
 

Lecture 13 Proofof the Diagram FixingTheorem
In this lecture we finish the proof of the structural
stability theorem and Anosov's shadowing and closing lemmas

by proving

Diagram Fixing Thm Suppose M is compactand T M M

is a c diffeomorphism with a hyperbolic set 1 There exist
E E E 70

an open set 021 as follows

Suppose 5 is a diffeo it disten T s CE

h X X is a homeomorphism of a metric spacex
and O is a continuousmap sit x ̅ O and

distco140h S.gl Ez i e

x
E commutes

O M

Then continuous t X 0 sit distco 4 ces and

4 oh Sod i e

x
It exactly commuter

O M

Moreover e 78 sit

distc doh Sod co dist644 CE

this is not a standard name



Banach's Fixed Point Theorem

The basic tool is the following result

Banach's Fixed Point Theorem Suppose X d is a complete

metric space and F X X is a contraction

Focach sit xg d FG F y X day

Then There exists a unique set sit F x C

Proof Fix some arbitrary to X The sequence F g
is a Cauchy sequence

d F ʰGc F up É d F so this
11 0

f d no Flad disco Fbid To 0

The limit x fine Fbi exists by completeness

and since F is continuous Flat x

This fixed point is unique because if FCs 7 9
for some other g then

d t.gl d F Gcs Fagi exndlx.gl so x g

Exercise Show that in the setup of the previous theorem

e d sit if G X X is another map sit

xy d G x Gly its days Used GM Fx 8

then the unique fixed point of G is E close to the
unique fixed point of F



Solution Fix 870 so small that pitied a
1

ch

and suppose G X X is a map sit

5,48
d Gen G g pdsi.gl supp d Glx F x1 d

Let x be the fixed point of F and y be the fisted

point of G Then

d G x2 y d Grail Gly spending o toy
Than
d x y d x Ghail d Ebal y

Éd Ghat 6 Gal d G'baby

p d x Goa total

ET t design

d

g E
Full Ens dcolf.cl as



Proof of the Diagram FixingTheorem

Step 1 Setting Up a Fixed Point Theorem
We're given a diagram sit doh Sod We want to

x find 4 it Yoh So4 We'll try

4 to set this up as a fixed point problem

O T M

Attempt 1 Embedd M E IR Then 4,4 X M

could be viewed as function 4,4 X IN Write

4 x1 x1 x x1 unknown

Then 4oh Sod
h x r hex S f x to x1

r hex S to x hail

r x S 4th al tochell

Problem For general v X IRN it's possible that

h x uh_ x M

If this is co S h x uh_ x is not defined

Attempt 2 Insert a projection t Neigh MI M

sit I id This is done using a tabular neighborhood

of M inside RN

ymh
shborhood

M



Formally the tabular neighborhood theorem in differential
topology guarantees the existence of a neigh N of M in RN
and a differentiable map I N M Sit

thy id ditty id for all see M

Fix some α sit the 2 neigh of Min IRN is imide
the tubular neigh N of M Let

P2 0 RN continuum local α for all see

Comider the fixed point problem

v6.1 Soit Ch txt oh_ x1 467

Now everything's well defined and if o is a solution then

4cal deal tax Soit 4th text
1

41 1 5 4 h fil 4 h G EM Hy id

4 h x 5 41 71

and we got our semi conjugacy

Of course to get a solution we need to guarantee that

I v Got doh troh

is a contraction on Pg o X RN toll SupHowll ca

for some α



Sanity Check Let's calculate the linearization dotto
of at 0 0 and see if it has harm on

Recall A non linear map F B B on a Banach

space B is differentiable at v B if linear map
L B B sit IF crotwl Fford Lw 0111011

L is called the derivative of F at 00 and is

denoted by dFlu B B

Exercise
I If F is linear then dF o F

C If F G are differentiable then d FGDy deadGuo

Exercise detour x dstay dittany uh x

Here we use 4th x1 h 1 because EM

Problems dsga.gg expand some vectors because

dtach.ly expands on E d h x and SET in c

no reason why I should contract

Attempt 3 Annihilate dot from the fixed point
problem



Write v o de u Hat where

H v1 u If d out
Then H d 0 d to 0 Since It is continuously
differentiable dH 0 as o o So e 721

I d A all e whenever Hull α

If Hull Hull C2
then that Hearken an IEiiiiiIIii i.am
It is an E contraction of Ty

The fixed point there Elul r translates to

o d or H o

ECol HC I df o

To I delo Ico Hla

provided Edel can be inverted

Suppose we could prove

Lemma open neigh O of A and to k sit if
disten T S CE and distc doh so4 EE then

I Cdd is invertible on Paf a X RN etc Hull α

and 11 d d II ko on Lo



Then we can set

Flol I d Eld H ol

and observe

Claim For all α e sufficiently small if
diston doh sod ce then F T EP and F T 12
is a contraction

Proof

1 o we Pa HF v F will Koll H u Hall

EkollowllwhereEisupll HlullT0 So for α

11011 2

sufficiently small F is a contraction say by factor

21 F P Pg If 11011 Ed the

11 Fall If a 11 1 flu F all A fall 1211011

Koll I all α

Elul Got doh trot Koll S doh 411 α
d S doh

Koll Sod dahl 12
Kodistco Sad doh 12
K E α

So if Emin 43k F 2 12



By the claim F has a fixed point v and we

saw above that

Flu r lo r 4 Atr satisfies 404 5.4
Moreover 4 is the unique fixed point sit

114 all Hull 22

In particular
4 is locally unique
if d is close to the identity 4 it close to

the identity

It remains to prove the lemma

Step 2 Proof of the Lemma

Recall v1 Got doh took

de v Gal d Sot march 4

We need to find
an open neigh 0 of A
bounds En Ez for distan T 57 dist doh 504
bound α for α

so that we can invert I dot on

Pa a X RN Hull α



Recall O is an open neigh of a hyperbolic set A for T
Extend ESKI E 1 7 and the Lyapunovmetric 11.11 continuous
to 0 sit Idt esell axon Ildt fall act on 0

this is possible if O is small enough

For each ye O we have a continuous splitting
IRN TgIRN E g E yl Etly

whereEtg vet RN v1 TyM

Let PS Escy PY RN Ecg Pt IRN Etyl
be the corresponding projections Since E y Ehly Ets
depend continuously on y yts Pgt t u s t are continuous

We can break each VET into

x Pie all
ex Pain fall

text PI fall
and consider the action of dI on v41 wet



Perpendicular Component VeP

ddofc.at d Sottlga y vCh kt dsgyyldtlan.futh
e dSaint

usch kttuth.tl because daftext o

ds taught Tscan in M ker Pstan y
So Pt d v 0 This calculation also shows

Slah'xt
that de lukil dot used to x so dI Pfc 0

Stable Component Since f x O d h xl Fly
for some yen and the error o an O shrinks to n

Cdstga.yvsch ixtCdstggayPlaayschixta
slig.pt wait it o

dtlfgpf.gr ch h distf.si cant

ES y yen so dtlpgeslt.ly Esgi

Esfahan C 4th it Fyl
E Sdh x dist Ts a

Es dhh x E a distco Sd his can

The symbols mean that the error in the approximation
can be made arbitrarily small by taking 0 sufficiently
close to and dirt T.CI ditch 54 salt small



Thus dsah.hu ch it is approximately imide E'Cd 1 So

Psdn iixi stgyngiusch
inllttlipyycvectorapprox.insideE'and

0 Husch kill and

11Pai ldsacn xtwth.tn l lldsppn y usth'kill

Idt Ptg ith till

I Pfguschball
tontraction coeffilient
of dt on Es on A

Phyish kill Hu Ch kill

It follows that by choosing 0 E appropriately
we can guarantee that for some pics for all VET

I Psd r'll's pts'll IP'd or'll's ellost

Unstable Component Similar calculations show

that by choosing 0 C E appropriately we can

guarantee that for some octal and for all VET

IIP d wall's f till IP'd or'll's ellost



In summary Define the following operators on IRN

As x1 Plan ye o dSach yo Plath x contracts by ped

A x Plan ye
o dSach g o Phachy expands by f ti

As El Plan yet ds ash x Pitch it have arbitrarily
small normsA x1 Paganyyodsashxopdch.tt

Now let's return to the invenion problem

I dealer w

Decomposing o fostert w w tw'twt we

obtain that for all xeX

F E

Note that A is a perturbation of the matrix
which has spectrum o p

v pits R 91

By choosing O E e appropriately we can guarantee
that Spect A R 13 I A is invertible

and I AGI is uniformly bounded

Than I déo or CI ACH
exists and is bounded

More details on this below



More Details on the Last Step

Exercise If A B B is a bounded linear operatoron a Banach space
and I All on then Ioan is a bounded linear operatorequal to CI AJ

Lemma GivenOction there exists Eso as follows

Suppose A's A As A are square matrices s t

11A'll HAUSA E 11A's1EM 11Aug II p

Then I is invertible and the

norm of the inverse is less than 2
1 p

Proof First consider D

Decompose IN RN IN IRNO where NsNa No
are the number of rows and column in As A zero

matrix below them Decompose

5 55 5 so accordingly

Let's solve I D or W This resolves to

I 01 v0 no v0 no

I As vs WS us EIA's us
I A vs W CAUT I uh CAT_ w

I Aug 1 o 1 wa

Eg 5 w



Than I D is invertible and the inverse operator
has norm less than

iñ GttyPT
1

15
Next comider I A Note that

I A D I HASYPTHAUSTC.IE

Write I A D D A

I D I I D A Dl

If HE D A D 1 1 2 which happen as soon

as end or equiv Ec

then we can invert

I A I I D A D I DJ

É D A D I D

The harm of the invene is less than

EEN


