



































































































































Lecture 9

The stability prob as
the state of a system at time n when x is the

initial state and T law of motion
In reality we do not know x or T with absolute

precision This raises the following questions
How sensitive is the model to erron in initial condition x

How sensitive is the model to erron in the map T

parameters physical constants control parameters

functional form approximations neglections etc

roundolt errors noise interfering with each applicationof

Exponential Sensitivity to Initial conditions ESIC This

is a very bad but common scenario where

In order to know the state The up to time n with error or we

must know the initial condition x with exponential precision

Df T M M has exponential semitivity to initial condition at x

if Frso X so sit n y sit d type e
th but

d T y T x Ir for some o Ken

Popular science books call this the butterfly effect

Hyperbolicity is a dynamical phenomenon which causes

stable exponential sensitivity to initial conditions

Stability the existenceof x with ESIC survives perturbations

of T and is thus a true feature of the model






































































































































ANaive Model for ESIC A continuous map T X X

on a metric space X d is called expanding if Froso
Fish sit for all x gex sit day cro

d Tx Ty Xd G g

Example T z Z on 5

Exercise What is the best ro in this example

Unfortunately the framework ofexpandingmaps is too
know to be interesting

Theorem There are no volume preserving expanding
diffeomorphisms on smooth Riemannian manifolds

Proof We give the proof for T M M M open
subset ofMd Readers with basic knowledge of differential

geometry will have no problems to generalize the argument
to the general case

Assume by contradiction that T U V V V Rdopen
is volume preserving and dltx.tylsidlx.gl for is
and all x.ge to sufficiently close

Since T is volume preserving the Jacobian of T
Idet d Tyll equals one






































































































































Necessarily unit tangent vector I sit

1111711 Cd
Linear operators whith expand all vector by Xon have
determinant with modular xd because theymap a

ball of radius one to an ellipsoid containing
a ball of radian in

But this mean that

11 T x eel T ill 11 AT ee to call
tell dTl Ill o ler c let ocel

Alleul for all E small
We obtained a contradiction to expansion

Exercise for People who know Riemannian Manifolds
Let M.gl be a compact differentiable Riemannian
manifold Show that there are no expanding volume

preserving diffeomorphisms on M

Exercise Construct an expandingdifferentiable non invertible

onto map on T






































































































































Hyperbolicity

The problem with the expansion property is that it assumes
that errors in any direction explode exponentially

But for exponential sensitivity to initial conditions
it's sufficient that error in some direction explode

Hyperbolicity roughly is a scenario where

errors in some direction grow exponentially
errors in the other direction shrink exponentially

This is compatible with volume preservation

Example The cat map Ta 5 22 1 5 22

has two eigenvectors 5 expanded

and is contracted The map
expands erron in direction 254pct 2 0

contracts error in directions pts p on
a 970s

preserves area det A 17

red direction expanded

blue direction contracted

u v






































































































































In order to speak of the direction of the error

we need to work with differentiable Riemannian manifolds

The direction of the error is modeled by atangent vector

Q dire itionsofperturbing x

setup M is a compact Riemannian manifold
T M M is a C diffeomorphism
i.e T T M M are differentiable

Def A compact invariant set A M is called

hyperbolic if Xe oil Coo an families of linear
subspaces E x Espa T M Ken sit

TM E Ga7 Estel for all seem

Invariance dt E 11 E That

CdTI Espn Es Tan

Uniform Contraction Expansion Uxen n o

II dth 5 11 CX Hill Ie EG

Idt all Cx till Freeman

E x E x are called unstable resp stable space

Note It follows that tiled Unzo

Ild T ill thou retail






































































































































Proof The chain rule says that Cd T TX 9Th T.li
Than Hill

lllfg.fi
llecnlldtm

rllSolldt7 ill x 11511 exponentially fast

Exercise Suppose is a hyperbolic set and Ken Then

E Gol JET M 1197,511
E c GET M 1105 2511 1

But E a w̅ T M 11977,511 79
This is the reason why E is characterized using
contraction in the past instead of the more natural
but weaker property of expansion in the future

Notice that hyperbolicity is stated on the infinitesimal
level It's a property of dT x not of T

Eventually we will prove the following

theorem Suppose T M M is a c diffeomorphism

with a hyperbolic set 1 Then T has exponential
sensitivity to initial conditions at any xed






































































































































Examples of Hyperbolic Sets

A Hyperbolic Fixed Points Suppose T M M is a differ
andpe M is a point where dtp TPM TPM is a linear map
with some eigenvalues of modular 31

o t c 1

no eigenvalues of modulus 1

Theores A p is a hyperbolic set

Prof Working with the Jordan block decomposition we

can decompose TPM E E where

dTp E E and all e v s of dtp Eu
have modular 31

dTp Es Esand all e v of dtples i ca

Claim Choose octal sit for each eigenvalue di
if Wilen then Idited and if Hilsa then Idilox

III teofil reign thyi
Then Foo sit I dth ill Xn liill on Es

11 dth pill CX Hill on E

Proof E breaks to the sum of invariant spaces E
sit DT

p
E E is similar to a Jordan block

J fi mi dim Ei Wil 1






































































































































Let's write J X I N where N is the

nilpotent matrix

N Imi
Note that Nmi 0 and NI En

Therefore JEC I N g x N't

X.FI E IN

X I Dn HDall comt amias n a

because j 0 ni and je mi

Thus 11511 Idil continmi Since Hildon
there's a constant sit 11J l CA for all n so

and we get uniform exponential contraction on each E S

whence on their sum ES
21 Hyperbolic Periodic Orbits Suppose T p p and

dTk
p TPM TPM is a linear operator

with some eigenvalues of modulus 1

o t c n

no eigenvalues of modular 1

Then A p Ttp T p it a hyperbolic set

Exercise prove this






































































































































3 heatMapI TA T T Ta 1 2 4 2

Recall that has two eigenvalues dash oct 1
Let In Is be the corresponding eigenvectors

T personas
At each point is let

In E a Span 45
n ESG Span 45

Then IM E EH
e satisfies the axiom of hyperbolic

sets so A T is a hyperbolic set

Df A diffeomorphism T M M sit M is a

hyperbolic set is called an Anosov diffeomorphism

Transverse Homoclinic Points This is perhaps the most
common and important mechanism for producing hyperbolic
sets Suppose p is a hyperbolic fixed point

Ect Stable Manifold Thm e so

s.t.WSp7 x d Thi p Two
w p x d The p T.gl

are C submanifold of M of dimension dimElp dimep
We'll prove a more general result later






































































































































Def A transverse homoclinic point is an intersection

point qe N p nw p where the angle between WYW

is not zero
transverse W w to

homoclinic
d Thq Thp dltq.pl o

P
d Thg Tp d Tq p To

Smale Birkholt Poincaré HomoclinicTheorem Suppose

a hyperbolic fixed point p has a transverse homoclinic

intersection Then T has a compact invariant set ns.t
cal A is a hyperbolic set

b A RouR where Ro R are disjoint closed sets and

IN sit for every sequence of zeroes and ones Canney
there is a unique see ns.t.TK a Rx ke 2

The proof requires many preparations Maybe we'll have time

to give it in later lecturer

Meaning of b Define 4 A o n 461
Ro

KER1
b says that nothing can be said of the sequence

4 T Gal Ke 2
because any possible sequence can be realized
for some initial condition



Even worse knowing the full past 4 TE
given no information on the future T1
because any two half sequences

K
2 1,70 41,42 93

can be concatenated to a sequence
K 2k Ko 4,829

realized by some initial condition

Such behavior is called colloquially chaotic
but professionals avoid this because there are several
non equivalent definitions of chaos

Henristine The Complicated Structureof
stable andUnstablManifldNear
InverInterectrocitor

Let's build step by step a qualitative picture of
the structure of Wh pl welp when p is a hyperboli fixed
point of saddle type and when q is a transverse homoilinicp.int

Wh

of us
non zero transverse homostini
angles intersection



We'll use the following assumption
dim M 2 can be relaxed

W pl W p are C non self intersecting invariant carver i e

W pl Wpl and TWp Wp
This follows from stable manifold theoren we will prove later

gewhipsaw p That TP That II fit
W pl interest W'Cpl at q with non zero angle hopes

Inclination Lemma If y is a c smooth curve which

intersects W pl transversely then TG converger

an n to W Cpl

For T linear on a neigh of p this is clear
because T stretcher the y direction and contracts the

x direction whipt

A 718
87
TH

of of forWip

In the general case this is a theorem called the
inclination lemma or the X lemma



Let draw the images of a small neighborhoods of in Wh

iIIfffffffs
gg

iitffFfIII.tJI Id
imagesof It a tenner ii.tt Ethes

Similarly if we draw the T images of a small

neighborhood of q in NS we get from the symmetric version

of the inclination lemma for T and curves intersectingWlp

ÉÉ Y

f

F
iissfttet

io.to t

frgFfTda



If we super impose these pictures we obtain a web

intersecting at second generation transverse homoclinic

intersection all homoclinic to p

t

w
p

1 w

The new intersections are blind to p because

they are all on W WS

They are all tramee because they are images

of f by a diffeomorphism and diffeomorphisms

cannot map non zero angler to zero angles their
differentials are invertible linear maps



Later Generation THP Each 2ⁿᵈ gen THI gives
rise to 3ʳᵈ generation THI etc

I.ttFt 1tfiFt 1fotII
I.ttFt tfIIt IIotII
1fiII eIiIi IIIiIi

nthgeneration in 1
th
generation

When one tries to imagine the figureformed by these two
canoes and their infinitelymany intersections each corresponding
to a doubly asymptotic solution these intersections form a kind

a kind of lattile web or network with infinitelymany tight loops
neither of the two curves must ever intersect itself but it must
bend in such a complex fashion that it intersects all theloops

of the network infinitelymany times

One is struck by the complexity of this figurewhich I am not even
trying to draw Nothing can give us a better idea of the

complexity of the three body problem and of all problemofdynamin
where there is no analytic integral and Bohlin's seriesdiverges

Henri Poincaré

Les methodes nouvelles de la mécanique céleste vol 3 p 389

See K G Andersson Poincare's discovery of homo clinic points
Archive for Historyof Exact Slientes 48 11984 p 133 147


