefore
that X, (w) — Y, (w) goes to 0 a.e.. Step 2 now follows from step 1.

We note for future reference, that E[sup,, |;,|P] < co for all p > 1.

Step 3. Tt is possible to construct functions Z,, and Z,, := Z,, — E,[Z,] s.t.
1. Z,(w) is a function of z(w);, 2"/n® <i < 2" +n;
2. Z, =Y, —— 0 almost surely;

n—oo

3. for every p > 1, E, [sup,, | Z,|"] < cc.

Given such Z,,, it is enough to prove that %22:1 Z1, — 0 almost surely.

Proof. Once Z,, are constructed, step 3 is a direct consequence of step 2. We show
how to contruct Z,,. -

Let S, be the o-algebra of subsets of M generated by the variables 2(w); where
27 /nb —n < i < 27 4 . This is a discrete o—algebra. Choose for every atom
A€ S, apoint w(A) € A such that

S2n/n67n7N# (W(A))

E,[r] uniformly

2n/n6 —n n—o0
San 1n6 (Sn
A CAO) E,[r] a.s., where S, () = Sp-atom containing x
2"/”6 n— o0
S n ne—n A
sup E IAM < oo forall p > 1.
n 27 /nb —n
AESa p

Such points exist: The BIP property says that there is a finite collection of states
{b1,...,bn} such that for every state a there are b;,b; such that [a,b;],[b;,a] # 2.
The ergodic theorem applied to 0= : ¥4 — ¥4 and the N#-Holder continuity of
ta imply that if n is large enough then there are admissible sequences w(®) of length
2" /nS — n, which terminate in b;, s.t.

(2" /n® — n)7182n/n6_n_N# llw®]x {0} x {0} = Eu[r] uniformly.

n—oo
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Fix an atom A € S,,, and suppose that the [2"/n® — n]-th coordinate of all points
in Ais a € S4. Choose 1 < i < N such that [b;,a] # @, and define w(A) to be
any point in A whose s—coordinate is zero, and whose z—coordinate begins with the
sequence (w¥b;a). Then

SQn/nG,n(w(A)) B SQn/nG,n,l LA, 2" /nS—n
n /n6 - n /n6 n /n6 cao
2n/nb —n 27/n8 —n (@) qorxqoy  2M/mS—n

The second and third properties of w(A) follow from this, and the ergodic theorem.
Having constructed w(A) (A € S,,), we now define Z,, as follows. Let S,,(w) € Sy,
denote the atom of S,, which contains w. We set
Zp(w) = Y,(wn]), where wn] :== w(S,(w));
Zp(w) = Zn(w)—E,[Z,].
The first property mentioned in step 3 is clear. To see the third property, note that
Z0| < 1p, (@I Glloo [ 10(San+1 (w[n]) /2" )| + | 1n(S2n (w[n]) /27)] + In 2],
so it is enough to show that || supy Sor (w[k])/2¥| sy < oo for all p > 1. To see
this we note that by construction and the Holder continuity of ¢4,
Sont1 (w[n]) < Syt (w) + Sy# (Uzn/nﬁini}v#w) +0(1)
Son(@[n]) < Sonms_n(wn]) + (San_gn jmomy 002 /M) (W) + O(1)

where the big Oh is uniform in w. The bound on the p—th moment of sup[ Sy (w[k]) /2¥]
now follows from (22), the shift invariance of v, and the definition of w[n].

It remains to show that |Y,, — Z,| — 0 almost surely. We begin with |Y,, — Z,,|:
Y ,(w) is an integral over the interval [Sgn(w), Son+1(w)], and Z,(w) is an integral
over [San (w(n]), San+1(w[n])]. Decompose these domains into the intervals

I = [Sk(w), Skr1(w)] and I, = [Sg(w(n]), Sksa(wln])];

for k=2m",..., 2"t —1.

The N#-Hoélder continuity of ¢4 together with the identity

Sk() = =s() + (ta)zn (2(-)) + (ta)k-2n (07 2(). (26)
implies that the difference between the lengths of these intervals is
O(emin{Q"Jrl+n7k,k72"+n})'

Thus, if we define
Tn = S2n+2n—1(W[n]) - S2n+2n—1(W),

then we see that
ontl_q

Z Lebesgue[I,. A(T,, + I;)] = O(6™).
k=2n
Since w, w([n] are in the same S,,—atom, the integrals on the k-th intervals are the
%fintegrals of the same function:

Zfzgn /n6 fP (11)
S

+

Gi(S) =G ( S s mm) |

NG
This means that the integrals defining Y ,,, Z,, have the following integrands:
G1(S) =Y 11,(S)G(S) and G2(S) =Y 11 (S)Gx(S).
k k
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Thus, by the discussion above,

— St TGY(S)  Gi(S+T,)
Y, -7, < - 221 dS| + o™
| =L G2 G as|+oen)
Son+1(w) ds Sont1(w) q 1
< / 1G1(S) - (S + T % 4+ 216 / G s
Son (w) S San (w) S S+1T,
+0(6")
Son+1(w) ds
< G1(S) = G1(S + Tn) |
Son (w)
S2n+1 (w) S2n+1 (w[n]) + 0(1) ‘
+2||G|| o |In —1In +Oe"
I San (w) San (w[n]) + O(1) (6%)

Syn+1(w) ds
[ ) - s + TG + o),
Son (w

an (w)
because for a.e. w, Son(z(w))/2" and San(w[n])/2" converge to the same constant,
E,[r].

In the same way as in Step 2 above, using the Lipschitz property of G, we can
estimate, for S € [Si(w), Sk+1(w)]

|G1(S) — G1(S + To)|
B ‘ G ( ¥ _an 6 Jo(i) N DI fqm)) _a ( Y on 6 o) N N on .ﬂ,(m))‘

- S Vs S+1T), S+Tn

const, [Ntz Fa@N [T, T |l T,
' VS S S S

k n
const <|Zi—2"/n6 fa()ll T, k n Zf;l 23| T, 2n+1>

IN

IN

VEk Son S 27+ Son Son

The estimates done in Step 2 show that this converges to 0 almost surely on the set
where

Ty
Thus, on the set where (27) holds,
Sant1w) s Son
/ : IG(S) = G'(S+ T,)|— < o(1)In 222 — 0.
San (w) S on  M—00

This set has full measure, because by the construction of w[n], the Hélder continuity
of t4, and the ergodic theorem

Tn = S2n/n6 (w[n ) - SQn/nG (w) + 0(1)
- on+ 0(1)1%&[4 [+ 0(1)12_61@”[@ +0(1) + s(w) = o(2" /n?) as.

We conclude that |Y,, — Z,,| — 0 almost surely.
Since Z, and Y, are uniformly integrable with respect to Mo, |Z —Xn| is uni-
formly integrable with respect to mg. This implies that [E,,,[Zn] = Emo [Yn]] ——
n

— 00

0. We claim that we can replace E,,,[Z,] by E,[Z,]. This is because of the uniform
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L?-integrability of Z,,, the uniform continuity of ¢4, and the ¢-mixing property of
v (cf §3.1 Lemma 3.1 (5) and the Ibragimov—Linnik Theorem on page 75 below),
which can be used to show

1
ftAdV

It follows that Z,, —Y,, converges to 0 almost surely.

Emo[Zn] —Eu[Zn] = E,[taZ,) —E,[Z,] — 0 as n — cc.

Final Step. Proof that % Zf[ Z, converges to 0 a.e. as N — oco. (This proves the
proposition because of the previous Steps.)

Proof. By construction, Z,, = Z,(x), and it depends z only through the coordinates
z; for 2" /n® —n < < 27T 4+ n. Moreover, for all p > 1 there is a constant M, such
that E,[|Z,|P] < M,. This and the ¢ mixing property of v means that {Z,},>1
is a weakly dependent (but non-stationary) stochastic process with uniform finite
moments. We are asked to prove a strong law of large numbers for this process.
We shall do so, by proving that > -4E,[(Z1 + - + Z,)"] < co. (This implies that
S |E(Z1 + -+ + Zy)|* < 0o almost surely, whence %Zﬁl Z; —— 0 as.)

N—o00
Expanding E,[(Z1 + - - + Z,)*] we see that

n

E((Zi+-+Z)" = Y EJZN+ > E[Z}z;)+
i=1 1<i#j<n
+ > E[ZZ+ Y. EJ[Z2ZZ4)+
1<i#j<n 1<i#j#k#i<n
+4 Y EJZiZ2:2).
1<i<j<k<t<n

The first three sums can be bounded by bounding their terms. We know that
E,[Z2] is bounded uniformly in n. In the same way, using Schwarz’s inequality,
E,[Z}Z;] and E,[Z} Z?] are bounded uniformly in 4, j. Counting the terms of each
of the first three sums, we see that the first sum is O(n), and the second and third
sums are O(n?).

The fourth and fifth sums require more delicate treatment, because of the large
number of their terms. This is where weak dependence comes into play, the main
tool being the Ibragimov-Linnik inequality ([26] Theorem 17.2.3. see also [38]): let
A and B be two measurable o-algebras on the same probability space (Q, F, P); if
X € L3(Q,A,P)and Y € L?(Q, B, P), then

[E[XY] - E[X]EY]| < 2\/sup{|P(AB) — P(A)|: A € A, B € BY||X oY 2.

The Ibragimov-Linnik inequality and the exponential ¢—mixing inequality of v
imply the following: There are global constants C’¢ > 0 and 0 < 64 < 1 such that for

any random variables of the form ¢ = ©(Z;,,...,Z;,), ¥ = ¥(Z;,,...,Z;,) where
7/1 Zkvjlu"'a]éc{l }7
max{ii,...,ix} <min{ji,..., 5} — 14lnn

= [Eu[p¥]] < [E[QIE[¥]] + Collell2llvll205.  (28)

To see how this follows from the Ibragimov—Linnik inequality, note that ¢ is mea-
surable with respect to o(x;) with i < 2™t +m, where m = max{is, ..., iy}, ¢ is
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measurable with respect to o(z;]i > 2™ /(m*)® —m*) where m* = min{jy, ..., je},
and
2m’
——— —m =2 g > oMM b 9) —9p > for n > 1.
(m*)°

Thus (28) follows from the exponential ¢-mixing of v (§3.1 lemma 3.1).

We are now ready to estimate the fourth and fifth sum. We start with the fourth

sum Zlgi;&j;ék;&ign E,[Z2Z;Zy).

1. There are O(n?Inn) terms E,[Z2Z;Z)] such that i, j, k are not separated by
gaps of size at least 141nn. These terms are uniformly bounded, so their total
contribution is O(n? Inn).

2. There are O(n?) terms E,[Z27;Z)] where i, j, k are separated by gaps of size
at least 14Inn. Applying (28) twice, we see that

[E[Z7Z;Zk]| < E[Z]|E.[Z; 24| + Coll 2711211 Z; Zil|267,
< B [Z7] % Cyl| Zil2l| Z51120% + Coll ZF 121125 Zk| 126,

because E,[Z;]E,[Z;] = 0. Using again the bounds on E,[Z2

=], we see that
the contribution of these terms is O(n35(’;).

In summary, the fourth sum is O(n? Inn) + O(n352) = O(n?Inn).
The fifth sum El<i<j<k<£<n E,[Z,Z;Z};,Z,) is treated in the same way:
1. There are O(n*) terms where |i — j| > 14Inn or |k — ¢| > 14Inn. If we apply

(28) by separating the isolated ¢ or ¢ from the other indices, then we see that
these terms are of size O(d;}). We get a contribution of size O(n46;}).

2. There are O(n?In® n) terms where |i —j| < 141Inn and |k —¢| < 14Inn. Their
contribution is at most O(n?In®n).

We see that the fifth sum is O(n? In®n).

These estimates show that B, [(Z; + --- 4+ Z,)*] = O(n? In® n), which proves the
convergence of the series Y- K, [(Z1+---+Z,)*]. Asremarked above, this implies

% Zf[ Z; — 0 almost surely, which by Steps 2 and 3, proves the proposition. |

7.2. Proof of theorem 1.3. Fix e. F and its Fourier transform are in L', so we
can apply Proposition 3. Changing variables S(T') = In[T'/(InT)3%] = T*, we get

. 1 v € (%) £ (%) dS

SE W) = g R (ST
ST "y ™)\ dT* dT
~ m Pt gg.«; ), &7 dr
InU—oo IIIU 571(3) \/,JT* dT T*

hm 1 /N F+ ﬁp(gT*w) _|_ ﬁq(gT*w) @g
N—ooInS(N) J, ¢ - VT dT T+
Using In S(N) = InIn[N/(In N)3®] ~ InIn N, and % ~ (T'InT)~!, we see that

. LN (g™ g™ w\ dT
A}gnoo 1nlnN/1 FF ( e TT = E[F ()] almost surely.

A similar limit holds for F_ .
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We can now prove the theorem. Fix f € L'(m) with [ fdm = 1. For almost
every w, foT f(RPw)ds ~ ﬁ fOT 1g(h*w)ds as T — oo, because of the ratio ergodic
theorem. Therefore

lim su ! /N ! ! /Tf(hsw)ds dT
N_,OOplnlnN 3 ThaT \ a(T) Jy

IN

1 1 T
li L1, (h*w)ds | dT
Brvnfiplnlnzv/?, TInT a(T)/O gy LE(h°w)ds
3

N T* T*
d1 (67 w) € (9 w)
. + P =g
lim sup o ln / o ( (o + T )+e+ O(ET(W))>

N —o0

o (BIFF ()] +¢) —— E[F(N)]

IN

because of the special properties of ep(-). In the same way one shows that

1 N
lim inf T > E[F(N)] ae.
N 1n1nN/3 TInT \ a(T /f ds | dT 2 E[F(N)] ae

Finally, observe that, since X is a 1-stable symmetric variable, E[F,(X)] = 27PF,(0)
and, since Y is a multivariate centered normal variable E[F,(Y)] = 2~%2F,(0). By
independence of X and Y, we get E[F(N)] = 27%F,(0)F,(0) = A. The theorem
follows for every f € L'(m) with integral equal to one. The modifications for
f € L with J fdm # 1 (including zero) are obvious. O
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