
 

Lecture 5 Entropy Theory in Metric Spares
Overview We discuss a dimension theoretic approach
to entropy Main Advantage No need for smoothren

Background on Metric Spaces
Metric Space X d A set with a non negative
function d x y sit d kpc o d x y d type
and d x 21 d x y dg z for all x g te X

E Balls Bex e yex dcx.gl e

Convergence In 22 if dfan y 0

Compaction X d is compact if every sequence
kn

n
has a convergent subsequence knify

Fact Suppose X is a compact metric space Then

for every c so can be covered by finitely
many balls

Proof Fix apex If C Bon el stop
Otherwise x E X BC E If X Bci e stop

it E X Bai E If X BG i E stop

Continue in this way



At the moment the process stops we obtain our

finite cover The process must stop otherwise

we obtain 24,2 K Sit

i j d x x e i y.BG's
But such a sequence is paradoxical because
its convergent subsequence x y satisfies

dixie s day 9 td in 9
0

How to Coarse Grain a Compact Metric Space
Aim Replace X d by a discrete objectwhich

represents it at resolution

Boo
less then Fehn

Approach 1 Replace xeX by the E ball Bloc e

Replace X by the smallest cover of by E balls

S x e cardinality of the smallest
cover of by E balls



Approach 2 Replace by a maximal E separated set F
separated ge Fe x y dear g e

maximal if we add a single point to Fe it

stops being maximal

cardinality of largestr x E maximal e separated set

4
E separated cover

Lemma Suppose Ft is a maximal t separated let Then

I Feel SIX e I Fel
Corollary F X Zo s X e r x E

Proffthelemma Let Bone Ben e be
a cover of X with minimal cardinality
If Fze 44 9 then each y is contained

in some B x et and no two Yi yi are in the

Same B x e d yi.si ZE Weget a one to one

map 9 Nj It follow that IFeel N S X e



If Fe 49 yet then Blyi E 2X

otherwise ZeX sit dlz g E for all i

But in this case Feuh 2 is E separated in contradictio

to the manimalityof Fe

Thus B on El Blye e I is a cover of X
and IFel L S X e

Example 1 on
d

Clearly there's a maximal separated set with

E
ᵈ
points So

six e
d

Example Cantor set

1
Take Fyn

endpoints of
nth level intervals

This is a maximal separated set

and Fugal 2
1 Than

S X e

19 3

Def t The supper box dimensionof X is

dim him 1095 I
aka KolmogorovCapacity

B of dog le Minkowski Dimension

Entropy Dimension



The Topological Entropy
Setup Suppose T is a continuous map on a compact

metric space X d

Insight Observing Tical 2 0 1 n it we can

distinguish E stole initial condition with resolution
whenever d Tia Tig e for some o ien 1

888
age

good go

to 1 i t n 1

Definition BowentsMetn.cc dating man detian Tig
oeien

n El Bowen Balls

B x h e yex d TiaTig CE 1 0,1 h it

rdinality of a cover of XSCT n e big É bases

Maximal n H Separated Set F y y sit

i j d they 1 They for some oeken

cannot add any point to F without destroying this

r T n e
maximal cardinality of a manimal
n e separated set



Def The topologicalentropy
oftxsxishtopltl

f.im II logs T n I

IE LEE Eby r T.net

r T n 2 7 ES T.net Er T.n.tl
by the lemma applied to Bowen's
meth du i 1

Remart why is half called topological and hpt
is called methi Because mathematicians are bad

at naming things

The Variational Principle Suppose T X X is

a continuous map on a compact metric space X Then

htop TI sup hp T
M T invariant
prob measure

Corollary1 hap T So
invariant measure with
positive entropy

Then positive topological entropy is a criterion

for deterministic chaos simulating Bernoulli



Corollary 2 For every invariant prob measure µ

hp T hop T

and this general bound is optimal

Def A measure s.t.hn T1 htp Tl is called

a measure of maximal entropy Such measures

exist sometimes but not always

Newhouse Thm Every infinitelydifferentiable map T
on a compact smooth manifold has a measure of max entropy

Katok Entropy Formula
For general invariant measures it could happen that

hyltl a hype because µ occupies a lower dimensional

part of Given 0 son let

Spf T n e S cardinality of smallest cover of a
set of measure 1 5 by Cnet Bowen balls

Katok Entropy Formula For every ocan

halt fins him logs T.n.e.si



Example

X 1 1 x 0 or 1

T X X left shift
T I 2,3

metric dle 2 expf min i x y

In this metric d 2 ék Xi g for ieg.i.hr
In addition for e

k e e
k the n e Bowen ball

is B E n e 2 Y x for i o ntk i

no Rntk i

Than S X e Cntk it cylinders 2

top
T Limo Limo fly 2m

Is log 2 log 2

Note that the doesn't matter

But if µ Sci then it takes just one cylinder
to cover most even all of the man ofµ So halt 0



A less trivial example Let p be the Bernoulli
measure BE
Fix 5k so very small and let

2kcal key
in 1 ki o kin

o i n I R 17 k n

By the weak law of large number or the ergodic that

Ng sit µ r Cnt 1 8 for all n Ng

To cover s Cnt by nth 1 cylinder we just
need

niet eap n HK elk

1 1 kin

flat fly'scylinder where ECKI 0

Thin

limo II thy splint



Subshifts of Finite Type CSFI
Setup Suppose G is a connected aperiodic finite directed

graph with set of vertices S and transition matrix

A tab g s tab
1 a b

0 a b

X Hops x Kies taxi 1 for all i

T X X is the left shift

die 2 exp min i x y

Again for e I ecet every n e Bowen ball

is a Cntk 11 cylinder

B e n e No y P nth n

Than S X h e
non empty cylinder
of length ntk i

I tx.se tape tank ink l
o nth 1

because the summand is one when Ken 2m

is a legitimate path and zero otherwise

aperiodic god n 964 http 1



To continue with the calculation we note that

the power of A are given by

An_ t b
s s tail Ʃ tasts this

3 3nF

Than

S X n e
sum of the 151 151
entries of Anth

1

A is a positive matrix By the Perron Frobenius
theorem and the assumption that G is connected

a b Tm log Ala log X
nos

where manimal positive e v of A Then

htop T logX



Approximation By Periodic Points on SFT

Let Fix T KEX T Cal I

Each EE Fix T has the form

in a

Thus the same caliulation as before gives

Zn Fix T If A aa
tr Ah X

Corollary Fin T is a non maximal

n e separated set of cardinality exp nhap

ThmCBowent.tt a Ef This

is a T invariant atomic prob measure and

Mn µ
measure of
maximal entropy



More generally suppose I R is a function sit

UC 06111 coast eap f 8 min i 9

Let Un 11 V21 OCTET 0 TEs
Fix an inverse temperature β so and set

If E Zn a I'e funcal

IE Fix T

Thm Bowen Ruelle µg Me where µ

is the unique measure which minimize the free energy

Strap Ihr T

Tergy teperaturx entropy

The value of the minimized free energy is

There are additional thermodynamic results like

this including linear response formulas etc


