
 

Lecture 6 Arnold's Cat Map

Overview Amol'd's cat map is a classical example

of a chaotic dynamical system We'll

Define it

Discuss its symbolic dynamical representation
Use symbolic dynamics to introduce Ruelle's operator

Arnold's Cat Map
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Basic Properties
Well Defined 3 2 TA 9 2 Tall 2

because a b c d e I

Area preserving because det AI 1

Invertible with inverse Tan
detA 1 A is also integer valued

Two Lyapunov Exponents log X by
with Oseleden decomposition TF TF

Tp TY Span 5 Span45
where It are the eigenvectors witheigenvalues At least
Indeed at everypoint p the linearization ofTA acts
as follows
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11A 5411 1 4 115411 exp n so
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In particular We have exponential sensitivity to initial
condition everywhere unstable numerics



Symbolic Dynamics
Overview Symbolic dynamics is a change of coordinator
which simplifies the dynamics

space of orbits space of paths on a finite graph
periodic orbits loops on this graph

TA 5 left shiftmap easyto iterate

In our special case area measure Markov measure

Naive Idea which doesn't work

1 Fix a partition Rn R of IT and

build the dynamical graph G with

vertices Rn R

edges R R whenever Ta Ri nRj
2 The itinerary of pe is f Rx Rx Rx

sit Th p e Rx ke 2

for good partition the itinerary determines p

TA acts on itineraries by the left shift

Itinerary pl I Itinerary Takei OKC

Every itinerary is a path on the dynamicalgraph
Let Ʃ paths on G 1 Rx Rx R R By
This is a subshift of finite type see prov lecture



The Difficulty Some paths on G may not
be itineraries of genuine initial condition because

12 x ER sit Taki ER but we don't
Rz R

In
7 2 it Tak ER know that tiger e

TIGNER it
F in fRn_ sit Talon Rn Ii l in il

Markov Partition A special partition R R

sit every path Rx Rx R 7 on the

dynamical graph is the itinerary of some p up to
closures

Fp sit Tak p ER for all k

Thm Adler Weiss Arnold's cat map has
a finite Markov partition.α For this partition

1 every itinerary is a path on the dynamical graph G
4 every path C Rx Rx R 7 on G determines a uniquepette

sit Ta Cpl ET for all ked

3 IT IT is Hilder finite to one and To F Iot
cal If p is the area measure on T then quott is a Markar

measure 7 stark matrix pi l and a proh vestarPit Sit

µ p TalGloRa 11 0 n i Pa Papa Panat



Let paths on G If 2,2 Ʃ and 2 90

a

Corollary 1 Suppose T p E R Thq ERy ke 2

If Ra Ryo then Z S E

past 71 past p Ria Rx Rx
future 21 future q1 Ry Ry Ray

Given the present the past and future
are combinatorially independent

Corollary2 Let B transition matrix of G We saw

in the previous lecture that

94ᵗʰ to 1551 cont X

where Perror Frobenius eigenvectorof B



If 5 1 2 then TanCHEN TOLD ITE

Than 4pct Ta p y cont A

in fact it's cont x

Symboli dyna
Laplace

I by
the subshift of finitetype 5 Ʃ Ʃ where

Ʃ two sided paths on the dynamicalgraph
5 E E is the left shiftmap
5111 L where Yk kt

One Sided Function f E R measurable sit

El faco 4,1 I only depends on 24 where k 0

Let
get ft yl f is one sided

Then Koopman's Operator U f fat preserves Ht

4 Ht Jet
but U 21 1 It so U is not invertible on 20

The dual operator UI Ht Ht is the unique operator
5 t Uff g f V g ft g t dy



Fat one sided function 9,610,4 s called

the gfunction off sit 0 9 e 1 Eg Cp 1 1

pit
and

UIflfi.pe Ʃ
p p n

it ftp.r.pe 1

Roughly 9 Ipscope him to Pisco n

µ f lo Kinky n

Notice that UI is an averaging operator This gives
it good properties

D Ruelle introduced the following construction

9 one sided paths on the dynamitalgraph
We think of Cleo is I e on of the configuration

of a AD lattice gas model

fix a one sided potential data ll I sit

14611 4121 const exp 8min n in ya
We think of f t where

U so ie I
Interaction potential between
Ro and 1in ll s

Ruelle's Operator Lg CET CET IEEE

LyftAlois I
p

ftp.al



Ruelle's Perron Frobenius Thm Suppose Ʃ is a

subshift of finite type of a connected aperiodicgraph
Suppose Ʃ R is an above Then there exist
so h Go I positive and continuous and a proh
measured s t

Lif II hat ft do
In addition

1 Lgh Ah 40 xD Shdu a

C dmg hdd is an invariant prob measure on Ʃ

Me is the unique measure which minimizes

the free energy Judy KT hy TI
recall 4 w̅

a the value of the minimal free energy is
k T log A

Various choices of lead to interesting measures

Md For example of count lead to the measure

of maximal entropy



Anosou Diffeomorphism

Take some non area preserving non linear small

perturbation of Arnold's cat map

Sinai If the perturbation is small there's still
a Markov partition It looks verydifferent from the

Adler Weiss partition

Sinie the perturbation is non volume preserving the area

R no longer invariant For most perturbation there's

no invariant density

However if we use Ruelle's Perron Frobenius for the

potential 411 log Pf Esg Ordedet space
then we obtain an important measure Msrp called the

Sinai Bowen Radle measure with the following property

area pet
f R continuous

f fit pl Stays

Msp sits on an attractor which typicallyhas zero area But

it captures the behavior of positive area of initial condition

strange attractor



Construction of Adler Weiss Partition
Recall that A has two eigenvector in with e v X

s t 1 1 1 oct 1st n

Steps Find a new fundamental domain of 11 2

with sides parallel to J I y

so so so so so so

1 1 1
so as so as

it t i
co co

cop
co co

co

a b

Notice All sides are are on L L where Lt are
linear segments in direction it t 4,57 and passing

through the fixedpoint 1 7 21

Terminology A wfibre is a line segment
in direction w̅ and endpoints on Ls



Eat TA Ls L because I contain
a fixed point and is in direction w̅

union of
Corollary TA a fibre a fibres

o

1

Adler Weiss Partition R R obtained from

RiR R
o

co Rs

TA



Crucial Property The image of ea.hu fibre intersects
each R at one full a fibre or not at all

R R R
o do Rs

TA

Thus if Ta Ri Rj then the intersections look like this

Talk

Ri Ri

Rinta R Talkilar

Claim Suppose I R B B is a backward infinite sequence
on the dynamicalgraph of the Adler Weiss partition Then

p Ti Cpl c RI Ck o is a u fibre in Rn
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Similarly if R B is a forward infinite

path on the dynamical graph then

PET Tak p cRJ 12207 S fibre in Rs

Then for any doubly infinite path C R Bo.B

PE T Ta Cpl ERT Kez

u fibre s fibre single pointp
past iRx Rx Bc

This point satisfies

Ta p E E ke2P
future Rx B 1

In summary every path on the dynamical graph
is the itinerary up to closure of some genuine
initial condition

The Space Il

The construction shows that p F Gl Rx ko is

an S fibre Therefore the one sided functions are exactly
the functions which are constant on 4 fibres


