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ABSTRACT. We classify the ergodic invariant Radon measures for horocycle
flows on Z%-covers of compact Riemannian surfaces of negative curvature,
thus proving a conjecture of M. Babillot and F. Ledrappier. An important
tool is a result in the ergodic theory of equivalence relations concerning the
reduction of the range of a cocycle by the addition of a coboundary.

1. INTRODUCTION

This paper treats the problem of classifying the invariant measures of horocycle
flows on unit tangent bundles of connected hyperbolic surfaces. The first result of
this kind is due to Furstenberg [F|, who showed that in the compact case, there
is just one invariant probability measure (proportional to the Liouville measure of
the geodesic flow). Dani [D] extended this to finite volume surfaces, and showed
that every ergodic invariant measure is either proportional to the Liouville measure
or is supported on a periodic orbit. Ratner’s theory [R] implies that there are no
finite invariant measures in the infinite volume case, other than those supported
on periodic orbits. There are however invariant Radon measures. Burger [Bu]
classified these for a large class of geometrically finite hyperbolic surfaces.

The geometrically infinite situation is still mainly open. The only result I am
aware of is of Babillot & Ledrappier [BL], who considered regular connected Z%-
covers of compact hyperbolic surfaces. These are surfaces M for which there exists
a compact hyperbolic surface M and a regular covering map p : M — M such
that the group of deck transformations G is isomorphic to Z? (see §5.2 for details).
Let h and g be the horocycle and geodesic flows on the unit tangent bundle of M.
Babillot & Ledrappier showed that for every continuous homomorphism « : G — R,
there exists an ?Lfergodic invariant Radon measure (e.i.r.m.) m, such that

Mg 0 Dy = Py, for all D € G. (1)
They also showed that this measure is unique up to a multiplicative factor, and
that it is g—quasi-invariant. This gives a d—parameter family of Efe.i.r.m.’s, and it
is natural to ask whether there are others. It was proved in [Ba] and [ASS] that
this family contains (up to a constant) all e.i.r.m.’s which are g—quasi-invariant.
Babillot and Ledrappier [BL] conjectured that all h-eir.m’s are §-quasi-invariant,

or equivalently that every h—e.i.r.m. is proportional to m, for some a.
Our aim here is to prove this, and thus obtain the first classification of invariant
Radon measures for the horocycle flow on a geometrically infinite surface.
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In fact, our result is valid in a more general setting, which we now explain. Let
Mbea regular Z%—cover of a compact connected orientable C>° Riemannian surface
M whose sectional curvatures are negative, and let S M be its unit tangent bundle.
Let §° be the geodesic flow on SM. Using the work of Margulis [M], Marcus [M1]
constructed a continuous flow h! : SM — SM for which (see §5.1):

(a) The h-orbit of z is equal to W*(z) := {y € SM : d(§*z, §*y) — 0};
(b) There exists p such that Vs, ¢, g~ o ht o g® = h*'*.

We regard this flow to be a generalization of the horocycle flow to the variable
negative curvature case. We prove:

Theorem 1. For every homomorphism « : G — R there exists an h—invariant
ergodic Radon measure m,, which satisfies (1). This measure is unique up to a
multiplicative factor. Every h—ergodic invariant Radon measure is of this form.

The proof of Theorem 1 is based on some technical results in the ergodic theory of
equivalence relations. These are presented in the next section.

Remark. The assumption that G is Abelian cannot be removed: Theorem 1 and the
ergodic decomposition imply that every i.r.m. which satisfies (1) is ergodic. But this
is false for general finitely generated groups G even for o = 0 (Kaimanovich [Kal).
The ergodicity of m,, in the Abelian case was first proved by Babillot & Ledrappier
[BL]. There are other proofs by Pollicott [Pol], Coudene [C], and Solomyak [So].
Babillot [Ba], Kaimanovich [Ka], Coudene [C], and Pollicott [Po2] give ergodicity
results for certain classes of non-Abelian G’s. It would be interesting to know if
theorem 1 extends to these cases.

Acknowledgments: The author thanks Jon Aaronson for indicating an important
gap in an earlier version of this paper, Max Forester, Francois Ledrappier, Marc Pol-
licott, and Rita Solomyak for useful discussions, and Benjamin Weiss for informing
me of [M] and [M1, M2].

2. COCYCLE REDUCTION

Let (X,F) be a polish space together with its Borel o—algebra. A countable
Borel equivalence relation on X is an equivalence relation ® € F ® F whose equiva-
lence classes are countable. A &—holonomy is a bi-measurable bijection k : A — B
with A, B € F s.t. for all w € X, (w,k(w)) € & A measure m on (X,F) is
called &—invariant, if every -holonomy satisfies m 0 &|gom (k) = M|dom(x)- A mea-
sure m is called (&, W)—conformal for some ¥ : & — R, if for every &—holonomy,
M O Kldgom(x) ~ M|dom(x) and d;”n‘;” () = exp¥(x,kx). A measure m on (X,F)
is called &-ergodic if every f € L' which is invariant under all ®-holonomies
is constant. We say that a Borel property P(z,y) holds a.e. in & if the set
{z: P(:z:, y) holds for all y equivalent to x} has full measure. Such sets are always
measurable for countable Borel equivalence relations [FM].

Let (G, +) be a polish Abelian group with a norm || - || such that every bounded
subset of G is precompact (e.g. R? or Z¢ with the euclidean norm). A G-valued
B—cocycle is a function ® : & — G for which

(wl,wQ), (wg,W3) €SB = <I>(w1,w2) —+ (I)(WQ,Wg) = (I)(wl,W3).
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Every G—valued &—cocycle determines an equivalence relation 4 on X x G via

G = {((2,€),(y.n) € (X xG)?: (z,y) € G and n — £ = &(z,y)}.

It turns out that the orbit equivalence relation of a suitable Poincaré section of
h is of this form, and this leads us to consider the general problem of describing
Gg—invariant measures in terms of & and P.

Let m be a Bg—ergodic invariant measure on X x G, and assume m is locally
finite: m(X x K) < oo for all compact K C G. Define

H,, :={a € G: moQ, ~m} where Qu(z,£) = (z,£ + a).
It follows from [ANSS] that this is a closed subgroup of G, and that

Lemma 1. If H,, = G, then there exists a continuous homomorphism o : G — R
such that dm = e~ *©duy,(x)dmg (&) where v, is a finite (&,a o ®)-conformal
measure on X, and mg is a Haar measure of G.

This gives a classification of locally finite g—ergodic invariant measures, when
H,, = G. The problem is, of course, that H,, can be much smaller than G. The
following observation is very useful in this respect (for a proof see §3.1):

Lemma 2. Let H be a closed subgroup of G and suppose Ju : X — G Borel s.t.
Py (z,y) == P(z,y) +u(z) —u(y) € H a.e. in Bg. Set Ie(x,£) := (z,& —u(x) —¢).
Then 3¢ € G s.t. mo V' is a g, —ergodic invariant measure on X x H, and
H,,09-t = Hm. If esssup [lul| < oo, then m o 971 s locally finite.

Cocycles of the form u(z)—u(y) are called coboundries. Two cocycles which differ
by a couboundry a.e. in & are said to be cohomologous mod m. The function u(zx)
is called the transfer function. The process of reducing the range of a cocycle by
adding a coboundry is called cocycle reduction. The lemma suggests using cocycle
reduction in cases when H,,, # G. The crux of this paper is that this is possible:

Theorem 2 (Cocycle Reduction Theorem). Let & be a countable Borel equivalence
relation on a polish space X, and let ® : & — R be a Borel cocycle. For every g —
ergodic invariant locally finite measure m on X x R, there exists a Borel function
u: X — R such that ®(z,y) + u(z) — u(y) € H,,, m—-a.e. in Gg.

We show later that the range of the cocycle cannot be reduced any further (§3.1,
Lemma 8). It is not true in general that esssup |ju|| < oo or that the cohomology
holds at every point (see §6). This is however the case for the cocycles used in the
proof of Theorem 1. We describe these cocycles.

Let (X1,T) be a one-sided subshift of finite type with finite set of states S and
transition matrix A = (t;;)sxs, ti; € {0,1}, i.e.,

vt = {(xg, x1,...) € SNV . v, towiy = 1}

with the metric d(z,y) := Y,50 3:(1 = 0z,y,), and the map T': ¥+ — ¥+ given
by T(zo,1,...) = (21,72,...). Let ¢ : ¥+ — R? be a function with summable

variations: Y var,¢ < co where var,¢ = sup{||¢(z) — ¢(y)|l2 : zh~ " =yo '}
The tail relation and grand tail relation of (X7, T) are defined, respectively, by:

T = {(I7y) S ST Tt In st Te = Tny}

T = {(z,y) €XT x X" :Ip,¢s.t. TPx =T},
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Let Per be a collection of periodic points in X7 which intersects every periodic
orbit of T at exactly one point. If x is preperiodic, set n(x) := inf{k : T*x € Per}
and upe,(x) 1= Z(:xo)_l &(Tkz). Set ¢, =+ poT +...4+¢oT" 1 and define
®:T >R and ¢ : T — RY by

O(z,y) = Dsold(T"y) — o(T"7)]

~ 0q(y) — dp(x x,y not preperiodic and TPz = Ty, 2
5(0.5) /(1) — () 2)

Uper(y) — uper(z) T,y are preperiodic.

Two sided versions of these cocycles are considered in [KS].

We show in §5.3 that there is a correspondence between iNLfergodic invariant
Radon measures and ‘z@fergodic invariant locally finite measures, for a suitable
choice of ¥ and ¢. This reduces the proof of theorem 1 to the classification of
i@fergodic invariant locally finite measures. Set Fix(T") := {z : T"x = z} and

Hy = (¢n(z) —on(y):z,y€ Fiz(T™),n € N),
Hy = (¢n(z):z€ Fiz(IT™),n € N).

The following statements are proved in §4:

Proposition 1. Ju, : 2+ — R? with summable variations and cg € RY such that
d+us—upol +cyp € Hy, p+ug —upoT € ]ﬁLp, and]ﬁl¢ = Hy + cpZ. Hy
(resp. ]ﬁly is contained in any closed group H for which Ju continuous such that
p+u—uoT +ceH for somec (resp. p+u—uoT € H).

Proposition 1 generalizes Proposition 5.1 in [PS]. In what follows we use the
abbreviation e.i.l.f. for ‘ergodic, invariant, and locally finite’.

Theorem 3. Let m be a measure on ¥+ x RY.
(1) If m is Tp—e.i.lf., then ®(x,y) +ug(r) —ug(y) € H,, everywhere in T, and

H,,, = Hy.
(2) Ifm is ‘E@ ~e.i.l.f., then ®(z,y) +ug(x) —uy(y) € Hyy, everywhere in T, and
H,,, = Hy.

The description of H,, in terms of weights of periodic orbits generalizes Bowen’s
description of the ratio set of the Anosov foliations w.r.t. the volume measure [B2]
(see also Series [S]). Theorem 3 and Lemma 2 lead to

Theorem 4. Define for ¢ € RL,9.(z,€) = (x,& — ug(x) —¢), and let mp,, Mg, be

the Haar measures on Hy,Hy. Let m be a measure on L+ x Re.
(1) If m is To-e.i.lf., then dmo V. (z,€) = e~ (@9 dv,(z)dmu, (§) for some
c,a € R and v, finite s.t. dl‘fa”gT x expl[{a, ¢ + up — up o T)]. Such a

measure_exists for all a € R?, and is unique up to a constant factor.
(2) If m is Tg—e.i.l.f., then dm o9 (x,&) = e‘<a’5>dua(a:)dmﬂ¢ (&) for some

c,a € R and v, finite s.t. df/l”gT = exp[{a, ¢ + up — up o T)]. Such a

measure exists iff Piop({er, @)) = 0, and when it exists it is unique up to a
constant factor.

Part (1) generalizes Theorem 2.2 in [ANSS], by removing the assumptions of
finite memory and aperiodicity. Part (2) generalizes Theorem 3.1 in [ASS], by
removing the assumptions that m is quasi-invariant under o®(x,t,£) = (x,t + s,§)
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and that ¢ is non-arithmetic. Theorem 1 follows from Theorem 4, Part (2) and a
symbolic dynamics argument. This is explained in detail in §5.

3. PROOF oF THE COCYCLE REDUCTION THEOREM

3.1. Preliminaries on Equivalence Relations. Throughout this section, & is a
countable Borel equivalence relation on a polish space (X, d), G is a locally compact
Abelian polish group with norm || - || such that bounded sets are precompact, and
®:® — G is a Borel cocycle. We also fix some Bg—ergodic invariant locally finite
measure m on X X G. The lemmas in this section are standard.

Lemma 3. If k is a &-holonomy, then ke(x,&) = (kx,§ + @z, kx]) is a Gg-
holonomy, and these holonomies generate &g: (x,§) ~ (y,n) iff 3 a G-holonomy
k for which (y,n) = ke (x, ).

In what follows, ke and k are always assumed to be related in this way.

Lemma 4. If m is &g—ergodic, and A, B C X X G are measurable with positive
measure, then there exists a Bg—holonomy ke such that m[A N ke(B)] > 0. In
particular, almost every x € A has a holonomy ke such that ke (z) € B.

Proof. The equivalence classes of 4 are countable. By a theorem of Feldman and
Moore [FM], there is a countable group of transformations G acting on X x G s.t.

((z,€),(y,m) € Gg iff 3S € G s.t. y = S(x).

The set E := |Jgc S(B) is measurable, because G is countable. It is ®¢-invariant,
by choice of G. Since m is ergodic, E = X x Gmodm, whence m(E N A) > 0.
The countability of G implies that 35 € G s.t. m[A N S(B)] > 0, and this S is a
holonomy by definition.

The second statement of the Lemma follows from this, because if E := {z € A :
S(xz) ¢ B for all S € G}, then m(E) = 0, otherwise 35 € G,z € E s.t. S(z) € B
in contradiction to the definition of E. g

Lemma 5. For every B € F of positive measure, set 8[B] := &N (B x B). If m
is ®—ergodic, then m|g is &[B]-ergodic.

Proof. Suppose f : B — R is G[B]-invariant. Define F' : X — R by F(z) = f(y)
where y € B satisfies (z,y) € . It is easy to see that this is a proper definition,
and the previous lemma says that F' is defined almost everywhere. This function
is measurable, because if G = {S;};>1 is as in the previous proof, then

[F<t]= US [f <t

It is obvious that F'is &-invariant, and therefore F'is equal a.e. to a constant. But
F|g = f,so f is also equal a.e. to constant. O

Lemma 6. Suppose G = R?, H < G is closed, and pu is ®—ergodic. If Jug(x)
measurable s.t. ®(z,y) + uo(x) — uo(y) € H a.e. in G[B] for B with positive
measure, then Ju(z) measurable s.t. ®(z,y) + u(z) —u(y) € H a.e. in &.

Proof. DefineU : X — G/H by U(x) = uo(y)+®(y, z)+H whenever y € B, (z,y) €
®. Such a y exists for a.e. x, because of the ergodicity of &. This is a proper
definition, because for a.e. z, if y,y’ € B and (x,y), (z,y') € & then

[uo(y) + ®(y, )] — [uo(y') + (¥, 2)] = ®(y, ') + uo(y) — uo(y') € H.
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For a.e. x € X, Jy € B s.t. (x,y) € . For this y and all 2’ s.t. (x,2') € &,
U(I) - U(ZZ?/) + CI)(SL',[E/) = uo(y) + (I)(y,l‘) - uo(y) - (I)(y7x/) + (I)(Ia I‘/) +H = H.

Since H < G = R%is closed, 3¢ : R? — RY measurable s.t. V& € R?, ¢(&)+H = ¢+H
and £ — & € H = ¢(§) = ¢(£'). The function C(§ + H) := ¢(§) + H is well-defined
and Borel measurable. A standard calculation demonstrates that u(z) := C(U(x))
satisfies our requirements. (I

Lemma 7. Let m be a o—finite &—invariant Borel measure on X. Then there
exists a standard probability space (Y, D, ) and a family {p, : y € Y} of o—finite
B —ergodic invariant Borel measures on X such that:

(1) Py L py, whenever yy # Y2;
(2) y— puy(E) is D-measurable for every E C X Borel;
(3) m(E) = [y py(E)dn(y) for all E C X Borel.

Proof. Since & is a Borel equivalence relation with countable equivalence classes,
there exists a countable group of bi-measurable invertible Borel maps G such that
(z,y) € & & 35 € G s.t. y = Sz ([FM], Theorem 1). The Lemma now follows
from the ergodic decomposition for countable group actions ([Sch], Cor. 6.9). O

Proof of Lemma 2. Suppose ®,(z,y) := ®(z,y) + u(z) — u(y) € H ae. in
® and set Uo(z,€) = (2, — u(z) — ¢). One checks that kg 0 9,1 = 9.1 0 kg,
Consequently, if m is Bg—ergodic invariant, then mod_ ! is 84, —ergodic invariant.

It is easy to see that ¥, ! commutes with Q,(z,&) = (x,£ + a) for every a € G.
It follows that Hmoﬁ;1 =H,,.

We claim that 3¢ € G for which m is carried by X x H. Consider F: X x G —
G/H given by F(z,£) := £ — u(z) + H. This function is Bg—invariant, whence
constant. Therefore, dc s.t. F(z,£) = ¢ + H m—a.e. Therefore, m is carried by
{(2,€) : € —u(z) € ¢+ H} = 9; (X x H),

Now suppose that m is locally finite and |ul]| € L>(m). For every K C G
compact, 9,1 (X x K) C X x {€ € G : dist(§, K) < ||e| + esssup |Ju|} modm.
By assumption bounded subsets of G are precompact and m is locally finite, so
mod;H (X x K) < oo. O

Lemma 8. Suppose m is &g—ergodic and invariant. Fvery closed group H < G
such that ® is cohomologous mod m to an H-valued cocycle must contain H,,.

Proof. Let 9. be as in Lemma 2. Then mod_ ! is supported in X x H, and therefore
mo ﬁgl 0Q, L mo 19;1 for all a ¢ H. It follows that H O Hmoﬁc—l =H,,. O

3.2. Square holes and the proof of Theorem 2. Let & be a countable Borel
equivalence relation on a polish space (X, d), and suppose G is a normed locally
compact polish Abelian group.

Definition 1. A Borel measure m on X x G is said to have square holes if there
exists B C X Borel, @ #U C G open s.t. m(B x G) >0 and m(B x U) = 0.

Proposition 2. Let @ : & — G be a Borel cocycle, and suppose m is a &g —e.i.Lf.
measure on X X G. If m has no square holes, then H,, = G.
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Proof. Assume by way of contradiction that m 4 m o Q, for some a € G. Then
necessarily m o mo Q_,. By Lemma 3, (), commutes with all &g—holonomies, so
mo @i, are Gg—ergodic invariant. Ergodic measures are equivalent or mutually
singular, som L m:=moQ,+moQ_,.

Choose f : X x G — R, uniformly continuous with the following properties:
[ fdm =1, [ fdm < %, and m[f > 0] < cc. Since f is uniformly continuous,
d(z,y) < ¢ 1

||€_77||<5 }:>|f(m7f)_f(ya77)|< 4m[f7é0]

We use the no square holes condition to construct a &-holonomy x such that
dom(k) x G = X x Gmodm for which Vz € dom(k),

(H1) d(z,kz) < 9;

(H2) min{||<1>(a:, k) — al|, ||®(x, kx) + a||} < 4.
Before constructing s, we show how it can be used to complete the proof. The
inverse of x satisfies (H1),(H2) for all z € im(k), so

36 > 0 s.t.

. _ _ 1
min{|f o kz' — foQal,|forg" — foQ_al} < Imf 20

Since dom(ke) = X x G modm, we have

1:/fdm:/fdmon¢,:/fonfbldm: fongldm
ke [f7#0]

1 1 1
0 Qy 0Q_g+ ————]dmn < dm+ - < —.
S/m[f;éo]<f Qatfol +4m[f750]> m</fm+4<2

This contradiction proves that m ~ m o @, for all a, whence H,,, = G.

Construction of k: Let o be a countable partition of X into pairwise disjoint Borel
sets with diameter less than g, and choose some Borel probability measure P ~ m
(such a measure exists because m is o—finite).

Fix A € a, and let H[A] be the collection of B-holonomies x’ with (H2) s.t.
dom(r'),im(x") C A. This collection is not empty, because it contains the empty
function. There is a natural partial order on H[A]:

k1 < kg iff dom(k1) C dom(kz) and Kaldom(x,) = K1

Choose some €, | 0, and define by induction H,[A] C H[A4], s, > 0, k, €
H,[A] as follows: If n = 0, Hol[A] := H[A], ko € Ho[4] is arbitrary, and s¢ :=
sup{P[dom(r’) x G] : & € Ho[A]}. If n > 1, then

Hold] = {k € Hp1[A] 1 K = Kp_1}
G| : K" € H,n[A]}
and choose some k,, € H,[A] for which P[dom(k,) X G] > s, — €,.

By construction, k, < knt1. Let & : dom(k) — im(k) be their common exten-
sion. This extension obviously satisfies (H2). We claim that x is maximal in the
sense that & € H[A],R = k = P[dom(R) x G] = Pldom(k) x G]. This is because
R, k € Hy[A] for all n, so

Sn — €n, < Pldom(ky) x G] < Pl[dom(k) x G] < Pldom(R) x G] < s,

sp = sup{P[dom(x) x

1G is o—compact, because the identity has a countable system of compact neighborhoods and
G is separable. Since m is locally finite, it must be o-finite.
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whence 0 < P[dom(g) x G] — Pldom(k) x G] < €, —— 0.

We use this to show that either dom(k) x G = A x Gmodm, or im(k) x G =
A x Gmodm. Define 4; := A\ dom(k), Az := A\ im(k), and suppose by way of
contradiction that P[A; x G] > 0 and P[A3 x G] > 0. Let Uy :={€ € G : [|¢]| < 5},
Uy :={£€G:||¢ —al <2} Since m has no square holes,

m(A; x Up) > 0 and m(Ay x Uz) > 0.

Ergodicity implies that 3E; C A; x U; of positive measure (i = 1,2) with a &g
holonomy F; — FE5 (Lemma 4). W.l.o.g. this holonomy is of the form

(z,€) — (k'z,& + ®(2,k'z)), where £ is a G-holonomy.
(If not, use Lemma 3.)

Let p be the Borel measure on X given by pu(A) := P(A x G). The set
proj(Ey) :={x € X : 3¢ € G s.t. (z,€) € E1} is analytic. The universal measura-
bility theorem (see e.g. [Ar], Theorem 3.2.4) says that A}, A] C X Borel such that
A} Cproj(Ey) C AY and p(A7\A}) = 0. Clearly u(A}) = P(AYxG) > P(E;) > 0,
and if " : A} — K”(A]) is the restriction of k' to A}, then

(1) dom(k") C Ay = A\ dom(k) and im(k") C Ay = A\ im(k),
(2) Yz € dom(k"), ||®(z,k"x) — a]| < 0, since 3¢ such that (x,&) € Ay x Uy
and (n”:c,§ + Oz, /@"z)) € As x Us.
Note that k,x” have disjoint domains and images. It follows that the following
map is well-defined, and belongs to H[A]:

R(x) = {Ii(x) x € dom(k)

k'(z) x € dom(k").
But this contradicts the maximality of s, because & = k and
Pldom(%) x G| = P[dom(r) x G] + P[A] x G] > P[dom(kx) x G].
This contradiction proves that
dom(k) x G = A x Gmodm or im(k) x G = A x Gmodm.

In the first case, define x4 := » and in the second define k4 := £~ !. This gives
us kg € H[A] which is defined a.e. in A. Now define & : Jycn A — Upca 4
by %(x) = ka(xz) whenever z € A. This is a well-defined bijection, because the
domains and images of k4 are pairwise disjoint. This bijection is a holonomy,
and its domain is equal to X modm. It satisfies (H1) because for every = € A,
d(z,7(z)) < diam(A) < J, and it satisfies (H2) because |4 = 4 do for all A. O

Proposition 3. Suppose ® : & — R is a Borel cocycle, and m is a &g—e.i.lf.
measure on X X R. If m has a square hole, then Ju : X — R Borel and ®-
measurable such that ®(z,y) + u(z) — u(y) € H,, m-a.e. in Gg.

Proof. Fix p: X x R — (0, 00) Borel s.t. fXXdem < 00, and define dP := pdm.
Let p be the measure on X given by u(E) := P(E x R). There exists a measurable
map z — P, € P({z} x R) s.t.

Ve LYP), /fdP/X(/Rfsz>du(z).

Claim 1. Almost every x € X has the following property: every &g holonomy ke
s.t. © € dom(k) satisfies Py(y) 0 ke ~ Py.
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Proof. A calculation shows that for every &g—holonomy ke, Py o ke ~ Py
for almost every x € dom(k). Since &4 is a countable equivalence relation, it is
generated by a countable group of holonomies [FM], and the claim follows.

Claim 2. 3o’ <V <a < fB<a<b, |a—p| < smin{la’—V|,|' —al,|8—al,|a—b|}
and 3B C X measurable s.t. u(B) > 0 and for all x € B,

(i) Pp({z} x[a",0]) = 0, Pr({} x [, B]) > 0, Pr({z} x [a,b]) = 0;

(ii) if ke is a By -holonomy and x € dom(k), then Py ~ Py (z) © Kg.
Proof. By assumption, Jag < by and By € X such that m(By x R) > 0 and
m(By x [ag,bo]) = 0. Fix e < 2% Since m[By x R] > 0, 3s € R\ [ag, by] such
that m[Bg % B(s)] > 0. Suppose w.l.o.g that s < ag (the case s > by is symmetric).

Let By € By be measurable s.t. m[B; x R] > 0, m(By X [ag, bo]) = 0 and for
which Vx € By:

(1) Py ~ Py(a) 0 Ko for every Gg-holonomy xa;

(2) Px ({I} X [ao,boD = O;

(3) Pp({z} x Be(s)) > 0.
Such a set exists, because the last two properties cannot fail on a set of full u—
measure, and the first is guaranteed by claim 1.

Consider t := s — (% —5) =25 — “OQLZ’O. We claim that m[B; x Be(t)] = 0.
Otherwise, by Lemma 4, P—almost every (z, &) € By x B(t) has a &g—holonomy k¢
such that k¢ (z,&) € By x B.(s). This ke satisfies k(x) € B1,®(z, k) € Bac(s —t)
for all x € By. Therefore,

PrlayxB.(s) ~ Prz © Kal{o}xB.(s) K Przl{ra}xBs.(25-1) © ke =0,

(because Bsc(2s — t) = Bs. (20 C [ag, by]). But this contradicts property (3).
Choose B C By of full p—measure such that Vo € By, Py({z} x Bc(t)) = 0.
Evidently, m[B x Bc(t)] = 0, m[B x Bc(s)] > 0, m(B X [ag,bp]) = 0, and by
construction t + € < s — € < ag < byg.
Finally, set a’ = t—e,b’ = t+€,a = ag,b = by and choose «, 5 € B(s) sufficiently
close so that m(B x [a,3]) > 0, |a — 3| < 2 min{|a’ — /|, [t/ — al,|8 — al,|a — b|}
and V' < a < 8 < ap.

Claim 3. Jug : B — R measurable s.t. V((z,€),(2',n)) € &4 [Bx[a, 8], ®(z,2) =
uo(a') — up(z) and & = ug(x) for a.e. (x,£) € B X [a, 3].

Proof. Set

U(z) = inf{t/ <t <b:P,({z} x (t,b]) =0},
L(z) := sup{a’ <t<a:P,({z} x[d, 1)) =0}
If x € B2’ = k(z) € B, and |®(z,2")| < |a — (], then
U(z') = U(k(x)) =inf{d <t <b: Py ({k(x)} x (t,0]) = 0}
= inf{a <t <a: Py, ({s(@)} x (¢, 42]) =0}
= inf{fa<t<a: Py oke({z} x (t— 0(2,2'), EL — &(z,2")]) =0}
inf{a <t <a:P,({z} x (t — ®(x,2"),a]) =0}
inf{o — ®(z,2') < s <a—®(x,2') : Pp({z} x (s,a]) =0} + ®(z,2")
inf{b' < s <b:P,({z} x (s,a]) =0} + ®(z,2")
= inf{t/ <s<b:P({z} x (5,b]) =0} + ®(z,2") = U(z) + ®(z, ')

—~

Y



10 OMRI SARIG

In the same way one shows that if x € B, 2’ = k(x) € B, and |®(z,2")| < | — 3],
then L(z') < L(x) 4+ ®(z, ).

It follows that if ((x,g), (x',n)) € BN (B X [a,ﬂ])Q, then

L(z') — L(x) < ®(z,2") <U(2") = U(x),

whence (L — U)(z') < (L — U)(z). By symmetry, the inequality is an equality and
thus ((z.€). (',n) € Ba N (B x [0 f])° = (L~ U)(a) = (L~ U)(w).

Since m(B x [, 8]) > 0 and & is ergodic, 4N (B x [a, 5])2 is ergodic (Lemma
5), whence L — U = const. This proves that

((,6),(«',n)) € 6o N (B x [, )" = (x,2") = U(a') — U(a).

It follows that F(z,§) =& —U(z) is &4 N (B x o, ﬂ])zfinvariant, and therefore

E—U(x) =cp a.e. in B x [a, (). Setting ug := U + ¢y we see that
B x [a,8) € (B x R) N[€ = up(x)] modm,
and ®(x,2') = U(2') — U(xz) = up(x’) — up(x).
Claim 4. Define uy(x) := sup{t > uo(x) : Py({x} x (uo(x),t)) = 0} < co. There
exists c1 € (0,00] such that uy = ug + ¢1 p—a.e. in B.
Proof. Suppose ((z,€), (z/,1)) € &4[B x [, 8]] and let £g be some holonomy such
that (z',n) = ke (z,§). If u1(2’) < 0o, then
Py [{2'} x (uo(2'), ur(2"))] 0,
Py [{#'} x [u1(2),u1(2') +€)] > 0foralle>0.
We know that P,y = P, ~ P, o K;17 SO
Py ({z} x (up(2') = ®(z,2),u1 (¢') — ®(z,2"))) = 0,
P, ({z} x [uy(2') — ®(z,2"),u1 (a) — ®(x,2") +€)) > 0 foralle>D0.
But ug(z') — ®(z,2") = ug(x), so ui(x) < oo and
u(z) = up(2') — ®(x,2') = uy (2') — up(x’) + uo(x).

This shows that u; — ug is B¢ [B X [a,ﬂ]]finvariant. By Lemma 5, this relation
is ergodic, so either u; = oo almost everywhere, or u; = wug + const. We write
uyp = ug + ¢ with ¢; € [0, 00].

We claim that ¢; > 0. It is enough to consider the case when ¢; is finite. Observe
that uy(z) > 8 > uo(z) a.e. in B, because Pr|is1x(a,8] < O(z,u(zy)) for a.e. € B.
It is enough to show that one of these inequalities is strict on a set of positive
measure, because this implies that ¢; = u; —ug > 0.

Assume by way of contradiction that uj(x) = 8 = ug(x) a.e. in B. The sets
B x {B} and B x (8,08 4 0) must have positive P—measure for all 6 > 0. By
Lemma 4, 3B’ C B and 3 a holonomy & defined on B’ s.t. P(B’' x {8}) > 0,
ke(B' x {B}) C B x (8,0 +9). It follows that 0 < ®(z, kz) < ¢ for y-a.e. x € B'.
Fixing 0 < § < 8 — a, we see that P o rke(B' x (a,3)) > P(k(B') x {8}) =
P(k(B') x o, 8]) = fm(B,) P,({z} x [a, B])dp(z) > 0. Since k¢ is P-nonsingular,

P(B' % (o, 8)) > 0.

Since B’ C B, P(B x (a, 3)) > 0. It follows that {(z,{) € B x [, 8] : £ < up(z)}
has positive measure, a contradiction to Claim 3.
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Claim 5: Set ¢ :== ¢y if c1 s finite, and ¢ := 0 if ¢1 is infinite. Then mo Q. ~ m,
and for m a.e. (x,€) € B xR, & —up(x) € Z.

Proof. Suppose ¢ = ¢; < co. We show
=BxR)NJu —c<€&<u +¢=(BxR)N[E=ui(zr) modm.

By the definition of u;, for every 9, P((B XxR)Nu <€ <u + 5]) > 0. Almost
every (z,&) in this set has a holonomy k¢ s.t. ke(x,8) € (B x R) N [§ = up(z)]
(Lemma 4). For this k¢, ®(z,kx) € (—c — §, —c] and

Px|{w}><(u1+5,u1+c—6) ~ Lz © ’i<1>|{a;}><(u1+5,u1+c—5) <
< P;{m‘{ﬁx}x(uo,ul—é) okg =0.
Passing to the limit 6 | 0, we see that Pi|{z}x(u;,ui+c) = 0 for p-almost every
x € B, and consequently, (BxR)N[u;—¢ < § < uy+¢] = (BxR)N[¢ = uq(z)] mod P.

Set Eg := {(z,&) € (BXR)N[ = ug(x)] : Pu{(x,uo(x))}, Pe{(x,uo(x)+c)} > 0}.
This set has positive P measure, because:

(1) The measure of the subset of B x [a, §] where P, (x,ug(x)) =0 is

// 1P, (20 (2))=0) 4P (§) dp(x) = /1[Pz(z,u0(x)):0]Pm(l‘7Uo(x))dﬂ(x):0.

) If Po{(z,u1(x))} = 0, then P,({z} x (u1(z),u1(x) + ¢)) > 0 (otherwise
ul(x) would not be maximal). Therefore

p{z € B : Po{(z,u1(z))} =0} < pf{z € B: P,({z} x (wi(z),u1(z) + ¢)) > 0}.

The last measure is zero, because P([B x R]N[u; < & < uy +¢]) =0 as we
saw in the beginning of the proof of the claim.

We use this to show that m o Q. ~ m. Suppose by way of contradiction that
m o mo Q.. Since both measures are ergodic, P ~m 1 mo Q. ~ PoQ,., and
it follows that 3F C Ej such that P(E) > 0 and P(Q.E) = 0. The function
f(z,8) := Po{(z,€ + )}/ Pe{(x,£)} is well-defined and positive a.e. in Ey, so

0 = //1E:c£—ch(§)du()

/ Lo(, 01 (%) — €)Po(, s () dpa()

X

= [ e wn(o) F@P (o wo(e)duta) = [ 1pfar
X X xR

Since f > 0 P-a.e. on F, P(E) = 0. This contradiction proves that m o Q. ~ m.

The first part of the proof says that B x [u1 —¢<{<u;+¢=(BxR)N[§ =
up(xz)] modm. The Q7—translates of these sets cover B x R. Combining this with
up =up+cand moQ, ~m gives BxR = (BxR)N[¢ € up(x) + c¢Z] mod m. This
proves the claim in the case ¢; < co. The case ¢; = oo is treated similarly.

We can now prove the proposition. Let ug : B — R be the function given by
Claim 3. There is a g[B x R]-invariant set of full measure in B x R such that
every (x,&) in this set satisfies £ € ug(x) 4+ ¢Z. Therefore, for a.e. (z,£) € B x R

((ac,f), (:c',n)) € BB xR] = ®(x,2') =n — £ € up(x’) — up(z) + cZ.
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This implies that ®(z, ") +ug(z) —ug(2') € ¢Z p—a.e. in B[B]. The Ggp—ergodicity
of m implies the B—ergodicity of . Therefore by Lemma 6, Ju(z) Borel for which
O(z,2") + u(z) — u(z') € cZ m—a.e. in Gg.

It remains to show that H,, = cZ. We saw that ® is cohomologous modm to a
cZ~valued cocycle, so H,, C ¢Z (Lemma 8). By Claim 5 ¢ € H,,, so H,,, = c¢Z. O

Proof of Theorem 2. If H,, = G there is nothing to prove. If H,,, # G, then m
has a square hole (Proposition 2), and the theorem reduces to Proposition 3.

4. TaiL CocYCLES: PROOFS OF PROPOSITION 1, THEOREM 3, AND THEOREM 4

Throughout this section (X7, T') is a topologically mixing subshift of finite type with
(finite) alphabet S and transition matrix A = (t;;)sxs , and ¢ = (¢, ... ¢(@):
¥+ — R has summable variations (see §2). Cylinder sets are denoted by
[ag, .. an_1] ={x Xt 2y =ag,...,7n_1 =0an_1} (a; €S).
A word (ag, . ..,a,—1) € S™ is called admissible if [ag, . .., a,—1] # &. The partition
a = {[a] : a € S} is called the natural partition, and its iterates are defined by
an = \/?:01 T~%a. The cocycles ®, ® are given by (2). Two continuous functions
¢, : Xt — R? are called cohomologous if ¢ — 1) = h — h o T for some continuous
h (called the transfer function).

4.1. Preliminaries and the proof of Proposition 1.

Lemma 9. Let g : X+ — S be some continuous function, and v € R a non-trivial
character. There exists u: Xt — R s.t. g =~y ou and var,u = O(var,g).

Lemma 10. Let v be a T-ergodic and T -nonsingular measure on X1, and suppose
H S R is closed. If ®(x,y)+u(z)—u(y) € Hv-a.e., thenIX € ST and g : T+ — S1
measurable s.t. yo ¢ = Ag/goT v-a.e. wherey € R and H = ker~y.

Proof. Set g := vyou, and F(z) := vy[¢(x)]g(Tx)/g(x). This is well defined v-a.e.
because v o T~! <« v, and is T-invariant, whence constant. [l

Proof of Proposition 1. Suppose first that Hy, = Z" xR" x {0}’” (r+r'+r" = d).
Set

exp2mit;] i=1,...,r
Yi(t1, ... ta) =<1 i=r+1,...,r+7
explt;] i=r+r +1,...,d

Observe that Hy = ﬂ?zl kerv;, where kervy; := {z € R? : v;(z) = 1}. Fix some
ze€Xt st TNz =z, set ¢ = (c1,...,cq) == +¢n(2), and define ¢ := ¢ — c.

For every k, Vo € Fiz(T*N), (vi o ¢pn)(2) = vilprn(2) — ¢pn(2)] = 1. By
Livsic’s theorem ([PP], proposition 5.2), Jg; : ¥ — S! with summable variations
st. viotny = gi/gio TN. If (z,y) € T, then Ik s.t. TNz = TNy, Thus,

k—1
%@ y)] = ZWN(TjNy) — YN (TN | =
=0
_ 1520 9:(T9Ny) /gi(TUHDNy) g ()

[T (TN ) g (G0N ) gy e aly) =il 0)
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where u; has summable variations and g; = v;(0, ..., u;,...,0).

It follows that uy = (u1,...,uq) is a function with summable variations for
which ®(z,y) + ug(x) — us(y) € ﬂ?zl ker~y; = H,.

Now consider F: X7 — RY/Hy, F(x) := ¢ + up — up o T + H,. Observe that if
(z,y) € T, then (Tx,Ty) € T and
F(y)=F(z) = [®(x, y)+ug(y) —ue(@)] = [2(Tz, Ty) +up(Ty) —ue(Tx)|+Hy = Hy.
Therefore F(z) is T-invariant. Since F is continuous and T—equivalence classes are
dense in ¥, F' is constant, whence Jcy s.t. ¢+ up — up o T + ¢y € Hy.

We now show that H is minimal with this property. Suppose ¢p+u—uoT+c € H
for some closed group H, constant vector ¢, and continuous function u. Then
Tz =2, T"y =y = ¢n(y) — én(z) € H, and this implies that H D H,.

This proves the first half of Proposition 1, when Hy = Z" x R™ x {0}"". If this

is not the case, find an isomorphism 7 : R¢ — R? for which 7[Hy] is of this form
(see e.g. [HR], Theorem 9.11), and work with 7 o ¢.

We turn to ﬁqg. It is obvious that Hy C Iﬁl¢ - m We claim that
cp € IF]I¢. By topological mixing N, z,y such that TNz = 2, TN*ly = y. We
have ¢ (y), pn41(z) € ]ﬁl¢ and ¢nq1(x) — dn(y) +cp € Hy C ]ﬁlqb. It follows that
cy € ﬁ¢, whence ]ﬁ1¢ =Hy + cyZ, and ¢ +ug —uyoT € ]ﬁl¢, everywhere. The proof
that IF]Lb is minimal is the same as the proof the Hy is minimal. O

4.2. Cohomology via bounded transfer functions. The change of coordi-
nates ¥(z,&) = (z,£ — u(x) — ¢) does not, in general, preserve local finiteness.
If esssup |ju|| < oo, then it does (Lemma 2). Fortunately,

Proposition 4. Let m be a Tg—e.i.l.f. measure on X7 x R?, If JH < R closed,
u(x) Borel s.t. ®9(z,y) +u () —u(y) € H m-a.e., then I (z) Borel and
essentially bounded s.t. @ (x,y) +v®(z) — v (y) € H m-a.e.

Remark: Had we known a priori that m o9~ ~ u x my, with g an equilibrium
measure, then the proposition would have followed from proposition 2.6 in [S]. We
will see eventually that this is true for Tp—e.i.lf. measures (Theorem 4), but we
cannot assume this in advance.

Lemma 11. If ¢(9 is not cohomologous to a constant via a transfer function with
summable variations, then there are My, My arbitrarily large and ng € N with the
following property: V[b] € an,3[c] € an, such that

bo = €0, bpg—1 = Cng—1, and Vo € T[bp,—1] (}@ (b, cx)| € [MO,M§]>.

Proof. We claim that ®® : ¥ — R is not bounded. Suppose it were. Fix some z,
and let p = (po,...,ps,—1) be some word such that z := (p,p,...) is an admissible
periodic orbit. By Ruelle’s Perron—Frobenius theorem

(@)
() 5
Ptop(t(b(z)) — ILH;O ks log Z t[q>< N(z) )0, ()] _ hiop(T) + (2 ;O(Z)t’
Tksay 2z

and therefore dt2 B Ptop(tqb( )) = 0. This can only happen if ¢() is cohomologous

to a constant via a transfer function with summable variations ([PP], Proposition
4.12). Since we are assuming that this is not the case, &) cannot be bounded.



14 OMRI SARIG

Fix mg so large that every two states a,b can be connected by an admissible
path of length mg. Set B:=3_ -, var, (¢¥) and fix M > 2mg |6 + 2B.

The unboundedness of ®() implies the existence of &, € £, n; € N such that
€1 = Mnyy1 and Pl (f 1) > 2M. We may assume without loss of generality that

6)(€) < —M and ¢)(n) = M.

Otherwise set 1) := () — n%[M + o) (&)]. This function generates the same ¥
cocycle as ¢V and satisfies wﬁfl) (f) =M, D)= n) —M>M.

Now define U = ¢n1( ), D := gbnl &), u= Moy yMny—1),and d = (&0, -,&n,-1)-
Observe that

U-B<¢)<U+Bin[u and UZ>M,
D-B<¢)<D+Bin[d and D<-M.

Finally, set ng := ni + 2my.
We construct for every [b] € ap, a cylinder [¢] as required. Define € € a,, by:

if sup{gua(z) : x € (B[} <0
if inf{(b,(fg(x) cxefb}>0

otherwise.

Find [a], [8] € am, st. a0 = by, Bmo—1 = bng—1, and la,€,8] # @. Define
[d] := [ €, B]. Fix some @ € T[by,—1] and set ) := & (bz, cx). We write this as

30 = [0 (efx) — ¢4 (ba)] + o) (cx) + o) (Bz)

and estimate it case by case (in what follows a = b+ cmeans b—c<a <b+c¢):

I
I
[SEISUNIS

(1) Ifsup{g)(z) : & € [B]} < 0, then o) (bx) € [~no|[¢? |, 0] and ¢})) (efar) =
U + B, whence &) ¢ [U — B — 2m0||¢(1 oo, U + B + (2mq + n0)||¢(z)\|oo]
(2) It mf{qbno( ):xz € [b)} >0, then qzﬁno(bx) [0, 70]|¢? ]| 00] and ol (eﬂaj)

D =+ B, whence <I>< )€ [D— B — (2mg +no)|| ¢’ >|\OO,D+B+2mO||¢< N so)-
(3) In the remaining case we must have ¢$L3 (bx) = £B and o) (eBx) = U £B,
s0 @) € [U = 2B — 2my||¢V]| o0, U + 2B + 2mg|| 6| .
In all cases |®()| € [My, M| where
My = min{U, D[} - 2B — 2mo 6|,
Mi = max{U, DI} + 2B + (2mo -+ no)[9 o

This shows that [c] is as required. Finally, note that ng, My and M can be made
arbitrarily large (by taking M, mg arbitrarily large). O

Proof of Proposition 4. If H = R, take u() = 0. If 0 S H S R, then Je # 0 such
that H = ¢Z. In this case define u(?)(z) to be the unique 0 < u(?(z) < ¢ for which
v(z) € u(x) + ¢Z. Tt remains to treat the case H = {0}. We do this by proving
that if @ (2,5) + u®(z) — u(y) = 0 m-a.e., then ¢ = A — b o T 4 ¢ for
some ¢ € R and () with summable variations. This proves the lemma, because in
this case &) (z,y) = ) (z) — ) (y) with h(®) bounded (being continuous).

Assume by way of contradiction that ¢() is not cohomologous to a constant via
a transfer function with summable variations.
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The function F(z, ¢) := &—u(? (x) is Tp-invariant, and therefore constant m-a.e.
Without loss of generality F(z,£) = 0 a.e. (otherwise modify u( by a constant),
and this implies that m is supported inside {(z,¢) : & = u®(z)}.

If esssup [u?| < oo, then there is nothing to prove, so assume esssup |u(?| = oco.
Let B:=Y", ., var,¢, and fix Ay large enough that m(X* x I) > 0, where

I := [7140, Ao]d.

Choose M, Mo > 249 + B,no € N as in lemma 11. We claim that it is possible to
choose M and A; large enough that m(X* x J) > 0, where

J:={6eR: My — Ay — B < |&| < MJ + Ag + B and || < A; for j #i}.

This is because Mg can always be increased without spoiling Lemma 11, and
m{(z,€) : |&] > My — Ag — B} > 0 (else esssup |&;| = esssup|ul?| < o0). We
further increase A; to ensure A; > Ag + B + 2ng||¢\9) ||« for j # i.

Define two measures py, py on 2T by puy(E) :=m(E xI) , ps(E) :=m(E x J).
These are finite positive measures, because m is locally finite. They are mutu-
ally singular because p; is supported inside {x : u(?(z) € [~Ag, Ao]}, and u; is
supported inside {z : |u(?(z)| > Ao}.

There must therefore exist some N, [a] € ay such that

0 < psla) < =——psla]
Hmrla o T HIlg]-
2|0‘no|

Choose [b] € ay, which maximizes pr[a,b]. Clearly

1
no

Choose [c] € @, s:t. ¢o = bo,Cng—1 = bpy—1 and |®@ (b, cx)| € [My, M) for
all x € T[bp,—1] (this is how we chose My, M{§). Define £ : [a,b] — [a,c] by
k(abr) = (acx) and set ko (x,&) = (kz,§ + ®(x, kz)). Then Va € [a, b],

®W (2, kx) = D (b, cx) + B € [My — B, M + B|U|[-M} — B, —M, + B.
Since |®U) (z, k)| < 2ng||¢Y) ||oo + B, ka([a,b] x I) C [a, ] x J. Thus,

prla] < lang| - prla; b = |any| - m(la, b] x I) = |an,| - m{re([a, b] x I)] <

1
< lan, | - mla, & x J) < lan, | - pola] < 5pilal,

sol< % This contradiction proves the proposition. (I

4.3. Proof of Part (1) in Theorems 3 and 4. Let m be a locally finite To—
ergodic invariant measure. W.l.o.g. H,, = R" X ¢, 11Z X ... X ¢gZ with ¢; > 0.
We construct u¥)(z) essentially bounded s.t. (®@(z,y) + u(z) — u(i)(y))jzo €
R"™ x H?:TH ¢ Z a.e. in Tg. Clearly, we can take u() =0 fori=1,...,r, so it is
enough to consider ¢ > r + 1.

Choose a s.t. Vi m(X®) > 0, where X := ¥F x [~a,a]'"! xR x [~a, a4
Let m be the restriction of m to X®. By lemma 5, m® is ¢ := T4[X O]
ergodic and invariant. Since m is locally finite as a measure on ¥t x R%, m® is

~

locally finite as a measure on X = (S x [—a,a]%" ') x R. Observing that

@) o ngi) with T .= T(¢(1)7___7<D(i71)7¢<i+1),__.7<D(d>)[Z+ X [—a,a]d_l],
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we see that m(?) can be identified with a locally finite T

o(» —ergodic invariant mea-
sure on X T x [—a,a]?! x R.

It is easy to check that H, i) = ¢;Z. The cocycle reduction theorem provides a
Borel function w® : £t x [—a, a]d*1 — R such that
D (z,9) + 0w (2, D) —wD(y,n?) € ,Z mD-ae. in €?,

where here and throughout, £ = (51, &) and €9 = (&, & G, -, &)
Since €M) = T4[X D], the proof of lemma 6 gives v : ¥ x R¥~! — R Borel s.t.

o (z,y) + U(i)(x,ﬁ(i)) — v(i)(y,n(i)) € ¢;Z m-a.e. in Tg.

We show that v()(z, () has a version which is independent of £

We begin by constructing a version which is independent of & for &k > r + 1.
The function &; — v 4 ¢,Z is Tp—invariant, whence constant. Add a constant to
v@ to ensure that & — v + ¢;,Z = ¢;Z a.e. Modify v(¥ if necessary to ensure that
0 < v < ¢; whenever ¢; # 0. Then there is a set of full measure ' C £t x R?
such that for every (z,£) € @ and alli=r+1,...,d

& e v (x, D)+ ¢;Z, and 0 < v (2,69) < ¢ if ¢; # 0.

For every a € {0}" x Hl 1 Ciy moQy ~ m. Construct Q2 C Q' of full measure s.t.

for all a € {0}" x ]_[i:r+1 eiZ, Qa(Q) = Q C V. For every a € {0}" x []* ciZ
and all (z,¢) € Q,

& e v (x, 6D +a) 4+ ¢;Z, and 0 < 0D (2,60 +aD) < ¢; if ¢; # 0.

In particular, v (z,£@) = v (2,60 + a)mod ¢;Z in Q. Since 0 < v < ¢
when ¢; # 0, we have (regardless of ¢;)

1= 'r+1

d
v 0 Qi = v on Q for all a € {0} x H GZ.
i=r+1
Fix now k > 7 4 1 and suppose (z,€), (y,n) € Q and (x,£H) = (2,9*)). Then
&, = v (2,6 mod ¢, Z, whence € —n € {0}F! x ¢, Z x {0}47%~1 and so
0@ (2,nD) = vDQ ey (x,7?) = v (,£D). This shows that v()|g is indepen-
dent of &. Repeating this for other coordinates, we see that v(?) |o does not depend

on &1, - &

We show that v(¥ can be made independent of &, ..., &,. We show independence
of £&. Other coordinates are handled in the same way. A similar argument to that
used above shows that there is 1 C Q of full measure s.t. Vi > r and (z,€) € Qq,

0@ (2,69 40Dy = 0@ (2,69 for all a € Q" x {0}47".

Decompose m = [y, gaor Pugn)dm(z, €) with P ey € M({z} x R x {¢1}).
Then for m—a.e. (x,&),

v@ o Q) = @ Pyey-ae., for all a € Q" x {O}d_’".

We know that m o Q0,....0) = e*'m for some A € R. Tt follows that e *dP, )
is translation invariant on {x} x R x {(&2,...,&q)} for a.e. (z,€). In particular,
P(z ¢m)y is equivalent to Lebesgue’s measure on the fibre. Therefore, if we write

f(a: 6(1) ( ) = v(i) (l‘, t7 £2a cee 7£i717 §i+17 e a§d)7 then necessarﬂy

f((25<1))(t +q) = fz,em)(t) Lebesgue a.e., for all ¢ € Q.
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The local finiteness of m implies that f((;),gm) is Lebesgue locally integrable for
a.e. (z,€ (1)). Locally integrable functions which are invariant under all rational

translations are constant?, so Jec(z, M) s.t. f((;)’5<1>) = @ (z, M) Py ey—a.e.

Since this is true for m—a.e. fibre, there is a set Q5 C Q4 of full measure such
that v()|q, = c|q,. Since v(¥ is Borel, ¢ is measurable w.r.t the completion
of m. Changing Qs by a set of measure zero, we can obtain a Borel version of ¢(*)
(hence of v(i)) independent of ;. Repeating this argument for other coordinates,
we see that v(¥) has a version which is independent of &;,. .., &,.

Pass to such a version. Abusing notation we view u( as a function on X1 and
write u(® = u()(z). It follows that

™ (z,y) + U(i)(l“) —u (y) € ¢;iZ m—a.e. in Tg.

By proposition 4, u(i)(ac) can be assumed to be essentially bounded. Setting u =
(u®, .. uD), we have ®(x,y) + u(z) — u(y) € H,, m-a.e. and esssup |lul| < cc.
By Lemma 2 3¢ € R? such that m o 9! is a locally finite T, —ergodic invari-
ant on 1t x H,,, and H 1 = H,,. By Lemma 1, Ja : H,, — R continuous
homomorphism and a finite (T, a o ®,)—conformal measure v on ¥V s.t.

dm o 190_1(1‘, &) = e_o‘(f)du(x)dem (&).

The measure dvy = e~ *°*dv is clearly (¥, a o ®)—conformal. It is finite, because
esssup ||ul| < oco. Since ¢ has summable variations, vy must be equivalent to the
equilibrium measure of a o ¢, which we denote by p, (see [ANSS], proposition
2.4). Tt follows that @) (z,y) +u® (z) — u® (y) € H; po-a.e. in T, where H; < R,
H,, =H; x...x Hj.

We are now in a position to apply the Livsic rigidity theory for equilibrium
measures. If H; = R replace u(?) by the zero function. Otherwise pick v; € R such
that H; = ker; and proceed as follows: Equilibrium measures are T-nonsingular
so Lemma 10 applies, and 3\ € S', g; : £ — S' measurable s.t. ~[p()] =
Agi/gioT pa—a.e. Livsic’s Rigidity Theorem ([PP], Proposition 4.2) says that this
equality can be made to hold everywhere with g; with summable variations. Write
gi = i ov™ with v with summable variations, and set v = (v(?, ..., v(®). Then
OO (2,9) + v (2) — v (y) € kery; = H; everywhere for all 1 <4 < d. It follows
that ®(x,y) +v(z) — v(y) € H,, everywhere in T.3

We show that H,, = Hy and that v can be replaced by ug. The function
F :=¢+v—voT+H,, is T-invariant and continuous, whence constant. Therefore,
dest. ¢ +v—-voT +c € H,, everywhere. But Hy is the smallest group with
such a cohomology (Proposition 1), so H,, 2 Hy. The other inclusion holds as well,
because ¢ + uy —ugp o T + ¢y € Hy = O(2,y) + ug(x) — up(x) € Hy, so H,, C Hy
(Lemma 8). Theorem 3, part (1) is proved.

mot,

We prove Theorem 4, part (1). We just saw that ®(x,y) + ue(x) — ug(y) €
H,,. Clearly |lug|| < oo (ug is continuous). By Lemma 2, 3¢ € R? s.t. mo
971 is supported on T x Hy, and H,,.9-1 = Hpn = Hy. By Lemma 1, dm o

21f f is such function, then du = fdt is a Radon meagpire which is invarjant under all rational
translations. It is easy to check that Vo € Co(R),Va € R p(t+a)du(t) = @(t)du(t). Therefore
w is translation invariant, whence proportional to Lebesgue’s measure.

3Note that the boundedness of ||u|| was essential here: there is an abundance of (non locally
finite) (T, o ®)-conformal measures which are not equilibrium measures. Livsic’s theory does
not apply to such measures.
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97N (2, &) = e *©Ody(z)dmy,, (€) with a : H,, — R a continuous homomorphism
and v a finite (T, a0 ®,,, )-conformal measure. Proposition 2.4 in [ANSS] says that

dve
dvgoT —

eelttus—ugoT]=Piop(@od) Tt follows from Ruelle’s Perron-Frobenius theorem that
such a measure exists and is unique up to scalar multiple. Part (1) in Theorem 4
is proved.

v = v, where v, is the unique (up to a constant) finite measure for which

4.4. Proof of Part (2) in Theorems 3 and 4. Suppose m is a locally finite
Tg-invariant ergodic locally finite measure on Y+ xR If 9 (x, &) = (m,g —ug(x)),
then m o ¥~! is a locally finite T, —ergodic invariant measure, where D, (x,y) =

O(z,y) + up(x) — up(y). (Local finiteness follows from the boundedness of wy.)

Since T O T and EI;u|§ = ®,, mod~!is Tg, —invariant. It is not clear, however,
that it is Tg, —ergodic. Let mod~! = fY mydm(y) be its ¢, —ergodic decomposition
(Lemma 7). Since X1 has a countable base of compact open sets, a.e. T¢,—ergodic
component is a locally finite.

Part (1) of Theorem 4 shows that for a.e. y € Y 3¢, such that m, ~ vy xme, 4u,
where v, o 7 ~ v, and m,, m, is the measure on ¢, + Hg induced by the Haar
measure on Hy in the natural way. It follows that every my|T[a] «Rd 18 quasi invariant
under the following transformations (here a € S is fixed):

(1) Az, &) = (2,6+0(x) +ugp(z) —up(Tx)+cy), because the second coordinate
is always dilated by an element of Hy = H,,,;
(2) B(ax,&), where az := (a,z,x1,...), because v, o T~ ~ v,
Since m o 9! = [mydn(y), m o 9~ xre must also be quasi-invariant under
those transformations. It is also quasi-invariant (indeed, invariant) under the map

k(z, &) = (Tx,f — ¢(z) —uy(z) + u¢(Tx)) , K [a] x R? — T'la] x R?

because this map is a ‘E@ufholonomy. A composition of non—singular maps is non—
singular, so QC¢|T[a]><]HI¢ = ko Ao B is nonsingular, whence mo~! °0Qc, £ moy~1L.
By ergodicity, mo9~! 0 Q., ~mo?¥~', and this shows that cg € Hpo9-1 = Hip,.

For every y, my ~ my o Q¢ V& € Hy, so mod~!oQe ~mod~! for all £ € Hy,
and therefore H, C H,,. Since ¢, € H,, we have I?]Iaa = Hy + cyZ C H,,. Since
¢+upy—ugoT € IﬁI¢ = O(z,y) + ug(r) —ug(y) € ]IT]I¢,7 we also have H,, C Iﬁl¢
(Lemma 8), whence H,, = ﬂ¢. This proves Theorem 3, part (2).

We turn to Theorem 4, part (2). We saw that ®(z, y)+ug(z) —ug(y) € ]ﬁl¢ =H,,

everywhere in T By Lemma 2, 3¢ such that mod_ ! is a locally finite Te —ergodic
up
invariant on 3+ xHy. Since H, ;-1 = H,, = Hg, dmod ' = e‘a(f)dua(x)dmﬁd) &)

where o : ]ﬁlqb — R is a continuous homomorphism and v, is a finite (‘f, aod, o)
conformal measure on X7 (Lemma 1).
Note that ¥ is the smallest equivalence relation which contains ¥ and

Ob(T) :={(z,y) €T x T :3n >0s.t. 2 =T"y or y = T"x}.
Therefore, v, is (‘E, oo ;I;% )-conformal iff v, is (T, @ o ®,,)-conformal and

dvgoT -
Yo © = exp[a o CI)U¢ (x, Tx)] = 6_a0[¢+u¢—u¢oT].
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Proposition 2.4 in [ANSS] says that (T, a o ®,,,)-conformality is equivalent to the

condition d’é‘*TOT oc emeeldtus—ueoT] Tt follows that v, is (T, o ®)—conformal iff

dvaoT —ag[¢>+u¢—u¢OT]
dvg
sure like this exists iff Pip(a 0 ¢) = 0, and if it exists then it is unique up to a

multiplicative factor. This completes the proofs of Theorems 3 and 4. (]

=e . By Ruelle’s Perron—Frobenius theorem, a finite mea-

5. APPLICATION TO HOROCYCLE FLOwWS: PROOF OF THEOREM 1

5.1. W**—flows. Let ¢ : N — N be a C?>flow on a compact connected C'>
Riemannian manifold N. The flow ¢° is called an Anosov flow if it has no fixed
points, the tangent bundle of N is the Whitney sum of of three dg®—invariant sub—
bundles TN = E* ® E* ® E' where E' is the line bundle tangent to the direction
of the flow, and 3C > 0,0 € (0, 1) such that

(1) ||dg®()]| < Co*||v|| for all v € E*, s > 0

(2) |dg—*(v)|| < CO*%||v]|| for all v € E*, s > 0.
The flow is called transitive if it has a dense orbit, and topologically weak mizing
if the functional equation F o g° = ¢"**F (s € R) has no non-constant continuous
solutions F'. The basic example is as follows: let M be a compact connected C'°°—
Riemannian surface whose sectional curvatures are all negative. The geodesic flow
on the unit tangent bundle N = SM is a topologically weak mixing transitive
Anosov flow [An].

For every point « € N, define

W (z) = {y€ N:d(¢g°z,g%) - 0}

It is known that these are submanifolds of N, and that W?** := {W?**(x) : © € N}
is a foliation, called the strong stable foliation of g°. We will be interested in flows
for which

W##(x) are one-dimensional, and can be oriented continuously in z.  (3)
B. Marcus proved in [M1] that if ¢° is topologically weak mixing, then (3) implies
the existence of a continuous flow h* : N — N, called the W**—flow* of ¢° s.t.
(a) Orbit property: for all z € N, W*(x) = {h(z) }1er;
(b) Commutation relation: 3u such that Vs, t € R, g=* o ht 0 g° = h*'t
This flow is unique (up to uniform rescaling of time), and p = exp[—htop(gh)]. In
the special case of the geodesic flow on a hyperbolic surface we get the classical

(stable) horocycle flow. The point of this construction is that it makes sense in the
variable negative curvature case.

5.2. Z4—covers. A connected manifold M is called a reqular Z*—cover of a manifold
M, if there exists a continuous map p : M — M for which
(1) p: M — M is onto, and Yz € M 3V > z open and connected for which
every connected component of p~1(V) is mapped by p homeomorphically
onto V.
(2) Cov(]\/\/[/,p) ={D : M — M : D continuous, po D = p} = Z4. We
parameterize OO’U(M, p) = {D¢ : £ € Z%} so that D¢y, = D¢ o D,).
(3) for every z € M, 3% € M s.t. p~Y(z) = {D(Z) : D € Cov(M,p)}.

4The term used in [M1, M2] is ‘W*—flow’.
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A connected manifold with first Betti number dy has a regular Z% cover iff d < dj.

A Z4—cover M — M induces a Z%—cover N — N where N = SM, N =SM (the
unit tangent bundles). We abuse notation and use the same notation p, D, for the
covering map and the deck transformations of this cover. -

By the unique hftlng property, every continuous flow ¢! : M — M determines
a flow @t : M—>Mforwh1chpog0 =t op. Let g°, ht'N—>Nbethehftbof

g*,ht : N — N to N. The unique lifting property guarantees that h,q , g satisfy (a)

and (b), and that §, h commute with De¢ (€ € 79).

Let w € M be a p—periodic point with period A(w). The Frobenius element of w
is the unique D¢ € COU(M, p) such that

PN@) = De(@), whenever & € p~*{w}.

The flow ¢ is called Z—full if V¢ € Z, Dy is a Frobenius element for some periodic
point (see [Pol],[Sh]). As explained in [Pol], the geodesic flow on the unit tangent
bundle of a C* compact connected Riemannian surface is Z%—full.

5.3. A Poincaré section for h. Throughout this section let N be a compact
connected C*®-Riemannian manifold with a regular Z% cover p : N - N , g a
topologically weak mixing C?~Anosov flow on N with property (3), h a W*s—flow
of g, and §,E the lifted flows on N.

We construct a Poincaré section for & which admits a simple symbolic descrip-
tion. We first consider the symbolic dynamics of g. The following lemma contains
all the information we need. We omit the proof which follows from Bowen’s sym-

bolic dynamics for g and W*¢ ([B1, B2], see also [BRY)).

Lemma 12. Fizi: N — N 1-1 and continuous such that poi =1id. There erists
a topologically mizing two-sided subshift of finite type (X,T), Hoélder continuous
r:Y =R, f:% — Z% which only depend on the non-negative coordinates, and a
Hélder continuous surjection m: % x R x Z¢ — N such that

(1) 7: %, x {0} = i(N) is a bounded-to-one surjection, where
Y =A{(z,t) : 0 <t <r(x)};

(2) moQ,a)y = [gi 0 Do) o7 for all (t,a) € R x Z%;

(3) mo Ty py =7 where T(_, ) (x,t,&) = (T, t —r(z), &+ f(z));
(4) Suppose T = w(x,t,&),y = n(2',¢',&'). Then

Ty =Yg
I, g >0 st St—t =ry(z) —ryly) = W) =W*(y).
§—&=foy) — fp(z)

We denote the alphabet of ¥ by S, the transition matrix of ¥ by (¢;j)sxs (see
§2), and set ¢ : ¥ — R x Z to be ¢ := (—r, f). We will also need the one-sided
version of X given by

Yti= {2t = (w0, 21,...) ¥ € S and ty,4,,, = 1 for all i}.

Ti41

We will often abuse notation and view ¢ as a function on X1 rather than X (this
is possible since r, f depend only on the non-negative coordinates).
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We now construct the section for h. Fix P: S — S s.t. Va € S, tp(a),a = 1, and
let p : ST xRxZ4I - S xRxZ%, p: S+ xR x Z4 — N be
ot t,6) = (x,t,€), where 25° = 2t and Vk < —1, x) = P(x)41);
pz®,t,6) = 7l 1,8
SetNIN( = p[Bt xRxZ% C N. We show below that this is a global Poincaré section
for h, i.e., that

7K - Rt F(w):=inf{t >0: h'(w) € K}

is well-defined, finite and strictly positive for all w € K. This will allow us to reduce
the analysis of Efergodic invariant measures to the study of H-ergodic invariant
measures, where H : K — K is the section map H(w) := h®“)(w). Recall that a
measure is ergodic invariant w.r.t to an invertible map F' : X — X iff it is ergodic
and invariant w.r.t the orbit equivalence relation of F

Otb(F) = {(w,w’) : I > 0s.t ' = F¥(w) or w = F*(w')}.
The main virtue of K is that Otrb(H) has a nice symbolic description:

Lemma 13. K is a global Poincaré section for h, and if w; = p(xf t;, &) for
1=1,2, then ((mf,tl,fl), (x;,tg,ég)) € Tg = (wi,w2) € Orb(H).

Proof. We first show that K := p(K) is a section for h' : N — N, and then lift
to N. Write for a € S, K, := (po p)(la] x R x {0}). Bowen and Marcus [BM]
showed that K, is a transversal to the foliation W*® for every a € S. This means
that 3k, : K, x [-1,1] — N continuous and 1-1 for which

(1) Vw € K, ko({w} x [-1,1]) C W*(w)

(2) Vw € K,, kq(w,0) =w

(3) ko(K, x [—1,1]) is compact, and has non—empty interior V.

Since h! is a W*s—flow, V(w,s) € K, x [—1,1] 3t = t(w) s.t. ky(w,1) = ht(w).
We claim that this ¢ is uniformly bounded away from 4oco and 0.

Suppose by way of contradiction that supt = oco. Then Jw, € K, such that
t(wn) > n. Choose ny T oo such that w,, — w (K, is compact). The leaves of W**
are connected one-dimensional manifolds. The topological weak mixing of g implies
that they are dense [Pl], so they must be homeomorphic to R. Since ht(w), k,(w,t)
are continuous in (w,t),

{ht(wnk)}0<t<t(wnk) = {ka(wn,, t) Yo<t<1 C Ka.

Fixing ¢t > 0 and passing to the limit & — oo we see that {h*(w)}i~o C K,. But
this is impossible because N \ K|, is a non-empty open set, and the forward orbits
of W#*-flows of a topologically weak mixing Anosov flows are dense: W?*—flows
are uniquely ergodic with unique invariant measure of full support (for unique
ergodicity, see Theorem 2.1 in [M2];® full support follows from [M2], proposition
2.2 and §4 of [BM]). This contradiction proves that supt¢(w) # oco. A similar

5The reader should note the following differences in terminology: W*(z) in [M2] is what we
call W#%(z), and ‘topological mixing’ in [M2] §1.4 (d) is what we call ‘topological weak mixing’.
The minimality condition of Theorem 2.1 in [M2] requires that W3¢(z) are dense for all z € N
(this is weaker than saying that the forward orbits of h are dense). Minimality follows from
topological weak mixing and Theorem 1.8 in [PI].



22 OMRI SARIG

argument shows that inf ¢(w) # —oo. Finally, inf |¢(w)| > 0, otherwise Jw,, — w
s.t. t(wy) — 0. But this implies that

ko(w, 1) = lim kq(wp,1) = lim A" (w,) = h(w) = w = kq(w, 0)
n—oo n—oo
in contradiction to the injectivity of k,. It follows that |t(w)]| is bounded from zero
and infinity. Fix €,,t, > 0 such that ¢, < [t(w)| < ¢, for all w € K,,.

We can now see that K, is a Poincaré section for h: the result we just cited
shows that the forward orbit of every w visits V' at arbitrarily large times ¢. But
if h®(w) € V, then 3’ € [s — t4, s + t4] such that h*(w) € K,, and therefore every
forward orbit of w visits K, infinitely often. Since

Te(w) :=1nf{r7 > 0: b7 (w) € K,} € [€g,00) for all w € K,,

we have that K, is a Poincaré section for h.

Since S is finite, K = (J,.g K, is a Poincaré section for h. It automatically
follows that (Jecza Dep(E1 x R x {0}) is a section for h. This set is equal to
p(BT xR xZ4) = K because D¢ op=poQ¢. We proved that K is a section for h.

Now let H be the section map and suppose w; = p(x],#;,&) (i = 1,2). If
((xj7t1,§1),(m2+,t2,§2)) € ‘f@, then W**(wy) = W*(ws) (Lemma 12), so wy,ws
are in the same h-orbit (because h is a W**—flow). But wy,ws € K, so they must
be in the same H-orbit, i.e., (w1,ws) € Otb(H). O

Proposition 5. Suppose ]ﬁl¢ = R x Z%. For every Efergodic invariant Radon
measure m, there is a locally finite T g —ergodic invariant measure m* on X+ xRxZ4
with the following property: If EY C X% x R x Z¢ is Borel and p|g+ is 1-1, then

m(%ﬁ%E*—) = [I|/m™(E™) for all intervals I C [O,p(igfﬂﬂ. (4)

Proof. The construction of m* is an easy modification of [BM], but is included for
completeness. Suppose m is an Efergodic invariant Radon measure. Let E C K
and A C [0,infg 7] =: Iy be Borel. The map (z,t) — h*(E) is 1-1 and continuous
on [0,infg 7] X E. By Souslin’s theorem, it maps Borel sets to Borel sets ([Ku] §35
IV). We can therefore define a Borel measure on Iy by

Ap(A) :==m(|J W'E).

teA

The h-invariance of m implies that A\g is translation invariant on Iy, and must
therefore be proportional to Lebesgue’s measure on Iy, which we denote by \. Let
mo(F) be the proportionality constant: Ag(A) = A(A)mo(E). It is easy to see that
myg is o—additive, so it extends to a Borel measure on K.

Recall the following fact ([Ku], §35 VII Cor. 5): Let f: X — Y be a countable-
to-one continuous function between two polish spaces. Then X = ;2| X,, where
X, are Borel sets s.t. f|x, is 1-1 and continuous for all n. In this case f(Xp)
are also Borel. Applying this to p : ¥7 x R x Z¢ — K we see that 3! Borel
measure m* on X x R x Z? such that m*(E*) = mo(pET) whenever p|f; is 1-1
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and ET C ¥ x R x Z% is Borel. This measure is locally finite: If

r4+roTo...roTm 1 n>0
=<0 n=20
—roT —roT 2.  —poT Inl+l 5 <0

then X+ xRx 2% =,y ceza{(#5°,1,€) s 2 € ¥ and 0 < t—ry(2) < r(T"x)}, and
each of the sets in this decomposition has a compact closure of finite measure. But
r is bounded away from zero and infinity, so every compact subset of ¥ x R x Z¢
is covered by finitely many of these sets, and is therefore of finite measure.

Since K is a section, m is ﬁfergodic and invariant iff myq is ergodic and invariant
with respect to the section map H : K — K, equivalently w.r.t Otb(H).

We show that m* is ’F)’:'@finvariant. Let kT : At — B™ be a ‘E@fholonomy
between Borel sets s.t. p|a+, p|p+ are 1-1, and define

pimporto(plae)t s p(A%) = p(BY),
Lemma 13 says that s is a Otb(H)-holonomy, and therefore, m0|p(3+) oKk =
molpa+), whence m*|p+ o K =m™|4+. It follows that m™ is ‘z@finvariant.

We show that m™ is g@fergodic. Let m* = [, ufdn(y) be the ergodic decom-
position of m™ into ‘f@fergodic invariant measures (Lemma 7). Fix some E* of
positive finite m*—measure. We may assume w.l.o.g. that m*(ET) =1, n(Y) =1,
and that for all y, u;‘(EJF) = 1. (Recall that the ergodic components here are
infinite measures, so we are at liberty to normalize them any way we wish.)

By theorem 4, and since f[-v]I¢ =R x Z%, every locally finite ‘zéfergodic invariant
measure on £ x R x Z¢ is of the form e~ dy, (x)dmg74(€) for some continuous
homomorphism « : RxZ? — R, and this homomorphism determines the measure up
to a constant. (The assumption on ﬂ¢ allows us to set uy, = 0,¢ = 0.) Therefore, for
every y, there exists a homomorphism o : Rx Z4 — R s.t. pif 0Qs¢) = €59 pf
for all (s,&), and ay, = oy, = Y1 = Yo.

It follows that m*oQ s ¢) ~ m™ for all (s,y) € RxZ. Since poQ(; ¢) = g*oDe¢op,
mog®oDg ~m for all (s,&) € R x Z. It follows that mog® o Dg is h-ergodic. It is
easy to check, using the commutation relations between Et, ¢* and D¢, that mog®o
De is h-invariant. Therefore, mog®o Dy is proportional to m. There must therefore
exist a homomorphism 3 : ﬁ¢ — R s.t. mog®oDg =el>Om for all (s,¢) € ﬁ¢.
One checks that m™ o Q5 ¢) = e m*, where a(s, &) = B(s, &) + slog .

The identity

L= COm [Quune BT] = / el =Gl (BT )dn(y)
Y

shows that Ve > 0, m{y : ay(s,§) — a(s,&) > ¢} < e ™ — 0, whence ay(s,§) <
a(s, &) for m—a.e. y. This means that

1 = e~ no(s,8) + [Q(ns,ng)EJr] _
:/ en[ay(s,E)fa(s,ﬁ)]u;r(E+)d77(y) S/ ,[L+(E+)dﬂ'(y) -1
[ay (5,§) <a(s,§)] Y

Thus, ay(s,§) = a(s,&) m—a.e. Since there is at most one ergodic component with
ay, = a, m™ has just one ergodic component, and is thus ergodic. ([
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5.4. Proof of Theorem 1. We outline the properties of the geodesic flow g on
the unit tangent bundle SM of a compact connected orientable C'*° Riemannian
surface M with variable negative curvature that are used below. Firstly, it is a
topologically weak mixing transitive Anosov flow [An]. Secondly, is satisfies (3)
(see [M1], page 143). Thirdly, it is Z?full [Pol]. Finally, it is time reversible:
Yw € S’M, let 2(w) be the unit tangent vector with the same base point and opposite
direction, then g* o1 =10g~ .

Let X, 7,7, f be as in Lemma 12 for N = SM, and recall that ¢ = (—r, f). Let
A, :=3 xR/ ~ where ~ is the equivalence relation generated by (x,t) ~ (Tz,t —
r(z)). We denote by (-,-) the equivalence classes of the relation. Let 0% : A, — A,
be o%(x,t) = (x,t +s). By Lemma 12 n(z,t) := (n(z,t,0)) is a well-defined
bounded-to-one continuous surjection 7 : A, — SM such that moo® = ¢g° o7, and
7 is 1-1 on a residual set. Since g° is topologically weak mixing, ¢° is topologically
weak mixing ([PP], Lemma 9.1)

The topological mixing of ¢ implies that H, = R. Otherwise H, = ¢Z for some
¢, and by Livsic’s theorem Ju(z) continuous and 6 # 0 such that e " = u/uoT.
But in this case F(z,t) := ¢"u(x) is a well-defined continuous eigenfunction of
0% : ¥, — X, in contradiction to topological weak mixing.

We claim that ]ﬁl¢ = R x Z%. This is implicit in the work of Sharp ([Sh], proof
of Theorem 1, see also [So]), but there is a simpler argument in the reversible case
due to Y. Coudene [C], which we now describe.

If w € SM is g—periodic with period A and Frobenius element Dg, then 3(z,t) €
Ay st. w= (pom)(x,t) and Ins.t. T"x = x, rp(x) = A, fn(z) = . Since g is
time reversible, w’ := (w) is periodic with period A and Frobenius element D_¢.
Again, 3(2/,t') € A, st. W = (pom)(@,t') and In st. T2’ = 2/, ro(2) = A,
for(2") = =&, Tt follows that (A, &) € ﬁqg, whence

ﬁ¢ 2 {(2X,0) : X is the length of a periodic geodesic in SM} =
= 2H, x {0} =R x {0}.

The geodesic flow is Z4full. Therefore, V¢ € Z4, IX € R s.t. (), €) € ]ﬁl¢ But
VYA eR,(N0) e ﬁ¢. Therefore, ]ﬁ1¢ D {0} x Z¢, whence ]ﬁl¢ =R x Z9.

Suppose m is an Efergodic invariant Radon measure. Proposition 5 shows that
m determines a "f@fergodic invariant locally finite measure m* on ¥t x R x Z¢
with (4). Since ]ﬁ1¢ =R x Z%, 3 a homomorphism 3 : R x Z¢ — R s.t.

m* o Que = *HOmt  for all (£,€) € R x Z7.

Write (s, £) = As + {(a, &) for some A\ € R,a € Z¢. Since po Q(0,¢6) = D¢ o p, we see
that mo Dg = ef@&m for all £ € RY, and this proves (1). As a by-product of the
proof we see that m o g° = e**m where A = \(a) is the unique root of the equation
Pyop(—Ar + (a, f)) = 0. It also follows from Theorem 4 that a determines m up to
a constant factor.

Now suppose a € Z% and set (3(s,€) := As + (a,£) where A\ = \(a) satisfies
Piop(—Ar+{a, f)) = 0. Such X always exists, because ¢(A) := Pyop(—Ar+ (g, f)) is

continuous (in fact convex) and ¢ (\) oo Foo Theorem 4 gives a Tg-invariant
— =00

locally finite measure m* s.t. m*oQ,¢) = > m*. The structure of m* implies
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that p: &+ x R x Z¢ — K is 1-1 on a set of full measure (see [PP], page 236). It
follows that the (=) in Lemma 13 is (<) on a set of full measure. Therefore, the
measure m on N = SM defined by (4) is h-invariant. This is a Radon measure,
and mo Dy = e{28m. Almost every ergodic component ty of m is locally finite,
and g, o De = e$@€)y, for all € € Z? (see the proof of Proposition 5). The latter
condition determines j,, up to a constant, so almost all the ergodic components
of m are proportional. Therefore, m is ergodic. We found an Efergodic invariant
Radon measure which realizes a. [l

6. A COUNTEREXAMPLE

Our argument depended in a crucial way on the fact that for the cocycles @, ®
the cohomology produced by Theorem 2 can be made to hold everywhere (not just
a.e.) and that the transfer function can be chosen to be essentially bounded. We
give an example that shows that this is not true for general cocycles, even in the
case of the tail relation of the two—shift.

Let X3 := {0,1}N{0}. Recall that the adding machine is the transformation
7:%5 — X given by 7(z) := min{y € X5 : y = x}, where ¥ is the partial order

r<y<s dpst zp, <ypand zph =y

Observe that the T—equivalence class of z is the (full) 7—orbit of . We can therefore
define a T—cocycle as follows: ¥(x,y) := n whenever y = 7"(x). Next, fix some
z € X3 and define a measure on X3 x R by m := 3", ., 8(rn. ) (6=Dirac).

Proposition 6. m is Ty—e.i.lf., and H,, = {0}. But:
(1) P Borelu s.t. esssup |u| < oo and ¥(z,y) +u(x) —u(y) =0 a.c. in Ty;
(2) B Borelu s.t. ¥(x,y) + u(z) — u(y) = 0 everywhere in Ty .

Proof. Suppose that Ju(x) Borel s.t. ¥(z,y) + u(z) — u(y) = 0 a.e. in . The
function F(z,€) = £ — u(x) is Ty—invariant, and therefore constant a.e. It follows
that Je s.t. m is supported on {(z,€) : £ = u(z) + ¢}. This can only happen if
u(T™z) =n — ¢, and it follows that esssup |u| = co. This proves (1).

To prove (2) assume by way of contradiction that ¥(x,y) 4+ u(x) — u(y) = 0 for
all (z,y) € T with u(z) Borel. We can assume w.l.o.g. that u(z) € Z. Otherwise,
U(z,y)+ |u(z)] = |¥(z,y) +u(z)] = |u(y)], so we can work with |u]. Now define
@(x) == 77 (z). The set Q := ¢(X) is Borel, because Q = Urez 7 Flu(z) = K]
and u is Borel. We claim that

X =|H ).
keZ
Equality is clear. For disjointness, we check 7*QNQ # @ = k= 0: If 7*QNQ # @,
then 3,y such that 7%[p(z)] = ¢(y), whence k = ¥[p(z), p(y)] = Y[p(z), 7] +
V(z,y) + ¥y, p(y)] = u(z) + ¥(z,y) —uly) = 0.

We now obtain a contradiction as follows. Let p be the (%7 %) Bernoulli measure
on X3 . This is a 7-invariant, so 1 = p(33) = >, p[T"Q) = 3,5 p[Q] € {0, 00}
This contradiction shows that u cannot be Borel. (]
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