
 

Lecture 5 Invariantmeasures

Overview To develop a theory of dynamical systems
T X X it is very useful to assume they preserve
some structure on X

Topological Dynamics Continuous maps T on metric

spaces The invariant structure is the topology

y X IR is continuous got X is continuous

Differentiable Smooth Dynamics Differentiable maps T

on manifold M The invariant structure is the
differentiable structure 6 MAR diff Got diff

MeasurTheorticDynamics Ergodic Theory
Measure preserving maps T on measure spacer X F p
4 measurable 40T measurable e Tdp edge

The next two lectures are about measure theoretic

dynamics Then we'll move to differentiabledynamics
Review of MeasureTheory

Intuitively a measure µ on a space X is

a consistent way of assigning
a measure µ E to samel E EX

an integral Sfdp to some f X IR

The main difficulty is that we can't do this for all E f



TAlgebras A 5 algebra on X is a collection Fe

of subsets of X sit

a X e Je

b Eet E X E xe X x EF EF
c En Ee Es E Je

Ei KEE TIEN KEE e Je

E KEE ielN xeE E Je

The elements of Fe are called Je measurable sets

Impotent We only impose c for countable collection

ofsets Nothing i asserted for uncountableunions intersect
such as Yeast E t

TheBorelr algeb i.su ppose X d is a metric

space Borel's 5 algebra is the smallest G algebra

which containallopensets

B B XI Affe
F is a f algebra whith
contain all open sets

There is no useful explicit description of Bard
sets But it's usually easy to check Bord measurability

for explicit sets



Example
complement

O E B IR

hatin Y.aman'h
The
union

Cantor Set countable intersection of finite
unions of closed intervals

Every closed interval is Bord

h he because it's the complementof
n n an open let

Finite union of Bord sets are

Ford because

Ei Eti Ei

Deasurable Functions f X IR is

Efflffeif for all EEB R F E xc

Exercise It's sufficient to check that ffst scex fast

are measurable for all telR



Measures Measure Spaces These are triplets X F p when

X is a set Je R a G algebra on X and y called

a measure is a function µ Fe o s sit

Cal p d 0

b 5 additivity If En En Es e Je are pairwisedisjoint

then µ Ei E p Ei
If f X 1 µ is called a probability measure and

XF.pl I called a probability space

A measure on a metric space equipped with its

Bord 5 algebra is called a Borel measure

The existence of such objects is not trivial and

is the subject of measure theory

Theintegral Supposetax 1 We wish to assign a number fdy
to each f X R bounded and measurable so that
f o Stdp so

Sff pgldy α dy βSgdp α.pe R

Iffdp Sffldy

tedp p E 1,1 1 4
E

O K E

Ital count f Get total him di first dy



Sketch of Construction Suppose fail M for all x
Fix a large We approximate f uniformly up to
precision by finite linear combination of
indicators of measurable sets
1 Fenix

flat k fcF ftam beans

Thatalgen
Estate

iii else

Now we define

Study É k pls effic
k Mn

Stdp 11 Studin

Mn

his penknife fine

The existence of the limits the independence of all
non canonical choices e g of M and the properties

of the integral are proved in measure theory textbooks

e.g Royden Real Analysis



Prof Suppose T is a continuous map on a compact metric

space X d and µ is a Bard probability measure
Then not is a Bord probability measure and

If dyot f for dy for any boarded measurable

X f X R

Proof First we must show that Ets MOT E is

well defined
1 T is Measurable i e EEB X T E C TGHEE

is in B X Proof Let

G E EX F E EB x

because by continuity

Ff.fi E'is open whence in Bx
EEG Eeg If EEG then T E B so

T CE x TG E x TAKE

IgE B B is a 5 algebra

En En Es eg En Enely
T En 31 2h Thil tent E TEn E B X
F Enl ic n That En T En e B x



We see that is a 5 algebra which contains
the open sets Necessarily 2B x It follows
that VEEB X T EE B X and µ T EI B
well defined

2 yotisraddit.ve Given a countable pairwise
disjoint family of measurable sets En Ez
T En 9T'En and T'En are pairwise

disjoint check So

got Jen p F ED µ ETTEN

because Em t T'En EGot Enare pairwise
disjoint and
µ is a measure

31 f X IR bounded and measurable ffdpo.tt fotdy
Fix some M sit Iffx M for all x x

Then run

Sfdpot him I got't x fix a

d k Mn

him Éiyr the fix a

him utilie efit.la

Sfot dm



Borel Measures and Functionals

Suppose X d is a compact metric space Let

x f X R f is continuous

11711 I sup Itball FEC x
KEX

Separability Thm C X is separable i e countable collection

of the x sit fecal Veso In s.tt Ifn fllace
Exercise Use the Stone Weierstrass them to show this

Def A bounded linear functional on X is

a linear function 4 x IR sit for some Msd

141411 Mlf11 for all fec x

The smallest possible M is called the normoff
Equivalently

11411 sup fee to

A bounded linear functional is called positive
if 4 f 30 for all non negative fe Cx

The space of all bounded linear functionals
denoted by C X and is called the dual of CX



PihY E F
suppose f is a Bord probability

Up f1 Sfdp ft x

Then 4 is a positive bounded linear functional on
Sit 4,117 1 The integral is well defined because
continuous functions are bounded and Borel measurable

Riesz Representation Thm Suppose X is a compact metric

space Then any positive bounded linear functional a sit
4117 1 equals up for some unique

Bord probability measure

Example Every continuous function on oil is

Riemann integrable therefore we can define

41ft Sifeldt fe Cfo

Clearly ye Coil and 430 What's the norm

By the Riest Representation them Bord measure in on
oil sit Sfdp Sifeidt for all f continuum

oil

This measure is called Lebesgue's Measure on on

What did we gain Sfdp is defined for many

non Riemann integrable function for which 6 f

and Sifandt in Riemann's sense are meaningless



Westerconverence Suppose X is a compactmetric space

Def A sequence Une CCA convergesweakstar to

ye x if q f 4h for all ff X

If we view Borel probability measures as functional we
are led to the following definition

Def A sequence of Bord probability measures fin
converges weak star to a Barel probability measure µ
if Sfdpn Stdin for each continuous f X R

CAUTION This does not mean that µ E yet
for sets E or that dyn Sfdp for discontinuous
f X IR

Example X 1,13 kefir an Dirac's

measure at x B d IE Then

Cal Syn do weak star but

b 81 0,13 8 10,13

c Stds St do for that signal
C1,1 1 D



Portmanteauthme.tn a compact metric space if
Mn µ weak star then µ El p E for any
measurable set Esit.pe dEI 0 where

DE
Any open ball centered at x
intersects E and E

Banach Alaoglu Thm Suppose X is a compact metric

space then any sequence of ye CCI sit 14,11 EM

has a subsequence which converge weak star

Proof In the setup of the theorem CX is separable

so 91,82 which is dense in CX Let

A Syana 9 a Esigi new die a

This set is countable Enumerate it A fn.fr fs

14 f llf ly so my 1 sit Unaffn John
14mn fall llfully so hi cat a subsequence of my11

sit Unpaffit L2

Continuing in this way we extract subsequence hiCeti

from hill sit Unpetiften To Lett

Ingen't Unga f Unsaff Unaffel Ly

Unca t Unga f Unsaff Unguff L

Un fn Unassi f Yn fn Unguff L

Unga t Unault Unsaff Unguff Ly



The diagonal sequence Un in I has the following

property

l In aa He is a subsequence of Quite

him Unca te him Unpe te L for all

a Dfe 4 A R by Uffe Le Then

ly f Mll filly for all i 14min fill Milfill
ape Q 4 af p fil duffiltpetti afitft A

In a are linear ont

b Extend 4 to CCXI by defining
6 f firm effn whenever I faith o

Such a sequence th always exists because f is dense
him y fail exists because if Ifn flly o then
jed

16 fn 4ffnp.tl Mllfn_finally

M Ifn 711 Anitha Te o

so 4 fn is a Cauchy sequence

fimfn Em 6 fu whenever fng.fm f in Il 11

exercise

Thus the deft of 447 is proper





11 Let F be a r alge aTx and suppose f x tR
is a function sit fst scex fast e Je for allt
Show that f is Je measurable
Guidance G LEEB IR F E e Jet is a 5 algebra
which contains all open sets

2 Show that any continuousfunction is Bord measurable

31 Suppose f IR are Fe measurable bounded Show

la f x1 sup f fill gex intfuel are F measurable

h

b flat him p f x g x limit fix are F mean

Guidance Start by sharing the identities

limsup an int sup a k n

has

limit an sup if ha ten
has

4 Suppose X F p
is a measure space Show

all A BEE AEB MAI PCB

b An An As EF not necessarily pairwisedisjoint

p UIA E fail
Guidance Start by rewriting 9Ai 9B where

B A and Bi are pairwisedisjoint

5 Look up and read the proofof the Bounded ConvergenceTheorem


