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THE HOROCYCLE FLOW AND THE LAPLACIAN ON

HYPERBOLIC SURFACES OF INFINITE GENUS

OMRI SARIG

ABSTRACT. Consider a complete hyperbolic surface which can be partitioned
into countably many pairs of pants whose boundary components have lengths
less than some constant. We show that any infinite ergodic invariant Radon
measure for the horocycle flow is either supported on a a single horocycle
associated with a cusp, or corresponds canonically to an extremal positive
eigenfunction of the Laplace—Beltrami operator.
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unit tangent bundle of the hyperbolic surface I' \ D. Ratner theory identifies all
finite invariant measures (they are all supported on periodic horocycles surrounding
cusps [R]). We study the infinite invariant Radon measures.

The geometrically finite case is well-understood thanks to the works of Fursten-
berg [F], Dani [Da] and Dani & Smillie [DS]: the ergodic invariant Radon measures
are either proportional to the volume measure, or are supported on a periodic horo-
cycle surrounding a cusp.! But if I' is not geometrically finite, then there may be
many other measures, as first discovered by Babillot & Ledrappier [BL2] in the
particular case when I' < T'g, Ty is a uniform lattice in PSL(2,R), and I'o/T" = Z4
(i.e. when M =T\ D is a Z% cover of a compact hyperbolic surface).

Motivated by the work of Sullivan, M. Babillot has suggested a connection be-
tween the abundance of ergodic horocycle invariant Radon measures and the abun-
dance of positive eigenfunctions for the Laplace—Beltrami operator A of I'\ D [Ba].
We explain the connection.

Every positive eigenfunction on I'\ D lifts to a [—invariant positive eigenfunction
for the Laplace—Beltrami operator of the hyperbolic disc. It is known that such
functions can always be represented in the form

F(z)= P(e®, 2)%dv(e'?),
oD
where v is a finite positive measure on 9D, P(e', 2) = (1—|z|?)/|e?’ —z|? is Poisson’s
kernel, and a > 1/2 (Karpelevich [Kar], see also [GLT]). If the Poincaré exponent
of T is larger than or equal to 1/2, then this representation is unique ([Su], theorem
2.17, see also [Bal).

T'(D) can be identified with D x R x R via (e, s,t) « (h o g%)(w(e?)),
where h' is the horocycle flow, ¢° is the geodesic flow, and w(e?) is the element
of T!(D) based at the origin, and pointing at e? (these are the ‘KAN-coordinates’
for T1(D) = PSL(2,R)). In these coordinates,

dm = e**dv(e'?)dsdt

is a [—invariant, horocycle invariant measure on 7 (D). Thus a positive eigenfunc-
tion F' gives rise to a horocycle invariant measure m.

Babillot has conjectured — at least in the case when {1} # I' 9 T'g, where T'g is a
uniform lattice such that T'g/T" is nilpotent — that every invariant Radon measure
arises this way [Ba]. This was later proved to be the case for all non-trivial normal
subgroups of uniform lattices [LS].

The purpose of this paper is to prove Babillot’s conjecture for a larger class of
fuchsian groups of the first kind, which we call tame.

Tameness is a condition on the pants decomposition of the hyperbolic surface
'\ D. We review the relevant notions.

A hyperbolic surface with boundary is called a pair of pants, if it is homeomorphic
to a sphere minus three disjoint closed discs or points. The norm of a pair of pants
Y is the sum of the lengths of its boundary components, and is denoted by ||Y||.
Here and throughout a puncture is a boundary component of length zero.

The following result is classical [Hub]: Suppose I is a torsion free fuchsian group,
then I is of the first kind iff T'\ID can be partitioned into a countable collection of

IThe case when I' is a geometrically finite group of the second kind is also understood, see
Burger [Bu], Roblin [Ro], and Schapira [Scha).
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pants {Y;} which meet at boundary components of the same length. We call {Y;}
a pants decomposition of M, and we call Y; pants components.

Definition 1. A fuchsian group is called tame if T\ID admits a pants decomposition
{Y;} such that sup ||Y;|| < co.

Non-trivial normal subgroups of uniform lattices are tame: the surfaces which
they generate (regular covers of compact surfaces) admit infinite pants decomposi-
tions whose components fall into finitely many isometry classes.

There are many more examples: Whenever one glues a finite or countable collec-
tion of pants of bounded norm one to another in such a way that every boundary
component is glued to some other boundary component of the same length, then
the result is a complete hyperbolic surface.? If we represent this surface by I' \ I,
then I is tame.

In fact our results hold under a weaker condition, which we now explain. We
say that a geodesic ray on M crosses a pair of pants Y if it enters and leaves Y
through two different boundary components. Any geodesic ray either crosses pairs
of pants infinitely many times, or it gets trapped in a union of two adjacent pairs
of pants. We call such unions star pieces.

Definition 2. A torsion—free fuchsian group is called weakly tame, if '\ D admits
a pants decomposition s.t. any geodesic ray which does not get trapped in a star
piece crosses infinitely many pants components with norm bounded from above.

We do not ask for the same bound for all geodesic rays.

An ergodic invariant Radon measure is called trivial if it is supported on a single
horocycle made of unit tangent vectors whose forward geodesics tend to a cusp. A
measure is called quasi-invariant under the geodesic flow ¢g® if mo g® ~ m for all s.

Theorem 1. If T is weakly tame, then any non-trivial horocycle ergodic invariant
Radon measure on TH(T'\ D) is quasi-invariant under the geodesic flow.

A positive eigenfunction is called trivial, if it is of the form

Y. Plg-e’)”

g€l /stabr(et?)
where €% is a fixed point of some parabolic element of T', and stabp(e??) = {g € T":
g(e?®) = e}, A positive eigenfunction is called minimal, if it defines an extremal

ray in the cone of positive eigenfunctions of the same eigenvalue.

Theorem 2. If T is weakly tame, then the following map is a bijection between
the non-trivial positive minimal eigenfunctions of the Laplace—Beltrami operator of
I'\D, and the non-trivial horocycle ergodic invariant Radon measures on T*(T'\D):

; ; The restriction of dm = e**dv(e*®)dsdt
_ 10 « 10
{F(Fz) o _/E)D P(e”, 2)"dv(e )} H [ to a fundamental domain of T’
Theorems 1 and 2 are false for general fuchsian groups of the first kind:
Theorem 3. There exists a fuchsian group of the first kind ' s.t. the horocycle

flow on TH(I'\ D) admits non-trivial invariant ergodic Radon measures which are
not quasi-invariant under the geodesic flow.

2Proof of completeness: The time it takes a geodesic to cross a pants whose norm is bounded
from above is bounded from below, therefore any geodesic can be extended indefinitely.
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Theorems 2 and 3 are consequences of theorem 1 and its proof. The proof of
theorem 1 is based (as in [Sa] and [LS]) on a technical result called the holonomy
lemma. Versions of this lemma were proved in [Sa] for Z%covers of compact hy-
perbolic surfaces, and in [LS] or all regular covers of hyperbolic surfaces of finite
area. The contribution of this paper is the proof of the holonomy lemma for all
tame surfaces.

Notational conventions: ¢ = bt cmeans b—c < a < a+¢, and a = e*ch

means e b < a < eb, D:={z€ C:|z] <1}, H:= {z € C: Rez > 0}, dist is
the hyperbolic distance on D, H, or their quotients, and when we write dist(w,ws)
for two tangent vectors wi,ws, we mean the hyperbolic distance between the base
points of these vectors.

Acknowledgments. The author is indebted to Frangois Ledrappier for encour-
agement, useful discussions, and for numerous comments on the manuscript. The
counterexample in theorem 3 was found during discussions with Francois.

2. THE HOLONOMY LEMMA

2.1. The Radon-Nikodym Cocycle and the Holonomy Lemma. Let I' be a
torsion—free Fuchsian group and M = I'\D the corresponding surface. Let Fix(T) :=
{e € 0D : Jid # g € T s.t. g(e??) = €?}. Define an equivalence relation ® on
D\ Fix(T) by (¢, ¢') € & «= Fg € T s.t. € = g(e”).

The Radon-Nikodym cocycle is R : & — R given by R(e® ') = —log|g' (")
for the unique g € I’ s.t. ¢ = g(e®).

A T-holonomy is a bi-measurable invertible map « : dom(x) — x(dom x) defined
on domk C OD such that for every e € doms, Jg € I s.t. k(e??) = g(e®). Let
Par(T") denote the (countable) collection of fixed points of parabolic elements of T'.

Lemma 2.1.1 (Holonomy Lemma). Let I' be a weakly tame fuchsian group, and
suppose m is a Radon measure on 0D X R which is ergodic and invariant under the
action g : (e, s) — (g(e'?), s —log|g'(€??)]) (g €T). Suppose m[Par(I') x R] = 0.
(1) Jag #0, My > 0 s.t. Ve >0, n € N, there exists a I'-holonomy x for which
m[(dom & x R)°] = 0 and |r(e”) — €| < e, |R(e”, k(")) — nag| < My for
a.e. (e)s).
(2) VYep > 03IM(c) > 0,0 < e(eg) <1 s.t. Ve > 0 there exists a IT'~holonomy K
for which m[(dom k x R)°] = 0, |k(e”) —e™| < e, |R(e, k(e))| < M(co),
and dist (R(e®, k(e'?)), coZ) > £(co) for a.e. (e?,s).

Versions of this lemma for smaller classes of groups can be found in [Sa] (normal
subgroups of uniform lattices with quotient isomorphic to Z¢), and in [LS] (all
normal subgroups of lattices).

2.2. The holonomy lemma implies theorem 1. This is the same as in [LS],
barring some easy modifications, but we give the details for completeness.

Step 1 [LS]. Reduction to the following problem: Suppose m is an ergodic invariant
Radon measure for the I' action on 9D x R given by g : (e¥,s) — (g(e?),s —
log |g’(e")]) (g €T). Then either m[Par(I") x R] # 0, or the group

H,, :={s€R:mog®~m}, where ¢°: (e, s) — (&5 + )

is equal to R.
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Ezxplanation: Every horocycle invariant measure on T1(M), M = T\ D, lifts to
a horocycle invariant, I'-invariant, measure on 7(D). Recall that 7! (D) can be
identified with OD xR xR via (e, s,t) «» (htog®)(w(e?)), where ht is the horocycle
flow, g* is the geodesic flow, and w(e?) is the element of T (D) based at the origin,
and pointing at e*.

In these coordinates, the horocycle flow is the translation on the last coordinate,
so every horocycle invariant measure must be of the form dm(e?, s)dt. T'-invariance
and horocycle—ergodicity translate to invariance and ergodicity of m under the
action g : (%, s) — (g(e?), s —log|g'(€?)) (see [LS] for details).

If m[Par(I") x R] # 0, then ergodicity considerations imply that J(e®?,sq) €
Par(T') x R such that m is supported on {g(e?%, sg) : g € T'}. This means that our
original measure is supported on the projection of the horocycle tangent to D at
the parabolic fixed point €. Such a measure is trivial.

If H,, = R, then m is quasi-invariant under the translation flow on the second
coordinate. This means that dmdt is quasi-invariant under the flow ¢* (ew/, st =
(ew/ , 8 +s,t'e”*). This is the geodesic flow in our system of coordinates, so we get
quasi—invariance under the geodesic flow.

The dichotomy “H,, = R or m(Par(T") xR) # 0” thus translates to the dichotomy
“quasi-invariant or trivial”.

From now on we assume that m is a Radon measure on dD x R, which is ergodic
and invariant for the I" action mentioned above, such that m[Par(I') x R] = 0. Our
aim is to show H,, = R.

Step 2. If m[Par(T") x R] = 0, then m is non-atomic.

Proof. Suppose the contrary, then 3(e??°, s9) such that m{(e?, so)} # 0. Use
the first part of the holonomy lemma with fixed ng > 10My/ag and a shrinking
sequence € = 1/j (j > 1) to construct holonomies ; such that

° |/‘€j(6i90) _ ei00| — 07
J— 00
o R(e'™, kj(e')) # 0;
® Noglpy — MO S R(ewo, Iij(ewo)) S Nop —|— Mo.
The first two properties imply that A := {(k;(e?), sq + R(e®, k(%)) : j > 1}
is infinite. Therefore it has infinite measure. But the third property implies that
A is pre-compact, so we get a contradiction to the Radon property of m.

Step 3. 3 a Borel function u : 9D — R such that if ¥ : (e, s) — (e, 5 — u(e'?)),
then m o ¥~ is supported on 0D x H,,.

Proof: [Sal], Theorem 2.
Step 4. The w in step 3 can be chosen so that esssup |u| < oo.

Proof. H,, is a subgroup of R, and this subgroup is closed.> The only possibilities
are H,, = R, ¢Z, and {0}. In the first case we can take u = 0, and in the second
umod |¢g|. Tt remains to treat the case H,, = {0}.

If H,, = {0}, then m is carried by the graph of v : D — R. We claim that
esssup |u| is finite. Assume by way of contradiction that esssup |u| = co.

3Proof [ANSS]: m, m o g% are two I'-invariant ergodic Radon measures. They are equivalent
iff they are proportional. Saying that s € Hy, is saying that Je(s) € (0,00) such that m(F) =
c(s)m(F o g®) for all F continuous with compact support. This a closed condition on s.
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Let My and « be the constants in the first part of the holonomy lemma. There
must exist two closed intervals I, J C R and a natural number n such that
(a) INJ=g;
(b) N, (I4+nag) C J (here and throughout Ny, (+) is the My—neighborhood);
(¢) m(0D x I),m(0D x J) # 0.
To see this write ODXR = ¢, ., ODx [kag, (k+1)ag), and note that Jk1, ky such that
(]fz —kl)a(] > 2M(]+Ol(] and m[aD X [kia(], (kl+1)04(])] 75 0 (l = ]., 2) (otherwise the
support of m is compact, in contradiction to esssup |u| = 00). Choose n = kg — k1,
I := [k1ap, (k1 + Dagl, and J := [kaag — Mo, (k2 + 1)ag + My).

Our definition of I, J means that pr(E) := m(E x I), pj(E) := m(E x J) are
finite mutually singular measures on 9. They are mutually singular, because u € I
pr-ae,u € J pjae,and INJ =0.

Since p; L gy, there exists a closed arc A C 9D such that*

0 # 2p5(A) < pr(A).
Since A is closed, Je > 0 such that

palN(A)] < Sas(4).

Use the first half of the holonomy lemma to construct a I'-holonomy x s.t.

m[(dom(x) x R)¢] =0, and
k() — €| < e and |R(e", k(e™)) — nag| < My m—almost everywhere.
Since k is a I'-holonomy, the map kg : (¢,s) —(k(e”),s + R(e", k(")) is
measure preserving. Therefore
2u5(A) <pr(A)=m(AxI)=(mokg)(AxI)
< m[N:(A) x N, (I 4+ nay)) (choice of )

[Ne(A) x J] = py[Ne(A)]

IA |
3

wy(A) (choice of €.)

This contradiction shows the impossibility of esssup |u| = oo.

Step 5. Let u be as in the previous step. There is a number A and a finite measure
v on dD, such that dmod~1 = e**dv(e?)dmpy,, (s), where my,, is a Haar measure
for H,,.

Proof. Let u : 0D — R be the function constructed in the previous two steps.
The change of coordinates ¥ : (€?, s) — (e?, s — u(e’?)) transforms the measure m
into a measure m o ¥~! supported on D x H,,. The essential boundedness of u
guarantees that m o ¢~ is Radon.

By the definition of H,,, and the ergodicity and invariance of m, there exists a
constant A such that m o ¢° = e**m for all s € H,,. This means that e **m o 9~!
is invariant under the translation of the second coordinate by any element of H,,.

4Proof: Otherwise ju7(A) < 24 (A) for all closed arcs. Suppose N C 8D satisfies py(N) = 0.
N can be covered by a countable collection of open arcs A; s.t. . uy(A;) < e. Find two sequence
of points in each A;, none of which equal to an atom of wj, such that one sequence tends to the
right endpoint of A;, and the other to the left endpoint of A;. Use these sequences to partition A;
into a countable union of closed arcs A;;, which are pairwise disjoint modulo the measure py. We
get N C U, ; Aij, and since Aj; are closed, 3=, ;pur(Asj) <2375, 5 pg(Aij) =230, py(As) < 2e.
This argument shows that pj(N) =0 = p7(NN) = 0, in contradiction to puy L pj.
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This means that (mo9~1) o g° = e*dv(e?)dmpy,, (s) where v is a finite measure
on 0D, and my,, is the Haar measure of H,,. The I'-invariance of m forces

d
% = |g'* exp(Auo g — ).
Step 6. H,, = R.

Proof. Since H,, is a closed subgroup of R, it is enough to show that H,, Z cyZ
for any ¢g > 0. Assume by way of contradiction that H,, C ¢yZ for some ¢y > 0.
We construct a I'-holonomy s with m[(domx x R)¢] = 0 s.t. the set

E = {e” : R(e”, k(e)) + u(e?) — u(n(e?) & co}
has positive v—measure. This will give us the required contradiction, because if
we define the measure preserving kg : (e, s) — (k(e),s + R(e”, k(e"))), then
(Yorgo? 1) (E x {0}) CID x (R\ ¢oZ) C (0D x H,,)¢, so
0 # v(E)mpy,, ({0}) = (mod™")(E x {0})
=[(mod ™o (Worro? H(E x {0}) < (mod™H)[(OD x H,,)°] = 0.

[
Here is the construction. Recall the constants (cg), M(cp) from part 2 of the
holonomy lemma. Fix some ug € R such that A := {e : |u(e?) — ug| < 1e(c)}
has positive v—measure. Fix § > 0 so small that

(1 =06)(1—20)(1 + exp[—AM (¢p) — 2Aesssup |ul]) > 1. (2.1)
Choose a closed arc B C 9D such that®
v(ANB) > (1-0)v(B),
and using the fact that B is closed, choose € > 0 so small that
v(B) = (1 - 26)v[N.(B)].

Having chosen € > 0, we now use the second half of the holonomy lemma to
construct a I'-holonomy & s.t. m[(dom & x R)¢] = 0, and s.t. for a.e. (e?,s),

lk(e?) — | < ¢, R(ew,/ﬁ(eie))’ < M(cp), and dist (R(em,/f(ew)),coZ) > g(co).
Define C' := AN B. We claim that C N x~(C) is a subset of E, and that this

subset has positive v—measure.
To see that C'N k~1(C) has positive measure we first observe that

d . )
Vdo K _ exp[—)\R(eze, /{(6’0)) + A uok— )\U} > e—/\M(Co)—Q/\esssupW\.
14
Using the identity v[x(C)] = [, %42%dv we see that
V[H(C)] _ / dv o HdV > e—)\M(co)—2)\esssup\u|V(C)
C dv

— ef}\M(Co)72)\esssup‘u|V(A m B) Z e*AM(CQ)*Q}\esssuplu‘(l _ §)V(B)
> 67)\M(co)72)\esssup\u|(1 _ 5)(1 . 25)V[N5(B)],

5To see that such a closed arc exists normalize v to have measure one, and construct a nested

sequence of partitions ay, of D into arcs of length < 27" whose endpoints are not atoms of v. Let

Fn :=sigma-—algebra generated by au,. By the martingale theorem, E(14|F,) —— 14 v—almost
n—o0

surely. Since E(14|Fn)(z) = v(A|B) for the atom B € F,, which contains z, there must be some
element like this with v(A|B) > 1 — 4. By construction the atoms of F,, are equal modulo v to
closed arcs, so we are done.
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whence by (2.1)
v(C) + v[K(C)] = (1 4 e MM e)m2Aesssupuly (1 _ §)(1 — 26)v[N.(B)] > v[N(B)].
But by construction C' C B and x(C) € N.(C) C N.(B), so
v[C U K(C)] < v[N:(B)] < v(C) + v[r(C)].

This means that v[C' N x(C)] # 0. Since vox™t ~ v, v[C NK(C)] # 0.
We finish the proof by showing that £ O C N x~'(C)modv: If e k() €
C Ndom &, then

dist (R(ei‘g7 r(e?)), coZ) > e(co) by the choice of «,
lu(e) —u(k(e?))] < 2- E(ZO) = €<§O) by the choice of A,
so R(e k(e?)) +u(e?) — u(k(e?)) € cyZ, and € € E. O

2.3. The proof of theorem 1 implies theorem 2. This was demonstrated by
Babillot in the special case when I' is a normal subgroup of a uniform lattice with
nilpotent quotient [Ba], but her argument works verbatim for all fuchsian groups
whose Poincaré exponent is larger than or equal to 1/2 (see [LS] for details).

We show that every weakly tame fuchsian group I' has Poincaré exponent larger
than or equal to 1/2.

Suppose that T has Poincaré exponent less than 1/2. Patterson has proved that
in this case

Z l9'(€?)]| < oo Lebesgue almost surely in oD, (2.2)
gel’

([Pal], proof of theorem 3, equation 18).

Let m := e®dfds. This is a '-invariant Radon measure on 0D x R. Let m =
J mydm(y) be its ergodic decomposition with respect to action of I' (see [Schm] for
a discussion of ergodic decompositions for non-singular group actions). Evidently,
for almost every ergodic component m,,

e m, is Radon (because the topology of O x R has a countable basis made
of precompact open Sets),

o m,[Fix(T') x R] =0,

® > er lg'(e?)| < oo my—almost surely.

In particular, u(e) :=logy> .p |g'(¢")| makes sense m,,—almost surely. We cal-
culate and find that for m,—a.e. e and all g €T,

R(e”, g e) +u(e) —u(g-e?) = 0.

This equation implies that F(e?, s) := s —u(e?) is I'-invariant, whence equal to
come constant ¢, my—almost surely, for m7—almost every y. This means that almost
every ergodic component m,, is carried by a graph {(¢%, c, + u(e®)) : ¢ € OD}.
It follows that for m-a.e. y, my o g® L m, for all s # 0, whence H,,, = {0}.

But this is impossible, because the proof of theorem 1 shows that if I is weakly
tame, then every I'-ergodic invariant Radon measure g on 0D x R such that
p[Par(I') x R] = 0 satisfies H, = R. The contradiction shows that the Poincaré
exponent of a weakly tame group is no less than 1/2, whence theorem 2. (I
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2.4. The proof of theorem 1 implies theorem 3. Take a fuchsian group of
the first kind whose Poincaré exponent is less than 1/2 (such groups exist, see
Patterson [Pa2]). Let m be the volume measure. As we just saw, almost every
ergodic component m,, of m satisfies H,,,, = {0} and m,[Par(I") x R] = 0, and thus
corresponds to non-trivial horocycle ergodic invariant Radon measures which is not
quasi-invariant under the geodesic flow (and therefore does not arise via Babillot’s
bijection from eigenfunctions of the laplacian). This proves theorem 3. O

3. GEOMETRIC PREPARATIONS TO THE PROOF OF THE HOLONOMY LEMMA

3.1. Pairs of pants and hyperbolic octagons. The material in this subsection
is standard, see e.g. [Sel] or [Hub]. Suppose Y is a pair of pants with boundary
components of non-zero lengths a,b and ¢. The seams of Y are defined to be the
shortest geodesics connecting its boundary components. These meet the boundary
components at right angles. If we cut Y along two of its seams (say those from b
to a,c¢), then we get a right angled hyperbolic octagon Oy (figure 1).

Denote the sides of Oy, counterclockwise, by «, a, @, ba, 3, ¢, 3, b1, where a,b =
b1 U bs, ¢ are the boundary components; «, @ are the seam from a to b := by U bo;
and 3, 3 are the seam from c¢ to b.

Let ¢ denote hyperbolic length. Clearly,

t(a) = £(a@) and £(B) = £(B).

The seam from a to ¢ divides the octagon into two right—angled hexagons. The
‘hexagon formula’ ([Hub], exercise 3.5.7) implies that

£(br) = £(b2),

and that if £ is the hyperbolic length of the geodesic segment connecting bound-
ary components with lengths ¢1, {5, and {3 is the length of the other boundary
component, then

cosh %3 + cosh % cosh %2

cosh? = ——
sinh 3 sinh 3

(3.1)

In particular, Oy, whence Y, is determined up to isometry by #(a), £(b), £(c).

Place Oy in the hyperbolic disc D. Each of the complete geodesics determined
by the sides of Oy divides D into two hyperbolic half-spaces. We say that a point
in D is under geodesic z, (v € {a, 3,@, B}) if it lies in the hyperbolic half space
determined by x which does not contain Oy . Let

H(z) := open hyperbolic half space under x.

This is a geodesically convex set: if two points belong to it, so does the geodesic
segment connecting them.

Recall that in hyperbolic geometry, the angles of a triangle add up to less than
180°. Thus if two infinite geodesics have a common geodesic perpendicular, then
they do not intersect.

It follows that if z,y are two sides of Oy, then H(z) N H(y) # @ iff x,y are
adjacent. In particular, the geodesic extension of any side of Oy can only intersect
the geodesic extensions of the sides which are adjacent to it (figure 1).

Set S := {a, @, 3,3}, and define for x € S the M&bius transformation ¢, which

maps side z onto side T (with the convention (Z) = x). Then pz = ¢; .
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This drawing is just
a sketch.In reality, all
angles are 90°.

Large letters

are external labels
associated with the
central ocatgon.

Small letters are
external labels
associated with the
adjacent octagons.

B

In reality, b,and b, are
of the same length, and
the seam connecting c to
b, is on the other side.

a C

FIGURE 1. A pair of pants (with an indication — out of scale — of
the image under ¢g)

The combinatorics of the action of {¢; : € §} on the sides of Oy and the half
spaces they determine is summarized pictorially in figure 1 (see also lemma 4.6.2
in the appendix). The reader can verify it by noting that Mobius transformations
preserve orientation and angles.
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An immediate conclusion (‘Klein’s ping—pong argument’) is that ¢, ¢g generate
a free group I'(Oy ), with fundamental domain

Oy =0yU |J Q).

z=a,b1,b2,c
where Q(z) := relative closure in H(z) of H(2) \ U, .es0{a,61,2,c} H (?)- The com-

plete hyperbolic surface F(éy) \ D is the hyperbolic surface obtained from Y by
extending it across a, b, ¢ to ‘funnels’; represented by Q(a), Q(b1) U Q(b2), Q(c).

A pair of pants with cusps is obtained in a similar way from a ‘degenerate’ right—
angle hyperbolic ‘octagon’ with a,b or ¢ collapsed to a point. It is convenient to
abuse terminology and call these polygons right-angled octagons as well.

3.2. Collars and cores. A hyperbolic surface C is called a hyperbolic cylinder if
it is isometric to I' \ H where H is the hyperbolic upper-half plane, and I" = (g)
with ¢ a hyperbolic isometry. Such a surface admits a unique closed geodesic v, (p
for ‘periodic’), whose length « is the translation length of g. The n—collar of ~y, is
defined to be the set

Cy(vp) :={q € C : dist(q, ) < 0},

where dist denotes the hyperbolic metric.

More generally, a simple closed geodesic v on a general complete hyperbolic
surface is said to have an n-collar, if {q € M : dist(q,7y) < n} is isometric to the
n—collar of the the unique closed geodesic of some hyperbolic cylinder (which is
unique up to isometry).

Proposition 3.2.1. Let M be a complete hyperbolic surface. Every simple closed
geodesic of length o on M has an n(c)-collar, where n(a) = Incoth §. If v; are
disjoint simple geodesics of lengths «;, then their n(a;)—collars are disjoint.

See [Hub] for a proof.

The core of a pair of pants is what is left from it after the collars of the boundary
components are removed.

Proposition 3.2.2. There is a function Mo : RT — RT s.t. the diameter of the
core of a pair of pants'Y is less than M eore(||Y|]), where ||Y || := max{£(a), £(b),£(c)}.

The proof is by direct application of proposition 3.2.1 and the hexagon formula.

The previous results persist in the limit & — 0%: Any cusp in a complete
hyperbolic surface X is encircled by a unique closed horocycle of length two, and the
region bounded by this horocycle is isometric to {z € H : Im(z) > $}/(z — 2+ 1).
We call this the collar of the cusp. The collar of a cusp is disjoint from the collars
of all other cusps of simple closed geodesics ([Hub], proposition 3.8.9).

3.3. Cutting sequences. Suppose 7 is a finite geodesic segment inside Y, whose
endpoints are not on the projections of a, 3. We wish to associate to v a word on
the alphabet {«,@, 3, 3} which captures the way the segment winds inside Y.

Represent Y by a hyperbolic octagon Oy, and lift v to D in such a way that
the lift 4 starts at a point inside Oy. Since v does not leave Y, 7 is completely
contained in Jycr (o, 9(Oy).

Label the sides of Oy from the outside as in figure 1, and call these labels external
labels. We define the internal label of a side with external label  to be T (where as
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always (Z) = z). There is a unique I'(Oy )—invariant way of extending this labeling
system to all g(0), g € I'(Oy).

Definition 3 (Artin). The cutting sequence of 7y is the ordered list (w1, ..., wy) of
external labels of the sides of g(Oy), g € T that 7 cuts on the way in.

There is a very useful alternative characterization of (wy, ..., wy), see [Sel, Se2]:
(w1,...,wg) is the word of minimal length such that the endpoint of ¥ is in
(Pw, " Yw, ) (Oy). In particular, (wq,...,wy) does not contain combinations of

the form zT or Tx.

Words on the alphabet & not containing pairs of the form xZ or Tz are called re-
duced. Tt is well known that every reduced word can appear as the cutting sequence
of a geodesic segment lying on a geodesic which never leaves Y (see [Sel]).

The next proposition discusses the realizability of reduced words as cutting se-
quences of geodesics which cross a pair of pants Y, entering through boundary
component a and leaving through c or b.

Proposition 3.3.1. Let Oy be a hyperbolic octagon representing a pair of pants
Y, suppose w = (w1, ..., wg) s a reduced word on the alphabet S, and let v be a
geodesic in D.

(1) If y(—o0) € ¢E[Q(a)], 7(0) € P, - - Puw,pF[Q(c)], w1 & {a, @}, wy &
{8, B}, then

v* = ptly] enters Oy through one of the sides o, a,@;

# = (050w, - Pw) "] leaves Oy through one of the sides 3, c, 3;

he cutting sequence of the projection of v in'Y contains the word w.

/\
DD
N N N
<+ 2

(2) If 7(=00) € ¥i[Q(a)], ¥(20) € Yoy~ Puy (wpa) ™ [Q(b2) U 0pQ(b1)],
k>2, |l],|m| are mazimal®, and (a*,wy, ..., wg, (B@)™) is reduced, then

= @[] enters Oy through one of the sides o, a,@; B
# = (0 Py - Py ) Y] leaves Oy through one of the sides @, ba, 3;

N A~
S
S—
202
*

o
"
<

( he cutting sequence of the projection of v in'Y contains the word w.
(3) If v(=00) € E[Q(a)], ¥(00) € Phpuw, *++ Pu (P5Pa) " [Q(b1) U 95 Q(b2))],
k> 2, |l],|m| are mazimal, and (*, w1, ..., wy, (Ba)™) is reduced, then

*

= @[] enters Oy through one of the sides o, a,@;
# = (050w, Pwy,) "] leaves Oy through one of the sides a, by, 3;
he cutting sequence of the projection of v to Y contains the word w.

AA

SIC
S— N N
S

—
(e

The proof is delegated to the appendix.

3.4. Shadowing constants. Let 7, be a closed geodesic in a pair of pants Y. We
say that a geodesic segment v in Y e-shadows v, during a time interval of length
T if there are unit tangent vectors w € v, wy, € v, with lifts w,w, € Oy C D s.t.

dist(g°w, g°w,) < e forall 0 < s < T, (3.2)

where ¢° : T1(D) — T1(D) is the geodesic flow. We remind the reader that dist
mean the distance between the base points of the vectors.

We say that a geodesic segment is rich if its cutting sequence includes at least
one of the words a3, S, @53, fa.

SWith the understanding that z° is the empty word, and z* = z!*¥l where k < 0.
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Proposition 3.4.1. 3., t, len, : RT — R such that the following holds for all
L > 1: Suppose Y is a pair of pants whose boundary components have lengths in
[L=1, L], and let Yp be a rich closed geodesic in Y with cutting sequence w and
length €(v,). Let v be a geodesic which crossesY .

(a) If v esn(L)—shadows 7, during a time interval of length T, then the cutting
sequence of v in'Y contains the word w™ with n > T/{(y,) — 10;

(b) If the cutting sequence of vy contains the word w”™ with N so large that
(N = 3)l(vp) > Len(L), then v tesn(L)-shadows v, in Y during a time
interval of length T > (N — 3){(vp) — tsn(L).

It is possible to make this construction with es,(-) arbitrarily small.

Proof. Fix L > 0 and a pair of pants Y whose boundary components have lengths
in [L=1, L]. Let Oy be the hyperbolic octagon which represents Y. We claim that
there exists §(L) > 0 such that for every (w1, ws) € {(a, 3), (3, ), (@, B), (3,@)},
the distance from side w; to side W, is at least §(L).

For every triplet of non-negative real numbers (¢4, ¢y, {.) there exists a unique
right angled hyperbolic octagon O(£,, ¢y, £.) such that (in the labeling of figure 1),

o l(a) =L, L(by) = L(be) = %éb, L) =Le;

e H(a) ={z€D:Re(z) <0};

e H(a)={zeD:Im(z) < 0}.
The vertices of O(,, 4y, £.) are continuous functions of (¢, ¢y, ). So are the end-
points of of the geodesic extensions of the sides of O({,, ¢, L.).

Fix (wy,ws) € {(a, B), (8, ), (@, B), (3,@)}. The geodesic extensions of w; and
ws cannot intersect or even touch at infinity, thus the distance them is a positive
continuous function of the endpoints of these geodesics, whence a positive continu-
ous function of ({4, €y, £;). Let duyw, (L) be the minimum of this positive continuous
function on the compact set { ({4, 0y, l.) : L= < £y, 0y, 0. < L}, and define

6(L) = min{5w1w2 (L) : (wh wQ) = (Oé,ﬂ), (ﬂ7 OZ), (673)7 (Bv a)}

We prove part (a). Choose 0 < e,4,(t) < 26(t). Suppose 7 €,,(L)-shadows a rich
closed v, during a time interval of length 7', then 3@,&, € T'(Oy) which project
to tangent vectors to v, p, s.t. dist(¢g°(@), ¢°(&p)) < esn(L) for all 0 < s <T.

The arc {g°(@,)}._, projects to v,, so if the sequence of copies of Oy it in-
tersects is @y, [Ov], u, Pus[Ov ], - -+ (0uy - @, )[Oy], then (ug,... ,u,) € 8™ is
reduced, and (uq,...,u,) contains w” for some N > T/l(v,) — 2. We use the
shadowing property to show that the cutting sequence of {g*(@)}1_, contains the
word (U4 |w]s - - - » Un—|w|—1), Whence the word w6 for N > T/l(,) — 2.

Let ng = |w| and suppose 0 < s1 < -+- < 8, < T are the times when ¢% (@)
crosses side u; of O; := @y, -+ pu, [Oy].

Fix 14+ ng < i < n—mng. We claim that there are 1 < j1,jo < ng s.t. the e, (L)—
neighborhoods of the base points of g*i—i1(w,), g% +72 (@) lie on two different sides
of the geodesic extension of side u; of O;.

To construct j;, use the assumption that +y, is rich to find 1 < j; < ng such that
(wi—jy ui—ji+1) € {(a,B),(B,),(@,B),(B,@)}. The hyperbolic distance between
sides u;—j, and W;—j,41 of O;_;, is at least 0(L) > 4egp(L), thus the 4, (L)~
neighborhood of g% (@) is below side w;—j, 41 of O;_j,4+1 . Therefore it is below
side u; of O;. In the same way one constructs 1 < jo < ng such that the e, (L)
neighborhood of g*i+i2 (@,) is above side u; of O;.
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The geodesic segment [g%i—i1 (W), g%i+42 ()] connects these neighborhoods, there-
fore it crosses the geodesic extension of side u; of O;. The crossing point is on side
u;, not just its geodesic extension, because our geodesic segment lies inside Y.

In summary, the geodesic {g*(@)}._, moves from O;_; to O; through side u;
of O; for every 1 +ng < ¢ < n —ng. Since a geodesic in D can only enter a
hyperbolic octagon once, this forces the cutting sequence of vy to contain the word
(U24ngs - - - Un—ng—1), Proving part (a).

We prove part (b). Suppose that the cutting sequence of v contains the word
v where v is the cutting sequence of a rich closed geodesic v,. Then the cutting
sequence of 7 contains the word w™ =2 where w is the cutting sequence of v,, and
(w1, w2) € {(a, B), (B,a), (@, B), (B, @)}. (wis a cyclic permutation of v.)

Choose w € 7 such that {gs(w)}z;ro, has cutting sequence w’¥ =2 and which hits

side wy at time zero. Choose w, € 7, such that {gs(u)p)]»L(i\g__2)é(w"’)]+ has cutting
sequence w”™ ~2 and which hits side w; at time zero. Lift w, wp to W, W, € Oy.
Every collar of a boundary geodesic in a pair of pants Y whose boundary compo-
nents have lengths in [L ™!, L] has diameter less than d(L) := 2n(L™1) + Meore(L).
Any geodesic whose cutting sequence starts with (wq, ws) must enter the core of
Oy at most 3d(L)—units of time after hitting side w;, because any geodesic which
spends more than 3d(L) units of time at a collar of ¥ must have cutting sequence
which starts with the word (z, z) for some 2 € S. But (wy,ws) is not of this form.
This means that
(a) 31", T, € [0,3d(L)] such that g7 (@), g7 (wp) are in the core of Oy;
(b) 3TV € [(N = 3)l(7,), (N — 3)l(7,) + 3d(L)] s.t. g'# (@) is the core of
(SDMM e pr|£|)N73[OY];
(c) EITI’/’ € [(N = 3)(vp) — Meore(L), (N — 3)l(ryp) + 3d(L) + Meore(L)] s.t.
g7 (@) is in the core of (@u, - - Y, )N ?[Oy].
In particular,

dist(g" (@), 9™ (&) < Meore(L) and dist(g"" (@), g™ (@p)) < Meore(L);
7)) — Ty
|T// _ T/|

(N = 3)l(7p) — 3d(L);
(N - 3)4(710) - [3d(L) + Mcore(L)]'

Part (b) now follows from the following (standard) fact from hyperbolic geom-
etry: For every € > 0,¢o > 0 there are constants £y = (e, co) and to = to(g, o)
such that if v;, 72 are two geodesic segments in D whose lengths are more than
lo, and whose respective endpoints are cy—close, then v, contains a subsegment of
length £(~1) — tp which e—shadows a subsegment of 5. O

2
2

The following proposition treats collars without assuming that the length of the
boundary component at their center is bounded from below.

col

Proposition 3.4.2. 359’ ¢ > 0 s.t. the following holds for all collars C of cusps
or of closed geodesics of length less than c: Suppose two geodesics 1, 2 enter C
col

and €59’ —shadow each other during their sojourn there. Let k; > 0 be the lengths of
the cutting sequences of ; in C; then |k1 — ka| < 10 or k1 = ke = oo.

Proof. We begin with the case of a collar of a closed geodesic of length ¢ > 0. We
work in the upper half plane, using a lift which lifts the closed geodesic to the
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upper half of the y—axis. The collar lifts to {& + in : n > s|z|} where s = s(c) is
determined by s = tan @, with § the solution of dist(e?,i) = n(c). We may choose
the lift in such a way that the seam of the collar lifts to the infinite family of curves
{z:|2| = ke k € Z}.

Using the identity sinh[$ dist(z,w)] = |z — w|/2y/Im(2)Im(w) ([K], theorem

_ . 2coth & 1 +
1.2.6), one checks that s(c) = tan [arcsm (m)} ~zcasc— 0.

Denote the geodesic from x € OH to y € OH by [z, y]. Suppose 7|z, y] intersects
the collar. Let z € HU {0,00} be the entry point, and w € HU {oo,0} the exit
point. Then z,w € {{ +in : n = s|¢|} U {o0,0}, and the length k of the cutting
sequence in the collar satisfies |k — |1 1In|z/w||| < 3, with the understanding that
if z=10,00 or w =0, 00, then k = oo

We compare |z| to |x|. Write z = {4in = {(1+isz) (the sign depends on the sign
of x). Let [z, yo] be semi-circle emanating from z, and tangent to the boundary
of the collar. Denote its center by cg, its radius by rg, and let zg = &y + ing be
the point where it is tangent to the boundary of the collar. Since [z, y| enters the
collar, it lies above [z, yo], and this implies that |zg] < |z| and

|z — €| < | — &| < 2r¢ = 2|co — 20| = 2|20/ tan®, - cozo L O—z(; and £z90co = 6.

Since |z0| < |z, |t —£| < 2s|z|. Dividing by |z, and recalling that |£] = |z|/V1 + s2,
we see that 1/v1+s% —2s < |z/z| < 1/V1+ 5%+ 2s. Now s(c) ~ 2c as ¢ — 0¥,
so routine estimates show that 3¢} such that ¢ < ¢ = |z| = e¥2¢|z|. In the same
way ¢ < ¢ = |y| = eT2¢|w|.

We conclude that if y[x, y] enters the collar of a closed geodesic of length ¢ < ¢,
then the length k of its cutting sequence in the collar satisfies

1
’k—|gln|x/y\| < 3 +4ec. (3.3)

Now suppose 1 := v[z1,y1] d—shadows o := v[z2,y2] in the collar. Let zy :=
&9 +in9 be the exit point of v, from the collar. We know that v, 2 pass through
B := {z : dist(z, z2) < 0}. Therefore 71,72 enter the smallest hyperbolic half space
which contains B, which is H := {2 : |z — &| < €°no}. This means that

il = Gl E |y — &l = &l £ = L £ 5()e’]I&],
2l = [1+£s(c)e’]|&l,
‘ln:zj < 14—_28 =e’c+o(c), asc— 0"

In the same way one shows that ‘ln % < e’c+ofc). We see that

|x2y1|
|y2z1|

|k — ko] < 71 + 648 <2%+6+0(1), asc—0F.

col

If we choose cf and €7 sufficiently small, then § < ngﬁ ¢ < ¢f imply |k — ko] < 10,
which finishes the proof in the case of collars of short closed geodesics.

We indicate briefly the modifications needed for dealing with collars of cusps.
Working in the upper half plane, we choose a lift so that the cusp is at oo, the
collar is {{ +inp:n > %}, and the seam of the collar is the union of the geodesics
E=n,neZ.
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Suppose [z, y] enters and exists the collar through z, w; then the collar cutting
sequence has length & where |k — |2 — w|| < 2 (if z or y are infinite, then k = 0).
We claim that |z — 2|, |[y — w| < 1. Once this is shown we have |k — |z —y|| < 4, an
analogue of (3.3), which allows us to continue as before.

Suppose z = £ +in is the point of entry of 4 to the collar, and let ¢ := (z +y)/2
and r := |y — z|/2, the center and radius of the semi-circle y[z,y]. Since [z, y]

enters the collar, r > 1/2, and « := Lxcz < §. Now Lxzf = § — 5% = § (Axcz

is an isosceles). Thus |z — z| = (1/2)/cos § < (2cos T)~! = g < 1. In the same
way one shows that |y —w| < 1. O

The proof shows that if we choose ¢ to be small enough, then the following
corollary holds

Corollary 3.4.1. Suppose 71,72 are two geodesics such that o enters the collar
of a closed geodesic of length 0 < ¢ < ¢f, and 1 d—shadows 2 during its sojourn
in the collar. If k; > 0 is the length of the cutting sequence of y; in the collar, then
1+eds(ch)
1—eds(ch)

where s = s(c) is the solution of s = tan, dist(e?,4) = n(c).

|k1—k2\§21n +80(>§+7,

3.5. Uniform non—arithmeticity. Throughout this section, Y is a pair of pants
whose boundary components are of non-zero length, and Oy is its representing
octagon, as in figure 1.

A closed (directed) geodesic in'Y is a geodesic segment in Y whose endpoints are
not on the projections of «, 3, and such that direction vector at the beginning point
is equal to the direction vector at the endpoint. A symbolic period is a word w on the
alphabet {a, 3, @, 3} such that the concatenation w w is reduced. A symbolic period
is called rich, if it contains at least one of the sub-words (a, 8), (3, a), (@, ), (3, @).

Lemma 3.5.1. w is a symbolic period iff it is the cutting sequence of a closed
directed geodesic in Y, and this geodesic is the projection of the axis of p, =

@wl U gpw‘ﬂ‘ .
Proof. See e.g. Series [Sel]. O

Define py (w) to be the length of the closed geodesic with cutting sequence w in
Y. Note that our definition of a ‘closed geodesic’ is such that py (w™) = npy (w™).
Note also that py (w) depends on the isometry class of Y, therefore it is a function

of £(a), £(b),4(c).

Lemma 3.5.2. (¢(a),£(b),4(c)) — py (w) is continuous at any point (£(a), £(b), £(c))
where €(a), L(b),¢(c) # 0.

Proof. Suppose w = (w1, ..., wk) and @y, 1= P, - Pw,. The closed geodesic with
cutting sequence w is the projection of the geodesic segment from P to ¢, (P)
where P is some (any) point of the axis of ¢,,. Therefore

py (w) = dist(P, ¢, (P)) = translation length of ¢,, = 2 coshfl(% T yy).
In particular, py (w) depends continuously on the coeflicients of the matrix repre-
sentations of ¢,, z € {a, @, 3, 8}
Fix a pair of pants Y with boundary components of lengths ¢(a), £(b), ¢(c) # 0.
We claim that for every e there exists a § such that if Y’ is a pair of pants with
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boundary lengths (¢(a’),£(b'),¢(c")), and |[¢(x) — €(z")| < 6 for & = a,b, ¢, then it is
possible to construct right-angle octagons representing Y and Y’ so that the matrix
coefficients of the associated side pairing maps isometries are e-close.

We begin by observing that for any two (directed) geodesic segments of the same
length in D there is a unique element of Mob(ID) mapping one to another, and this
element depends continuously on the vertices of the two segments. Therefore it is
enough to show that one can represent Y and Y’ by two right—angle octagons whose
respective vertices are close. Choose the octagons such that H(«) = {z: Rez < 0}
and H(a) = {z : Imz < 0}, then the remaining vertices are determined in a
continuous way by the lengths of the sides of the octagon. By (3.1), these lengths
are are continuous functions of ¢(a), £(b), £(c) whenever ¢(a), £(b), {(c) # 0. O

Proposition 3.5.1. For all L,cy > 0 there is a finite collection of rich symbolic
periods W(L,co) s.t. for all pairs of pants Y whose boundary components have
lengths in [L™', L] and all reduced (z,y) € §?, Jw € W(L,cp) s.t. py(w) & coZ
and (w1, ws) = (z,y).

Proof. Let Y = Y ({1, /,¢3) denote the pair of pants with boundary components
L(a) = £y, £(b) = {3, and {3 = £(c). Let Oy, TI'(Oy) be as in §3.1. Since I'(Oy) =
(pa, @a) is a non-elementary fuchsian group, it contains elements whose translation
length does not belong to ¢oZ [GR], [Dal].

Choose a word of minimal length w = (wy,...,wg) € S* s.t. Y = @y, 00 Pu,
has translation length outside cyZ. The minimality of w means that

(a) (wy,-..,wg) is reduced;
(b) w1 # Wy, (otherwise ¢ is conjugate to an element of I'(Oy ) with the same
translation length and a shorter group representation).

Thus w is a symbolic period, and py (w) & coZ.

We arrange for w to start with a given z € S. If w contains x, use a cyclic
permutation to bring x to the beginning, and note that py (w) is invariant under
cyclic permutations. If w contains Z, then w = (W, ...,w1) is a symbolic period
which contains z and we can proceed as before. Now assume that w does not
contain x or T. Then zw" is a symbolic period for all n. We claim that dn s.t.
py (zw™) & coZ. This is because

py(zw™) = translation length of p, o py

QCoshfl[% tr(¢z 0 ¢i)] = npy (w) +o(1), and n — oo,

so py (zw" 1) — py (zw"™) —— py (w) & coZ, which would not have been possible

had py (zw™) been an element of ¢yZ for all n. Thus In such that py (zw™) & coZ.

Now choose z € S s.t. (y,z) is rich and reduced. If w starts with x and xy is
reduced, then zyzyrw™ is a rich symbolic period which begins with xy, and the
previous argument shows that there is an n so that py (zyzyzw™) & coZ. This is
the symbolic period we were looking for.

We have found a rich symbolic period w as required, for a particular pair of pants
Y =Y ({41,42,¢3). By lemma 3.5.2, w will work for for all Y (¢}, ¢4, ¢5) with (£1, ¢4, ¢%)
sufficiently close to (f1,2,¢3). Since the set Ay = {(¢}, 0, ¢4) : L7 < ¢, < L} is
compact, we are done. (I
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4. PROOF OF THE HOLONOMY LEMMA

4.1. The Busemann Cocycle. The holonomy lemma deals with the Radon-
Nikodym cocycle. It much easier to work with another, more geometric cocycle,
defined below.

The strong stable manifold and the weak stable manifold of w € TY(T'\ D) are
defined respectively by

W (w) = {w:dist(¢°w,g’w’) —— 0}
st(w) = {w' : dsg s.t. diSt(gSw7gso+sw/) N 0}

The strong unstable manifold W**(w) and the weak unstable manifold W**(w) are
defined as above, but with s — —oco. The weak (un)stable manifold of w only
depends on the geodesic of w.

Define an equivalence relation 9B on the collection of oriented geodesics on I'\DD
by (v,7) € B iff v,7 have the same weak stable manifolds, and the same weak
unstable manifolds.

Given two positively directed unit tangent vectors wq,ws on an (oriented) geo-
desic 7, let d(w1,w2) := s where wy = ¢g°(w1).

We define the Busemann cocycle B : %6 — R as follows: mark two positively
directed unit tangent vectors wi,ws on «; let w; be the intersection of 7 with
the unstable horocycle of wy, and let wo be the intersection of 4 with the stable
horocycle of ws; then

B(7,7) = dz(w1,w02) — dy (w1, w2).
It is easy to verify that this number is independent of the choice of wy,ws, and that
B has the cancellation property B(y1,7v2) + B(v2,73) = B(71,73)-

It is useful to think about B(w,®) as a regularization of the meaningless differ-
ence ‘length(y)—length(y)’.

The following proposition relates the Busemann and Radon-Nikodym cocycles.
Let v[e??1, "] be the I'-projection of the geodesic on T!(D) from e to ei%2.
Recall that & is the orbit relation of T' (c.f. §2.1).

Proposition 4.1.1. For every (¢*, eig) € & such that |e"? — ei‘a| <1,

R(e, e’g) = B(v,7) £ 4/e — ei§|2 where {Z =l

Proof. Let Hor,:o(z) denote the stable horocycle passing through z € D and tangent
to 0D at €', equivalently the strong stable manifold of the unit tangent vector based
at z and pointing at e®.

Recall the definition of Busemann’s function (see e.g. [Kail):

Bgio(z,w) == s, with s s.t. ¢°[W**(w.(e"))] = W**(we(e?)), (4.1)

where z,w € D, e € OD, and w./(¢"’) is the unit tangent vector based at z’ and
pointing at €. It is known that Y € M&h(D), ¢’ (e?)| = exp[— B (0~ 1(0),0)].
Fix some (e, e?) € & such that |e? — €| < 1, and define the following unit
tangent vectors (figure 2):
(1) wi, based at 0 and pointing at eﬁe;

(2) w, based at 0 and pointing at e';
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FIGURE 2

(3) wa, the intersection of 5 := y[—e®, eig] with the unstable horocycle of w;.

By the definition of &, there exists some ¢ € T s.t. el = v(e"), so

R(ewv 61’0) = —log |30,(619)| Beio (90 ! (0)7 )
= sst. ¢ W* (e (w))] = W*¥(w;) viewed on D
= sst. g W (Tp ' (w))] = W (Tw;) viewed on T'\ D

s s.t. g°*[W**(Tw)] = W**
d5(Twe,y N W (T'wy)) —

d5(Twa, ¥y NW*(Twy))
= sst. g°[WPTws)] = W (Tw)

1) viewed on I\ D.

(Tw
B(~,7) dy(Twy,Twy), " W (Twy) = W (Tw)

Thus R(e?,e?") = e+B(v,7), where ¢ is the number s.t. ¢5[W**(Tw)] = W*$(Tws),
or equivalently ¢g°[WW**(w)] = W*%(wsy) (viewed on D).
To calculate €, we work in the upper half plane model. Deﬁne for this _purpose
+19 Then 9(0) = i, ¥(e?) = 0, ¥(—e¥) = oo,
Iy] = {it : t > 0} and ¥[7] = {V(e ’9) +it : t > 0}. |e| is the hyperbolic distance
between A := Hor, .5 (i) N {2z : Re(z) = 19(6“3)}7 and B := 19(ei5) + 14 (figure 2).
Let |AB| denote the euclidean distance between A, B. The (euclidean) triangles
NiBA, A9(e)Bi are similar, so |AB| : [iB| = |iB| : 1, whence |AB| = [9(e?) —
9(e?)|2. Now |9 (2)] = 2/le”®z + 1|> < 2 on the half plane {z : Re(e""2) > 0},
and this set contains e, e (-- e — ¢ < 1), therefore the segment [¢?, e?].
Thus, |AB| = |19(ei‘5) —9(e?)]? < 4‘6i§ — €2, Returning to hyperbolic distances
we see that |e]| = le‘AB‘ d?y < |AB| < 4]ei? — )2, O

the isometry ¥ : D — H, z — —iZ




20 OMRI SARIG

4.2. Separation of Cases. Throughout this section M =T\ D is a weakly tame
hyperbolic surface with a pants decomposition as in definition 2, and m is an ergodic
invariant Radon measure for the Radon—Nikodym action of I' on dD x R.

Recall that w(e®®) € TH(D) denotes the unit tangent vector based at the origin
and pointing at . We describe the m-almost sure behavior of I'g*(w(e?)) on
'\ D. (The properties we are interested in do not depend on the R—coordinate of
points in D x R.)

Fix a positive number £y, and let {Y;(e') 3-’:1 (0 < J < o) be the ordered
sequence of pairs of pants with norm less than £y, which {T'g%w(e?®)} 450 crosses.
Denote by a;(e'?),b;(e?), c;(e) the lengths of the entry, exit, and ‘other’ boundary
component of Y;(e?) (note that the boundary components corresponding to a;(e?),
bi(e") are different because of our definition of ‘crossing’).

Lemma 4.2.1. 3¢, > 0 such that at least one of the following statements holds:
(a) J = 0o a.e., and liminfa;(e'), liminfb;(e?), liminf c;(e?) are positive
j—o0 j—00 j—oo

constants on a set of full measure ;
= 00 a.e., liminf a;(e"), liminf b,(e") are positive constants on a set o
b) J lim inf a;(e'), lim inf b; (e it tant t
J—00 J—00
full measure, and liminfc;(e®®) =0 a.e.;
j—o0
(¢) J = c© a.e., and at least one of lijrgirgfaj(ew), h}EL{if bj(e') is equal to
zero on a set of full measure;
(d) there is a connected union of finitely many pants components which traps
{Lg*(w(e))}s>0 for ae. €.
Proof. Suppose that case (d) happens with positive measure for some connected
union of pairs of pants S = Y; U---U Y. This means that

Q(S) := {(e?,5) : Tg*(w(e®)) eventually gets trapped in T4 (S)}

has positive measure. We claim that there is a possibly larger union of pants
components S* for which Q(S*) has full measure.

If S = M, then (d) holds everywhere and there is nothing to prove. If S # M,
then 0S is non-empty, and equals the union of finitely many closed geodesics. Let
Ly be the length of the largest one. Each of the boundary components has a collar
neighborhood C;, with n > n(Lg) (proposition 3.2.1). If we take 0 < 6 < n(Lo),
then the é—neighborhood of S is contained in the set S* made of S and the pairs
of pants attached to 0S.

Clearly S* is a finite connected union of pairs of pants, and by construction
S* D N5(S). We claim that

Q(s*) 2 | glus)]. (4.2)
ger
To see this note that if w(e’®) € Q(S) and g € T, then there are constants b, so such
that the geodesic rays {T'g*w(e?)} s s,, {Lg°TPw(g - €?)} 45, d-shadow each other
for all s > 0.7 Thus if the geodesic ray of T'w(e’?) is eventually trapped in S, then
the geodesic ray of Tw(g - €?) will eventually be trapped in Nj(S), a subset of S*.
This proves (4.2).

"Proof: gflw(g~ei9) determines a geodesic which ends at €*?, therefore Ja, b € R such that w(g-
e) = g[g®h%w(e'?)]. It follows that T'gw(g - w(ei?)) = LgsTPhow(et?) = pae” ¢+ (TgstPw(e?))
(recall that the action of I' commutes with those of the geodesic and horocycle flow).
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Since m is ergodic, and Q(S*) contains a I'-invariant set of positive measure,
Q(S*) has full measure. We see that if (d) holds with positive measure, then it
holds with full measure.

Alternatively, either (d) holds, or almost no geodesic is trapped in a finite union
of pairs of pants. Assume the latter.

Let Yj’(ew) be the list of all pants components crossed by {I'g*w(e?)} =0, and
consider the function ' _
F(e) = lim inf Y7 ()]

The weak tameness assumption and the almost sure failure of (d) implies that the
list of Y} (¢?)’s is infinite a.s., and that f < co almost everywhere. We claim that
f is constant, and then define £, to be 1 plus this constant.

We need some facts on collar neighborhoods. Let 7(+) be the collar function from
proposition 3.2.1. Every boundary component v, of a pair of pants Y has a collar
neighborhood of size at least n(||Y]|). We say that a geodesic crosses the collar
neighborhood of ~, if it enters it and leaves it through the two different boundary
components of the collar. Any such curve must cross v,, and any geodesic which
crosses -y, must cross the collar of .8

Suppose a geodesic segment 7y crosses a boundary component 7, then any other
geodesic segment y; which 17(||Y||)-shadows v must cross 7,, whence the collar of
vp (because if v crosses 7,, then « crosses the 7(||Y||)—collar of +y,, so 1 crosses the
in(||Y]])—collar of v,, whence 7, itself).

We can now repeat the §-shadowing argument done above with § = 1n(||Y]) to
deduce that for every /£,

{(e?,s) € D x R : f(e?) < £} D U g{(e?,s) € D x R : f(e) < £}.
gel
The ergodicity of m implies that the level sets of f either have full measure or zero
measure, so f must be constant on a set of full measure.

We see that if we set £, to be 1 plus the almost sure value of f, then J = oo
m—almost everywhere. Let {Y;(e??)}22, be the sequence of pairs of pants of norm
less than £y, which {T'g%w(e?)}ss0 crosses. The argument we used to prove that
f is constant on a set of full measure can be used to show that liminf a;(e'),

J—0o0

liminf b; ('), lim inf ¢;(e?) are constant on sets of full measure. Thus at least one
j—o0 j—o0
of (a)—(c) holds with full measure. O

We prove the holonomy lemma in each of these cases. The reader who is only
interested in surfaces which can be partitioned into countably many pairs of pants
whose boundary components have lengths bounded away from infinity and zero,
need not worry about cases (b) and (c).

4.3. Proof of the holonomy lemma in case (a). Given e, we are asked to
construct some @i € I' with good control on R(e', ¢ 0 (e?)) = —log |(pei0 ) (e%)].
Proposition 4.1.1 reduces this problem to that of constructing for a given geodesic

~ another geodesic ¥ with good control on B(~,7).

8To see this lift ¥p to the positive y—axis in H. The boundary components of the n—collar lift
to {x+iy:y=xtand,z > 0} and {z +iy:y = —xtand,x < 0} with 0 given by dist(s,e*?) = 7.
Any geodesic crosses the the positive y—axis iff it crosses the lifts of the boundary components.
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FIGURE 3

e §4.3.1 shows how to construct 7, assuming that + shadows certain closed
geodesics a very long time.

e §4.3.2 shows that for almost every (e*,s), v := {g°(Tw(e'?))}ser shadows
such closed geodesics a very long time. This allows us to construct @0 € T’
with good control of R(e?, p.is(e™)).

e £4.3.3 completes the proof of the holonomy lemma in case (a), by showing
that (€%, s) — (@0 (e?), s —log|el. (e')]) can be made one-to-one.

4.3.1. Controlling the values of the Busemann cocycle. Let ~ be a geodesic which
crosses a pair of pants Y, and whose cutting sequence in Y begins with w?* where
w = (&,...,€N) is a symbolic period.

There is a point X on v NY such that the cutting sequence up to X ends with
w”, and the cutting sequence starting from X begins with w*. Fix a hyperbolic
octagon Oy which represents Y, and lift v to D in such a way that X is in Oy.

Define 7 to be the projection to T'\ID of the geodesic with endpoints

Y(=00) =7(=00) , Y(o0) = ¢"[y(00)], Where @ := g, 0 pg, 0+ 0 Pgy .
This has the effect of adding an additional w™ to the cutting sequence of v in Y
(see proposition 3.3.1). Note that (vy,7) € B, because ¢ € I.

Proposition 4.3.1. If (k — 2)py (w) > diam(Oy ) + 5, then
B3, 7) — npy ()] < 10069540 ) 6= )

Proof. Set p := py (w). Abusing notation, we identify v with its lift to D so that X
is in Oy, and 7 with its lift to D connecting y(—00) to ¢™[y(c0)]. Let 7 := ¢~ "[7]
be the geodesic from ¢~ "[y(—00)] to y(c0) (yet another lift of 7).

Add to the picture the axis of ¢ (which we call 7,), a point P on v, N Oy, and
the unique geodesic { passing through P which is perpendicular to v, (figure 3).
Next define

(1) A, A: the respective intersection points of v, 4 with the horocycle passing
through P and ~(o0);

(2) B, B: the respective intersection points of v, ¥ with the horocycle passing
through P and y(—00);

(3) A:= " (//1\) Note that A, A project to the same point on I'\ D.



THE HOROCYCLE FLOW AND THE LAPLACIAN ON SURFACES OF INFINITE GENUS 23

Claim 1. + intersect ¢ at a point P, and dist(P, P’) < 6ediam(Oy)e=(k=2)p,

Proof. Map vy, to the upper half plane H in such a way that v, maps to the y—axis
with P landing on 4. The geodesic £ must then map to {z € H: |z| = 1}.

We chose Oy to contain X, so v and +, cross the same k copies of Oy in both
directions, starting from Oy. This means that v passes through through the two
(hyperbolic) discs of radius diam(Oy ) centered at e(*~DPj e=(*=1Pj  These discs
are on different sides of £, because (k — 1)p > diam(Oy). Thus 7 crosses £ at some
point P’.

We also see that v has one endpoint in {z € R : |z| < e~ (k= DpFdiam(Ov)1 apq
one endpoint in {x € R : |z| > e(F~p=diam(O¥)1  WWrite these endpoints as

diam(Oy)

e~ MHRpg o (NFRPy - where —(1 + ) < M,N < ooand1<|z||y| <eP.

We may assume w.l.o.g. that y >0 (othe_rwise apply the isometry z — —Z).
We can now find P’ by setting P’ = ¢, and solving

it (e(MJrk)pz + 6(N+k)py> ’ B
5 =

o~ (M+k) N+k)

Py — el
2

py’

A direct calculation, using the assumption (k — 2)p > diam(Oy ) + 5, shows that
eWN=Mpgy 41
e(k+N)py + e_(k""]\/[)il’x
26—(k—2)p+diam(0y)

1 — e—2[(h—2)p—diam(Oy )]

whence sin? = v/1 — cos2 9 > % and

—(M+k)p —(k+N)p
| cos | e r+e /y'

1+ e CE+M+N)pg /y

< Sediam(Oy)e—(k—Q)p,

i [ —sino
sinh (1 dist(P, P')) = M =Y - T —sinv
2+/Im(e*?)Im(7) 2sind
| cos ¥

< |cos | < 3ediam(Ov) p=(k=2)p,

V1+sind
Since t < sinht for all t > 0, dist(P, P’) < 6ediam(Ov)e—(k=2)p,
Claim 2. diSt(A, P),dist(B’ P) < 12¢diam(Oy) o —(k—2)p

Proof. Denote the horocycle passing through z € D and tangent at n € dD by
Hor,)(z), and recall the definition of Busemann’s function (4.1). By construction

dist(A, P') = |By(oo) (4, P')] (A, P" are both on 7)
= |By(o0) (P, P")| (A, P are both on Hor (o) (P))
< dist(P, P') (|Beio (z,w)| < dist(z,w))

and so dist(4, P) < 2dist(P, P’). A similar argument works for dist(B, P), and the
claim follows from claim 1.

Claim 3. dist(A, B) < 24edm(Ov)e~(-=2)p dist(A, B) = np+24ediam(Oy) g —(k=2)p,

Proof. The first inequality follows from claim 2. To see the second, note that claims
1 and 2 work for any geodesic v whose cutting sequence arriving to Oy ends with
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w” and whose cutting sequence from Oy onwards starts with w”. The geodesics 5
and 7 have this property. Thus dist(A, P), dist(B, P) < 12¢d2m(Ov)e=(k=2)p  Now

dist(4, B) < dist(A, " (P)) + dist(¢™(P), P) + dist(P, B)
dist(A, P) + np + dist(P, B) (- A = ¢"(A), P is on the axis of )
< np+ 24ediam(0y)6f(k72)p;
dist(4, B) > dist(¢"(P), P) — dist(P, B) — dist(A, ¢"(P))
= np—dist(P,B) — dist(le\, pP)
> np — 24ediam(Oy) o= (k=2)p,

The claim follows.

We can now prove the proposition. Let wa,wp denote the (positively directed)
unit tangent vectors to the projection of v based at the projections of A, B. Let
wjz, wg denote the (positively directed) unit tangent vectors to the projection of

based at the projections of A, B. Then

: . s S0\ — .. _
9li)rgo dist(g°wa, g°wz) =0 cwa,wz € T'[Hory (o) (P)],
lim dist(¢ *wp, g *wg) =0 " wp,wp € ['[Hory(_x) (P)].

It follows that B(v,3) = dist(A, B) — dist(A, B) = np + 48¢diam(Ov)e~(h=2p ]

4.3.2. The support of m in case (a). Assume we are in case (a) of lemma 4.2.1.

Proposition 4.3.2. 3L > 0 s.t. Veg > 0 3M(co), 0(co),e(co) > 0 s.t. Vn € N and
for a.e. €, {Tg°(w(e®))}sso crosses infinitely many times pairs of pants Y s.t.:

(a) the lengths of the boundary components of Y are all in [L™1, L],

(b) the cutting sequence in' Y contains the word w?™ with w a rich symbolic
period, and

(¢) d(co) < py(w) < M(cp) , dist(py (w),coZ) > e(co).

Proof. In case (a) there is an L > 0 such that for m-almost every (¢*?;s), the
geodesic ray {I'g®(w(e®))}s>o crosses infinitely many times pairs of pants Y whose
boundary components have lengths in [L™1, L].

Recall the definition of W(L, ¢g) from proposition 3.5.1, and define (relative to
a fixed weakly tame pants decomposition):

Y := {all pants components whose boundary component lengths are in [L ™!, L]},
D := sup{diam(Oy) : Y € Y}, (Oy := octagon representing Y")
Mo = sup{py (w) : w € W(L, o). Y € V),
0 := inf{py (w) : w € W(L,¢p),Y € Y},
€p = %sup{s : for every pants space Y € Y and (z,y) € S? reduced,
Jrich w € W(L, ¢p) s.t. dist(py(w),coZ) > ¢, (w1, ws) = (z,y)}.

D is finite because of the hexagon formula; My, dy and ¢ are finite and positive,
because of lemma 3.5.2 and the finiteness of W(L, ¢o).
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Recall the definition of 7(-) and &4, (+) from propositions 3.2.1 and 3.4.1. We can
make eg4p,(+) arbitrarily small. Make it so small that

2 tanh g

/ 2
1 — tanh %

Given e let {Vj(e?)}22, denote the ordered list of pairs of pants in ) which
{Tg*(w(e®))}ss0 crosses. In case (a), this list is well-defined and infinite almost
everywhere. The sequence of Y;(e'?)’s lifts to a sequence of hyperbolic octagons
crossed by {gw(e™)}ss0. Let O;(e”) := Oy, (.0 be the lift of Y;(e'”) which con-
tains the lift of the point of entry to Y;(e*).

Label the the sides of O;(e'?) in such a way that g*(w(e”)) enters Y;(e'?) through
boundary component a and leaves it through boundary component c. Let gag"(ele),
x € S, be the side pairings. These are elements of I, because they match the sides
2,7 of O;(e'?), and x,Z project to the same directed geodesic segment on I'\D.

Let ©2(n) denote the collection of (e?,s) € 9D x R such that there is no k for
which {T'g*w(e’®)}ss0 €sn(L)-shadows in Yi(e??) a closed geodesic with cutting
sequence w € W(L,co) s.t. dist(py, (eiey(w), coZ) > €o, during a time period longer
than npy, (cie)(w).

If we can show that m[(J,cy $2(n)] = 0 then we are done, because of the connec-
tion between shadowing and cutting sequences given in proposition 3.4.1.

Assume by way of contradiction that m[Q(n)] # 0 for some n. W.l.o.g., there
exist a pair of pants Y C I' \ D, and a compact interval I, such that

Qy(n, 1) :={(e?,5) € Qn) : w(e?) € int[T(Y)],s € I}

has positive measure (to arrange this pass to a conjugate copy of I' so that the I'—
orbit of the origin in D is identified with a point outside the union of the boundaries
of all pants components). Since m is Radon, 0 < m[Qy (n)] < .

Define ; : Qy(n,I) — 0D x R for i € N as follows. Fix some ng > n, to
be determined later. {T'g*(w(e?))}ss0 enters Y;(e?) through side a and leaves it
through side ¢, so the endpoints of {g*(w(e?))}ser satisfy

) i
e e (2 Q)
% i et? i et? i et? O; 0 m
N R N ) R (R (e R (O
where |{[,|m| are maximal and (ui,...,uy) € SV is a reduced word such that
up # o, @, uy # 0, 5. Choose w = w(u) = (wq,...,wx) € W(L,cp) in such a way

that wy = uy, (w1, w2) # (u1,u2), and dist(py, ey (w),coZ) > 9. Such a word
exists, because of the definition of 4. Set

(et (et (%) 1m,
PDeio = (902‘( ))80[9021( )O...ogog;c( )] Oo(go

Ki(e,s) = (peo(e”), s —log|(pen)' (€)]).

We show below that for a suitable choice of ng, jg

1
esn(t) < 177(-), and 0 < r < maxegy(-) = < 2. (4.3)

Ou(e")=¢,

e x; are measure preserving for all ¢ large enough,

° Ui>j0 ki[Qy (n, I)] is precompact,

o {k;[Qy (n,I)]} contains an infinite family of pairwise disjoint sets.
The union of this family is a precompact set with infinite measure, in contradic-
tion to the Radon property of m. This contradiction shows that m[Q2(n)] = 0 is
impossible. Since n was arbitrary, this proves the proposition.
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Step 1. Define ei? by k(e s) = (eig,*)7 and let 7+ denote the geodesic ray
{g°(w(€))}s>0. There is a constant tq = to(L) such that if ng and iy are large
enough, then for all 7 > i

(a) Yi(e") is the first Y € Y where I'y" e, (L)-shadows a closed geodesic 7,
with cutting sequence in W(L, ¢p) and length £(7y,) s.t. dist(4(7,),c0Z)> o,
for more than nf(y,) + to units of times.

(b) There is a constant N (L), independent of €, such that Y;(e?) = Y;(e%)
where |j —i| < N(L).

Proof. Consider the geodesics v from —e® to €?; 7 from —e? to €'?; and 7 from

) i . ~ Oi(e®)\—p . =~
e’ to €Y. The endpoints of v,7 are such that the (pq )~ “—images of 7,5

. R (6
enter O;(e") through two points (gogl(e ))*Z(P), @2*6 ))*Z(Q) on sides @, a, «
of O;(e®) (proposition 3.3.1). Since 37 := {g°w(e'®)}s=0 is between v and 7,

(10 . (.10
its (@2’(6 ))_Limage must also enter O;(e?) through some point (@2’(6 ))_K(R)
on one of the sides @, a,a. The distance between these points cannot exceed the
diameter of O;(e"), so

dist(P, Q), dist(P, R) < D. (4.4)

If we set P to be the point on 5 N Hor_ o (P), then the length of the horocyclic
arc of Hor_is (P) connecting P to P is bounded by 2/(1 — tanh D).® This means
that the unit tangent vector

- dist(o,P)[

W:i=g tangent vector to 7 at ]3]

satisfies

dist(g°w(e®), g°@) < %ssh(L) for all s < dist(o, P) — d*, (4.5)
where d* := In[20/[e,,(L)(1 — tanh D)]] and o is the origin.

Tg*w(e?) crosses i — 1 elements of J during the time interval [0,dist(o, P)],
because at the end of this time interval it is beginning its crossing of Y;(e?). It
takes at least n(L) units of time to cross a pair of pants in ), because of the time
it takes to cross the collars of Y. Thus dist(o, P) > (i — 1)n(L).

If we choose

*

n(L)
then for every i > io(L), dist(o, P) > d*, whence by (4.5)
1

dist(w(e?),d) < Togsh(L)'

0= Zo(L) >

+1,

Now consider the point P at the intersection of Hor ;5(0) and 7, and let @ be
the unit tangent vector to 5 at P. Since the distance between the base points of

9 Draw P,Q in H so that —e®® is at infinity, and P is at . The length of the horocyclic
arc connecting P, P is A = |Re(Q)| = |Re(P)|. By [K], theorem 1.2.6, tanh[% dist(P, P)] =
|P=P| _ _IRe(P)|  _ A/ /AT 4 - 14 p — tanh? L di P). Si
PP — TRe(Prrzil A/VA2+4, s0 A = 2tanh 5 dist(P, P)/\/l tanh® 5 dist(P, P). Since
dist(P, P) < dist(P, Q) +dist(Q, P) < 2dist(P,Q) < 2D and tanh D € (0,1), A < 2/(1 —tanh D).
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@ and w(eia) is less than fse,,(L), the length of the horocyclic arc of Hor;(0)
connecting the base points of @ and w(e®) is less than
2tanh e, (L) 1
20°° < g&:sh(L)
\/1 — tanh? %Esh(L)

((4.3) and footnote 9). Therefore, dist(gsw(eig),gscf)) < tegn(L) for all s > 0.
&, are tangent to the same geodesic, and the distance between their base points
is |B_.s(base point of @, 0)| < dist(®,w(e?)) < {54 (L), therefore

Oy s~ 3
dist(g*w(e?), ¢°@) < Eesh(L) for all s > 0. (4.6)
Combining (4.4), (4.5) and (4.6), we see that if ¢ > ¢, then
i ; 1
dist(g*w(e?), g*w(e?)) < §5sh(L) for all 0 < s < dist(o, R) — [d* + D].  (4.7)

By assumption w € Qy (n, I), so {T'g*(w(e?))}s=0 does not cross a Y € ) where
it £5,(L)—shadows a closed geodesic 7y, with cutting sequence in W(L, ¢p) and length
go—away from coZ, for more than nf(v,) units of time. Thus by (4.7), g°(w(e'))
cannot cross a Y € ) sometime in the interval 0 < s < dist(o, R) — [d* + D], where
it %ssh(L)fshadows a closed geodesic as above.

Recall that at time s = dist(o, R), ['g*w(e?) is in, or entering Y;(e*®). Thus
7T = {g°(w(e"))}s>0 does not cross a Y € Y where it 3&4,(L)-shadows a closed
geodesic 7, with cutting sequence in W(L, cy) and length eg—away from coZ, for
more than nf(vy,) + d* + D units of time, before it enters Y;(e).

We now show that if ng is large enough, then {g*(w(e*))}sso does Feon(L)-
shadow in Y;(e') a closed geodesic ~y, with cutting sequence in W(L, ¢o) and length
eo—away from cyZ, for more than né(vy,)+d*+D units of time. Take for this purpose

2t (L) + lon(L) 4+ d* + D
do
By proposition 3.3.1, 7 crosses Y;(e?) and its cutting sequence there contains w™.
Let 7, be the closed geodesic with symbolic period w. By the choice of ny,
(no — 3)4(7yp) > (no — 3)d0 > £sp (L),
so proposition 3.4.1(b) says that 7 Je,,(L)-shadows =, for more than
(no — 3)0(7p) — tsn(L) > (n+ 13)0(7p) + ten(L) + Lsn (L) +d* + D

units of time. By (4.6), 3" &4, (L)-shadows =, for this duration, so by proposition
3.4.1(a) the cutting sequence of 3+ contains the word w™ with

tsn(L) + Lsp(L) +d* + D
£(vp) .

By proposition 3.4.1(b), 3 1e4,(L)-shadows 7, for T > nl(v,) + d* 4+ D units of
time.

We conclude that Y;(e??) is the first pair of pants in )V which 3+ crosses, where
it shadows a closed geodesic v, with cutting sequence in W(L, ¢p) for more than
nl(yp) + d* + D units of time. This is part (a) of step 1, with ¢y := d* + D.

no :=no(n, L) >n+ 16 + (c.f. proposition 3.4.1).

m>n-+3+
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To see part (b), recall from (4.3) that e,,(L) < in(L) where n(L) is a lower
bound for the size of the collar neighborhood of a boundary component of length
less than L. This means that if v1,v2 €sn(L)-shadow each other, then any time
71 crosses a pants component with norm less than L, v2 crosses it as well. This
means that ['g*(w(e?)) and T'g*(w(e??)) cross the same elements of J during the
time interval 0 < s < dist(o, R) — [d* 4+ D]. In a time interval of length d* 4+ D,
neither geodesic can cross more than

_d"+D

N(L): D)

elements of ). It follows that Y;(e?) = Yj(eia) where |i — j| < 2N(L).

Step 2. k; is injective, whence measure preserving.

Proof. It is a general fact that any measure which is invariant under a countable
group action, is also invariant under any bi-measurable invertible map x : A — B
such that for every z, the orbit of z is equal to the orbit of k(x) (here A, B are
measurable subsets). Thus it is enough to show that ; : Qy(n,I) — k;i[Qy (n,I)]
is invertible. N N

Define €% by r;(e?, s) = (%, %). We show how to reconstruct e from e®.

Here is how to read O;(e') from e??: Follow the geodesic ray 7 :={g*(w(e??)} 40
until the first time ¢ its projection to I'\DD crosses a pair of pants Y € ) where it
shadows a closed geodesic v, with cutting sequence w € W(L, ¢p) and length ¢
away from cyZ, for more than nf(7,) + to units of time. By step 1(a), Y = Y;(e'),
and its unique lift to D which contains g*(w(e®)) is O;(e®).

Note that although we know the octagon O;(e*?), we do not know the particular
choice of labels of its sides (which is o and which is @?). But this does not matter:
for any labeling &', there must be labels «/, w), ..., w,u}, ..., )y, y’, 2’ such that

id 0 i6 0; i0 0; i6 n 0, i6 o) i6 ieig m
e € (0 N o) (o M (P ) - (@ (M Q)

with [¢], |m| maximal, and (w],w5) # (u},ub). This determines (wf,...,w},), and
O (e 04 (e 04 (e 0 (et?

we must have (gowll(e )) s (ﬂﬂw;c(e )) = (@wl(e )) T (Sowk(e ))

ing of O;(e"). Thus

. 0, (%) p 0, (e? 0, (91— 0, (%) _ ~
61«9:(@I/( ))/[( ( ))( ’( ))] no((pw/( )) e(eze).

in the original label-

We reconstructed e? from €. This is enough to invert ;.

Step 3. There exists jo = jo(L) such that ,.; #:[Qy (n,I)] is precompact.

>Jo
Proof. Fix i, and define ¢ as before by (eig, %) = ri(e?,%). We find a bound,
independent of § and i, for —log |(p.ie) (¢??)] = R(e?, ).

Equations (4.4) and (4.7), and the fact that it takes at least (L) units of time
to cross a pair of pants in V), show that dist(g°w(e'), g*w(e™)) < $e44 (L) for some
s >dist(o,P) = [d*+2D]—1> (i — 1)n(L) — [d* + 2D +1].

If two geodesics emanating from the origin stay close after a long time, then their
limit points in 9D must be close. Thus Jjy = jo(L) so large that

i> jo = |ei976ig| < 1.
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Indeed we can make |e? — eia| arbitrarily small by choosing jo sufficiently large.

By proposition 4.1.1, |R(e*, ei§)| < |B(Tv,T9)| + 4, where v is the D-geodesic
from —e® to €, and 7 is the D-geodesic from —e* to ei?. We estimate B(I'v,T79).
By proposition 3.3.1, there is an ¢ such that

(a) ~* = (<pgi(ew))’z[’y} and ¥* := (cpao"(ew))*e[ﬁ] enter O;(e'?) through points
A,E € 00;(e"), respectively. Let wa,wz be the unit tangent vectors to
~v*, 7 at A, A. Note that y*(—00) = *(—00).

(b) 7" and 7= )P0 ) (2o (D) F] Teave Oy(e?)
through B,E € 00;(e"), respectively. Let wp,wg be the unit tangent
vectors to v*, 3% at B, B. Note that v*(00) = % (0).

(¢) The geodesic segment (I'A, T'B) (on I'y) has cutting sequence (w1, . . ., wy,)"™
(see the proof of proposition 3.3.1), so it D—shadows ng windings of the
closed geodesic 7, with symbolic period w.

By construction gB’Y*(*oo)(A’A\)w A, w3z are backward asymptotic w.r.t. the geodesic

flow, and ng*<°°>(B’§)wB,w]§ are forward asymptotic w.r.t. the geodesic flow.
Therefore,

|B(I,T9)] | By (—oo) (A, A)| + |dist(A, B) — dist(A, B)| + |By(c)(B, B)|

<
< dist(A, A) + [dist(A, B) + dist(A, B)] + dist(B, B)
< D+ [(D+nol(vp) + D)+ D]+ D < Myng + 5D.

Thus |—log |(¢e0)'(e')]| = \R(ew,eigﬂ < Mong + 5D + 4 =: K.
It follows that ;. ;, #i[Qy (n, I)] C ODx[—Ko—|I], Ko+|I[], so it is pre-compact.
Step 4. {rki[Qyv (n,I)]}i>i, contains an infinite family of pairwise disjoint sets.

Proof. Suppose (eig,s) € ki[Qy(n,I)] and i > ip, then the first Y € ) where
{gs(w(eig))}DO 1esn(L) shadows a closed geodesic v, with cutting sequence in
W(L, ¢p) and length eg—away from coZ for more than nf(vy,) + to units of time is
Y;(ei?), where j € [i — N(L),i + N(L)]. This means that {rgn(5):[2y (7, 1)]}iss,
are pairwise disjoint.

We have just found an infinite collection of pairwise disjoint sets, with the same
measure, whose union is precompact. But this is impossible, because m is a Radon
measure. The proposition follows with §(co):=0d¢, M (co) : =My and e(cg):=gp. O

4.3.3. Proof of the holonomy lemma in case (a). Fix €, c¢o positive, and let L,
M (co), 0(co), and €(cg) be as in proposition 4.3.2. Define Y to be the collection
of pants components whose boundary components have lengths in [L~!, L], and let
D denote the supremum of the diameters of the hyperbolic octagons representing
elements of ). Fix some Ny, kg, sg € N, to be determined later.

Denote the ordered sequence of elements of ) which {T'g*w(e®®)} 4~ crosses by
{Vi(e®)}is1. Let j = j(e¥, ko,s0) be the first j s.t. {Tg*+t*ow(e®)}sso crosses
Y;(e?) and g4, (L)-shadows there a rich closed geodesic v, such that

do(co) < U(vp) < M(co) and dist(€(7yp), coZ) > e(co),

for more than 2kol(7y,) units of time.
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If there is more than one such geodesic, then we always assume that -y, is the one
which is shadowed for the longest time. If there is more than one closed geodesic
achieving the maximum, choose the one whose cutting sequence comes first in the
lexicographic order. Let v, = 'yp(eie) be the unique resulting closed geodesic.

Let w = w(e') be the symbolic period of v, (e%’) (choose the cyclic permutation
which appears first in the lexicographic order). By proposition 3.4.1, the cutting
sequence of {Tg*w(e)} in Yj(e) contains w?*o where k) > ko — 5. There is a
point X on {L'g*w(e?)}s>s, NY;(e?) such that the cutting sequence (in Y;) up to
X ends with w® =5, and the cutting sequence starting at X begins with wko—°.
Define sx by I'g**w(e?) = X .10

Lift Y;(e?) into an octagon O; := O]-(ewyko’s())(ew) C D in such a way that
O; contains X. Label the sides of O; as in figure 1. Let gosoj el, s eS8, be
the side pairing transformations of O;, and define @gio = gagj 0---0 @5015 where
w = (&1,...,€n) is the cutting sequence of ~,.

Fix some bounded function v : [6(co), M (co)] — N, and define

. i0 .
/{(619) = ((pew)NO""’/(Z("/p(e ))(619).

We show how to choose sg, Ny, ko and v(+) to obtain the I'-holonomies of the holo-
nomy lemma.

Set i .= #(e'?), and consider the geodesics v from —e® to ¥ and 7 from —e®
to et Repeating the argument done in the previous section, we obtain an analogue
of (4.7): there are constants sy = s2(L) and d* = d(L) such that if sg > s, then

dist(gsw(eig),gsw(ew)) < 3ean(L) for all 0 < s < 5x — [d* + D], (4.8)

where 5x is the time ggxw(e“;) enters O;(e®). As before [5x — sx| < D.
Evidently, sx — [d* + D] > sx — 2D — d* > sy — 2D — d*, so we can choose
S0 = so(L) so large that (4.8) forces

k(ei?) — €] = |e0 — ) < min{1, /2(co)/10,},
regardless of the choice of kg, Ny, and v(-). This gives us the choice of sg.
Next we choose kg = ko(L) to be so large that ((kg —5) — 2)d(co) > D + 5 and
100eP~((ko=5)=2)8(c0) < Lg(¢q) (see proposition 4.3.1 for motivation). This choice
guarantees that no matter which Ny, v(-) we choose,

R(e” k(")) = B(Iv,T7)+ 15 (co) (Proposition 4.1.1)
[No + v(£(70))]1¢(7p) £ £e(co). (Proposition 4.3.1)

Next we choose Ny so that for every choice of v(:), k is invertible. By con-
struction, the cutting sequence of T in Yj(e'’) contains the word w™°e. Recall
the definitions of £, (-) and 44 (-) from proposition 3.4.1, and choose Ny so that
(No—3)8(co) > an(L) and (No — 3)0(v,) — ten (L) > 100(D +d*) + 2koM (co). This
has the effect of guaranteeing that I'y &5, (L)-shadows 7, in Y;(e*?) for more than
100(D + d*) + 2koM (cp) units of time.

{Tg*w(e®)}sss, cannot jegn(L)-shadow a rich closed geodesic ~;, with length
d(co) < (v,) < M(co), dist(£(v,),coZ) > €(co) for such a long period of time at
some Y € Y before arriving to Y;(e?): Had it done so, then by (4.8) it would have

105+ is well defined provided X is not a point where {Tg*w(e®)}s>s, crosses itself. We can

always assume this to be case, because we are free to move X a little.
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had to %e,,(L)-shadow v, at least 2kof(7}) units of time when it is also $es, (L)~
shadowing {T'g*w(e™)} > ,; This would force {T'g*w(e)} s, to £ (L)-shadow 7,
for a time a period longer than 2ko{(7;) before arriving to Y;(e'?) — a contradiction
to the minimality of j.

Thus if Ny is chosen as above, then we can always ‘read’ Yj(e'’) from eif

Since we can read Y;(e?) from €%, we can read v, (e?) from e¥: It is the unique

rich closed geodesic vy, with £(vy,) € [0(co), M(co)], dist(¢(7p), coZ) > 6(co) which
{g°w(e®)} 4=, shadows for the longest time in Y;(e?). Having read v,, we can now
determine v(£(7,)), w(e?) and @0, and invert .

To summarize, for every function v : [§(co), M (cp)] — N, we have constructed a
I'-holonomy &, whose domain of definition A satisfies m[A° x R] = 0, which satisfies
|k(e?) — €| < ¢, and

R, 5(e)) ~ [No + v(Elop)}ep)]| < ze(co).

For part (a) of the holonomy lemma, choose (for a given n € N), v(z) := [n/z],
a=1,and My = (No+ 1)M(co) + %g(co).

For part (b) of the holonomy lemma, construct v’ : [6(co), M(co)] — N bounded
measurable s.t. dist([No + v(z)]z, coZ) < $e(co) for all @ € [5(co), M(co)])."" Set

v(z) =v'(z) + 1.

Since dist(€(vp), c0Z) > e(co), dist([No + v(€(yp))[l(7p), c0Z) > 2e(co), whence
dist(R(e®, k(e™)), coZ) > 2e(co). Since v/(-) is bounded, |R(e, k(™)) < [Ny +
sup v/ +1]M (co)+£e(co). We get a holonomy as in part (b) of the holonomy lemma,
except for the naming of constants. O

4.4. Proof of the holonomy lemma in case (b). In case (b) almost every
geodesic crosses a sequence of pairs of pants through boundary components with
length bounded away from zero and infinity, and where the other component has
length tending to zero. The diameter of such pairs of pants tends to infinity, so the
argument we used in case (a) breaks down.

To deal with this we show that, almost surely, the geodesic will spend very long
time in the collar of the ‘other’ boundary component. Then we will utilize the
special geometric properties of collars of very short closed geodesics.

4.4.1. Controlling the Busemann cocycle in case (b). Suppose v is a geodesic which

crosses a pair of pants Y entering through side a, and leaving through b. Abusing

notation we write ¢ = £(c), and let s = s(c) = tan @ where @ solves dist(e*?, i) = 7(c)
c

(c.f. Proposition 3.4.2). We have s ~ § as ¢ — 0.

Choose a positive constant ¢pax < 1/100 so small that if 0 < ¢ < ¢pax, then

1) #el3.2],
(2) cosd > 1,
(3) (1 —e™™¢)2 = 2% (me)? for all 8 <m < 21.

Hyf Pn/qn are the principal convergents of o = p/co, then dist(gnp, coZ) < ;—0 so N(p) :=
gn — No works for p for n large enough. The same N(p) works for all p’ sufficiently close to p. A
compactness argument finishes the construction.
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ief

: E+im,
El+m1

X e-(l(+n)(:y

FIGURE 4. Length of a geodesic passing through a collar

Suppose the cutting sequence of v in Y contains the word 3, with k& maximal
(8 labels a seam ending at ¢). Let Oy be an octagon representing Y, and lift v to
D in such a way that it enters Oy through a point X so that the cutting sequence
of v from X onwards starts with 5*.

Define 7 to be the projection to I' \ I of the geodesic with endpoints 7(—o0) =
7(—00) and y(00) = @[(c0)].

Proposition 4.4.1. If 0 < ¢ < ¢max, k > 10, then there exists € € [—2,2] such
that B(v,%) = [fe,e(k +n) — fee(k)] £100[c + 1], where

foo(t) = {2 sinh ™! \/s(i)2 sinh? “275)0 -1 c¢#0
c,e =

2sinh ™! \/(t +€)2 — 1 c=0.

Proof. We do the case ¢ # 0, and leave the (much easier) case ¢ = 0 to the reader.

Step 1. 7,7 enter the collar of c.

Proof. Applying a suitable isometry we draw -, and Oy in the upper half plane
model H in such a way that c is the segment [i, %], fis {z € H : |z]| = €%, Re(z) <
0}, Bis {z € H: |z| = 1,Re(z) < 0}, and Oy is to the left of [i, %] (figure 4).

In this model ¢g is represented by the isometry z — e~“z, v is a geodesic
with beginning point = and endpoint e *¢y where x,y € (—e®, —e~ ), and 7 is the
geodesic with beginning z and end e~ (**™)¢y. The collar of ¢ is {z € H : [Im(2)| >
|sRe(z)|} where s = s(c) = tan 6. By the choice of ¢iax, s = 2F1£ € [£,c].

A geodesic with endpoints z,e ¥ (z,y € (—e®, —e™)) enters the collar iff the
following system of equations has two solutions &; +in;, £,1m; € R, (j =1,2):

(6 — ZH)2 4 = (2= 4)2 = st (4.9)
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This resolves to (1 + s?)£2 — (z + e #y)€ + e *zy = 0. The discriminant is
1
A = 22 |(1—e WHe)ey2 _gg2e(hte)e| | where ¢ := — s e [—2,2].
c Yy

If £ > 10 and 0 < ¢ < Cpax, then A > 22[(1 — e78¢)2 — 4¢?] > 0, the system has
two real solutions, and ~ enters the collar. Since by assumption k& > 10, pu > 10 for
~,~ and we are done.

Step 2. Comparison of the distance travelled by ~,7 inside the collar.
Solving (4.9) we see that points of entry and exit of 7,7 to the collar are

. 1—1s e ]
4= 5T = 5 @+ e7rey) + (=1)7 /(o + erey)” = A1+ ?)aye e
with p = k for 7, and p =k + n for 7. We see that
sinh (1 dist(z1, 25)) = ——2 =22 \/ oy e + Je_
Im(z1)Im(z2)

so the difference between the distances covered by «,7 in the collar is

Dy :=feelk+n+e)— fee(k+e).

Step 3. Estimation of the distance between the entry points P, P of v, to the

;]

collar, and between the exit points Q, Q of npgk['y], ©s from the collar.

Draw v,7 as in figure 4. The entry point of 7 to the collar is between the entry
point of v (which we denote by z = £ + in), and the entry point of the geodesic
{#z € H: Re(z) = z} (which is w = z — isz). It follows that dist(P, P) is bounded
by the hyperbolic length of the (euclidean) segment [z, w]:
1 Im(z)
n .

sinf = Im(w)
It is clear that Im(z)/Im(w) < 1. We estimate it from below. The geodesic 7 is

a semi-circle of radius

dist(P, P) < {[z,w] =

(4.10)

1 1
ro= §(e_kcy —z) = §\x|(1 — e~ (k+2)e) where |e| < 2 is given by z = ey
1 1 — e~ (kt+e)e 1 1
= §c|a;‘ . ef > 10|x\min{(k‘+€), E}

(If (k+ ¢)c > 1, this is obvious. If (k+¢)c < 1, use (1 — e ®)/x > 1 —e~! for
0 <z < 1.) If C is the center of this circle, and « := £2Cx (measured in radians),

then a = arcsin < arcsin # <3 % (. arcsin is convex on [0, §]), so

« 1 w2522
— = 1— :2 1 2— < — 2<
|z — & =r( cos @) 7 sin 2_27‘a S o
2.3.2

whence Tm(2) = = sla| — sfo — €] > sla| — 22 = Tm(w) (1 - Z221).

T

Recalling that 0 < ¢ < ¢pax, we see that

2.2
tow] < — ‘ln<1_“|ff|>
sin 6 8r

5s
In (1 T min{(k 4 9),1/c}

w
w

2
< =
S

[\
o

)‘ (. sinf =scosf > —, and - < 1).
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Since k > 10, |e] < 2,s < ¢, and ¢ < 13, m < 1. Since |In(1—t)| < 2t

forall 0 <t < %, we see that the distance between the entry points is at most

20 1 1
devl < T+ o,/ =% (14;—2 + C> <25(; +eo)

The estimate for the exit points is obtained in a similar way, and is omitted.

Step 4. Calculation of B(~,7).
Let P, P and Q, @ be as above, then
B('Vv:yi) = B'y(—oo)(Pv -ﬁ) + [diSt(P’ QDEQ) - diSt(ﬁv (PZJHL@)] + ng[;k’y(oo) (Qa é)

~ ~ 1
Dy =+ [dist(P, P) + dist(Q, Q)] = Do £ 50 (c + k) .
The proposition follows in the case ¢ # 0, because of step 2. ]

Lemma 4.4.1. Suppose € € [—2,2] and ¢ > 0. Then
(a) feel+) is strictly increasing, and fe(t) % and f; () is decreasing,
(b) sup{f;.(t): 0 <c<1,t>1g,le] <2} ——0.

to— o0

4.4.2. The support of m in case (b). In case (b), there are positive constants £y, <
limax such that for a.e. €, {Tg*w(e??)} 4= crosses infinitely many pants with norm
less than /., entering and leaving through boundary components with lengths
longer than £y,;,. Without loss of generality, {in < min{cmax, ¢}, where cpmax is
as in the previous section and cj is as in proposition 3.4.2 .

Let Y be the collection of all pairs of pants which have two boundary components
with lengths in [min, fmax] (‘long’), and one boundary component with length in
[0, £rin) (‘short’). Let

(a) {Y;j(e"?)};>1 be the sequence of pairs of pants in ) which {Tw(e)}s~0
crosses, entering and leaving through the long boundary components;

(b) ¢j(e?) :=the length of the short boundary component of Y;(e?) (possibly
equal to zero);

(c) k;(e") :=the maximal length of the cutting sequence of {Tw(e?)}s~¢ in
the collar of the short boundary component (if {Tw(e?)}s¢ does not enter
that collar, set k;(e?) := 0).

Proposition 4.4.2. In case (b), limsup k;(e?) = 0o almost everywhere.
j—o0
Proof. We show that for every ng € N and every compact interval I C R,
Q(no, I) :={(e",5) € D x I : Bj > 0 s.t. kj(e?) > ng}

has measure zero.

The strategy is to assume by way of contradiction that Q(ng, ) has positive
measure for some ng, I, and then derive a contradiction using the same method
we used in case (a). But the implementation is different, because in case (b)
diam|[Y;(e%)] oo

j—

Fix (e",s) € Q(no,I) such that {Y;(e??)} is an infinite sequence (almost all
¢’ have this property). Label the boundary components and seams of Yj(ew) in
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accordance to figure 1, in such a way that the entry boundary component is a, and
the exit boundary component is by, then

E(a),ﬁ(bl),ﬁ(bQ) € wminaémax},
é((}) < Eminy
h Lmax h2 Lmax
((a),f(@) < cosh™* <COS 2 };ZEO_S 2 ), (" hexagon formula (3.1))
sinh® “min
2

0(B),£(8) > n(ci(e")), and could tend to infinity on a subsequence.

Let w denote the cutting sequence of {T'g*w(e?)}s=0 in Y;(e?). We can always

—k
write w = w/#* or w = w'B with k maximal (possibly zero) and w’ a reduced

word (possible empty). Let n be the last symbol of w’ when this word is not empty,
and n = a otherwise. _
For every j, let O;(e') be the a lift of Y;(e?) to an octagon in D done in such

a way that O;(e?) contains the segment of {g*(e?)} from side 1 to B*by or Bkbg.

i eie . .. . y
Let ng( Jer (z € S) denote the side pairing transformations of O;(e®).
Fix N, jo (to be determined later), and define for an arbitrary fixed j > jo

(ei® I

(ng( ))N w does not end with 3
Peit = (oif —
(gog](e )N 4 ends with JG]
ri(e?s) = (peo(e?), s —log g (e)]).

Step 1. Define e by r;(e?,s) = (e?,%), and let 7+ denote the geodesic ray
{g°w(€?)}4s0. If jo, N are large enough (how large depends on g, £min, fmax but
not on ), then for all j > jo
(a) Y;(e®) is the first Y € Y crossed by '+ through its long boundary compo-
nents, where I'yT enters the collar of the short boundary component, and
has cutting sequence of length more than N — 25 in that collar;
(b) there is a constant N ({max, fmin, 7o) such that Y;(e?) = Y/ (e?) with |5’ —
]‘ < N(émaxygmin; ’flo).

Proof. We do the proof under the assumption that c;(e?) # 0. The modifications
needed for the case c¢;(e??) = 0 are obvious, and are left to the reader.

Let v be the geodesic from —e'? to ;5 the geodesic from —e® to e’:g; and 7
the geodesic from —e® to €.

Claim 1. If N > 10, then I'y enters the collar of the short boundary component,
and its cutting sequence there has length (k;(e'?) + N) & 15.

Proof. We do the case when w does not end with 3 (the other case is exactly the
same). Applying a suitable isometry we draw 7,7 and O;(e) in the upper half
plane H in such a way that its side c is the vertical segment [i, %] and O;(e®) is
to the left of [i, e%i], where we have have set ¢ = ¢;(e?) (figure 4).

0
™) i represented by the isometry z — e “z, fis {z € H: |z| =

. 0y
Again ¢
e, Re(z) < 0}, Bis {z € H: |z| = 1,Re(z) < 0}, v is a geodesic with beginning
point z and endpoint e~ *¢y where z,y € [—e®, —1], and 7 is the geodesic with

beginning x and end e~ (FtN)ey (we shall comment later on the relation between k
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and k;(e")). The collar of ¢ is {z € H : [Im(z)| > |sRe(z)|} where s = tan6 and 6
is the root of dist(i, e?) = n(c). Since lmin < Cmax, § = Qilg.

The proof of step 1 of proposition 4.4.1 shows that if ¥k + N > 10 (which is the
case when NV > 10), then 7 enters the collar of c. Equation (3.3) and the assumption
¢ < lyin < min{l, ¢} show that the cutting sequence of I'y in the collar has length
(k+ N) £5.

We compare k to kj(e?). If I'y enters the collar, then (3.3) says that k;(e'?) =
k+4. If T'y does not enter the collar then necessarily k& < 10, (see the proof of step 1
in proposition 4.4.1), and k; () = 0 = k£ 10. In both cases, k;(e?) = k=410, and
we deduce that the length of cutting sequence of I'y in Y;(e) is (N + k;(e?)) £ 15.

Claim 2. The length of the pieces of I'y inside the collar of ¢ is bounded from above
by some constant which only depends on ¢, inax, 70, and N.

Proof. This length was calculated in step 2 of the proof of proposition 4.4.1 to be

(Lte)e
2

where 4t = N+k and |¢| < 2. We saw above that k < k;(e??)+10, and by assumption
(", %) € Q(no, I), so kj(e’) < ng. Thus p+e < N+ng+12. Recalling that s > Ic,

Dy = 2sinh ™! \/ % sinh? 1.
S

we see that Dy < 2ginh ™! (% sinh Wiﬂmc) This expression has a continuous

extension at ¢ = 0, and is therefore bounded on the set {c¢: 0 < ¢ < i}, with a
bound which only depends on £yin, fmax, N and ng.

Claim 3. There are k; < ng + 26, |ka — N| < ng + 15 such that 7 enters the collar
(et? ; . (et? ; .
of ¢ at ((p%( ))k1 [0;(e")], and leaves it at (4,0?"( ))k2 [0,(e")], and if we define

~ (10 .
e P to be the point of entry of 5 to the collar of ¢ in ((pg]( ))k1 [0, ()],

~ (e .
e () to be the point of exit of ¥ from the collar of ¢ in (ng( ))k2 [0, ()],
e P the point of entry of v to O;(e),
(et® ; .
e (@ the point of exit of y.ie[y] from @i [((pgj( ))kOj(eze)] (we claim that
this point exists),
then dist(P, ]3), dist(Q, @), and dist(P, go;é (Q)) are bounded from above by a con-
stant which only depends on fyin, fmax, and ng.
. (o0 ,
Proof. Proposition 3.3.1 shows that v,7 cross O;(e?), then ng( )[Oj(e“g)], then
(e : S(ei? : .
(wg’( 2(0;(¢")], and so on up to (Lpgf( ))E[0,(e?)] in the case of 7, and
(&0 :
(cpg](e ))’”N[Oj(e’e)] in the case of 4. In particular, P, Q) exist.
In the upper half plane picture described in the proof of claim 1, Oj(ew) lies
R
in the half annulus {z : 1 < |z| < e}, @g](e ) is 2 e ¢z, and 7 is a geodesic
IRING ,
with endpoints in (—e®, —e~(**N+1¢) Thus 7 cannot intersect ((pgj( ))1(Oj (€?)
when i > k + N + 1. Recalling that k < k;(e?) + 10 < ng + 10, we see that
k2§k+N+1§N—|—n0+11.

On the other hand, ko — k1 is at least as large as the length of the cutting sequence
of I'g at the collar, which is at least N — 15 (claim 1), so ks > N — 15 and

k1 < ko + 15— N < ng + 26. This proves the existence of ki, ks, ]3, @
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~ ~ RN .
We estimate dist(P, P). Let P; be the entry points of 5 to ((pgj( ))Z[Oj (e')].

By the deﬁinition of kq, ﬁl are outside the interior of collar of ¢ for i = 0,...,kq,
and P = Py, so

dist(P,P) < Zdlbt 1, P) + dist(Py,, P)

(lﬁ +1)diam (0;(e") \collar of ¢)
= (k1 + 1)diam (core of O; (e’ %) U collars of a, by, ba)

S (nO + 27)[ Core(emax) + 277( ~min )} ( %gmin é E(a)ag(bz) S ‘gmax)

(Meore(+) is defined in lemma 3.2.2). In the same way, one shows that

dist(Q,Q) < [(k+N) — ko + 1)[Meore (max) + 27(fmin/2)]
S (27’10 + 26)[Mcore(€max) + 277(€mm/2)]

Set Q := © o 1(Q). We estimate dist(P, Q). Let A be the geodesic segment from

P to Q. This is the part of {g°w(e?)} >0 with cutting sequence 13" or nﬁk. It can
be divided into three pieces: Aj, from P to the the collar of c; Ay in the collar of
¢; and Az from the collar of ¢ to @ (if A does not intersect the interior of the collar
of ¢, set A1 := A and Ay, A3 := ©).

Ay and As have cutting sequences of length at most k + 1, and they do not
intersect the interior of the collar of ¢, therefore their lengths are no more that

Q(k + 1)[Mc0re (gmax) + 277(€min/2)] < (2’/7,0 + 22)[Mcore(€max) + 277(£min/2)}-

Ag is the sojourn of I'y in the collar of ¢. Since the length of the cutting sequence
of v in that collar is bounded by ng, the length of A5 is bounded by some constant
which only depends on £,;, and ng. We conclude that dist(P, Q) is bounded by
some constant which only depends on iy, imax, and ng.

Claim 4. Proof of step 1, part (a).

Proof. Let C = C'(fmin, ¥max, o) denote the upper bound for dist(P, ﬁ) found in
the previous claim.

Let P be the intersection of 5 with Hor_ s (0), and let P be the intersection of
~ with Hor_io (P). We have:

dist(P,0) < the length of the arc Po on Hor_ i (0)

< e Wt0P) o the length of the arc PP on Hor_i0(0)
< 2~ 4P _ tanh dist(P, P)] ™' (see the footnote on page 26);
dist(P,P) < dist(P, P)+ dist(P, P) = |B_.0 (P, P)| + dist(P, P) < 2dist(P, P)

2C.

Thus dist(P, 0) < 2e~ 4s6©P)[1 — tanh 2C] !
Let P* to be the intersection of 5 with Hor (o). Then

A

dist(P*,0) < dist(P*, P)+dist(P,0) = |B,i;(0, P)| + dist(P, 0) < 2dist(P, 0)
< dem WP _ tanh 2¢0) 7!
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By the footnote on page 26, the length of the arc P*o on Hor_;5(0) is bounded by

Qtanh[dist(o, P*)/Q] 2diSt(o)P*) o)
< <K ist(o,
1 — tanh[dist(o, P*)/2] — 1 — tanh[dist(o, P*)/2] — (Ce ;

where K(C) := 10(1 — tanh 2C)~![1 — tanh(2/(1 — tanh 2C))] L.
This means that if & is the unit tangent vector to 4 at P*, then

dist(¢°@, gsw(ei‘a)) < K(C)e~(ist(0.P)ts)

Recall that it takes at least 1(fmax) units of time to cross a pair of pants with
norm no larger than £,.,, and that 'y crosses j — 1 such pants between o and P.
Therefore dist(o, P) > (j — 1)n(¢max)-

Choose jo = jo(Ymax, C) such that if j > jo, then

) 1
e 0Tl K(C) < g min {eG n(lmax) }
(j — Dn(lmax) > 4[1 —tanh C]™' + C.

(Eg‘;f is given by proposition 3.4.2).
Assume from now on that j > jo and N > 10. By the first condition on j,

I 1
dist(¢°@, g*w(e®)) < 1*0675 min{e n(lmax)} for all s > 0. (4.11)

The second condition on jy implies that 7 enters the collar of the short boundary
component of Y} at positive time, because the base point of &, P*, is dist(o, P*) <
41 — tanh C]~! away from o, whereas the entrance point of ¥ to O, 13, is at least
d(o, P) — d(P, ﬁ) > (j — D)n(lmax) — C > 4[1 — tanh C]~! away from o.

Thus T4+ Egj’ffshadows 'Y during its sojourn in the collar of the short boundary
component of Y;(e').

By proposition 3.4.2 and claim 1, the length of the cutting sequence of I'y in
that collar is at least N + k;(e?) — 25 > N — 25.

We show that if N is large enough, then Yj(ew) is the first pair of pants where
'y " behaves this way.

Let @ be the unit tangent vector to 5 at P. We saw above that dist(o,
2¢~ 4560 P)[1 — tanh 2C]~!. Therefore the length of the arc Po on Hor_ e
less than K (C)e™ 4ist(@P) Tt follows that

P) <
(o) is

dist(g°w(e'?), g°0) < K(C)e*~44P) for all 5 > 0. (4.12)
We also clearly have

dist(¢°®,¢°w) = dist(0,®) (.-, are on the same geodesic)
|B_.i6 (P*, P)| = |B_pi0(P*,0)| < dist(P*,0)
< 2K(C)e~ diste.P) (4.13)
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By (4.11), (4.12), and (4.13), for all 0 < s < dist(P*, P) =the entrance time of
g°® to the collar of the short boundary component in Y;(e'),
dist(gsw(eia),gsw(ew)) < dist(gsw(eig),gsa) + dist(¢°@, g°®)
+ dist(g°®, g*w(e™))
< 1170 min{egh, n(fmax)} + 26~ diSt(OJD)K(C)
—l—es_diSt(O’P)K(C)

< S min{e, n(lmax) } + PR (C) (4.14)
< Nllmax) + CTEOK(0) =: 6(C),

where the last inequality is because
s — dist(o, P) < dist(P*, P) — dist(o, P) < dist(P*,0) + dist(P, P)
< K(C)e dteP) 4 ¢ < K(C) +C.

In summary, 36 = 6(C) s.t. {g°w(e??)}¥=5F"P) 5 shadows {gow(e?®)}EHEH)

We now appeal to corollary 3.4.1: 3Ky := Ko(6(C)) s.t. if {ngw(eie)}gig(P*’P)
enters the collar of the short boundary component of some Y € Y and has cutting
sequence of length k there, then the length of the cutting sequence of any other
geodesic which enters that collar and §(C)-shadows it there is at least k— K. Thus
by (4.14), the length of the cutting sequence of {I‘gsw(ew)}gzg(P*’P) in the collar
of the short boundary component is at least £k — K.

By assumption w(e?®) € Q(no,I), so k — Ko < ng. Thus: the cutting sequence
of {ngw(ew)}g:g(P*’P) in the short boundary component of any Y € Y which it
crosses through the long boundary components, has length no larger than ng + K.

We claim that the previous statement remains true if we replace dist(P*, P) (the

entrance time of I'g®(@) to the collar of the short boundary component of Y;) by
the entrance time of I'g°w(e?) to Y;. Indeed, (4.11) says that I'g°@ is $7(max)—
shadowing I'¢g°@, which at time s = dist(P*, P) is at position TP € Y;(e¥) on
its way 4n to that pair of pants. This means at time s = dist(P*,ﬁ), Lg*w(e?)
is either already in Y;(e®), in the inner half of the collar of one of its boundary
components, or on its way to Y; in the external half of the collar of one of the
boundary components of Y;. In either case there is no way for it to cross any
Y € Y other than Y;(e').

Thus 'Y+ does not cross a Y € ) where it enters the collar of the short boundary
component with cutting sequence of length more than ng + Ky, before arriving to
Yj(e?).

Thus if we choose N to be larger than ng + Ko(d(C)) + 25, and j to be larger
than jo(fmax, C), then Y;(e?) will always be the first pair of pants crossed by I'y*
through its long boundary components, where the cutting sequence in the collar of
the short boundary component is longer than N — 25. Step 1 (a) is done.

Claim 5. Proof of step 1, part (b).

Proof. By (4.14), there is a constant T = T(C) s.t. dist(gsw(eie),gsw(eig)) <

21 (lmax) for all s < dist(P*, P) —T. Thus T'g*w(e') and Tg*w(e®) cross exactly
the same elements of Y during the time window [0, dist(P*, 13) -1T].
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These geodesics can cross at most T/n(fmax) elements of ) during the time
interval [dist(P*, P) — T, dist(P*, P)).

At time s = dist(P*, P) (as explained above), they are both either in Y;(e?) or
on their way to cross Yj(ew) without the possibility of crossing any other element
of YV on their way. ~

Thus Y;(e??) = Y;:(e?) with |j' — j| < T/1n(lmax). Since T = T(C), and C =
C'(Urin, Cmaxs 10)s No := T/n(lmax) only depends on £pin, fmax, and ng.

Step 2. k; is injective, whence measure preserving.

Proof. Suppose we know k;(e??,s) = (¢’ %). In order to find e¢?, we need to
identify ¢, i0. ~

To do this follow the projection of g*w(e?) on T\D until the first time it crosses an
element of )) through its long boundary components, and where its cutting sequence
in the collar of the short boundary component has length more than N — 25. By
step 1 this pair of pants is Y;(e?).

Label the seams and boundary components of Y;(e'?) so that a is the entrance
component, b the exit component, and ¢ the short component. Let w be the cutting
sequence in Y;(e'), write w = w'8* or w = @’Bk with k maximal, and let n be the
last symbol of w’ if this word is not empty and n = a otherwise. Lift Y;(e?) to the
octagon in D which contains the segment of g*w(e'?) from 7 to B* or Bk This is
Oj (em).

The short boundary component of O;(e®?) has length c;(e'?), and lifts to a geo-
desic v, C . There are two ways to orient 7y,, choose the one which is compatible

with the orientation of gsw(e’g). Let ¢ be the hyperbolic transformation such that
o the axis of ¢ is p;
e the translation length of ¢ is Ne¢;(e');

e ¢ translates points on its axis in the positive direction (w.r.t. the orienta-
tion of ).

Then ¢ = ¢.io. Having identified ¢.ie it is no problem to invert x; at (eia, ).
Thus &; is injective. It is obviously Borel, and it clearly preserves I'-orbits. Thus
it is measure preserving.

Step 3. There exists j§ such that (.. .. £;[Q(n, I)] is precompact.

>3
Proof. As in case (a), everything boils down to finding j§ so that if j > j§, and
' is defined by (%, ) = k;(e?, x), then |R(e'?, )| is bounded by some constant
which does not depend on €% or j. ~

Starting from (4.14), we see that dist(g°w(e®), g*w(e'?)) < 6(C) for

s =dist(P*,P) > dist(o, P) — dist(o, P*) — dist(P, P)
> dist(o, P) = [C+ K(C)] > (j = Dn{fmax) — [C' + K(CO)].

Thus there exists j; which only depends on #pnin, max, and ng such that j > j3
implies e’ — €| < 1. For such j, |R(e?, )| < |B(Ty,T7)| + 4.
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We show that |B(I'y,I'9)| is bounded by some constant which only depends on
L imins fmax, No, and N. Recall the definitions of P, Q, P, Q) from claim 3 above.

|B(Iy,T9)| < |B_gio(P,P)| + |dr,(TP,1'Q) — drs(T'P,TQ)| + |B,5(Q, Q)|
dist(P, P) + [d, (P, ¢24Q) + d5(P, Q)] + dist(Q, Q)

IN

which is bounded by a constant only depending on £y, £max, g by claim 3.
Step 4. Completion of the proof.

One shows, just like in case (a), that the family {x;[Q(no,I)]}i>;, contains an
infinite collection of pairwise disjoint elements. Since x,; is measure preserving (a
I'~holonomy), U, ;, :[€2(no, I)] has infinite measure. But step 3 says that this set
is pre-compact, so we get a contradiction to the Radon property of m.

This contradiction shows that m[Q(ng, )] = 0 for all ng and I, therefore for
almost every (e, s) and every nyg, there exists j such that k;(e®®) > n. 0

4.4.3. Proof of the holonomy lemma in case (b). Fix e, co>0, and let £ax, bmin, Cmax
be positive constants as in the previous sections. Assume w.l.o.g. that ¢ < 1.
Choose n§ € N so large, and ¢, > 0 so small, that

(a) ng > 10/e,
(b) 0< crﬁlax < min{l,emiru cmaxa06}7
() 100(-E + 2¢.y) + sup{f. .(t) : [e] £2,0 < ¢ < chax,t 2 N5} < /2

* max?
0 a:

(see lemma 4.4.1).

Let Y* denote the collection of pants with two boundary components of length
in ({min, fmax] and one boundary component with length in [0, ¢k, .| (henceforth
referred to as the ‘long’ and ‘short’ components).

Let Y;(e®) be the ordered list of pants in J* which I'g*w(e?) crosses through
the long components. In case (b), this is an infinite sequence for a.e. €.

Let c;(e") denote the length of the short boundary component of Y;(e®?). Sup-
pose I'gw(e?) enters the collar of the short boundary component. It may do so
several times. Let k;(e?) denote the length of the longest cutting sequence in the
collar of the short boundary component done by I'g*w(e?®) during its sojourn in
Y;(e?). Let so be the time when T'gw(e?) starts this ‘maximal’ sojourn (if there
is more than one maximal sojourn, take the smallest possible s).

If Tg*w(e™) does not enter the collar of the short boundary component, let sq
be the time T'g*w(e®) enters Y;(e'?).

Lift Y;(e") to the unique octagon O;(e??) C D containing g*°w(e'®). Label the
sides of O;(e') in accordance to figure 1 in such a way that T'g*w(e?’) enters Y;(e?)
through side a and leaves it through b,.

Define two numbers k;(e'?), £(e') as follows. If k;(e'?) = 0, set Ej =g, =0.
Otherwise I'g*w(e?) enters the collar of the short boundary component during its

j(e?)

sojourn in O;(e"). Map O;(e®) to the upper half plane in such a way that gpg

is conjugated to z — e=¢(¢") 2 when ¢ #0, or z — z + 1 if ¢ = 0.1 The image of

12This determines the conjugacy up to application of a map of the form z — kz (¢ #0) or
z+— z+1 (¢ =0). The definitions which follow are invariant under such transformations.
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{g°w(e?)}4>0 is some H-geodesic from z to y, and z,y # 0, co. Define:

ki(e?) = {ch(lew)mu/m” (e(e%) #0) (4.15)
’ [z -yl (¢;(¢%) = 0)
gi(e) = {{Je“’)lnwy'} (i) #.0) (4.16)
’ {y — o} (c;(€%) = 0)
sen Inl (r C; eie
sgnj(ew) — {Sin(ly(l a/C;/D Ecaéew; i 8; (where sgn0:=0). (4.17)

By (3.3), [k; — k;| < 4.
Recall the definition of f..(-) from proposition 4.4.1, and define for all N € R*,

Geen(n) :=min{n’ >n: f..(n') = foc(n) > N}

The minimum exists because f c(t) T > by lemma 4.4.1.
—00
!

By our choice of ng, f. (t) <1 for all t > ng. Consequently, g. . n(n) >n+ N
for all n > ng. Moreover, g. . n(-) is injective, even strictly increasing: Set f = f.,
g = gee,N, then

flg(n) =1) = f(n=1) = [f(9(n)) = f ()] +[f(n) = fF(n=D)] = [f(9(n)) — f(g(n) = 1)]

> N+inf f'(t) = sup  f'(t)
t<n t>g(n)—1
> N+ inf f(t) —fgpf’(t) (. g(n) >n)

> N (.. f'is decreasing (lemma 4.4.1)).

But g(n—1) is the smallest n’ s.t. f(n')—f(n—1) > N,sog(n—1) < g(n)—1 < g(n),
proving that g.. n is strictly increasing, whence injective.
Fix two numbers j§, N§ (to be determined later), and define for R 3 N > Nj:

i) = min{j > 55 k() > nil,
) o j=3("?)
N(Ee”) = gean(kj(e”)) —k;(e”), where c:cj(ez_e) ,
E=¢;(e")

Qoo (€)=

k(e®) = pue(e?).
These definition make sense for almost every e, because of proposition 4.4.2 and
the inequality |k; — k;| < 4.

We claim that if jj, Nj are sufficiently large, then & is injective.

The argument is similar to the one we used for the proof of proposition 4.4.2.
Suppose e’ = ("), and let 7y be the geodesic from —e” to €'’; 5 be the geodesic
from —e® to e, and A the geodesic from —e® to €?. Set j := j(e'), ¢ = c(e'?),

k=€), & = ("),
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Claim 1. T'q enters the collar of the short boundary component of Y;(e?) and its
cutting sequence there has length at least nf + Nj — 4

Proof. By (3.3), this length is at least Ej(ew) + N(e¥) — 4 = gc’g’N(Ej) -4 >
k;j + N — 4, because g.zn(n) > n+ N for all n > n§. Since k; > n§, k;(e?) +
N(e®) —4 > nk+ Ni — 4.
Claim 2. If P, P are the points of entry of g*w(e?) and 3 to the collar of the short
boundary component in O;(e?), then dist(P, P)<C:=25 (n—l* + cr*nax).

0
Proof. See step 3 in the proof of proposition 4.4.1.
Claim 3. There are constants jo = jo(¢max, C) and No(C) s.t. if j§ > jo, then

(a) g°w(e®) enters the collar of the short boundary component of O;(e?), and
the length of its cutting sequence in the projection of that collar is at least
no + Ng - 25;

(b) the length of the cutting sequence of T'yT in the collars of the short bound-
ary components of the pants in Y* it crosses before g*w(e®) gets to O;(e*)
does not exceed ng + No(C).

Consequently, if N§ > No(C) + 100, then x(e?) determines O, (e?).
Proof. See the proof of step 1 in the proof of proposition 4.4.2.

Now suppose that jO7 N0 are large enough to make the previous claim valid.
Then we can ‘read’ O;(e'?) from r(e'®). This is enough to determine c;(e'?) and

o ki) + N(e);

o £(e");

o sgn;(e’?).
Indeed, these are the parameters of 4 when we lift it to the upper half plane in a
O; (e’

way which conjugates P ") to z — efcf(eie)z

Since we know &; (e 10)+N( i), we know ge 2, ~(k;(e?)). We have seen above that
gez,n(-) is injective, therefore gcs N(k (€?)) determines k (¢?). But this means
that we can also determine N (e®).

This is enough information to identify @0 = (@21(619))]\’(619)Sg“j(ew), and to
invert » at r(e').

It follows that if jj, IVJ are large enough, and N > Nj, then x is injective,
whence a I'-holonomy.

We now choose j; and N. As in the proof of claim 4 in proposition 4.4.2,
there are constants §(C), d(C) such that dist(g°w(e?), g°w(e?)) < 6(C) for all
0 < s < d(o,P) —d(C), and dist(o, P) > (j§ — 1)n(¢max)- It follows that if j§ is
sufficiently large, then for all ¥, |e? — k(e™)| < \/€/4.

Increase j§, if necessary, to satisfy this condition, and fix N > Nj. We have
R k(e?) = B(I'y,T7) x4l — k(e'))? (proposition 4.1.1)

= [fcj,gj (k] + N(ele)) - ij,é\j (k)]
H100[cfo + 1/m] & £

4
- [ij7é\j(ng,Ej, ( )) ch aJ i100<max > 2

(proposition 4.4.1)
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The first bracketed term is the first number in the sequence { f. (n)— fc,g(zj)}
which is more than N. The increments of this sequence are less than

anJ

Sup{fé’e(t) el €2,0 < e < st > 15}

because @j > n by the definition of j = j(e?). This means that the first bracketed
term is equal to N £ sup{f. _(t) : [e] 2,0 < ¢ < ¢jax,t > N}, whence
|R(e” k(e?)) — N| < sup{fy.(t) : |e] <2,0 < ¢ < chart > 15}

€
+100[c} a0k + 1/15] + 1
< &, by our choice of ¢ and ng.

Taking N := nNj and € < 1 gives the first part of the holonomy lemma with
o := Ng and My := 1.

Taking N € co(3 + Z) N [Ng,00) and € < ¢o/4 gives the lemma with M(cg) :=
N +1 and &(co) = 2co. O

4.5. Proof of the holonomy lemma in case (c). In case (c¢) almost every
{T'g*w(e?)}s>0 crosses infinitely many pairs of pants where it enters or leaves
through a boundary component whose length tends to zero.

We label this boundary component by ¢, and the rest of the sides of the pants
in accordance to figure 1 (the reader will hopefully excuse this deviation from the
notational conventions of lemma 4.2.1). We abuse notation and write ¢ = ¢(c).

4.5.1. Controlling the values of the Busemann cocycle in case (c). Suppose 7 is a
geodesic which crosses the collar of ¢ in a pair of pants Y in such a way that its
cutting sequence inside the collar is 4%, with k& maximal. Let Oy be an octagon
representing Y. Define a geodesic 4 as follows: Fix N € N, lift v to D in such a
way that it crosses side ¢ of Oy . Define 7 to be the projection of the geodesic with

endpoints J(—o0) = y(—00) , Y(o0) = Wév [v(c0)].

Proposition 4.5.1. VeIl in(e), Keoi(€), Ko,eo s.t. if 0 < ¢ < &g, then |B(v,7) —
Nc| < Ky, and if 0 < ¢ < bin(€) and ke > Keoi(€), then |B(vy,7) — Nc| < e.

Proof. We assume throughout that 0 < ¢ < 1.

Step 1. Calculation and comparison of the distance which «y,7 travel inside the
collar of c.

Fix some A > 0 (to be determined later). Draw the collar of ¢ in the upper half
plane in such a way that the fixed points of ¢ are oo (attracting) and 0 (repelling),
and side ¢ of Oy is the segment [i4,e°Ai]. The geodesic v, is then the positive
y—axis, pg becomes z — ez, and the boundary of the n(c)-collar of ¢ is y = s|z|,
where as before s = tanf and dist(i, e?) = n(c).

Draw « in H so that its intersection point with 7, is in Oy. The endpoints of
are on different sides of the y—axis, and there are unique m,n € Z, x € (—e®, —1],
y € [1,€°) such that v(—o0) = e~z and y(+00) = €™¢y. Choose A in such a way
that [m—n| < 1 (apply the isometry z — ez ¢z when 2|(m—n) and z P
when 2 f(m — n), and choose A to ensure that {z : A < |z| < e®A} contains Oy ).

Note that k := m + n, and %,1 <m,n < ngl.

€z
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The entry and exit points of v to the collar are z; = &; +n;i (j = 1,2), where

[ dayletme(1 + )
1 —1)74/1
+ ( ) \/ + (ency + e_mcx)2

ey + e mx
2(1+s?)

Using the identity sinh (4 dist(21, 22)) = |21 — 22|/[2v/Imz1Imz;], we see that

é'j = ) 7’1:( )ng

1 nc —mc 4 (n—m)c(1 2
sinh ( dist(z1, 22)> = le fj;e il 1+ [zyle 7( +§ ) (4.18)
2 2se 2 ¢\/[ayl (ency + e~ mex)

eke/2 ] — gmkept2e det2¢(1 4 52) ke
95 oT2c (1— e—keez2e)2® -

Suppose kc > 3. We saw in the proof of proposition 3.4.2 that s ~ 5 as ¢ — 0r.
Thus there exists two global constants Ag, By such that

1 ke/2
sinh (2 dist(21,22)> =

Since ¢ < 1 and € > 4sinh® £ (z > 0), edist(z1:22) > Cpeke, for Cp = 4e™2(Ao+Bo),
Substituting x = dist(z1, 22) in 2 = 2Insinh § +In4 — 2In(1 — e™*) thus gives,

X exp [i (Aoc + Boe_kc)] .

2 .
dist(z1,22) = ke+2In= =+ (Agc+ Boefkc) —2In(1 — e~ dist(z1:22))
c

2
= ke+2In= £ (Age+ Boe ™ —2In(1 — Cyle %)) .
Cc

We see that if kc is sufficiently large, and c¢ sufficiently small, then dist(z1, 22) is
arbitrarily close to to kc + 21n %
Now suppose kc < 3. Write (4.18) in the following form:

1 o5
sinh ( = dist(z1, 2 = \/ ency 4 e=mey 4|zyle(n—mle(1 4 52
(=) = g flery e i )
Since k¢ < 3 and ¢ < 1, the term in the square root is globally bounded away
from zero and infinity, so sinh%dist(zl,zg) = % As before, this implies that
dist(z1, 22) = ke + 2111% =+ const, with a universal constant.
In summary, for all £ and 0 < ¢ < 1, the time « spends in the collar is

2
ket 2In = & [efy(c) + e (ke)] (4.19)
where 5( ) : [0,00) — R are bounded universal functions such that 5(1)(75) — 0
t—
and 522 (t) P 0. It is easy to arrange for 5(0) to be increasing, and for E % to

be decreasing.
To compare the sojourns of v and 7, we note that |k[y] — k[y]] = N, so

[length of 4 in collar] — [length of 7 in collar] = N¢ + 2[5(1)( )+ (2)(kc)] (4.20)

col €col

Step 2. There is a global constant K such that distance between the entrance points
of v,% to the collar of ¢ is less than or equal to K¢, and the distance between the
exit points of 7, <pg [v] from the collar is less than or equal to Kc.

Draw everything in the upper half plane as before. Since 7,7 intersect the
positive y—axis, they are above the geodesic y; connecting z’ := y(—o0) to 0, and
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to the right of the geodesic v, connecting =’ to co. Thus the entrance points of v,
to the collar are between the entrance points of v and ~,. Call the first point z,
and the second w.

It is clear that w = 2’ — is2’, and z =

isx’

Ts? — 117, so the hyperbolic length
of the euclidean segment [z, w] can be easily found to be asymptotic to s ~ ¢/2 as
¢ — 0, see (4.10). It follows that 3K such that for all 0 < ¢ < 1, this length is
less than Ke¢. Since the entry points of 7,7 are inside this segment, the distance
between them is at most Kec.

The statement on the exit points follows by symmetry.

Step 3. Calculation of B(v,7) and proof of the proposition.

This is the same as in case (b), so we omit the details. O

4.5.2. The support of m in case (c). Let €min(€) be as in proposition 4.5.1. W.l.o.g.
lin(e) < e.

Proposition 4.5.2. In case (c), for everye > 0 and almost every e, {g°w(e?)} 40
crosses infinitely many collars of closed geodesics of length 0 < ¢ < €yin(€), so that
if k is the length of the collar cutting sequence, then kc > K q(€).

Proof. Let C denote the collection of collars of closed geodesics of length less than
min{eg, {min(€), ¢, ﬁ}, where ¢, €0, fmin(€) are given by propositions 3.4.2 and
4.5.1. In case (c), for a.e. e, T'g°w(e?) crosses an infinite sequence of collars
C;(e?) € C. Let k;(e") denote the length of the cutting sequence of I'g*w(e?) in
C;(e?), and let ¢;j(e?) denote the length of the closed geodesic at the center of
Cj (em).

We prove the proposition by showing that the following set has measure zero for
all np € N and I C R compact:

Qno, I) :={(e",5) € D x I : Bj > 0 s.t. kj(e)c;(€) > no}.

Lift C;(e?®) c T'\D to the connected subsets R;(e?) C D which g*w(e®) crosses.
The closed geodesic at the center of C;(e?) lifts to a geodesic segment 7, which
crosses R;j(e?). There are two ways to orient 7,. Choose the one that is coun-
terclockwise, when viewed from the entrance boundary component to the collar.
The endpoints of this segment differ by a hyperbolic element @Rj(els) € I') and the
translation length of this element is ¢;(e?).

Define Ej(ei‘g), £j(e'?), and sgn;(e) as in (4.15-4.17). Fix some N (to be de-
termined later), and define for j € N

Ni(e?) = [N/ej(e”)],
BN ggm () > 0
P E () s () < 0
Kj (eiev S) = (‘pe“’ (ew)v s — IOg |(<pei9)/(ei0) |) .

As before the idea is to choose N so that k; are injective (whence measure pre-
serving), and such that {x;[{(no,I)] : j > 1} contains an infinite pairwise disjoint
collection with pre-compact union. Once this is done, m[Q2(ng, I)] = 0 by the Radon
property of m. The construction is essentially the same as in case (b), so we restrict
ourselves to a brief sketch, pausing only at points where the details are different
from what we did above.
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From now on assume that (%, s) € Q(ng, I), and that {C;(e?)} is infinite.

Step 1. Define e by (e, x) := k;(e?, %), and let 7 = {g°w(e®?)}s>0. If j and N
are large enough (how large depends on ¢, but not on €*), then
(a) Cj(e®) is the first collar in C crossed by I'y*, where the length of the
cutting sequence times the length of the closed geodesic in the collar is
more than N; B
(b) IN(e) independent of e s.t. C;(e?) = Cj(e?) with [5' — j| < N(e).

Proof Define v to be the geodesic from —e'? to e?; 7 the geodesic from —e to
e?: and 7 the geodesm from —e to ei?

1"7 crosses Cj (e’ %) by assumption. F’y crosses C} (€'?), because if we lift Ty and
I'y to the upper half plane in such a way that the closed geodesic at the center of
C; (€?) is mapped to the y-axis, and wRJ(eie) is conjugated to z — e_cf(ele)z, then
the lift of 7 satisfies J(—o00) = y(—00), and J(o0) = eiNJ’(ew))cj(ele)'y(<>o)7 and these
numbers have opposite signs, because y crosses the collar.

Let P and P be the points where v and 7 enter C;(e?). Let @ and @ be the
points where @.ie[y] and 7 leave the lift of the collar. One shows, as in step 2 in
the proof of proposition 4.5.1, that dist(P, }3) and dist(Q, @) are bounded by some
constant C, which is independent of e*’ and j.

Let & denote the unit tangent vector to 7 at its point of intersection with
Hor_;5(0). Repeating the argument of claim 4 in the proof of proposition 4.4.2,
we find jo = jo(C),d = 6(C),d* = d*(C) such that if j > jo, then

Eefs min{e’, n(lmin(e))} for all s > 0 (4.21)

dist(gsw(ew),gsw(eig)) < §(C) forall 0 < s <d(o,P)—d*"(C). (4.22)

dist(¢°@, gsw(eia))

IN

The first inequality can be used to show that Ty* crosses C; (€?), and that its
cutting sequence there has length k> N;(e) — 10 (proposition 3.4.2), whence
%cj (€?) > N — 1. The second inequality and the assumption that 3s s.t. (e?,s) €
Q(ng, I) can be used as in claim 4 of proposition 4.4.2 to show that there exists
some global constant Ny(8(C)) such that T+ does not cross a collar C' € C where
its cutting sequence times the length of the closed geodesic in C' is more than
Keo1(2) +no + No(6(C)), before crossing C;(e™?).

Part (a) follows, with any choice of N so that N > Ku(¢) +ng + No(6(C)) + 1.
Part (b) is proved as in claim 5 in the proof of proposition 4.4.2.

Step 2. k; are injective, whence measure preserving for all j large enough.

Proof. The previous step shows that Cj(eie) can be read from ei(;, and this is
enough information to invert ;.

Step 3. There exists jo such that |J.. . #;[Q(no, )] is precompact.

3>jo
Proof. Write (e?,%) := k;(e?,*), and recall that d(o, P) is the time it takes
Lg*w(e?) to reach C;(e?). Since it crosses j — 1 collars in C before doing so,
d(0, P) > (5 — 1)n(lmin(€)). If § > jo, then (4.22) says that d(g°w(e'), g*w(e™)) <
0(C) for 0 < s < (Jo — 1)n(lmin(g)) — d*(C). Choosing jo = jo(C) sufficiently large
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(how large only depends on C), we see that this forces |e?? — eia| < 1, whence

|R(e?, ei§)| < |B(I'v,I'9)| +4 (proposition 4.1.1)
< N;j(e?)ej () + Ko+ 4 (proposition 4.5.1)
< kj(e?)ej(e”) + N + Ko +5,
which is globally bounded since k;(e?)c;(e?®) < ng by the assumption on €. B
We obtained a uniform upper bound on |B(I'y,I'y)|, whence on |R(e, e®)|.
This shows the pre-compactness of |J;- ; #;[Q(no, I)]. O
4.5.3. Proof of the holonomy lemma in case (c¢). Fix € < 1 and ¢ as in the state-
ment of the holonomy lemma. Let €, (g), Kcoi(€) be as in propositions 4.5.1 and
4.52. W.lo.g. luin(e) < e.
Fix Ny and jo (to be determined later), and recall the definition of C, C;(e®),
cj(e?), kj(e?), @Ri(ele) from the previous section. Let j = j(e, jo, Ko) be the first
J > jo st kj(e)ej(e?) > Keo(e), and define

Ni(e?) = [(No+ 3)eo/c;(e")],
(e?? (e i
e RN () 2 0
e ()M g (ei%) < 0
k(e®) = @u0(e?).

One shows, as in the previous section, that if jo and Ny are large enough, then s
is one-to-one, and |k(e'?) — €| < ¢, and

R(e” k(")) = B(I,T7)+ 4 (proposition 4.1.1)
N;j(e?)cj(e) £ (4e* +¢) (proposition 4.5.1)
= (No+ 3)co £ (4e? + &+ ¢j(e?)) = (No + 3)co £ (4? + 2¢),

because ¢;(e?) < lpin(e) < e. Making ¢ smaller, if needed, it is no problem to
ensure that 462 + € + lmin(€) < 75¢0, whence [R(e', k(e)) — (No + 3)co| < 15¢0
for all Ny sufficiently large. The holonomy lemma (both parts) easily follows. O

4.6. Proof of the holonomy lemma in case (d). There is a direct proof along
the lines of the argument we used in case (a). Here is a shorter proof.

We show that case (d) M must have finite area. This means that I' is a lattice.
The holonomy lemma for lattices follows from lemma 1 in [LS]. (Of course, in this
case we have no need of the holonomy lemma, as the classification of horocycle
invariant Radon measures is known thanks to work of Dani and Smillie [DS].)

In case (d), there exists a finite connected union of pairs of pants S such that
for almost every e, {T'g°w(e?)}s>0 eventually enters S and stays there. If S is
a complete hyperbolic surface, then S = M, which means that M has finite area.
Suppose by way of contradiction that S is not complete.

This means that one of the pants pieces which makes S has a boundary compo-
nent which borders a pants component Yy outside S. Let My denote the complete
hyperbolic surface obtained from S U Y| by extending it to funnels across each of
its boundary components. The result is a complete hyperbolic surface which is
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isometric to 'y \ D, where T’y is geometrically finite. The group I'g can be taken to
be a subgroup of I".13

In case (d), almost every e has the property that {T'g°w(e?®)}ss0 eventually
enters S C S UYy and stays there. This means that almost every e’ belongs to

U 9[A(To)], where A(Ty) := limit set of T'.
ger

It follows that m[A(T'g) x R] # 0.

Since A(Tg) is T'o-invariant, mg := m|yr,)xr is an invariant Radon measure
for the Radon Nikodym action of I'y. In particular, it corresponds to an invariant
Radon measure of the horocycle flow on the geometrically finite hyperbolic surface
My (although it need not be ergodic).

The ergodic invariant Radon measures of the horocycle flow on M, are known
[Ro], and fall into three classes:

(a) Ergodic components carried by single horocycles made of unit tangent vec-
tors which escape to a funnel under the action of the geodesic flow,

(b) Ergodic components carried by single horocycles made of unit tangent vec-
tors which tend to a cusp under the action of the geodesic flow,

(c) One g°—quasi-invariant ergodic component, which enjoys the property that
almost every unit tangent vector determines a geodesic which is forward
dense in the forward non-wandering set g of the geodesic flow on T (Mj).

Our measure cannot have ergodic components of type (a) because, almost surely,
I'g*w(e?) does not leave S. It cannot have ergodic components of type (b), because
these ergodic components give Par(T'g) x R C Par(T") x R positive measure, whereas
we are assuming that m[Par(I") x R] = 0. Thus our measure is equal to the ergodic
component of type (c). But this ergodic component gives full measure to unit
tangent vectors whose geodesics are dense in Qo Nint[T?(Yp)], whereas our measure
forbids the w-limit set to intersect int[T(Yy)]. We get a contradiction. O

APPENDIX: CUTTING SEQUENCES OF GEODESICS CROSSING A PAIR OF PANTS

The purpose of this appendix is to prove proposition 3.3.1. The proof is standard,
but we decided to include it, because there are subtleties which do not appear in
the classical case of non-wandering geodesics (as treated for example in [Sel]).

Bproof: Write M = T'\'D, My = o\ D, and let p : D — M, p(z) = T'z; po : D — Mo,
po(2) = Foz. Fix two unit tangent vectors & € TJ (D), w € T (S). Abusing notation we think of
T1(S) as a subset of T'(M) and T'(Mg). Modify T',Tg by a conjugacy to guarantee that p, po
both map @ to w. We show that I'g C T".

Suppose go € I'g is hyperbolic with axis 3, then v, := po[¥p] is a closed geodesic on My, and
w.l.o.g. ¢(7yp) =translation length of go. Let 71 be the shortest geodesic from o to 7. It meets 7

perpendicularly at some point Z. Closed geodesics do not enter funnels, so v, C S U Yp. Geodesics
which enter a funnel never leave the funnel, so 1 := po[J1] C S U Yp. Since y1 C SUYp, we can
lift it to D at o using p. The lift is completely determined by the length of +1, and the angle
between @ and the direction of 1 at its beginning point, therefore the p-lift is also equal to 77.
This means that p(Z) = po(Z) € vp, and that p-lift of v, at Z is equal to 7, (the unique geodesic
perpendicular to 71 at Z). We conclude that p[yp] = 7p is a closed geodesic. Thus 7, is the axis
of some hyperbolic element h € I with translation length £(,). But go has these properties, so
go = hT1 € I. We just proved that all the hyperbolic elements of I'g belong to I'. The case of
parabolic elements is handled in a similar way, using closed horocycles instead of closed geodesics.
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Throughout this section Oy is a fixed right—angled octagon, representing a pair of
pants Y. The sides of Oy are labeled as in figure 1, H(z) denotes the half space un-
der side z, and Q(z) := relative closure in H(z) of H(2) \ U,.cs0{a,01,65.c} H ()

where S := {a, 3, @, 8}.
Lemma 4.6.1. If z,y are different nonadjacent sides of Oy, then H(x)NH (y) = @

Proof. Suppose z = «. In hyperbolic geometry the angles of every triangle add up
to less than 180°, so two geodesics with a common perpendicular do not intersect.
Thus « does not intersect the common perpendiculars (seams) connecting a to ¢
and by to bs. Considering the connected components of Oy minus each of these
seams, we see that a cannot meet the sides of Oy which are not adjacent to it. [

Lemma 4.6.2. ¢,[Q(y)] C Q(T) whenever x,y € S are different, and

palH(a)] = H(a)  ¢s[H(a)] CQ(B)  ¢alH(a)] = H(a) ¢5lH(a)] C Q(B)
PalH (b1)] = H(b2) @p[H(b1)] = H(b2) @alH(b1)] C Q)  @g[H(b1)] C Q(B)
palH(b2)] C Q@)  wslH(b2)] C Q(B)  palH(b2)] = H(b1) ¢5[H(b2)] = H(b1)
palH(0)] C Q@)  @plH(c)] = H(c) ¢alH(c)] CQa)  wglH(c)] = H(c).

Proof. The key to the proof are the following observations

e Lemma 4.6.1;
e MGdbius transformations map geodesics to geodesics;
e Mobius transformations preserve angles and orientation.

Using these observations it is easy to see that the combinatorics of the action of
{¢s : © € S} on the sides of Oy is as depicted in figure 1, in the sense that the
ordering of the endpoints of the images of the geodesic extensions of the sides of
Oy is as depicted there. The lemma follows by inspection. O

Lemma 4.6.3. Q(x) U Oy UQ(y) is geodesically conver whenever x,y € S.

Proof. Q(z) U Oy U Q(y) = D\ U.e(s0{ab1,b,c})\{ay} 1 (2), an intersection of
hyperbolic half planes. O

Lemma 4.6.4. UgEF(Oy) g(Oy) is geodesically convex.
Proof. (Compare with [Sel]). It is routine to check that
H(a) = UZWZ[Q(G)]» H(b) = U (95" 09a)"[Qb1) Uy ' Qb2)],
€

n neEZ
H(e)= U ¢3lQ(0)], H(b2) = U (ppop")"[Qb2) UpsQ(br)].
nez ne’

Recall that T(Oy) = (¢, : 2 € S) has fundamental domain Oy := Oy U Q(a) U
Q(b1) UQ(b2) UQ(c) (section 3.1).

Suppose g € ['(Oy ), then we claim that g(Oy )N H(a) = @: Otherwise, g(Oy )N
Unez ©"(Oy) D g(Oy) N H(a) # @, so g = @ for some n (- Oy is a fundamental
domain). But if g = ¢”, then g[Oy] N H(a) = @, because ¢,[H (a)] = H(a), and
Oy N H(a) =

In the same way, one shows that there is no g € I'(Oy ) such that g(Oy ) intersects
H(by), H(bz), or H(c). We conclude that

U 9©0v)n U glH@UH®b)UHb:)UH(C) = 2.
g€l (Oy) gel'(Oy)
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This means that

U 90v) = U 90\ U 9lH(a)UH®b)UH(b)UH(0)

gel'(Oy) g€l (Oy) g€l (Oy)
= U 90w\ U glH(a)UH®b)UH(b)UH(c)]
g€l (Oy) gel(Oy)
= D\ |J glH(a)UH(b1)UH(by)UH(c),
g€ (Oy)
an intersection of hyperbolic half planes. ([

Proof of Proposition 3.3.1, part (1). Let w = (w1,...,wy) be a reduced
word on the alphabet S, and let v be a geodesic in ID such that y(—oc) € ¢ [Q(a)],

7(00) € ¢aPuy + Pu Qo)) wi & {a, @}, wy & {8, B}, and |¢], |m| are maximal.
We are asked to prove that:

(1) v* := @, [y] enters Oy through one of the sides «, a, @; B
(2) ¥* := ¢m, - pw, e [7] leaves Oy through one of the sides 3, ¢, §;
(3) the cutting sequence of 7 in Y contains the word w.

Step 1. For every i = 1,...,k, ©u, - gpwkgog“”[Q(c)] C Q(w;), and for every j,
Phpu - P [Q(A)] € Q@)

Proof. By lemma 4.6.2, and since w is reduced,

05" [Q(e)] C 5™ [H(0)] = H(c)
Pur e 1Q()] € puy [H(0)] C Q(wy) (" wk # B, 5)
Pune—r Pu 05" [Q(0)] C Pu_, [Q(W1)] € Q(Wr—1) (. wg—1 # W)
The step follows by induction.

Step 2. v* := ¢, *[7] enters Oy through the union of its «, a, @ sides, and leaves it
entering ¢,,, [Oy] through side wy of that octagon.

Proof. Let A := H(a) U H(a) U H(@). The endpoints of v* are

7 (=00) = [r(—o0)] € 9. [0 Q(a)] C H(a) C A (0 palH(a)] = H(a)),

7 (20) €puy - P Q)] C Q(@1) C D\ A (. step 1),
so v* starts in A and ends outside A. It leaves A through sides «,a, or @ of Oy,
because the only way to leave A without crossing these sides is to enter H(by) U
H (b2), which cannot happen since the endpoints of v*, whence v* itself, are in
D\ [H(by) U H (by)]-

Since v* is not equal to the geodesic extensions of «,a, or @& it must enter Oy
when it crosses a, a, or a.

Let P be the entry point of v* to Oy. Then P € Q(n) where n = a,a, or @.
Since y*(00) € Q(wy), the points P and *(oco) belong to the euclidean closure
of Q(n) UOy UQ(wy). This union is geodesically convex (lemma 4.6.3), so the
geodesic ray from P to v*(00) is in Q(n) U Oy U Q(w1). It follows that v* leaves
Oy through side w;. Since side w; of Oy is side wy of @y, [Oy], step 2 is proved.

Step 3. The cutting sequence of v in Y includes the word w.
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Proof. We study the behavior of v* in ¢y, [Oy] by studying the behavior of 7§ :=
©ui[v*] in Oy. The geodesic 7§ connects the points

Py =9, (P) € 0w, [Q(n)] € Q(w1), (Lemma 4.6.2)
11(00) € u, -+ w05 " [Q(0)] € Qo). (step 1)

Therefore it is contained in the geodesically convex set Q(wy) U Oy U Q(wW2). As
before, this means that +; leaves Oy by entering ¢, [Oy] through side wy of that
octagon. Returning to v* we see that v* enters Oy, then enters to ¢,,, [Oy] through
side wy, then enters ¢, @, [Oy] through side ws.

Continuing in the manner we see that v* moves from Oy to ¢, [Oy] cutting
side wy, then moves to @y, Y, [Oy ] cutting side wa, then moves t0 Yy, Puw, Pws [Oy]
cutting side ws and so on until it enters ¢, - - - Yw, [Oy] through side wy, of that
octagon. This means that the cutting sequence of v in Y contains the word w.

We have proved (1) and (3). Part (2) follows by time reversal. O

Proof of proposition 3.3.1, part (2) Let w = (wy, ..., wg) be a reduced word of
length k > 2 on the alphabet S, and let v be a geodesic in D s.t. v(—oc) € ¢X[Q(a)],

7(00) € Papwn = Pun (pp9a)"[Q(b2) U psQ(b1)],where [€], |m| are maximal. We
are asked to prove that

(1) v* := @5 [y] enters Oy through one of the sides «, a, @; B
(2) v* i= (P Puw, - P, ) L[] leaves Oy through one of the sides @, b, 3;
(3) the cutting sequence of v in Y contains the word w.

Step 1. For every i =1,....k fil, Guw; P (Papa) ™ [Q(b2) U psQ(b1)] € Q(w;),
and for every j, ¢l puw, =+ pu, o5 [Q(b2) U psQ(b1)] € Q).

Proof. By lemma 4.6.2, Q(b2) U pgQ(b1) C H(bs), and wgpa[H (b2)] = H(bs),
therefore (pgpa)™[Q(b2) U ¢sQ(b1)] C H(b2). The same lemma shows that

(a) If wp = @, then @y, (pppa)"[Q(b2) U ¢sQ(b1)] C ¢a[H(b)] = H(b1).
Since wi = @ and |m| is maximal, wi_1 # B. Since (wg_1,wy) is reduced,
wi_1 # . Thus wy_1 € {@, B}. In both cases, lemma 4.6.2 says that

gy Py, (Pppa) ™ [Q(D2) U ppQ(b1)] C puw,_, [H(b1)] C Q(Wk—1)-

(b) Tt wy = B, then pu, (paea)"[Q(62) UpsQ(br)] C w5lH (b2)] = H(by). Note

that m must be non-positive (otherwise 3(3a@)™ is not reduced). Since
|m| is maximal, wg_1 # «. Since (wg_1,wy) is reduced, wi_1 # . Thus
wi—1 € {@, 8}. In both cases, lemma 4.6.2 says that

iy Py, (Pp0a) ™ [Q(D2) U psQ(b1)] C Py, [H(b1)] C Q(Wr—1)-

(c) If wy # @, 3, then @y, (Ppea)™Q(b2) U psQ(b1)] C @uw, [H(b2)] C Q(wy).
Zi?fe wz;q # Why Puy_y Py, (PpPa) " [Q(b2) U psQ(b1)] C puy_, [Q(W)] C
Wek—-1)-

In all cases, step 1 holds for ¢ = k — 1. The reminder of the step follows as before.

Step 2. v* := ¢*[] enters Oy through one of the sides «,a,@, and leaves it
entering ¢, [Oy] through side w; of that octagon.

Proof. 7*(—00) = @5 ‘[y(—00)] € pi~*[Q(e)] C H(a), and (step 1)
7(00) € Puy + Pu (£50a) " [Q(b2) U 0sQ(b1)] € Q(@1) € Q(B) U Q(B)-
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The geodesic v* thus starts at H(a), ends at Q(w;) where w, € {3, 3}, and stays
outside H(by) U H(c) U H(b2) (an easy convexity argument).

Such a geodesic must cross Oy, entering through one of the sides «, a or @, and
leaving through side w; on its way to ¢, [Oy]. The side of ¢y, [Oy] through which

~* enters is labeled by the inverse of the label of the side of Oy through which +*
exits. This label is (W) = w;.

Step 8. The cutting sequence of the projection of « inside Y contains the word w.

Proof. As the proof of part (1) of the proposition, one shows that after v* enters
©w, [Oy] cutting side wy, it moves to @y, Yuw,[Oy] cutting side wy, and then to
O, Puws Puws [Oy] cutting side ws and so on until it enters @y, -« - v, [Oy], cutting
side wg. Thus the cutting sequence of the projection of v contains the word w.

Step 4. Y7 1= (0% Puw, -+ Puw,,) "1[7] leaves Oy through one of the sides @, ba, 3.

Proof. The previous step implies that v# enters Oy through side wy. By construc-
tion 7#(00) € (papx)™ [Q(b2) U sQ(b1)] C H(bs).

Thus v# crosses Oy, starts outside H (ba), and ends in H(bz). Such geodesics
must leave Oy through one of the sides @, bo, or (. O

Proof of proposition 3.3.1, part (3). The same as the proof of part (2). a
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