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Abstract
We construct a function ¢ = ¢ (z9, 1) on a topologically mixing countable
Markov shift such that the set of values 6 > 0 for which the pressure function
Pyop (B¢) is not analytic in a neighbourhood of 3 has positive Lebesgue measure.
The construction is based on renewal theoretic ideas.

1 Introduction

A well known theorem of Ruelle [4] states that Holder continuous potentials on topo-
logically mixing topological Markov shifts with a finite number of states, have no
phase transitions in the sense that the function 8 +— P, (¢ + 1)) is real analytic for
all ¢, Holder. This is particularly interesting in the case ¢ = 1, because then the
parameter 3 corrseponds to the inverse temperature of the system. If the number
of states is infinite, Ruelle’s result is no longer true. Wang [8] and Lopes [1] con-
structed examples of potentials ¢ = ¢ (z9,21) where the function p (3) = Py (89)
has one point of non analyticity. Gurevic and Savchenko [3] constructed an example
of ¢ = ¢ (9, 1) such that p (8) = P, (6¢) has an arbitrarily large but finite number
of critical points. It remained unknown, however, whether there exists an example
with an infinite number of critical points. In this note we prove the following theorem:

Theorem 1 There exists a topologically mizing countable Markov shift X and a po-
tential ¢ : X — R such that ¢ () = ¢ (zo,x1) and such that the following set has
positive Lebesgue measure:

{8 > 0: Py, (to) is not real analytic in a neighbourhood of t = [}

2 Basic Definitions

Let S be some countable set, and let A = (t;;), ¢ be a matrix of zeroes and ones with
no rows or columns which are all made of zeroes. The one sided topological Markov
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shift corresponding to A and S is the topological dynamical system (X, T) where X =
{(xg, Ty,...) € SN vyt = 1} is endowed with the relative product topology
(S being discrete), and T': X — X is the left shift. This system is called topologically
mizing if VU,V open AN = Ny such that Yn > N UNT ™"V is not empty. A base
for its topology is given by the cylinder sets [ag,...,an_1] = {x :Vk x = ai}. Let
¢ : X — R be a function such that 3,55 Vi(#) < co where

Vi) = sup{o(z) — d(y) s wi =y VO <i <k —1}

Clearly, every function of the form ¢(x) = ¢(xg, z1) satisfies this condition. For every
nset ¢, =¢+doT +...+¢oT" L. The Gurevic pressure of ¢ is defined by

P,y (6) = P (¢) = lim l1og S ey (v)

n—oo n, Thpes

where a is some arbitrary state a € S. It is known that if X is topologically mixing,
Yrz2 Vi(8) < 00, and || py—, e?®||5 < oo then Pg (¢) is well defined, independent
of the choice of a € S, finite and satisfies Pg (¢) = sup {h, + [ ¢ du} where the supre-
mum ranges over all T-invariant Borel probability measures p such that — [ ¢ dp < oo
(see [5]). Thus, Pg(¢) is a natural extension of the notion of topological pressure for
countable Markov shifts.

We say that a one parameter family of functions Fj(&) is an ezponent power series
if it is of the form Fj(§) = X, x>0 aﬁykfn where a,, ; > 0. Clearly, every function of the
form 3, , ckaikf” where ¢, are non negative integers is an exponent power series,
and if Fj, G are exponent power series then so are s + G, F3Gg, and FgoGyz. We
say that a function f(3) is an ezponent sum if it of the form f(5) = Fp(1) where Fj
is an exponent power series convergent at 1.

3 Proof of theorem 1

3.1 Construction of a certain exponent power series

We construct an exponent power series Fj(§) with radius of convergence R((3) with
the following properties, where m denotes the Lebesgue measure:

m{ 5 : R(f)is not analytic in a neighbourhood of £} >0 (1)

Fs(R(B)) <1 (2)
Let {I,},7, be disjoint open intervals in [1,2] such that U,>; I, is dense in [1,2]
but m (UHZI In) < 1. Then m has positive Lebesgue measure. Set [, =
(an,by), Ny = 27 and p, (3) == —2N 38 (Nﬁ/an — Nn) (N;j/bn — Nn). Expanding
and collecting all terms with the same sign write p, (8) = A, () — B, (8) where

[\
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an'=3) B(an'+b7"-3)

A, (B) = 2N, (Nf (=9 | N2 ("’71‘3)) and B, (8) = 2. 42NN, 3

Set
=Y Bu(8) and A™ (8):= A, (8) + B(6) — Ba (5).
n=1
Both 1B(8) and 1AM () are convergent exponent sums for § > 2. Also, p,(3) =

42(8) = Ba (8) = A™ (3) — B(§). Thus A (8) > B(5) if and only it § € I,,
whence M () := max {B (B), AW (B), A (p),.. } is given by

[ AW(B) i el
M(ﬁ)‘{ BB if 8¢ Uyl (3)

Now set ¢, := [2"/n?| and

-3 . ((%B ©)) + 3 (340 5))

By the preceding discussion, this is an exponent power series. Let R(() denote its
radius of convergence. Then R () = 1/M (/3) where M (/3) is given by (3). M(p) is
not analytic in the neighbourhood of each of the points in ,,~, I, because U,,~, 01,
are points of non differentiability. Thus (1) is satisfied. Also, -

1 " n—1 " 1
V<X 5 (B(ﬁ) +ZA"“’(ﬁ))§ -
and (2) follows as well.

3.2 Construction of X and ¢

Let F3(&) be the exponent power series which was constructed in the previous section,

and set
anZank
n=2 =

where a,, j, are non negative. We construct a topologlcal Markov shift and a potential
¢ = ¢ (x0, 1) such that Vn e NVB > 2 Z* (6¢,a) = Ty a’, for some fixed state
a where @, (x) := 1, (x) inf{n > 0: T”x € [a]} and

Zn(d,a) = 37 "Dy yem(@)
Trg=x
Let S be some countable set enumerated in the following way:

Si={a}U U U o (1) - s bug (n— 1)}



Let X be the one sided topological Markov shift on this set of states given by the tran-
sition matrix A = ()¢, ¢ Whose non zero entries are exactly tap , (1), to,(i)bus(i+1)s
to,p(n—1)a for all n,k > 1 and i = 1,...,n — 1. Then every x € X such that T"z =z
and ¢, (x) = n is of the form

= (a,bpr (1),.... 00 (n—1)5a,bp6 (1), ... 0n(n—1);...).
Now define ¢ = ¢ (xg, z1) by

b (x) = { log an x € [a, by (1)]

0 else

It is easy to verify that X 1is topologically mixing and that for every n € N,
Z* (Bp,a) = Ypsial, (for n = 1 we have Z#(¢,a) = 0 since there is no z € [d]
such that Tz = x.)

We show that Pg(3¢) has the required analyticity properties. Set Z,(3¢,a) =

S rnp—s €797 @ 1. Then Z, (B¢, a) = Z:(B¢,a) + Sp_i Z:_1.(¢,a) Zx(¢, a) whence
_
1= Fs(¢)

By the definition of the Gurevic pressure, the radius of convergence of the series on

the left side is e 7¢(%%). Thus, by (2), Pe(8¢) = —log R(3) and the theorem follows
from (1). O

143 €2, (B,a) =
n=1

Remark. The set of points for which the pressure function constructed above is not
differentiable is countable (it contains each of the points a, and b,). This cannot be
improved, since the pressure function is by definition convex in .
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