
 

Lecture 1 Dynamical Systems and Their Orbits

The Basin Problem of Dynamical System Given a

map T X and a point EX Lecondition
describe the long term behaviorof the forward orbit of x
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Existence Uniqueness Thm Suppose I C 7 is continuously
differentiable and 11 Fail const then has a unique
solutiondefined for all teR
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T X the map
in year for the unique solutionGHI yH
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Then T no so Esteem men

We'd like to know what happens as n so

Variations on the Basic Problem A semigroupaction
is a collection of maps Tg X X ga G where

G is a semi group sit Tgoth Tgh
The orbit of e X is Text go G

ECM Tn To ot for some function T X X

2 Flow G RTR Te x Ta IT
E g I no act y n where oct1 9H

saves iii in

3 2d action Tn T X X invertible and

commuting ToTj TjT and

Ten mg T To Tid at 2d

etc



TheMainDifficulty in Dynamical System Calculating
orbits is often intractable

1 Often there's no explicit formula for T e.g when

it's a solution of an ODE

2 Even if a formula exists the formula for T can

explode Example
T t 22 1 deg 2

T x 1 1 1 deg 4

T 71 7412411241 deg 81

T z polynomialof degree 2

3 Numerical Instabilities Often to predint TG

up to precision E must know 2 up to precision e me
This is not realistic even for small n

Example Th 71 2ft lower order term
Modern Approach to Dynamical Systems Soft methods for describig
the orbits of many or some initial londitions but without

knowing the explicit coordinates of the initial condition we talk about

topology functional analysis probability theory etc



Behavioroforh.it

Setup Let T X be a continuous mapof a metric
space X d possibly non invertible

1 The forward orbit closure of x R TED Fbi

2 The co limit set of x is

06 ye X Fn 0 1 11 y

In invertible cases we also define

The full orbit closure TʰGlnÉ
The α limit set

a YEX 7h 0 Get g

I am the alpha and omega the beginning and end

complicatedThe Basic Idea 2 1
e

behavior



Simple Behavior

fixed point TCI x

periodic point TPA C
y IN

forward asymptotic to fixed periodicpoint

d That Thly 0 TPG y

Example T E TAI Z That z

Fixed Points Z Z 7 0,1

Periodic Points Z
many solutions

all at zero or on the unit circle

171 1 T 21 0

Thus w 21 404 for all 171 1

111 That D W H

But we'll soon see that some 2 on the unit
circle have much more complicated behavior



Orbits with Complicated Behavior For our example
all such orbits must lie on SE zed 121 1

Symbolic Dynamics A change of coordinates
which simplifies the dynamics

In our example it's convenient to represent ted 171 1

by the binary expansion canwe as 0,17 of Any171

Z T asWyWs I Cap Lti
glal

In thesecoordinates T ate by the left shiftmap
5 on WyUs I 102,03 on 7 because

T IT all exp 2TIÉ exp ti 2

exp 2
age

1 exp anti 1 511061

Thus T CT all IT on all The gain TEI is easyto find
5 all fontiWay 7

In summary Let

Ʃ canwe as Wi O or n with the metric

d E E exp min n on on't or zero if E

IT E 7 121 1 E exp 2N

Note that it is continuous

5 Ʃ theleft shift map TwoW fan a



Then the diagram

It It

If it
commutes

s s

G Anything Is Possible Suppose we divide

A Ze 51 Arg ZI E o T
5 AUB B z.es Arg 127 it

Given zes lets mark the are visited by TA
A A B A B B

Is there any regularitywhatsoever in the sequence
we get unpredictable behavior

Fast Any sequence of A's and B's which doesn't
terminate in A or Bo is realized by some t

Proof Take any sequence WE Ʃ which does not

end with AO or B Let Z 51 E Then

T Z T NCE on am e ft onto
B On 1

Ex Which sequences ending in A or B are

realized



Construction of 2 with a limit set 51
Let wn.kz kg be a list of all finite
words with letter 0,1

0 1 00 01 10 11 000 001

Let E Wn.Wc.es

Lemma r ai no is dense in Ʃt

Prof Suppose I oops e Ʃ Take nk
sit Unf Xo By construction 7m Sit

5m all Un Ent
Then d f all E 0

Corollary Let zj E Then Tftol no is

dense in s

Proof For each zest write z e and

let E binary expansion of α

Choose my a sit c in Ʃ
Since it is continuous it Ta Z

By the commutation relation Tork To t

Tm z TM Ei IT kÉ



Since E 2 and it is continuous

T Z TAI 7 4

131 Orbits with Fractal a limit sets Let

W 4 I be a list of concatenation of 00 and 11
00 11 0000 0011 1100 mm Let Un We I

The a limit set of us in Ʃ is F AVOCA

where A all infinite concatenation of 01,11
The a limit set of F E is wltp TIF lexer

Observe that F AU 021 IEA u 1121 L A

Each of these set is a Cantor set

i t I

iiTCA if if i It if
fit 1 Hint I Hit 1 Hint

I 2 1



TopologicaldynamiI

The previous examples show that the behaviorof orbits
of specific initial conditions is often intractable

Modern Approach to Dynamical Systems Use soft methods

to understand the behavior of many or some initial
conditions at the following price no explicit info on

these initial conditions

We'll see two examples
existence of recurrent orbits today
existence of dense orbit

future
applications to combinatorics

Existence of Recurrent Orbits

Def Let T X X be a continuous map on a

metric space A point see is called recurrent

if n a sit That r

We will show

Birkhoff's Thm Every continuous map on a compact
metric space has at least one recurrent orbit

But the proof will not tell us how to find it



Preparations to the Proof

Def A minimal set is a closed nonempty setF
5 t T F EF and so that there is no

G IF closed non empty sit T G EG

Exercise Suppose F is a minimal set of a continuous

map T X X on a metric space Then

a XEF TG7 nT F Therefore

b every see F is recurrent

Prof Any continuous map T on a compact metric

space admit at least one minimal set

Prof The proof uses Zorn's Lemma see below

Let F A ex
A is closed non empty
and TCA C A

Fe is not empty because e Je

Put a partial order on F by declaring
A B A 2B

This is a partial order It's reflexive AFA

antisymmetric AIB and BEA A B and

transitive ASB BIC AEC



But it's not a total order some A B are not

comparable

Terminology
A chain is a collection of sets e E Je sit

C GEE either C Cz or 4

An upperbound of a chain 6 is an element B

sit BEA for all Aee

Claim In Je every chain has at least
one upper bound

Proof Suppose E is a chain and let

B feet see A for each Aee

Clearly B A i.e BEA for all Aee

To see that B is an upper bound we just need
to see that BET

1 B is closed any intersection ofclosed set isclosed

2 TCB B T B A

f
A B

AETE

3 B Proof below



To show that B we first show that 8 has
the finite intersection property FIP

An Ane e Ai Ai
Indeed since E is a chain one can show by
induction that permutation of 1 n sit

A i Ai Ain
and so Ai Ain whence Ai A

Cantor's Theorem Any family of closed subsets of
a compact space with FIP has non empty intersection

It follows that B feet So BEF

Clearly this is an upper bound for C

The claim is proved

Proof Assume by contradiction that A Then

eA X so A AEC is an open cover of X

By compaction finite sub cover Ai X But
this implies that Ai in contradiction to FIP



Having proved the claim we now invoke

Zorn's Lemma Suppose Je is a partially ordered
set with the property that any chain has an upper
bound Then Fe contains at least one maximal element
i.e Me sit there are no Aefe sit AEM A M

If M is such a maximal element then M

is a minimal set because

M

M M

TCM µ

because Meet

No M EM with these properties by maximality

Proof of Birkhoff's Thm By the proper T X X

has a minimal setM d By the exercise XEM

TGcI n M and therefore

Vice M my a sit T Gcl k

So every e M is recurrent



Exercisesforlectured.cn
ot for submission

1 Consider the map TIZI IN on 5 7 121 1
where N 2 is an integer Show that there
exists to with orbit closure 5

2 Give an example of a continuous map on

a non compact metric space without any
recurrent orbits

131 Amol'ds Cat Map is the map

T R n

2 2

a Show that T is well defined

b Show that T is invertible

c Show that every every 2 with x.ge Q
is T periodic

d Show that to know TNC 2 up
to precision we must know 3 2 up
to precision c e in What is


