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Abstract

We establish a generalized thermodynamic formalism for topological Markov
shifts with a countable number of states. We offer a definition of topological
pressure and show that it satisfies a variational principle for the metric en-
tropies. The pressure of ¢ = 0 is the Gurevic entropy (see [7]). This pressure
may be finite even if the topological entropy is infinite. Let Ly denote the Ru-
elle operator for ¢. We offer a definition of positive recurrence for ¢ and show
that it is a necessary and sufficient condition for a Ruelle-Perron-Frobenius
theorem to hold: there exist an o-finite measure v, a continuous function A > 0
and A > 0 such that L;I/ = \v, Lyh = Ah and )F”Lgf — h [ fdv for suitable
functions f. We show that under certain conditions this convergence is uni-
form and exponential. We prove a decomposition theorem for positive recurrent
functions and construct conformal measures and equilibrium measures. We give
complete characterization of the situation when the equilibrium measure is a
Gibbs measure. We end by giving examples where positive recurrence can be

verified. These include functions of the form ¢ = log f <ﬁ> where f is
T+

a suitable function on a suitable shift X.

1 Introduction

The theory of thermodynamic formalism was developed by Ruelle [16] and Bowen
[4] for topological Markov shifts with a finite number of states. The main result of
this theory is the identification of the topological pressure of a Holder continuous
function ¢ as the supremum of h, (T') + 11 (¢) where p ranges over the set of invariant
probabilities and the construction of a (unique) measure where this supremum is
attained. This measure, being the measure that minimizes the free energy’, represents
the ’equilibrium state’ of the system. It is also shown that just like in physics, it is
given by a ’Gibbs distribution’. The main tool in the construction is the Ruelle



operator (Ruelle [15])

Lof= 3 0 (y). )

Ty=x

In fact the equilibrium state is given by hdv where Lyh = Ah, Liy = Av and log A is
the pressure of ¢. The fact that h and v exist for topologically mixing Markov shifts
with a finite number of states and Holder continuous functions was proved by Ruelle
[15] and is frequently referred to as the Ruelle - Perron - Frobenius (RPF) theorem.
The assumption that the number of states is finite is crucial: if we allow a countable
number of states, the RPF theorem may be false even for the function ¢ = 0 (Gurevic
[7)-

The case ¢ = 0 was studied for countable Markov shifts by Gurevic [7], [8] using
ideas from renewal theory (see [12], [18]). Gurevic showed that the Perron value of
the transition matrix is equal to the supremum of the metric entropies, and may thus
be called the topological entropy of the shift. Using a sophisticated version of the
Perron-Frobenius theorem due to Vere-Jones [20], [21], he showed that a maximal
measure exists iff the transition matrix is R-positive and R-recurrent (see Vere-Jones
[20], [21] for an explanation of these notions). This paper adopts the approach of
Gurevic and Vere-Jones and treats the case ¢ # 0.

In section 3 we generalize Gurevic’s definition of topological entropy and define the
topological pressure of a locally Hélder continuous function (see below) on a topolog-
ically mixing countable Markov shift. Various authors had considered in the past the
problem of defining topological entropy (Bowen [5]) and topological pressure (Pesin
and Pitskel [14]) for non compact metric spaces. These definitions adopt the point
of view of dimension theory and define the topological entropy or pressure as some
kind of dimension (weighted dimension in the case of pressure) of the metric space
in question. Different metrics imposed on a non compact space may have different
dimensions even if they induce the same Borel structure (see Salama [17] or Kitchens
[12] for examples). Thus, these definitions do not necessarily satisfy the variational
principle (the supremum of metric entropies or metric pressures depends only on the
Borel structure and is not sensitive to the metric structure of the underlying space).
Indeed, unless a suitable metric is chosen (e.g. a compact metric when such exists)
one can only expect to get an inequality P, (¢) > sup{h, + i (¢) : p invariant Borel
probability} (see [5], [14]). Our definition does satisfy a variational principle (theorem
3), and is therefore more suitable to the context of the thermodynamic formalism.

In section 4 we generalize the notions of R-positivity and R-recurrence for matrices
due to Vere-Jones (see [20], [21], [18], [12]) and define a condition which we call positive
recurrence (definition 2). We then show that this condition is necessary and sufficient
for a RPF theorem for countable Markov shifts to hold (theorem 4). The main
difficulties in the proof are (a) the shift space is not compact so it is no longer true
that every sequence of probability measures has a w* convergent subsequence (which
is crucial for the works of Ruelle [15] and Bowen [4]); (b) it is also not possible, in
general, to embed the shift space inside a larger compact metric space without losing



the continuity properties of ¢ (which is important in Gurevic [7] and Walters [24]);
(c) we do not assume that ¢ depends only on a finite number of coordinates, and thus
cannot use direct renewal theoretic arguments (like Gurevic [7],[8] and Vere-Jones
[20],[21]).The main tool in the proof is a tightness argument (lemma 8).

The RPF theorem of section 4 can be used to construct an invariant probability
measure closely connected to ¢. In sections 5 to 8 we study the properties of this
measure: in section 5 we discuss the rate of decay of correlations, in sections 6 and 7
we describe this measure as an equilibrium measure in the sense of Walters [24], and
in section 8 we describe it as a Gibbs measure in the sense of Bowen [4]. Section 9
contains examples.
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2 Preliminaries

Let S be a countable set and A = (t;;), ¢ a matrix of zeroes and ones. S is called the
set of states. A is called a topological transition matrizifVa € S 3i,j (t, =tjo =1).
If this is the case then one defines the (one sided) countable Markov shift generated
by A to be

X =% ={ze N vit,, =1}

If S is finite we call X a finite Markov shift. The cylinder sets are the subsets
of X given by [ag,...,an—1] = {z € X : x; = a;}. We denote the natural partition
{la] : a € S} by a. The members of « are called partition sets. A word a is a finite
concatenation of symbols from S. A word is called A-admissible or simply admissible
if the cylinder [a] is non empty.

Let T : X — X be given by T (z9,71,%2,...) = (z1,22,3,...). X is called
topologically mixing if

Va,b € S ANy¥n > Ny ([a] N T [8] # 0) .

Set t (z,y) = inf ({k : 2 # yr} U {o0}). Fixr € (0,1) and set d (z,y) = d, (z,y) =
r“@¥) This is a metric on X and the topology it generates has the cylinder sets as
a base. T is continuous with respect to this topology. If S is finite, this is a com-
pact topology. If S is infinite, it may not even be locally compact. Let B be the
corresponding Borel o—algebra. B is generated by the cylinders. Henceforth, unless
mentioned otherwise, we always refer to this topology and Borel structure.



For every function ¢ : X — R set

Vo (9) =sup{l¢ () ¢ ()| :2i =9 i =0,...,n—1}.

Throughout this paper we work with a fixed r € (0,1). A function ¢ is called lo-
cally Holder continuous with parameter r, or simply locally Holder continuous, if it is
Lipschitz continuous on partition sets with respect to d,, i.e.

JA Vn > 1V, (¢) < Ar™.

Note that nothing is required from V; (f): if S is infinite then ¢ may be both locally
Holder continuous and unbounded.

Let L, be given by (1). For every word a and x € X define the concatenation
ar in the obvious way. Let P™ (z) be the set of words of length n such that this
concatenation is admissible -

P"(x) ={a=(ag,...,an_1) :ax € X}.

Set ¢, = ¢~y ¢poT*. The iterations of Ly are given by (Lgf) ()= X e”Wf(y) =

Try=x
a€P"™(z)

Notational Convention: We use the following notation to handle double inequali-
ties. If C' > 0 then
a=bxtCeb-C<a<b+C

and if C' > 1, a,b > 0 then
a=CTv e C'h<a<Cb.

We also write C*" for (C™)*" and C{'Cy! for (C1C,)™".
For every pair of cylinders [ag, ..., a,],[bo, - - ., by where by = a, set

[ag,...,an]'[bo,...,bm] = [ag,...,an_l;bo,...,bm].

Note that if [a],[b] are non empty, then so is [a]-[b]. For every set E, let ENat~" denote
the set of all cylinders of length & that are included in E. If A C T""[a] N af and

B C [a] Nag?, set
A-B= U I[df-)
[a]CA; [b]CB

The following lemma collects some useful consequences of local Holder continuity and
will be used frequently throughout this paper.



Lemma 1 Let ¢ be locally Hélder continuous. Then for B, = By, (¢) = exp Y pon Vi (@) -
1. Vn<m V, (¢n) <log B, .
2. set ¢y [a] = sup {¢y, (x) : x € [a]}. Then

Vn<m ¢, (x) = énlxo, ., Tm_1] £ 10g Bp_p

3. let ACT "[a]Nay and B C [a] N ag'. Then

E e E e = Bj E e .
[a]

€ANag [ble BNag® [ce(A-B)nal ™™

3 The Gurevic Pressure

Throughout this section X is a fixed topologically mixing countable Markov shift and
¢ : X — R a locally Holder continuous function. Consider the following partition
functions defined for a fixed a € S

Zn(¢,a) = Z efn (@)

Trr=x
To=a

Lemma 2 Let X be topologically mizing and ¢ locally Holder continuous.
1. A1 > 0 and N € N such that Vn > N Z, (¢,a) > AY.
2. If [|[Lgl|| < oo then 3Ny such that Vn Z, (p,a) < A3,

Proof. Let Y C X be a topologically mixing finite topological Markov shift such
that Y N [a] # 0. Set

Zn (Y, 6, 0) = Z ePn(@) (2)
Trr=z,x€ a)
ey
By lemma 1,
Vo €Y Nlal Z,(Y,¢,0) =B (L 1) (). (3)

It follows from the Ruelle - Perron - Frobenius theorem for finite topological Markov
shifts (see Bowen [4]) that Z, (Y, ¢, a) is exponentially bounded from below, whence
S0 is Z, (¢, a). The second statement follows from the estimation

Zu($,0) < By (Lj1) () < By || Lol[%, -

which holds for every z € [a]. O



Lemma 3 Assume that X is a topologically mizing countable Markov shift, and that
¢ s locally Holder continuous. Then

Ya,b3C,c Z,(¢,a) < C Zn,o(d,d)

VaVm,n Zy(,a) Zn($,a) < B} Znim(9,a)
Proof. Both statements follows from the irreducibility of X and lemma 1. O

Theorem 1 Assume that X is topologically mixing and that ¢ is locally Holder con-
tinuous. Then the limit 7}1_{2() %log Zn(9, a) exists and is independent of a. This limit

is never —oo. If || L4l < 00, it is not 4-o00.

Proof. Fix a and set a,, = log Z,(¢,a). By lemma 3 part 2, {a,},~, is almost
subadditive, in the sense that for some constant ¢ (in our case ¢ = 3log By)

ap + Q@ < Qpyy + C.

It follows that the series {“7”} converges to a limit. By lemma 3 part 1 this limit
is independent of a. Lemma 2nirnplies that it is always larger than —oo and that if
|Lyl||,, < oo then it is finite. O

The following definition, therefore, makes sense:

Definition 1 Let X is topologically mizing and ¢ be locally Holder continuous. The
Gurevic Pressure of ¢ is the number

n—oo n,

The Gurevic pressure is a generalization the Gurevic entropy hg (T') (Gurevic [7],

[8]):

Proposition 1 Let X = 34 be a topologically mixing countable Markov shift. Then
P (0) = hg (T).

Proof. The Gurevic entropy is equal to log A where A is the Perron value of the
transition matrix A (see Kitchens [12]). Denote the powers of A by A" = ((A”)”)

By the definition of the Perron value, log A = lim Llog (A™),, =lim +log Z,(0,a) =
P;(0). O
The following theorem extends a property of the Gurevic entropy (Gurevic [7]).
Theorem 2 Let X be a topologically mixing, and ¢ locally Holder continuous. Then
Pe (¢) =sup{Piop (¢|y) : Y C X top. mizing finite top. Markov shift}

where Py, (Ply,) is the topological pressure of the restriction of ¢ to the compact metric
space Y.



Proof. Let Y C X be any topologically mixing finite topological Markov shift
and Z, (Y, ¢,a) be given by (2). By (3),

Puy (9ly) = Jim ~ 1087, (¥, 6,0) < Py (6).

whence Pg (¢) > sup { Py (¢]y) : Y C X top. mixing finite top. Markov shift}.

We show the reverse inequality. We prove this under the assumption that Pg (¢) <
oo (the case Pg(¢) = oo is similar and is left to the reader). Fix ¢ > 0 and let
m > % be large enough so that

Ps (¢) < % log Z,, (¢, a) + . (4)

Choose an M big enough such that % log Zp, (¢,a) < % log Z,, ({1, ey M}N N X, o, a)+
e. Adding a finite number of states to {1,..., M}, one can construct a topologically
mixing finite topological Markov shift ¥ C X such that

1 1
- IOg Zim, (¢7 CL) <= IOg Zim, (Yva ¢7 CL) +e. (5)
m m

Set a, = log Z,, (Y, ¢, a). Just like in lemma 3, a,, + ap, < apim + 3log By, whence
forn=km+r (r=0,...,k—1)

E+1

ka, + a, < Whmir + 3(k + 1) log By < N

€.
km+r — km+r - n

Setting n — oo, we have
1
108 Z (V,6,) < Pup (6) + . (6)

By (4),(5),(6), P (¢) < Pigp (]y) +3e. O

Corollary 1 Let X be topologically mixing countable Markov shift and ¢ locally
Holder continuous. Then

P (¢) = sup {Ptop (¢lg) : K € X compact ; T'K = K} .

Denote by My (X) the set of all invariant Borel probability measures. The varia-
tional principle for finite topological Markov shifts states that the topological pressure
of a continuous function ¢ is equal to sup {h, (T) + [¢dp: p€ My (X)}. Such a
theorem was proved for countable Markov shifts by Gurevic [7] for the case ¢ = 0
(in other words, the Gurevic entropy is equal to the supremum of metric entropies).
The following theorem extends this result. We consider only probabilities p such that
p(—¢) < oo to avoid the situation h, (T') = oo, pu (¢p) = —oo.

7



Theorem 3 Let X be a topologically mixing countable Markov shift and ¢ locally
Holder continuous such that |Lgl|| < oo. Then

P (6) = sup { Iy (1) + [ 6| e Mr (X) 5 p(=0) < o} < ox.
Proof. The inequality Pg (¢) < sup {h, (T') + i (¢)} follows from corollary 1 and
the fact that each T'|, has an equilibrium measure with respect to ¢|, (see Ruelle
[16], Bowen [4]). We prove the reverse inequality.

Fix pp € Mg (X). Set [> m] ={x: 29 > m}, a, ={[1],...,[m —1],[> m|} and
B, = 0 (). Note that B,, /' UB,, C o (UpBm) = B whence

b (Tyem) + [ 6y — by (1) + [ @

Fix m and set § = ay,, B’ = B,,. We use the cylinder notation for members of 3
n
Vai € ﬂ [CLU, .. .,Cl,n] = ﬂ T*kai.
k=0

By the invariance of ;1 and lemma 1, for every n

1 1
—H, (67) + 1 (9) = — (Hu (65) + 1(¢n))

1 enlellog By
<= u@nT™) > p(ldlanT"b)log—— +

™ apep [a]TanT—"b 1 la] n

[a]eBy

1 1 log B
<=3 p@nTb)log| X enld| 4 ZH, (v TmE) + =221

n a,bep [a]CanNT—"b n

lal€fg
Where the last inequality follows from the Jensen inequality for sums. Set
1
P, (a,b) = —log > efnldl,
n

[a]CanT b
la]esg

Then, since H, (BV T "3) < 2H, () < oo (f is finite)

L)+ @) < X p(@n T Pu(@b) to) oo) (D)

a,bel



Lemma 4 Under the assumptions of the theorem sup ¢ < oo, and
L if a,b# [> m] then T Py (a,) < Po (6)
2. if a = [> m] or b = [> m)] then lim P, (a,b) <sup ¢ +log||Lsl] .

Before we prove this lemma, we use it to finish the proof of the theorem. Fix
e > 0. According to the lemma, Va,b € 3 9N, such that Vn > Ny,

a,b# [>m] = P,(a,b) < Pg(¢)+¢

a=[>m]orb=[>m| = P,(a,b) <sup¢+log||Lgl|| +e.

Set C' = sup ¢ +log||Lgl|| and N = max {Ng : a,b € f} (N is finite because 3 is
finite). Then Vn > N,

> w(@nT="b) Py (a,b) < p([=m]" N T™" [>m]) (Pa (¢) +¢)
a,bep
+p([Zm]UT™" [=m]) (C +e¢)
< (I =p[>m])Pe(¢) +2Cu[>m]+e

whence by (7) (recall that 3 = ;)
b (T ) + [ G < (1= u[> m)) Po (6) + 20> m] + .

Thus,
ha (1) + [ @y = Jimn, (b (T, ) + [ @) < Pa(9) +
as required. It is therefore enough to prove the lemma.

Proof of the lemma. It is easy to see that ||Lsl|| < oo implies that sup ¢ <
oo (note, however, that inf ¢ may be equal to —oco). We begin by assuming that

a,b # [>m]. Fix z, € b. Then P, (a,b) = Llog B! (L311)) (1) — Pa(4). (The
convergence to Pg (¢) follows from the topological irreducibility of X and lemma 1).
Next, suppose that b = [> m]. For every [a] € ) choose a point =, € [a] such that

bn [a] < On (SL’Q) + log 2. Write

{la] € By :la] CanT "} = :[J Ay, (8)

where for £ =0,...,n — 1 A, are the pairwise disjoint sets

Ay ={lal € 8§ :a=(a,a1,...,ak,b,...,b) where a; € # and ay, # b}

9



Set
Sk = Z e¢"(xi)

a€A

and let k, < n be such that S, is maximal. Note that

Sk, = Z P (72) Fn—kn (TH720) < (n—kn) suD & Z ePhn (72)

gEAkn gEAkn

Choose arbitrary points z; € [i]. Since the k,—th coordinate of each x, belongs to
{1,...,m — 1} we have that

m—1
Sk < Bie"k0 s S (110 (@) < By (m — 1) emh0 s L)t

=1

By (8) and the definition of Sy, (recall that ¢, [a] < ¢, () + log2)
1 n—1
Pn(aab) S _logZQSk
o k=o

1
< —log (2nSy,)
n

< sup¢ +logl|Lgl|l +o(1) (n — o0)

Thus, if b = [> m] then lim P, (a,b) <sup ¢ +log||Lyl| .
[t remains to treat the case when a = [> m] and b # [> m]. Choose z, € b. Then

1 1
P, (a,b) < ~log By (L510) () < log || L1l + ~log B,

and again lim P, (a,b) < sup ¢ +log|Ls1|,, . O

4 Positive Recurrence and the Ruelle Perron Frobe-
nius Theorem

Throughout this section X is a fixed topologically mixing countable Markov shift and
¢ : X — R alocally Hoélder continuous function.

Definition 2 Let X be topologically mizing and ¢ a locally Holder continuous func-
tion. ¢ is positive recurrent if for some (hence all) a € S there is a constant M, and
an integer N, such that ¥n > N, Z, (¢,a) /\* € [M", M,] for some A > 0.

This section is devoted to the proof of the following theorem:.
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Theorem 4 Let X be a topologically mixing countable Markov shift, and let ¢ be a
locally Hélder continuous function such that Pg (¢) < co. Then ¢ is positive recurrent
if and only if the following is true: for A = eF¢®) there exist a o—finite measure v
and a function h > 0 such that Ljv = A\v, Lyh = Ah, v(h) = 1 and such that
for every uniformly continuous function f such that ||fh™|, < oo, ATLEf —

n—oo
v (f) h uniformly on compacts.

Remark 1. This is a generalization of a similar theorem of Vere-Jones [20],[21]
for positive countable matrices (a close inspection of the proof reveals that it only
uses the continuity properties of ¢ on cylinders [a, b], whence the proof also works for
matrices). Our proof, however, is essentially different than his. Many works contain
sufficient conditions for the existence of v and h, which are stronger than positive re-
currence (they include extra topological assumptions on X ), but are more convenient
to check. Among these we would particularly like to mention the work of Ruelle [16]
on finite topological Markov shifts (where no additional assumptions are needed); the
work of Aaronson, Denker and Urbanski [1],[2] on countable Markov shifts satisfying
the big images condition (see below); and the works of Walters [24] and Yuri [25],[26]
on models of certain transformations admitting Markov partitions. Yuri [27] contains
a proof of the convergence of the Ruelle operator for some examples of systems which
essentially satisfy the finite images property ({7 [a] : @ € S} is finite). For such exam-
ples h is bounded away from zero and infinity (see proposition 2) and the condition
|fh Y], < oo is equivalent to ||f]|,, < oo

Remark 2. It follows from the topological mixing of X and the definition of A
and v that logh is locally Holder continuous, and that v gives finite positive mass to
cylinders. For a discussion of when log h is bounded away from zero and infinity, see
proposition 2 below.

Remark 3. It follows from the convergence property that h and v are uniquely
determined up to a multiplicative constant.

Remark 4. v is a e?~ ¢4 conformal measure:

dv
dvoT
(where v o T is given by (v oT) (A) = Yaesv (T ([a] N A))). This follows from the
fact that A\ 'L, acts as the transfer operator of v: v (fgoT) =v ((A'Lyf)g) — see
lemma 10 below.
Remark 5. dm = hdv is an exact invariant measure. Exactness follows from
the fact that the transfer operator of m is given by T, f = AhT'Ly (hf) whence for
suitable functions 77" f —m (f)-

— e?Pa(9)

It follows from lemma 1 that for every z € [d]

N Zy (¢,0) = BE'AT (Lply) ().

11



The necessity of the positive recurrence condition follows from the convergence of
AT (Lgl[a}) (x) to a positive limit. We show the sufficiency of the positive recurrence
condition. The proof is divided into three steps: the existence of h; the existence of
v; and the convergence of A™"Lg.

The reader should note that the assumption that Pg (¢) is finite implies that for
every a € S and n Z, (¢,a) < oo. It follows from the above estimation and from
topological mixing that L1, < oo for every n. Thus, Lgf < oo for every bounded
function f which is supported inside a finite union of cylinders.

4.1 Existence of h

Set A = eF¢(®) We’ll need the following property of positive recurrent functions.

Lemma 5 Let X be topologically mizing countable Markov shift and ¢ a positive
recurrent locally Hélder continuous function. For every continuous function f > 0
and v € X

jm%]vz ( ) r)=0 = f=0

Proof. Assume that f(y) > 0. f is continuous, so there is a cylinder [a] =
[ag,...,an—1] such that f > ¢ > 0 in [a]. Using topological mixing it possible to
have a,_1 = yo. Choose m large enough such that there exist p € P™ () such that

Po = Yo. Then \7F (L’gf) (r) > ex~ketm (22) (Lljfml[g]) (]Q«T) . By lemma 1,

3C > 1VE>n AF(Lhf) (2) > eCA~B=tmED Z i (6,30) -
By the positive recurrence of ¢, lim ~ Z Ak ( ’gf) (x) > 0.0
N —00 k=0

Lemma 6 Let X be a topologically mizing countable Markov shift and ¢ a locally
Hélder continuous function. If ¢ is positive recurrent and Pg (¢) < oo, then there
exists a positive locally Holder continuous function h such that Lyh = efe@)p,

Proof. Fixa € S and set A = exp Py (¢). We show that the sequence {)\*”Lgl[a} }2071
is uniformly bounded and equicontinuous in partition sets. Fix b € S. It follows from
the topological mixing of X and the local Holder continuity of ¢ that 3C, c.p such
that for every = € [b]

Vn A7 (Ln la }) (ZL‘) < Cab)\_(n+cab)Zn+cab (¢; a)

whence, by positive recurrence, K; = sup,, H (A*”Lgl[a]) 1[1,}HOO < 00.

12



We show equicontinuity on [b]. Fix two points x,y € [b] . Then

efn (pz) 1) (Qx) — e¥n (py) Lig) (Qy) ‘

e (p2) _ en (2v)

‘)\_n (Lgl[a]) (ZL‘) — A" (Lgl[a}) (y)‘ < A Z

peEP™(b)

po=a
= \" Z e¢n (2?/)
gEP”(b)
po=a

e (27)=0n (23) _ 1\

By the local Holder continuity of ¢, AK,Vn

e%(ﬁfﬂ)_%(ﬁ?}) — 1‘ < Kyrt@¥) Thus,

v ‘Ain (Lgl[a}) (z) =A™ (Lgl[a]) (y)‘ < K Kor't™y)

which proves equicontinuity.

It follows that the family {1 Y= \"Li1,} s also uniformly bounded and
equicontinuous in each partition set. Since X is separable, it follows from the Arzela-
Ascoli theorem that there exists a subsequence n; * oo and a locally Holder contin-
uous function h such that for every =

n—knkng (Lit) () — hia). 9)

Using positive recurrence, it is not difficult to show that A > 0. It is not difficult to
verify that log h is also locally Hélder continuous (perhaps with a different parameter).
An argument based on the Fatou lemma for sums shows that Ly,h < Ah (use the fact
that A\=" (Lg’fl[a}) () is uniformly bounded for every x). Set f = h—A"'Lyh . This
is a non negative continuous function. For every x € X

h(x
N N—oo

~—

(h(z) = AN (LER) (1)) <

ZIH

1 = A
<N Z; “(L51) () =
which implies by lemma 5 that f = 0. Thus, Lyh = Ah. O

4.2 Existence of v

Fix a € S and set
Vn >0 Z;(qﬁ,a):Z{e‘b”(’”):xO:a; T”x:x;‘v’lgign—lxi%a}.

Lemma 7 Let X be topologically mixing and ¢ locally Holder continuous such that
Pg (¢) < co. If ¢ is positive recurrent then Ya € S Y00, X "Z% (¢, a) < oo.

13



Proof. Fix N € N. Let N, and M, be such that Vn > N, Z, (¢,a) = MFI\",
Apply the concatenation part of lemma 1 to see that

N—N,

Z Z5 (¢, 0a) Zn—n (¢,0) < B2 Zy (¢, a).

The result follows by setting Zy_, (¢,a) = MFAN"" and Zy (¢,a) = MFA\N. O
Denote the atomic probability measure supported on {z} by d,.

Lemma 8 Let X be topologically mizing and ¢ locally Holder continuous such that
Ps(¢) < oo, Fiz z € X and a € S. If ¢ is positive recurrent then the following
sequence of measures is tight

Proof. We assume for simplicity that S = N. We prove this in the case zyp = a
(the modifications for the case zy # a are standard and are left to the reader) Fix
e> 0. Let g (z) =inf{n > 0: Tz € [a]}. If ) (x) < o0 let Tigz = T¥E@z. Set

Tk (2) = ¢p) (ﬂﬁflx)
(if 7, (z) = oo set 7j(x) = oo Vj > i). For every sequence of natural numbers
{ni e, set R(ni,ny,...) ={x €la] : 7 (z) < n;} .We show that 3 {ny},-, such that
V1 pin, (R (n1,m2,...)°) < § and use this to construct a compact set F' = F_ such that
Vn p, (F°) < e.
Indeed,

fin (R (n1,n2,...)) =Y pn{z€la :Vj <i—1 715(x) <nj; 7(x)>n}
i=1
Set Z,, = Z,, (¢,a) and Z} = Z' (¢,a). Define Zy = Z; =1 and Z, = Z} = 0 for

n < 0. By positive recurrence, IM = M, such that Z, = M*'\" for n large enough.
Repeated use of the concatenation part in lemma 1 yields that for B = B}

00 i—1
pin (R (n1,m2,..)°) <A B >0 ] %, (Z 2y Lon— (k1 +.. +k))

=1 kjgn]- j=1 ki>n;
7<i—1
24
< AT ZB Yo | Loty D20 Zi Ttk
kj<ng; ki>n;
7<i—1
00
SPTE Y Y Az
=1 ki<n; k;>n;
j<i-1
o
s (1) ¥k
i=1 7<i—1 ki>n;
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It is therefore enough to choose (by induction) n; to satisfy

g
A zZ*
Z 22+lB2z M2 H TL]

ki>ni j<i—1

Henceforth, we assume that {ny},-, is such that

Vn pin (R (ny,ng,...)") < (10)

DN ™

Set
Z;‘;(N):Z{e%(m):xe[a];T”x:x; 1<i<n—1x;#a; E!ixz->N}.

For every i choose N; € N in an increasing Way such that N; > max{z; : k < i} and

m » (9, a) (11)

Set F' = {x € [a] : Vi x; < N;}. F is a compact set. We show that Vn p, (F°) < ¢,
proving the lemma.
For every sequence of natural numbers {k;}, set

S (ki,kyy...)={x €[a] : Vi 7 (x) =ki}.
Then R (ny,ng,...) = U{S (k1,ks,...) : {ki};, s.t.Vik; <n;}. We show that for ev-

ery sequence {k;}, such that k; < n,, for every n

fn (F° NS (ky, kay .. ) < W“n (S (k1 ks, . ..) (12)

Fix a sequence {k;}, such that Vi k; < n,. Suppose p, (S (k1,ks,...)) > 0 (else there
is nothing to prove). Then dN such that k; + ...+ ky = n. Set

ZI:I ..... k; — Z {6¢n(l’) = [a] : Tk1+...+kix =x; Tj (ZL‘) = k] , ] — 1, . ,Z} .

Since Vi max {z : k <i} < N;, (in particular a < N;)

Vn <n; Z;(N;) <

N i—1 i

sin (FN S (ky, by ) Z {:EES (ki ks ) : 3j € (z bt 3 km> xj>Nj}
i=1 m=1 m=1

evidently j > ¢ whence

N i—1 i
in (FEOS (K1, by ) SZun{xGS(kl,kQ,...):ﬂj € (z oy 3 km> 2 >Ni}
m=1 m=1

=1
N
—n 2 * * *
<AT"B ZZICI ----- ki—IZki (NZ) Zki+1 ----- kn
i=1
N
-nR2 & 7% ® r7%
S )\ B Z 2i+1B4MZk1,...,ki_1ZkiZki+1,...,kN
i=1

< B2 Z st (S (K, Koy - . )
M/Ln (S (kl, kQ, .. ))
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and (12) is proved.
By (10)

tn (F€) < pn (FCNR(ny,n9,...)) +

N[

(this is a finite sum, since only a finite number of S (k1, ks, ...) are not empty mod
). By (12),

c E
pin (F©) <

£ £
- . ) e < . _ -
+2ME {/Ln(S(kl,kQ,...)).‘v’zkl_nz}<2+ pn (X)

£
2 2M

By positive recurrence pu, (X) < M whence Vn p, (F°¢) <e. O

Lemma 9 Let X be topologically mixing and ¢ : X — R be a locally Holder con-
tinuous such that Pg (¢) < co. If ¢ is positive recurrent then there exists a o—finite
measure v such that Vf € L' (v) v (Lgf) = e"Puv (f) and such that v (h) € (0, 00)
where h is given by lemma 6.

Proof. Assume for simplicity that S = N. Fix some z € [a]. For every a,i € N

) 1 n—1 oo
Hayi = AT Z ed)i(x)(sx v Unp=— Z Z Hayi-
Tiz=z T i20 a=1

To=a

By lemma 8, {yn|{:E::E0<1\,}}oi1 is tight for every N. Thus, there exists a subsequence

ni " 0o and a o-finite measure v, finite on cylinders such that for every bounded con-
tinuous function with a bounded support (i.e. IN supp f C {z : zo0 < N}) vy, (f) =
— 00

v (f). The positive recurrence of ¢ implies that v # 0.
¢ is positive recurrent, so there exists a function A > 0 such that Lsh = Ah.
Evidently, v (h) > 0. We show that v (h) < co. Indeed, for every N

- 1 n—1 oo
v (h1[10<N}) = klggon_k g Z:lﬂa,i (hl[z0<N})
np—1 50
S k:ll)r{olo’n_k g a;l“a,i (h’)
nE—1

= lim 1 SN e?i@h ()

k—o0 nk i=0 Tigez

= h(z)

whence v (h) < oo.
We show that Ly = Av. It is enough to check this for indicator functions. Fix
some cylinder [a]. h is continuous so 3C > 0 such that Vz 1y, () < Ch(x). Since
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Ly is positive, Lyl < Ch. It follows that v (Ld)l[g]) < 00. A standard argument

(that uses the fact that Yk A™*L1,) < Ch) shows that v (Leﬁl[@}) < \v[a] for every

cylinder [a]. Since the cylinders generate the o—algebra, for every f € L' (v) such
that f >0, v (Lsf) < Av(f). In particular,

v (Lo (Ch—11g)) < W (Ch—1y)
whence v (L¢1[@}) > \va). Thus, v (chl[&}) = Av [a] for every cylinder [a] whence

Ve L' (v) v(Lsf) = (f).

O

4.3 Convergence of )\_kL’;

The proof of the following lemma appears in [1] and [19].

Lemma 10 Let X be a topologically mixing Markov shift and p a nonsingular o—finite
measure (i.e. po T 1 ~ ). Let poT be the measure given by (noT)(A) =
Yaes (T (la] N A)) . Then,

1. p<<poT and g = d;i—f)‘T mod po T iff Liog g acts as the transfer operator of .

1
0
T"la], [d] € of~

2. Set ¢™ = HI:[ goTF. If ju is conservative, supported on X and IC Vx,y €
k=

g™ (ax) = C*'¢™ (ay)

then p is exact. This happens, in particular, when log g is locally Holder con-
tinuous.

Lemma 11 Let v, h, X be as the above. Then dm = hdv is an exact invariant (finite)

measure and for every uniformly continuous f such that ||f b~ < 00

A (L2 (@) —3 h(a) / fdv
uniformly on compacts.
Proof. dm = hdv is invariant because
m(foT)=v(hfoT)=A"v(Ly(hfoT)) =X "v(fLsh) =m(f).
Since Lzv = Av, v is non singular and its transfer operator is ALy

v(ehoT) =A"v(Ls(poT)) =v((A\ ' Lep)¥).
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Thus,
dv

dvoT
By lemma 10, v is exact. Thus, so is m.
We prove the convergence result. Fix some uniformly continuous function f such
that [f| < Ch. Set ¢ = f 4+ Ch > 0. For every x € [a], 0 < A™" (ng) (x) <
2Ch (z) < 2Ch]a]. It follows, along the lines of the proof of lemma 6 that the family
{)\_"ng}zozl is uniformly bounded and equicontinuous on partition sets, hence every

= \"le?.

sequence has a subsequence that converges uniformly on compact sets. Just like in
the proof of lemma 6 every limit point is an eigenfunction of Ly, hence an invariant
density of v. Since v is ergodic, it has only one invariant density (up to a constant),
h. Thus A™"Lg¢ — v (¢) h and the convergence is uniform on compacts. Since
ATMLgp = ANTPLE(f + Ch) = ALy f + Ch we also have that A™"LZf — v (f)h

where the convergence is uniform on compacts. O

5 The rate of convergence in the RPF theorem
A topological Markov shift X is said to have the big images property if
Aby,...,b, € SYa e S i [a,b]#0D (13)

The reason why (13) is called the big images property is that if m is some finite mea-
sure supported on X, then (13) is equivalent to the condition inf {m (T"[a]) : a € S} >
0. Probability measures dm with locally Hélder continuous derivatives dm/dm o T
(see lemma 10) on countable Markov shifts satisfying (13), were studied by Aaron-
son and Denker in [2] (see also [1] and [3]). In this section we apply their results to
determine the rate of convergence in the RPF theorem under certain assumptions.
Let 3 be the partition generated by the image sets 3 = o {T [a] : a € S}. [ may

be infinite. Set
[f(z) — f(y)]

Dgf = sup sup i)

beB z,yeb

and £ = {f € C(X) : |fll; = fll + Dsf <oo}. The following theorem follows

from results in [2].

Theorem 5 Let X be a topologically mixing topological Markov shift that satisfies
(13). Let ¢ be a locally Hélder continuous function such that Pg (¢) < oco. If ¢ is
positive recurrent and h its corresponding eigenfunction is bounded away from zero and
infinity, then AK > 0, 30 € (0,1) such that for every f € L H)\’”Lgf — hv (f)HE <

KO0 |\ f|l, where X = eF¢@) and v is the eigenmeasure such that v (h) = 1.

Proof. Let A = €6} and v, h satisfy Ljv = Av, Lyh = Ah and v (h) = 1. Set
dm = hdv and ¢ = dm/dm o T™. Then g™ = A\"e?h/h o T". Fix an admissible
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p of length ‘Q‘ =n. Then for every z,y € T" [Q]

g™ (Bx)

By the local Holder continuity of ¢ and logh and the assumption that A is bounded
away from zero and infinity, there exists some C' independent of p,n such that for

log = |Pp (Q:E) — ¢n (Qy)‘ﬂL‘logh (Bl‘) —logh (Qy) ‘+|10gh (y) — logh ()|

every x,y € T" [B]
g™ (px)

(the assumption that h is bounded away from zero and infinity is needed for the case
x,y €T [Q] , o 7 yp.) It follows from this and from (13) that m is a Gibbs-Markov
measure in the terminology of [2]. One of the properties of a Gibbs-Markov measure
is that its transfer operator T satisfies that 3K > 0 30 € (0,1) such that V¢ € L
|76 =m@)|, < Ko™ [l (see [2]). For dm = hdv, Ty = \'h""Ly (h)), so
Vi el

log < Crtew

|7t (A (k) = (h)|| < O™ |7t (wh)| (14)

We finish the proof by proving the existence of H > 1 such that || f]|, = H*" || fh7"|
and then setting ¢ = fh™" in (14). The existence of H follows from the identity

fle) [l _ (f(f)) (1_ h(fﬂ)) L@ =1

h(r) h(y) \h(z) h (y) h(y)

which implies (since log h is bounded away from zero and infinity and locally Holder
continuous) that 3H; > 1 such that Ds(fh™') = Hif' (Dsf +||fll,). Clearly
JH, > 1 such that ||[fh7Y|, = H5'|/f]l,, and the result follows by setting H =
max {Hy, Hy}. O

Example 1. We show that exponential convergence may fail if X does not
satisfy (13). Fix a renewal sequence {u,} -, that tends to a positive limit ue in a
subexponential rate and such that u; > 0. The following possible construction of such
a {u,} 7, was shown to me by J. Aaronson: let 3, = e 'F . Set u, = [132, B/,
Note that u, — us = exp (=352, k7?) > 0. {u,}, is a renewal sequence, by the
Kaluza theorem (see theorem 5.3.2 in [3]). Also

[t — Uso| = Uoo “—”—1‘

:uool—HﬁkA”k
:uool—exp<2k (k+n)" )
:uoole (k+n)~"+ (Z (k +n) 3)]

k=1
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so u, converges to its limit in a subexponential way.

We now use {u,}, to construct a positive recurrent locally Holder continuous
potential ¢ for which ™" Lg does not converge exponentially to its limit. Since {u,},
is a renewal sequence, there exist f, > 0 such that v, = fiu,_1 + ...+ fuo_1u1 + fo.
Note that Y fr = 1, because u,, tends to a positive limit. Let F' = sup {k : fr > 0}
(it will later become clear that F' = 00). Let X be the topological Markov shift on
the set of states S = {n € N : n < F'} given by the transition matrix (¢;;), ¢ where
tij=1iffi>1and j =i—1or¢=1and f; > 0. This is a topologically mixing
Markov shift (it is irreducible and t;; = 1, because f; = u; > 0). If F = 00, X
does not have the big images property. Now, set ¢ (x) = 10g (DuyProz: /Pzy) Where
Pin = fn,Pnn—1 = land

¢ is locally Holder continuous, because it is constant on partition sets: ¢ (z) =
log f1 if xy = 1 and ¢ (x) = log (pyy/Pre—1) if o > 1. Note that for every = € [1]
(Lglm) (x) = Zn(¢,1) = u,. It immediatly follows that ¢ is positive recurrent
with pressure zero because u, — u. > 0. By the construction of {u,},, for every

pn:{fn fa >0

x € [1] (Lgl[a}) (x) = u, tends to its limit in a subexponential rate.

The pair of conditions that X satisfy (13) and h be bounded away from zero
and infinity proves to be particularly natural in the context of the thermodynamic
formalism (see, e.g., theorem 8 below). While the big images condition (13) is easy to
check, the condition that A is bounded away from zero and infinity is usually rather
difficult to verify. The following pair of propositions give a necessary condition and a
sufficient condition for h to be bounded away from zero and infinity.

A topological Markov shift is said to have finitely many images if

{T'[a] :a € S}| < o0 (15)

(see Aaronson, Denker and Urbanski [1] and Yuri [25]). This is reflected in the
transition matrix in that the number of different rows is finite. An easy combinatorial
argument shows that in this case, the number of different columns must also be finite,
whence Vn the set {P" (z) : © € X} is finite. A basic property of shifts with finitely
many images is the following ([1], [25]):

Proposition 2 Let X be topologically mizing with finitely many images, and ¢ a
positive recurrent locally Hélder continuous function such that Pg(¢) < oco. Then
X satisfies (13) and the eigenfunction h is uniformly bounded away from zero and
nfinity.

Proof. The fact that (15) implies (13) is trivial. We show that h is bounded
away from zero and infinity. Fix z and assume that P!(x) = P! (y). This implies
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that Vi P (x) = P’ (y). By lemma 1

Z eq&i(gac)l[a} (Qx) _ B(:)I:l Z e¢i(2?!)1[a] (Qy)

pEP(x) pEPi(y)

Taking limits as i — oo yields h (z) = Bi'h (y). Thus, h is bounded away from zero
and infinity on {y : P! (y) = P'(z)}. Since the collection {P! (z) : x € X} is finite,
h is bounded away from zero and infinity on X. O

Proposition 3 Let X be topologically mizing with (13) and ¢ locally Hélder contin-
uous, positive recurrent such that P (¢) < oco. Let h be the eigenfunction Lyh = Ah.
If h is bounded away from zero and infinity then AM Va € S TV [a] = X.

Proof. We prove that Ya IM = M, such that T* [a] = X. The fact that M can
be chosen to be independent of a follows from the big images property (13). Assumeg
that h > C' > 0 everywhere. Fix a € S. Since 1f,; € £, and since ||-||, < [|-]| .,

L = b el =0
Choose M = M, large enough such that for every =z ‘)\*M (L%l[a]) (z) — hv [a]‘ <
Cva]. Then for every z € X

AN W (y) > (h(z) — C)va] >0

TMy—g

and in particular, Yz Jy € [a] such that TVy =z. O

Example 2. We construct a topologically mixing countable Markov shift and a
locally Holder continuous function positive recurrent ¢ such that X has big images,
but A is not bounded away from zero and v (X) = oo. Let X be the topological
Markov shift with the transition matrix

0100
1010
A=11900 1

and ¢ (x) = 1og (PeProz, /Pe;) Where

1
Pn=— Dij =

1 _ .
%—; g=111>1
n i

j=t+1
0 else
To see that ¢ is locally Holder continuous it is enough to verify that V3 (¢) < co. To
see this check that for every a € S and z,y € T [d]

log PazPy

PzDay

¢ (ax) — ¢ (ay)| = <log3

21



Let v be the Markov measure given by v [ag, ..., ay| = PagPagay * - - - * Pay,_1a,- Lhis
is an infinite measure since Y. p, = oo. One checks that dv/dv o T = exp ¢ whence
Ly acts as the transfer operator of v. If follows that Ljv = v. Let h be given by
h(z) = xo/ (xo — 1)!. It is easy to check that L,h = h. Since v (h) < 00, ¢ is positive
recurrent. We see that A is not bounded away from zero and that v (X) = co. Note
that there is no M for which 7™ [1] = X, in accordance with proposition 3.

6 A decomposition theorem for positive recurrent
functions

Throughout this section A, h and v are as in theorem 4. In this section we prove the
following decomposition theorem for positive recurrent potentials.

Theorem 6 Let X be topologically mizing and ¢ a locally Holder continuous function
such that Pg (¢) < 00. ¢ is positive recurrent iff there exist a locally Hélder continuous
function 1, an invariant probability measure m supported on X and a constant ¢ such

that
dm

=1
¢ =log— ——
If this is the case, then 1) = logh + const, dm = hdv and ¢ = Pg (9).

+poT —1h+ec. (16)

Proof. It ¢ is positive recurrent then the result follows from theorem 4, by setting
Y = logh and dm = hdv. Assume that (16) holds. The transfer operator of m is

dm

given by Lygg, where g = %2 Let 1/ be the o-finite measure dv' = e"¥dm. By (16)

Lof = €€V Liggg (e_wf) whence for every f € L' (V), p € L* (V)

V' (pLyf) = e‘m (chlogg (e”pf)) =eV (fpoT). (17)
This shows that e™“L acts as the transfer operator of v/ whence by lemma 10 log df,”;T =

¢ —c and V' is exact. Since m ~ v/, m is also exact hence, being invariant and finite,
strong mixing.

We show that ¢ must be positive recurrent. A calculation shows that for some
C > 1 and for every z € [d]

Zn (p,a) =e"Zy, (logg,a)
= CilencLﬂ‘)ggl[a} (l’)

= CilenCﬁ / 1[a}Lﬁ)ggl[a] dm

= C*emm (T [a]|[a]) .

(the third inequality follows from the integration of the second). The result follows
from the strong mixing of m. A by product of the proof is that ¢ = Pg (¢).
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By (17) Ly = €@/, By the invariance of m, Lipgel = 1 whence Lge¥ =
ef@(@e¥  Thus, by theorem 4 ¢/ is proportional to v and e to h where v and h are

the corresponding eigenvectors of L, (which exist since ¢ is positive recurrent). Since
m (1) =1,dm = hdv. O

7 Equilibrium measures

In this section we describe dm = hdv as an equilibrium measure in a certain sense.
We have already remarked that for countable Markov shifts the quantity h, ()4 (¢)
is not generally well defined because of the possibility that h, (T') = oo, 1 (¢) = —o0.
As in Walters [23] and Yuri [25], we write formally h, (T) + 11 (¢) = p (I, + ¢) where

I,=1,(a|T7'B) == ljylogu([a)| T7'B)

a€S

and o = {[a] : @ € S} (this is true when H, (o) < 00). Our approach in this section
is based on the fact that it may happen that p (I, + ¢) makes sense even when
h, (T) + 11 (¢) does not.

Lemma 12 Let X be a topologically mizing and p an invariant probability measure.
Let g, = dp/dpo T (see lemma 10). Then Liggy,1 =1 and

1. B, (fIT'B) = (Liogg,f) o T
2. I,(a|T7'B) = —log g,..
Proof. Ledrappier [13]. O

Theorem 7 Let X be topologically mizing and ¢ a positive recurrent locally Holder
continuous function such that Pg(¢) < oo. Then ¢ is cohomologous via a locally
Hélder continuous transfer function to a function ¢’ such that Vi € My (X) I, + ¢'
15 one sided integrable with respect to p and

(1. (2l T'B) +¢') < Po (¢') = Po (9)
The only o~ poT for which this is an equality 1s dp = hdv.

Proof. Assume that ¢ is positive recurrent. We follow an idea of Ledrappier (see
[13], [23], [25]). By the positive recurrence of ¢,

¢ = log +1¢YoT -1+ Pg (o)

dmoT

where m is an invariant probability and ¢ = logh. Set g = 41 = e¢Fv-veT-Fc(9)

and ¢' =log g+ Pg (¢). ¢ and ¢’ are cohomologous, because ¢' = ¢ + 1 —1p o T. Fix
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an invariant probability p. We show that I, («| T 'B) + ¢ is one sided integrable
and has integral not larger than Pg (¢). Set g, = du—“T and A;; = [s <L - < t] By
lemma 12, and the inequality logx <z — 1

/Ast (7. (el T7'B) +¢') du < N (i - 1> dp + Pe (¢)

5 (2 ) )t
y)lg

= [ 3 1 W)W — 0 W) i (1) + P (6).

Ty=Tx

Since Yry—, 9 () = Xry—s 9u (y) = 1, I, 4+ ¢ is pu one sided integrable and

—oo</ (ol T7'B) +¢') dp < Po (4). (18)

Since logz = x — 1 iff # = 1, the right hand of (18) is an equality iff g, = g p—a.e.
By the definition of g and theorem 6, this happens when du = hdv. If p ~ poT
then this is the only case. Indeed, in this case g, = g poT a.e. whence Lo,
acts as the transfer operator of pu. It is easy to verify that by theorem 4 for every
la] , Litg  lig = A"h 'Ly (hl[g]) —2 Jig hdv uniformly on compacts whence p la] =

K (Lﬁ)ggl[@}) v Jighdv. O

Corollary 2 Let X be topologically mizing and ¢ locally Holder continuous positive
recurrent function. If the eigenfunction h is bounded away from zero and infinity,
then for every p € My (X) I, + ¢ is one sided integrable with respect to pu and
p(l,+ @) < Pg(¢). The only measure po ~ poT  for which this is an equality is
hdv.

Proof. Use the previous proof together with the fact that 1) —1oT is u integrable
for every pand p(¢p —¢oT) =0.0

Hofbauer [9] (see also [24]) gives examples where apart from the measure hdv,
there is another ’equilibrium measure’ § which is supported on a single fixed point.
Evidently 6 o o T.

8 Gibbs measures

An invariant measure m is a Gibbs measure for ¢ in the sense of Bowen [4] if there
exist M > 1 and P, such that for every z € [aq, ..., a, 1]

mlag, ..., a4, 1] = MFefn@nbn, (19)

24



It is known (Ruelle [16], Bowen [4]) that for finite topological Markov shifts and
Holder continuous functions ¢ Gibbs measures exist, coincide with the equilibrium
measures and satisfy that P, is equal to the topological pressure of ¢. The following
theorem treats this topic for countable shifts.

Theorem 8 Let X be topologically mixing and ¢ locally Holder continuous such that
Pg (¢) < 00. ¢ has a Gibbs measure iff ¢ is positive recurrent, the corresponding h
is uniformly bounded away from zero and infinity, and X satisfies (13). If m is this
measure then P, = Pg (¢) and dm = hdv.

Proof. Assume first that ¢ is positive recurrent, that A = B*' and that X
satisfies (13). Set dm = hdv. We show that this is a Gibbs measure. Since v (h) =1
and h = B*!, we have that v (X) < oo. Without loss of generality, assume that
v (X) = 1. For every [a] = [ag, ..., an_1]

mlag,...,Gn_1] =V (h l[g]) =\"v (Lg (h 1[@)) = B\ (LZIM) :

For every z € [a] v (Lgl[g]) =v (]_Tn[g] (v) e‘bn(ﬁy)) = Bi'e® @y (T [a,_1]). Accord-
ing to (13), there are by, ..., by € Ssuch that v (T [a,—1]) > min{v[b;]:i=1,...,N} >
0. Thus, for

BB,
M =
min{v[b]:i=1,...,N}
m(ag, ..., a4, 1] = M*et(@n108X whence m is a Gibbs measure. Note that P, =

log A = Pg (9).
We show the reverse implication. Assume that m is a Gibbs measure. It follows
from the Gibbs property that m < m oT. A calculation shows that for n > k

dm m [al
E, . T qnt) = T M2k Ptk
et (dmm “ ) 2 ) M
la]eayg
whence, by the martingale convergence theorem, —92_ = M*2e kPmedi m o T ae.

By lemma 10 m is exact hence strong mixing. Positive recurrence follows from the

estimation
e " 7, (6,0) = M m ([a] 0 T [a]) .

Note that this implies P,, = Pg (¢). Set A = exp Pg (¢). We show (13). For every [a]
and z, € [a]

m [a] = /M dﬂﬁf”j o T = M\~ eHe ) (7 al) = M*m [a] m. (T [a]).

Dividing by m [a] (which is not zero by the definition of m) we have

inf {m (T [a]) : [a] € a} > M.
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This is equivalent to (13).

It remains to show that dm = hdv and that ||logh||,, < co. By definition, for
every [a] = [ag,...,Gn1], V][a] = A7V (Lgl[g]) =\"v (1Tn[g} (v) e‘bn(ﬁy)) whence by
the big images property and the local Holder continuity of ¢, 3M; > 1 such that
Va] = lag,...,an—1] and x € [q]

vla] = MA@ = (MM) ™ ma] (20)

whence v ~ m. Thus, hdv ~ dm, whence by the ergodicity of h dv and the invariance
of m, dm = hdv. The fact that h is bounded away from zero and infinity follows from
(20). O

Remark 1. According to the last theorem, if m is an invariant Gibbs measure
then ||log h||, < oo whence Vi € My (X) I, + ¢ is p—one sided integrable and

m (I + ¢) =sup {p (I, +¢) : p € My (X)} = P (9).

Remark 2. A topological Markov shift with the finite images property (15)
always satisfies the big images property. For such a shift, the eigenfunction A is always
bounded away from zero and infinity (proposition 2). The following proposition
follows:

Proposition 4 Let X be topologically mizing with finitely many images, and ¢ a
locally Hélder continuous function such that Pg(¢) < oo. If ¢ is positive recur-
rent then the measure dm = hdv is a Gibbs measure for ¢ and m (I, + ¢) =

sup {1t (I, + 8) : o € M (X)} = P (6).

9 Examples: intrinsically compact shifts

In this section we present a class of countable Markov shifts X for which it is easy
to construct non trivial potentials ¢ with strong 'thermodynamic’ properties. Our
treatment is connected to the analysis of Walters in [24], its main novelty being the
consideration of countable Markov shifts other than the full shift (X = NNU{0}),
Throughout this section, we assume that A = (%), ¢ is a fixed transition matrix

and that S = N. We denote the powers of A by A" = (tl(;))sw . Introduce the

following notation for the rows and columns of A:
Ra(a) = (ta,taz,--.) ; Cala) = | t2

We say that two states a,b € N are A—equivalent, and write a X b, if Ra(a) = Ra(b)
and Ca (a) = Ca(b). When there is no risk of ambiguity, we write R, C' and ~ instead
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of Ra,Ca and e Denote by a the equivalence class of a, with respect to ~ and set

N = {@ :a € N}. Note that the following functions are well defined, the last being a
metric on N: (a@,b) = ta and d (@,5) = X220, 27" [tan — ton| + 25051 27 [tma — tms.

Definition 3 A transition matriz A is intrinsically compact if, with respect to the
metric d, N is compact and (a, b) — tap 1S upper semicontinuous.

Lemma 13 In order to check intrinsic compactness it is enough to check that the
collection of pairs {(R (a),C (a))} is closed with respect to convergence in each coor-

dinate and that for every pair of d—accumulation points a,b, t< Z(AliAm)su(IiA) ts 5 -
anbn )—(a,b

Lemma 14 The compactness of (/1\\1, d) implies that A has big images, namely
by, ...,b, VYaTity, =1. (21)
Proof. If (21) were false, then Vn Ja,, ({b:t4, =1} N{1,...,n} = 0) whence
Vn {b:t,,s =1} C (n,00).

Such a sequence {a,, }, must satisfy R(a,) — (0,0,...). By compactness, it is possible
to assume without loss of generality that a, is d—convergent. Denote its limit by a.
By the definition of d, Va € a@ R (a) = (0,0,0,...). This is a contradiction because A
is a transition matrix, hence doesn’t contain zero rows. O

Example 1. The Full Shift Matriz. This is the matrix A =(t;;) , Vi, j t;; = 1.
For this matrix, N is a singleton and intrinsic compactness is trivial.

Example 2. Finite Images. The finite images property (15) is equivalent to say-
ing that the transition matrix A has a finite number of different rows (see Aaronson,
Denker and Urbanski [1] and Yuri [25]). As mentioned before, A must also have only
a finite number of columns. Thus, if A has finite images, then N is a finite discrete
space, whence A is intrinsically compact.

Example 3. Consider the matrix

—_ = =
_= = O =

—_ O = =
[ R S

In this case, N contains one accumulation point, 1, and 7 — 1. Thus, N is com-
pact. Upper semicontinuity follows from lemma 13 and the fact that ¢;; = 1 (note
that since t,, = 0 for every n > 1, we have no continuity).
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We add to every class a € N a state 0. Set Ny = N U {ooa ra € /N\} Let
A be the extension of A given by Va € N 0% 7 @ It easily follows that A is

intrinsically compact iff A is. Set

Xoo =5 . (22)
For every a € N set
amin = min{a' : ' ~a} =min a (23)
and define 1) : N — [0, 1] by
0 a = 0o;
¥ (a) = 1
atamn 7%

1) is 1-1 on each equivalence class and 1) (a) — 0. We use the same notation for d
a—00

and its natural extension to /1\\100. Set
(24)

Lemma 15 p is a compact metric.

Proof. It is easy to see that p is a metric (note that ¢ is 1-1 on equivalence classes
whence p (z,y) = 0 implies z = y). It is not difficult to show that (N, d) is compact.
The upper semicontinuity property of intrinsically compact matrices implies that X,
is closed in Q =[[>2, (N4, d). Compactness easily follows. O

Lemma 16 B, = B (X, p), the Borel o-algebra with respect to p, is equal to B = B (X ),
the o-algebra generated by the cylinders.

Proof. trivial. O
Let ¢ : X — [—00,00) be a locally Holder continuous function (in particular, if

¢ (x) = —oc then ¢ = —oo in [x0]). Set P = sup ey ¢ (7).

Lemma 17 If A is intrinsically compact, ¢ is locally Holder continuous and || Lyl <
oo then
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Proof. By the big images property of intrinsically compact matrices, there exist
bi,...,by such that Va Ji ty, = 1. Fix 2 € [b;]. For every a thereisan 1 <i, < N
such that az) € X and so

Z etlal < Vi(@) Z o#(aztia))
a=1 a=1
N
< V(9 Z Z ed)(a:z:(k-))
k=1la:i,=k
N
S 6Vl(¢) Z d)(am(k'))

o0
whence Z efldl « 0o, O

a=1
Set C), (Xoo) = C (X, p), the space of p-continuous functions. By p-compactness,
every p—continuous function is bounded, hence (C,(X),|-||,,) is a well defined
Banach space. The following lemma is the raison d’étre of the construction:

Proposition 5 Let A be an intrinsically compact matriz, X, and p given by (22)
and (24). For every locally Hélder continuous ¢ : Xoo — [—00, 00) which is p— continuous
on partition sets and for which ||Lgl|| < 00, Ly (C, (X)) C Cp(Xs) -

Proof. Assume that ¢ # —oo (else Ly sends every function to 0 and there is
nothing to prove). Fix f € C, (X) and € > 0. Then,

(Lof) (@) = (Lof) )] = | 22 D f(az) = 3 " f(ay)

a€Pl(z) a€P(y)

<Afle > e+ > (6¢(“)f(aff) - 6¢(“y)f(ay))‘ :
a€PL(z)APL(y)

a€P(z)NPL(y)

I 1
By lemma 17 there exists an N large enough such that

o0

S efldl < _c
a= N1 1/l

There exists a ¢ > 0 small enough, such that if d (7o, 7p) < 0 then P! (z) AP (y) C
(N, 00). Since d (%o, %) < p(z,y),

plr,y) <d=I<e.

The estimation of II is standard and is left to the reader. O
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Theorem 9 Let X be a topologically mixing countable Markov shift given by an in-
trinsically compact transition matriz, and let (X, p) be given by (22),(24). Let
¢ : X = R be a locally Hélder continuous function such that ||Lgl|| < co. Assume
that ¢ can be extended to a function ¢ : X, — RU{—00} which is p—continuous on
partition sets and equal to —oco outside of U2, [a]. Then ¢ is positive recurrent.

Proof. Construct d, § and p as before. Set P ={u € (C, (X)) : (1) =1, > 0}.
We follow Ruelle [15] and introduce the function G : P — P defined by

By proposition 5 Ls (C, (X)) C C,(Xs) whence G is w*—continuous (note that
¢ # —oo on Uyen [@] whence Lyl > 0). By the Schauder-Tychonoff theorem (see
Dunford and Schwartz [6]), G has a fixed point v € (C,(X"))", Gv = v. Since
(X0, p) is Hausdorff and compact, v determines a unique p—Borel probability on
Xo. By lemma 16 v is a Borel probability. By its definition, it is clear that

V€ Cy(Xa) v(Lof) = Av(f) (25)

where A = v (Ly1). A standard regularity argument shows that (25) is valid for every
L' (v) function. It is not difficult to deduce from (25) that v is supported on X,
because

X = ﬁ {reXg:em® >0}
n=0

It follows from (25) that A='L, operates as the transfer operator of v, whence by
lemma 10, ¢ — log A = log di’)’T. In particular, log dng is locally Holder continuous.
It follows from (21) and the fact that suppr = X, that inf {v (Ta) : « € N} > 0. By
lemma 2.1 in [1], 3h > 0 such that hdv is invariant, whence v is conservative. By
lemma 10, v is exact whence h dv is exact and strong mixing. The positive recurrence
of ¢ follows just like in the proof of theorem 8. O

Example 1 Let X = Y4 where A is intrinsic compact. Let f : [0,1] — [0,00) be
C! function such that

1
a+x

f' (x)
f (x)

<oo;§:f<

a=1

>6L°°[0,1]

sup
T

The function ¢ : X — R given by ¢ (zo,x1,...) = log f ( L ) 1S positive recur-

Tot o
rent.
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Proof. For every zg,x1,... € NU{oco;:a € N} set n = inf {k: z; € N \N}
and

( 0 n=>0
[IL’O X1 ]: Tot+ 1
’ ’ Tp_1
1
n=:uoo
(ot e

Use log f [zg, x1, . ..] to extend ¢. O
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