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Abstract. We find a necessary and sufficient condition for the Ruelle operator
of a weakly Hölder continuous potential on a topologically mixing countable

Markov shift to act with spectral gap on some rich Banach space. We show

that the set of potentials satisfying this condition is open and dense for a
variety of topologies. We then analyze the complement of this set (in a finer

topology) and show that among the three known obstructions to spectral gap

(weak positive recurrence, null recurrence, transience), transience is open and
dense, and null recurrence and weak positive recurrence have empty interior.

1. Introduction

1.1. Overview. Thermodynamic formalism is a branch of ergodic theory which
studies, for a given dynamical system T : X → X and a given function φ : X → R,
the existence and properties of invariant probability measures µφ which maximize
the quantity hµ(T ) +

∫
φdµ (“equilibrium measures”). The key tool is the Ruelle

operator,
(Lφf)(x) =

∑
Ty=x

eφ(y)f(y). (1.1)

Under fairly mild conditions, if Lφ acts with spectral gap on some rich enough
Banach space L, then µφ exists, and quite a lot can be said about its properties
(see the books [B], [HH], [PP],[R], or theorem 1.1).

Here we ask how large is the set of functions φ : X → R for which such a space L
can be found. We study this question within the cadre of countable Markov shifts,
and weakly Hölder continuous functions φ : X → R (see below). We

(a) identify a necessary and sufficient condition on φ for the existence of a
Banach space on which Lφ acts with spectral gap;

(b) analyze the topological structure of the set of functions φ which satisfy this
condition;

(c) compare the topological properties of the various obstructions to this con-
dition, and figure out which obstruction is the most important.

1.2. Setting. Let S be a countable set, and A = (tij)S×S be a matrix of zeroes
and ones. The countable Markov shift (CMS) with set of states S and transition
matrix A is the dynamical system T : X → X, where

X := {(x0, x1, . . . , ) ∈ SN∪{0} : txixi+1 = 1 for all i}, and T (x)i := xi+1.
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We think of X as of the collection of one sided infinite admissible paths on a directed
graph with vertices v ∈ S, and edges v1 → v2 (v1, v2 ∈ S , tv1v2 = 1).

We equip X with the metric d(x, y) = 2−t(x,y), t(x, y) := inf{k : xk 6= yk} (where
inf ∅ :=∞). The resulting topology is generated by the cylinder sets

[a0, . . . , an−1] := {x ∈ X : xi = ai , i = 0, . . . , n− 1} (a0, . . . , an−1 ∈ S, n ≥ 1).

A word a ∈ Sn is called admissible if the cylinder it defines is non-empty. The
length of an admissible word a = (a0, . . . , an−1) is |a| := n.

We assume throughout that T : X → X is topologically mixing. This is the case
when for any two states a, b there is an N(a, b) such that for all n ≥ N(a, b) there
is an admissible word of length n which starts at a and ends at b.

Next we consider real valued functions φ : X → R. We define the variations of
a function φ : X → R to be the numbers

varn(φ) := sup{|φ(x)− φ(y)| : xn−1
0 = yn−1

0 },

where here and throughout znm := (zm, . . . , zn). We say that φ has summable
variations, if

∑
n≥2 varn φ < ∞. We say that φ is θ–weakly Hölder continuous for

0 < θ < 1, if there exists Aφ > 0 such that varn(φ) ≤ Aφθn for all n ≥ 2. A weakly
Hölder continuous function is Hölder (with respect to the metric defined above) iff
it is bounded. A bounded θ–weakly Hölder function will be called θ–Hölder.

The Birkhoff sums of a function φ are denoted by φn :=
∑n−1
k=0 φ ◦ T k.

Suppose φ has summable variations and X is topologically mixing. The Gurevich
pressure of φ is the limit

PG(φ) = lim
n→∞

1
n

logZn(φ, a), where Zn(φ, a) =
∑

Tnx=x

eφn(x)1[a](x), and a ∈ S.

This limit is independent of a, and if supφ < ∞, then it is equal to sup{hµ(T ) +∫
φdµ}, where the supremum ranges over all invariant probability measures such

that the sum is not of the form ∞−∞ [S1].

1.3. The Spectral Gap Property. Recall that the Ruelle operator associated
with φ is the operator (Lφf)(x) :=

∑
Ty=x e

φ(y)f(y). This is well defined for
functions f such that the sum converges for all x ∈ X. Let dom(Lφ) denote the
collection of such functions.

Definition 1.1. Suppose φ is θ–weakly Hölder continuous, and PG(φ) < ∞. We
say that φ has the spectral gap property (SGP) if there is a Banach space of con-
tinuous functions L s.t.

(a) L ⊂ dom(Lφ) and L ⊇ {1[a] : a ∈ Sn , n ∈ N};
(b) f ∈ L ⇒ |f | ∈ L,

∥∥|f |∥∥L ≤ ‖f‖L;
(c) L–convergence implies uniform convergence on cylinders;
(d) Lφ(L) ⊆ L, and Lφ : L → L is bounded;
(e) Lφ = λP + N where λ = expPG(φ), and PN = NP = 0, P 2 = P ,

dim ImP = 1, and the spectral radius of N is less than λ;
(f) If g is θ–Hölder, then Lφ+zg : L → L is bounded, and z 7→ Lφ+zg is analytic

on some complex neighborhood of zero.
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The motivation is the following (compare with [R],[HH],[Li], [PP],[BS],[GH],[AD]).
Suppose X is a topologically mixing CMS, and φ : X → R is a weakly Hölder con-
tinuous potential with finite Gurevich pressure, finite supremum, and the SGP.
Write Lφ = λP +N as above, then

Theorem 1.1. P takes the form Pf = h
∫
fdν, where h ∈ L is positive, and ν is

a measure which is finite and positive on all cylinders. The measure dmφ = hdν is
a T–invariant probability measure with the following properties:

(a) If mφ has finite entropy, then mφ is the unique equilibrium measure of φ.
(b) There is a 0<κ<1 s.t. for all g ∈ L∞(mφ) and f bounded Hölder continu-

ous, ∃C(f, g)>0 s.t. |Covmφ(f, g ◦ Tn)|≤C(f, g)κn. (Cov =covariance.)
(c) Suppose ψ is a bounded Hölder continuous function such that Emφ [ψ] = 0.

If ψ 6= ϕ − ϕ ◦ T with ϕ continuous, then ∃σ > 0 s.t. ψn/
√
n converges

in distribution (w.r.t. mφ) to the normal distribution with mean zero and
standard deviation σ.

(d) Suppose ψ is a bounded Hölder continuous function, then t 7→ PG(φ + tψ)
is real analytic on a neighborhood of zero.

We remark that the assumption that mφ has finite entropy is trivially satisfied for
all CMS with finite Gurevich entropy PG(0) <∞.

Versions of theorem 1.1 were shown in a variety of contexts by many people [R],
[GH], [HH], [AD],[Li], [BS], [G1] (this is a partial list). The proof in our context is
given in appendix A.

1.4. The problem: When does a potential φ satisfy the SGP? How common is
this phenomenon? What are the most important obstructions?

If |S|<∞ then every (weakly) Hölder continuous function has SGP (Ruelle [R]),
but this is not the case when |S| =∞ because of the phenomena of null recurrence,
transience [S2], and positive recurrence with sub-exponential decay of correlations
[S4] or non–analytic pressure function [S5], [Lo], [PrS].

Doeblin and Fortet have given sufficient conditions for spectral gap for potentials
φ associated to a class of countable Markov chains [DF]. Aaronson & Denker had
constructed Banach spaces with spectral gap for potentials associated with Gibbs–
Markov measures [AD]. The underlying CMS must satisfy a certain combinatorial
condition (the “big images” property). Young had constructed Banach spaces with
spectral gap for certain functions φ on CMS satisfying a different combinatorial
condition (“tower structure”), see [Y].

1.5. Notational convention: a = c± ε means c− ε < a < c+ ε, a = B±1c means
B−1 ≤ a/c ≤ B, and an � cn means that ∃B s.t. an = B±1cn for all n large.

2. Summary of Results

2.1. A necessary and sufficient condition for SGP. The condition is in terms
of the discriminant, a notion which was introduced in [S3]. We recall the definition,
and refer the reader to appendix A for further information.

If one induces a CMS on one of its states a ∈ S, then the result is a full shift. It
is useful to fix the following notation:

(a) S := {[a] = [a, ξ1, . . . , ξn−1] : n ≥ 1, ξi 6= a, [a, ξ, a] 6= ∅};
(b) X := SN∪{0}

, viewed as a countable Markov shift with set of states S;
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(c) π : X → [a]; π([a0], [a1], . . .) = (a0, a1, . . .). This is a conjugacy between
the left shift on X, and the induced (=first return) map on [a].

Every function φ : X → R has an “induced version” φ : X → R given by

φ :=

(
ϕa−1∑
k=0

φ ◦ T k
)
◦ π, where ϕa(x) := 1[a](x) inf{n ≥ 1 : Tn(x) ∈ [a]}.

It is easy to see that if φ is weakly Hölder continuous on X, then φ is weakly Hölder
continuous on X (moreover, var1 ψ <∞ even when var1 ψ =∞).

The a–discriminant of φ is the (possibly infinite) quantity

∆a[φ] := sup{PG(φ+ p) : p ∈ R s.t. PG(φ+ p) <∞}.
The sign of this number has meaning [S3], see appendix A.

A weakly Hölder continuous function φ on a topologically mixing countable
Markov shift is called strongly positive recurrent, if it has finite Gurevich pressure
and if there is a state a s.t. ∆a[φ] > 0. Strong positive recurrence is a generaliza-
tion of the notion of stable positive recurrence for positive infinite matrices due to
Gurevich and Savchenko [GS]. It has its roots in the classical work of Vere-Jones
on the problem of geometric ergodicity for Markov chains [VJ].

Theorem 2.1. Suppose X is a topologically mixing CMS, and φ : X → R is
weakly Hölder continuous with finite Gurevich pressure, then φ has the spectral gap
property iff φ is strongly positive recurrent.

That SGP implies SPR is fairly routine, given the results of [S3]. The main part
of the theorem is the other direction.

It is perhaps useful at this point to explain how to check strong positive recur-
rence. Define

Z∗n(φ, a) :=
∑

Tnx=x

eφn(x)1[ϕa=n](x),

and let R denote the radius of convergence of rφ(x) :=
∑
n≥1 x

nZ∗n(φ, a), then [S3]
proves that either |∆a[φ]− log rφ(R)| ≤

∑∞
n=2 varn φ or ∆a[φ] = log rφ(R) = ∞.

In particular, if rφ(·) diverges at its radius of converges, then φ is SPR.
It is easy to construct examples of φ with SGP on any topologically mixing CMS:

Start with any weakly Hölder continuous φ : X → R with finite pressure, and fix
some state a. One checks that rφ+t1[a](x) = etrφ(x), thus φ + t1[a] is strongly
positive recurrent for any t large enough.

2.2. SGP is open and dense. Let Φ denote the collection of weakly Hölder
continuous functions φ : X → R with finite Gurevich pressure. There are many
different useful topologies on Φ. To list them concisely, fix an infinite sequence
ω = (ωn)n≥1, 0 ≤ ωn ≤ ∞ and define for a function f : X → R,

‖f‖ω := sup |f |+
∞∑
n=1

ωn varn(f), where 0 · ∞ := 0,

V (φ, ε) := {φ′ ∈ Φ : ‖φ− φ′‖ω < ε}.
The ω–topology is the topology generated by V (φ, ε), (ε > 0, φ ∈ Φ).

The choice ω = (0, 0, . . .) is useful for the study of perturbations in the sup
norm. Other important choices are ω = (0, . . . , 0,∞,∞, . . .) (finite memory), ω =
(0, 1, 1, . . .) (summable variations), and ω = (0, θ−1, θ−2, . . .) (Hölder).
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Theorem 2.2. The set of φ ∈ Φ with the spectral gap property is open and dense
in Φ with respect to the ω–topology, for any ω = (ωn)n≥1.

In particular, the spectral gap property is stable under perturbations in Φ with
sufficiently small sup norm (ω = (0, 0, . . .)); and any φ ∈ Φ can be perturbed to be
strongly positive recurrent using a perturbation of arbitrarily small Hölder norm,
or even finite memory of length one (ω = (0,∞,∞, . . .)).

This means that there is an open and dense set of φ ∈ Φ which satisfy the conclu-
sion of theorem 1.1. Loosely speaking these are potentials whose thermodynamic
formalism is similar to the behavior of thermodynamic systems at equilibrium with-
out a phase transition. The following works contain related results:

(1) Gurevich and Savchenko showed in [GS] that if φ ∈ Φ is “stably positive
recurrent” and φ is Markovian (i.e. var2 φ = 0), then there is an ε > 0
s.t. any Markovian φ′ ∈ Φ s.t. ‖φ − φ′‖∞ < ε is positive recurrent (c.f.
appendix A). For Markovian potentials, “stable positive recurrence” can be
easily seen to be equivalent to strong positive recurrence.

(2) Gallavotti & Miracle–Sole considered in [GM] multi-dimensional lattice gas
models, and showed that in a certain topology there is a dense Gδ–set of
interaction potentials where pressure functional is differentiable.

Next we consider the larger set ΦSV of all φ : X → R with summable variations
and finite Gurevich pressure. Again, we can define the ω–topology on ΦSV as the
topology generated by {φ′ ∈ ΦSV : ‖φ′ − φ‖ω < ε} for all ε > 0, φ ∈ ΦSV .

Theorem 2.2′. Let ΦSV denote the collection of all φ : X → R with summable vari-
ations and finite Gurevich pressure, then {φ ∈ ΦSV : φ is strongly positive recurrent}
is open and dense in ΦSV for every ω–topology.

Obstructions to the SGP. If a potential φ ∈ Φ does not have the spectral gap
property, then by theorem 2.1 it is not strongly positive recurrent, and ∆a[φ] ≤ 0.

Potentials with strictly negative discriminant are called transient. Potentials
with zero discriminant are divided into two groups: null recurrent, and weakly
positive recurrent (see appendix A for a summary of the definitions and properties
of the various modes of recurrence – in particular see Theorem 7.3 to equate the
above definition of transience with that in Definition 7.1). We ask whether one of
these obstructions is more common, in some sense, than the others.

The ω–topologies are too weak to detect the difference between transience, null
recurrence, and weak positive recurrence (they are all nowhere dense), so we need
to use a stronger topology.

The topologies of perturbations of finite support are sufficient for this purpose.
To define these topologies, fix a (nonempty) finite collection of states B =

⋃N
i=1[ai].

The uniform topology localized at B (or just the ‘B–uniform topology’) is the topol-
ogy generated by the basis

U(φ; ε,B) := {φ′ ∈ Φ : ‖φ′ − φ‖∞ < ε, φ′|X\B = φ|X\B} (ε > 0, φ ∈ Φ).

Denote the resulting topology by LU(B).

Theorem 2.3. Let Φ(Tr) := {φ ∈ Φ : φ is transient}. With respect to LU(B),
Φ(Tr) is open in Φ, and open and dense in {φ ∈ Φ : φ does not have SGP}.

As a corollary of this theorem and its proof we have the following topological
description of the various modes of recurrence in each of the LU(B)–topologies:
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(a) strong positive recurrence: open;
(b) transience: open
(c) weak positive recurrence and null recurrence: empty interior, contained in

the boundaries of the first two sets
In other words, transience is the most common obstruction to spectral gap.

3. Proof of Theorem 2.1

3.1. Strong Positive Recurrence implies Spectral Gap. Assume w.l.o.g. that
PG(φ) = 0 (otherwise pass to φ − PG(φ), c.f. §7.1). Fix some state a ∈ S s.t.
∆a[φ] > 0. By the discriminant theorem (appendix A, Theorem 7.3), PG(φ) =
0, where the over bar indicates induction on [a]. Therefore, by strong positive
recurrence, there exists εa such that 0 < PG(φ+ 2εa) < ∞. This εa must be
positive, because p(t) := PG(φ+ t) is an increasing function.

The function φ is by assumption weakly Hölder so there exists 0 < θ < 1 and
Aφ > 0 such that varn φ ≤ Aφθn for all n ≥ 2. Make εa so small that

0 < θep < 1, where p := PG(φ+ εa). (3.1)

This is possible to do, because p(t) := PG(φ+ t) is continuous (being convex and
finite) on (−∞, 2εa) (see (7.4) in appendix A).

Define ψ := φ+ εa − p1[a], then using the properties of PG(·) listed in appendix
A §7.1 it readily follows that

(1) PG(ψ) = 0, because PG(ψ) = PG(φ+ εa − p) = PG(φ+ εa)− p = 0;
(2) ψ is strongly positive recurrent, because

PG(ψ + εa) ≤ PG(φ+ 2εa) <∞, and

PG(ψ + εa) = PG(ψ + εaϕa) ≥ PG(ψ) + εa = εa > 0,

so ∆a[ψ] > 0;
(3) PG(ψ) = 0, because PG(ψ) = 0 and ψ is (strongly positive) recurrent, see

appendix A, theorem 7.3 part (1).
Since ψ is SPR, it is positive recurrent (appendix A, theorem 7.3). By the

generalized Ruelle Perron Frobenius theorem (appendix A, theorem 7.2) and the
assumption that PG(ψ) = 0, there exists a Borel measure ν0, finite and positive on
cylinders, and a positive continuous function h0 : X → R such that

L∗ψν0 = ν0 , Lψh0 = h0 , and
∫
h0dν0 = 1.

Moreover, var1[log h0] ≤
∑
`≥2 var` φ. Setting C0 := exp

∑
`≥2 var` φ, we see that

for every x, h0(x) = C±1
0 h0[x0], where h0[x0] := sup[x0] h0.

Define for x, y ∈ X,

t(x, y) := min{n : xn 6= yn}, where min ∅ =∞,
sa(x, y) := #{0 ≤ i ≤ t(x, y)− 1 : xi = yi = a}

(compare with the notion of “separation time” due to L.-S. Young [Y]).
Let L denote the collection of continuous functions f : X → C for which

‖f‖L := sup
b∈S

1
h0[b]

[
sup
x∈[b]

|f(x)|+sup
{
|f(x)− f(y)|/θsa(x,y) :x, y ∈ [b], x 6= y

}]
<∞.
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It is clear that (L, ‖ · ‖L) is a Banach space. We show that Lφ(L) ⊆ L, and that
Lφ : L → L is a bounded operator with spectral gap.

The proof uses the strengthening of the Ionsecu-Tulcea & Marinecu theorem due
to Hennion ([HH], theorem II.5). Suppose there exists a continuous semi-norm ‖·‖C
on L with the following properties:

(A) There is a constant M > 0 s.t. ‖Lφf‖C ≤M‖f‖C for all f ∈ L;
(B) Let ρ(Lφ) denote the spectral radius of Lφ : L → L. There are constants

n0 ∈ N, 0 < r < ρ(Lφ), and R > 0 such that

‖Ln0
φ f‖L ≤ r

n0‖f‖L +R‖f‖C ; (3.2)

(C) Every sequence {fn}n≥1 ∈ L s.t. sup ‖fn‖L ≤ 1 has a subsequence {fnk}k≥1

s.t. ‖Lφfnk − g‖C −−−−→
k→∞

0 for some g ∈ L.

Hennion’s theorem then says that L = F ⊕ N where F ,N are Lφ–invariant sub-
spaces such that dim(F) <∞, ρ(Lφ|N ) < ρ(Lφ), and such that every eigenvalue of
Lφ|F is of modulus ρ(Lφ).

As we shall see below, the theory of equilibrium measures on topologically mixing
CMS implies that ρ(Lφ) = 1, that the only eigenvalue on the unit circle is one, and
that this eigenvalue is simple. This gives the spectral gap property with λ = 1, P
the eigenprojection of one, and N := Lφ(I − P ).

We will apply Hennion’s theorem to Lφ : L → L. The semi–norm we use is
‖ · ‖C := ‖ · ‖L1(ν0).

Step 1. (A) holds: ‖ · ‖C is a continuous semi-norm on L, and there is a constant
M such that ‖Lφf‖C ≤M‖f‖C for all f ∈ L.

Proof. To see that ‖ · ‖C is continuous, suppose that ‖fn − f‖L → 0. Then fn → f
pointwise, and |fn(x)−f(x)| ≤ ‖fn−f‖Lh0[x0] ≤ C0‖fn−f‖Lh0(x) at every point.
Since h0 ∈ L1(ν0), ‖fn − f‖C =

∫
|fn − f |dν0 → 0.

Next fix f ∈ L. Then |f | ≤ C0‖f‖Lh0. The identity φ=ψ−εa+p1[a]≤ψ+p−εa
shows that |Lφf | ≤ ep−εaLψ(C0‖f‖Lh0) = C0e

p−εa‖f‖Lh0. Integrating w.r.t ν0,
we get ‖Lφf‖C ≤ C0e

p−εa‖f‖L and the step follows with M := C0 exp(p− εa).

Step 2. Proof of (3.2).

Proof. We need some notation. For every b ∈ S, set

Pn(b) := {p = (p0, . . . , pn−1) : (p, b) is admissible}.

For every p = (p0, . . . , pn−1) admissible, let n(p) := #{0 ≤ i ≤ n− 1 : pi = a}, and
set Pnk (b) := {p ∈ Pn(b) : n(p) ≥ k + 1}.

In what follows we fix k (to be determined later), and estimate ‖Lnφf‖L for
arbitrary f ∈ L and n ≥ 1.

Part 1: Analysis of supx∈[b] |(Lnφf)(x)| (b ∈ S).

Suppose x ∈ [b]. Since φ = ψ − εa + p1[a] and |f | ≤ C0‖f‖Lh0,

|(Lnφf)(x)| ≤
∑

p∈Pn(b)

eφn(px)|f(px)| =
∑

p∈Pn(b)

eψn(px)−nεa+pn(p)|f(px)|
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≤
∑

p∈Pnk (b)

eψn(px)−nεa+pn(p)|f(px)|+

+C0e
kp−nεa‖f‖L

∑
p∈Pn(b)\Pnk (b)

eψn(px)h0(px)

≤
∑

p∈Pnk (b)

eψn(px)−nεa+pn(p)|f(px)|+ C0e
kp−nεa‖f‖Lh0[b],

because the last sum is bounded by (Lnψh0)(x) = h0(x) ≤ h0[b].
Every p ∈ Pnk (b) admits a unique decomposition p = (α, β, γ) with α ∈ Ak, β ∈ B

and γ ∈ C, where:

Ak:={α : n(α) = k, and (α, a) is admissible},
B := {β : β starts at a, and (β, a) is admissible} ∪ {empty word},
C := {γ : γ contains exactly one a, at its beginning, and (γ, b) is admissible}.

Conversely, every triplet (α, β, γ) ∈ Ak × B × C such that |α| + |β| + |γ| = n
(where |w| :=length of w) gives rise to an element of Pnk (b). Thus

|(Lnφf)(x)| ≤ C0e
kp−nεa‖f‖Lh0[b] +

+
∑

α+β+γ=n

 ∑
γ∈C,|γ|=γ

eψγ(γx)−γεa× (3.3)

×
∑

β∈B,|β|=β

eψβ(β γx)−βεa+p[n(β γ)+k]
∑

α∈Ak,|α|=α

eψα(αβ γx)−αεa |f(αβ γx)|

 ,

with the convention that ψ0 ≡ 0.
We estimate the inner most sum. Since n(α) = k,

|f(αβ γx)| ≤ inf
[α,a]
|f |+ ‖f‖Lθkh0[α0] ≤ inf

[α,a]
|f |+ C0‖f‖Lθkh0(αβ γx).

Since vari φ = vari ψ for all i ≥ 1,

eψα(αβ γ x) ≤ C0 inf
[α,a]

eψα .

We can thus estimate the inner sum by∑
α∈Ak,|α|=α

C0 inf
[α,a]

eψα−αεa inf
[α,a]
|f |+C0‖f‖Lθke−αεa

∑
α∈Ak,|α|=α

eψα(αβ γx)h0(αβ γx)

≤ C0

∑
α∈Ak,|α|=α

inf
[α,a]

(
eψα−αεa |f |

)
+ C0‖f‖Lθke−αεah0[a] (∵ (β γ)0 = a)

≤ C0e
−αεa

∑
α∈Ak,|α|=α

1
ν0[a]

∫
[a]

eψα(αy)|f(αy)|dν0(y) + C0‖f‖Lθke−αεah0[a]

≤ C0e
−αεa

∑
α∈Ak,|α|=α

1
ν0[a]

∫
Lαψ(1[α,a]|f |)dν0 + C0‖f‖Lθke−αεah0[a]
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=
C0e

−αεa

ν0[a]

∫ ∑
α∈Ak,|α|=α

1[α,a]|f |dν0 + C0‖f‖Lθke−αεah0[a] (∵ L∗ψν0 = ν0)

≤ C0e
−αεa

ν0[a]
‖f‖C + C0h0[a]θke−αεa‖f‖L

≤ C1e
−αεa

[
‖f‖C + θk‖f‖L

]
, where C1 := C0

(
1

ν0[a]
+ h0[a]

)
.

Substituting this estimate in (3.3), we see that

|(Lnφf)(x)| ≤ C0e
kp−nεa‖f‖Lh0[b] +

∑
α+β+γ=n

∑
γ∈C,|γ|=γ

eψγ(γx)−γεa×

[ ∑
β∈B,|β|=β

eψβ(β γx)−βεa+p[n(β γ)+k]
(
C1e

−αεa
[
‖f‖C + θk‖f‖L

])]
. (3.4)

By construction n(β γ) = n(β) + 1 and ψβ(β γ x) = φβ(β γ x) +βεa− pn(β), so the
sum in the square brackets is∑
β∈B,|β|=β

eφβ(β γx)+p(k+1)
(
C1e

−αεa
[
‖f‖C + θk‖f‖L

])

=
(
C1e

−αεa
[
‖f‖C + θk‖f‖L

])
· ep(k+1)

∑
β∈B,|β|=β

eφβ(β γx)

≤ C1e
p(k+1)−αεa

[
‖f‖C + θk‖f‖L

]
· C0Zβ(φ, a), where Zβ(φ, a):=

∑
Tβz=z

eφβ(z)1[a](z),

because β, γ start with a. We claim that supβ Zβ(φ, a) ≤ 2C0: Had there been a
β with Zβ(φ, a) > 2C0, then we would have had Znβ(φ, a) ≥ [ 1

C0
Zβ(φ, a)]n ≥ 2n,

in contradiction to the assumption that 1
n logZn(φ, a) −−−−→

n→∞
PG(φ) = 0. Setting

C2 := 2C0, we obtain that the sum in the square brackets in (3.4) is bounded by

C0C1C2e
(k+1)p−αεa

[
‖f‖C + θk‖f‖L

]
.

Substituting this in (3.4), gives

|(Lnφf)(x)| ≤
∑

α+β+γ=n

∑
γ∈C,|γ|=γ

eψγ(γx)−γεaC0C1C2e
(k+1)p−αεa

[
‖f‖C + θk‖f‖L

]
+ C0e

kp−nεa‖f‖Lh0[b]

≤ C0C1C2e
(k+1)p

[
‖f‖C + θk‖f‖L

]∑
α+β+γ=n

C0e
−(α+γ)εa

h0[a]

∑
γ∈C,|γ|=γ

eψγ(γx)h0(γx)

+ C0e
kp−nεa‖f‖Lh0[b]

≤ C2
0C1C2e

(k+1)p
[
‖f‖C + θk‖f‖L

] ∑
α+β+γ=n

e−(α+γ)εa

h0[a]
h0[b] (∵ Lψh0 = h0)

+ C0e
kp−nεa‖f‖Lh0[b].
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It is easy to check that supn∈N
∑
α+β+γ=n e

−(α+γ)εa ≤
(∑

`≥0 e
−`εa

)2

. Let C3 =

1 +
(∑

`≥0 e
−`εa

)2

, then for all x ∈ [b]

|(Lnφf)(x)| ≤ e(k+1)pC
2
0C1C2C3

h0[a]
[
‖f‖C + (θk + e−nεa)‖f‖L

]
h0[b]. (3.5)

Part 2. Analysis of the Lipschitz constant of Lnφf on [b].

Suppose x, y ∈ [b].

|(Lnφf)(x)− (Lnφf)(y)| ≤

≤
∑

p∈Pn(b)

eφn(px)
∣∣∣1− eφn(py)−φn(px)

∣∣∣ |f(px)|+
∑

p∈Pn(b)

eφn(py)|f(px)− f(py)|

≤
∑

p∈Pn(b)

eφn(px)C4θ
t(x,y)|f(px)|+

∑
p∈Pn(b)

eφn(py)C0h0(py)‖f‖Lθn(p)+sa(x,y),

where C4 := max
{

1, Aφ1−θ sup
|δ|≤

Aφ
1−θ

∣∣∣ 1−eδδ ∣∣∣}, and Aφ := sup |φ(x)−φ(y)|
θt(x,y)

. Thus

|(Lnφf)(x)−(Lnφf)(y)| ≤ θsa(x,y)
C4 sup

[b]

Lnφ|f |+C0‖f‖L
∑

p∈Pn(b)

eφn(py)h0(py)θn(p)


=: θsa(x,y)[I + II] (3.6)

where

I := C4 sup
[b]

Lnφ|f | ≤ e(k+1)pC
2
0C1C2C3C4

h0[a]
[
‖f‖C + (θk + e−nεa)‖f‖L

]
h0[b]

by (3.5), and

II := C0‖f‖L
∑

p∈Pn(b)

eφn(py)θn(p)h0(py)

= C0‖f‖L
∑

p∈Pn(b)

eψn(py)−nεa+pn(p)θn(p)h0(py)

= C0‖f‖Le−nεa
∑

p∈Pn(b)

eψn(py)(epθ)n(p)h0(py)

≤ C0‖f‖Le−nεa
∑

p∈Pn(b)

eψn(py)h0(py), because epθ < 1 by (3.1)

≤ C2
0‖f‖Le−nεah0[b], because Lψh0 = h0 and y ∈ [b]

≤ e(k+1)pC
2
0C1C2C3C4

h0[a]
e−nεa‖f‖Lh0[b], because p > 0 and C1C2C3C4 > h0[a].

Substituting the estimates for I and II in (3.6), we see that for all x, y ∈ [b]

|(Lnφf)(x)− (Lnφf)(y)|
θsa(x,y)

≤ e(k+1)pC
2
0C1C2C3C4

h0[a]
[
‖f‖C + (θk + 2e−nεa)‖f‖L

]
h0[b].

(3.7)

Part 3. Putting everything together to obtain (3.2).
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(3.5) and (3.7), together with the fact that C4 ≥ 1 give

‖Lnφf‖L ≤ 3e(k+1)pC
2
0C1C2C3C4

h0[a]
[
‖f‖C + (θk + e−nεa)‖f‖L

]
≤ 3ep

C2
0C1C2C3C4

h0[a]

[
ekp‖f‖C + ((epθ)k + ekp−nεa)‖f‖L

]
(3.8)

At this stage, it is probably useful to recall the definition of the constants Ci:

C0:=exp
∞∑̀
=2

var` φ, C1:=C0 (h0[a] + 1/ν0[a]) , C2:=2C0,

C3:=1 +
( ∞∑̀

=0

e−`εa
)2

, C4:=max
{

1, Aφ1−θ sup
|δ|≤

Aφ
1−θ

∣∣∣ 1−eδδ ∣∣∣}.
These constants do not depend on k or n. Using (3.1), it is no problem to choose
first k and then n0 so that

‖Lnφf‖L ≤ R‖f‖C +
1
2
‖f‖L for all n ≥ n0, where R :=

3C0e
(k+1)p

h0[a]

4∏
i=0

Ci. (3.9)

In the particular case n = n0, we get (3.2) with r := 2−1/n0 . In the next step we
shall see that r < ρL(Lφ).

Step 3. Lφ is a bounded operator on L and ρ(Lφ) = 1, thus (B) holds.

Proof. ‖ · ‖C ≤ C0‖ · ‖L on L, because for every f ∈ L, |f | ≤ C0‖f‖Lh0, and∫
h0dν0 = 1. Thus (3.8) implies that ‖Lφ‖ <∞, and (3.9) says that sup ‖Lnφ‖ <∞.

It follows that Lφ is bounded, and that its spectral radius is not larger than one.
We claim that the spectral radius is equal to one. Otherwise, there is some

κ < 1 such that ‖Lnφ‖ = O(κn), and then |Lnφ1[a]| = O(κn) uniformly on [a]. Now
Lnφ1[a] � Zn(φ, a) uniformly on [a] (appendix A, remark 7.1), so this means that
0 = PG(φ) = lim

n→∞
1
n logZn(φ, a) ≤ log κ < 0, a contradiction.

Step 4. Every sequence {fn}n≥1 in C such that sup ‖fn‖L <∞ has a subsequence
which converges w.r.t. ‖ · ‖C to some element of L. Since ‖Lφ‖ <∞, (C) holds.

Proof. Let X0 denote the subset of X consisting of all sequences which contain the
symbol a infinitely many times. This is a subset of ν0–full measure, because ν0 is
an ergodic conservative measure which charges every partition set.

The function δ(x, y) := θsa(x,y) is a metric on X0, and (X0, δ) is a complete
separable metric space. The family {fn}n≥1 is uniformly Lipschitz on partition sets
with respect to this metric. By the Arzela–Ascoli theorem, there is a subsequence
{fnk}k≥1 which converges pointwise on X0 to some function g0 : X0 → C. Since
|fnk(x)| ≤ C0(sup ‖fn‖L)h0(x), and

∫
h0dν0 <∞,

∫
X0
|fnk − g0|dν0 → 0.

We show that ∃g ∈ L such that g|X0 = g0. Choose points yb ∈ [b]∩X0, (b ∈ S),
and define a map ϑ : X → X0 by

ϑ(x) :=


yx0 6 ∃i s.t. xi = a,

(x0, . . . , xk, y
a
1 , y

a
2 , . . .) ∃i s.t. xi = a, k := max{i : xi = a} <∞,

x ∃ infinitely many i s.t. xi = a.

We claim that for all x, y ∈ X, sa(ϑ(x), y) ≥ sa(x, y). If sa(x, y) = 0 or ϑa(x) = x
then there is nothing to prove. Otherwise, x has finitely many coordinates equal to
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a. Let k := max{i : xi = a, xi0 = yi0} and k′ := max{i : xi = a, ϑ(x)i0 = yi0}, then
sa(x, y) = #{0 ≤ j ≤ k : yj = a} and sa(ϑ(x), y) = #{0 ≤ j ≤ k′ : yj = a}. By
construction, ϑ(x)k0 = xk0 = yk0 , therefore k′ ≥ k and sa(ϑ(x), y) ≥ sa(x, y).

Now set g := g0 ◦ ϑ. Since ϑ|X0 = id, g|X0 = g0. If x ∈ [b], then ϑ(x) ∈ [b], so
|g(x)| = |g0(ϑ(x))| ≤ sup |fn(ϑ(x))| ≤ h0[b] supn≥1 ‖fn‖L. If x, y ∈ [b], then

|g(x)− g(y)| ≤ |g0(ϑ(x))− g0(ϑ(y))| ≤ sup
n
|fn(ϑ(x))− fn(ϑ(y))|

≤ sup
n
‖fn‖L · h0[b]θsa(ϑ(x),ϑ(y)) ≤ sup

n
‖fn‖L · h0[b]θsa(x,y).

We conclude that g ∈ L, and that
∫
X
|fnk − g|dν0 =

∫
X0
|fnk − g0|dν0 → 0.

Step 5. Lφ : L → L satisfies parts (a)–(e) of the spectral gap property.

Proof. It is clear that every element of L is continuous, and that L contains all
indicators of cylinder sets. Parts (a) and (d) of the spectral gap property were
shown in step 3. Parts (b) and (c) are obvious from the definition of ‖ · ‖L.

We prove part (e). The previous steps show that the conditions of Hennion’s
theorem are satisfied and that ρ(Lφ) = 1. It follows that L = F ⊕ N where
Lφ(F) ⊆ F , Lφ(N ) ⊆ N , F is a finite dimensional space, the eigenvalues of Lφ|F
are all of modulus one, and the spectral radius of Lφ|N is strictly less than one.

We show that F = span{h} for some function h s.t. Lφh = h. Once this
is done, we let P : L → F denote the eigenprojection of the eigenvalue 1, and
N := Lφ(I − P ). It is clear that Lφ = P + N , P 2 = P , PN = NP = 0, and
dim ImP = dimF = 1. To see that ρ(N) < 1, we use the facts ρ(Lφ|N ) < 1 and
Lφ|F = id to see that Lnφ = P +Nn → P , whence

N = {f ∈ L : Lnφf −−−−→
n→∞

0}.

It follows that N = kerP . Thus N = Lφ(I −P ) is equal to zero on F and equal to
Lφ on N . Since F and N are Lφ–invariant and ρ(Lφ|N ) < 1, ρ(N) < 1 and (e) is
proved.

Step 5.1: 1 is an eigenvalue of Lφ|F : F → F .

We construct an eigenfunction. Recall that φ is (strongly) positive recurrent with
pressure zero. By the generalized RPF theorem (appendix A, theorem 7.2) there is
a positive continuous function h and a Borel measure ν such that Lφh = h, L∗φν = ν,∫
hdν = 1. The measure dµ = hdν is known to be an exact invariant probability

measure, and for every cylinder [a], Lnφ1[a] −−−−→
n→∞

hν[a] pointwise [S2].

We claim that h ∈ L. By (3.8), supn≥1 ‖Lnφ1[a]‖L < ∞. By step 4, ∃nk → ∞

such that Lnkφ 1[a]
L1(ν0)−−−−→
n→∞

g ∈ L. The limit must agree with the pointwise limit

of Lnkφ 1[a], whence with h. Thus h = (1/ν[a])g ν0–almost everywhere, whence by
continuity — everywhere. Thus h ∈ L.

We claim that h ∈ F . Write h = h1 + h2 where h1 ∈ F and h2 ∈ N . Since
Lφh = h, h = Lnφh1 + Lnφh2. The first summand stays inside F , and the second
summand tends to zero in norm, because ρ(Lφ|N ) < 1. It follows that h ∈ F . But
dimF <∞ so F = F . Thus h ∈ F .

Since h ∈ F and Lφh = h, 1 is an eigenvalue of Lφ : F → F .

Step 5.2: 1 is the only eigenvalue of Lφ|F : F → F . This eigenvalue is simple.
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By the definition of F , all the eigenvalues of Lφ|F : F → F have modulus one.
Suppose f ∈ F \ {0} and Lφf = eiθf , we show that eiθ = 1 and f = consth.

We claim that f ∈ L1(ν). Since Lφ is positive, Lφ|f | ≥ |Lφf | = |f |, whence
N∑
n=1

Lnφ[Lφ|f | − |f |] ≤ LN+1
φ |f | ≤ C0

(
sup
n
‖Lnφ‖

)
‖f‖Lh0 for all N.

But ν is conservative and ergodic and L∗φν = ν, so for every F ≥ 0 such that∫
Fdν 6= 0,

∑
LnφF = ∞ ([A], proposition 1.3.2). Thus Lφ|f | = |f | ν–almost

everywhere. It follows that |f | is an absolutely continuous invariant density of
ν. An ergodic conservative measure can have at most one invariant density, so
|f | = consth ν–a.e., whence f ∈ L1(ν).

We claim that f is proportional to h and eiθ = 1. Let dµ := hdν. Since f ∈
L1(ν), f/h ∈ L1(µ). The transfer operator of µ is T̂ψ = 1

hLφ(hψ).1 Since µ is exact,
‖T̂n(f/h) −

∫
(f/h)dµ‖L1(µ) → 0 ([A], theorem 1.3.3). But T̂n(f/h) = einθ(f/h),

so this can only happen if eiθ = 1 and f/h = const almost everywhere. Since f, h
are continuous and ν has global support, f/h = const.

Step 5.3: dimF = 1.

Since the spectrum of Lφ|F consists of a single simple eigenvalue equal to one,
and since (by construction) dimF < ∞, F has a basis with respect to which
Lφ : F → F is represented by dim(F) × dim(F) Jordan block with ones on the
diagonal. The iterates of such a matrix diverge when dim(F) > 1 (the (1, 2)–entry
escapes to infinity). This cannot be the case, because sup ‖Lnφ‖ <∞ by (3.8). The
conclusion is that dim(F) = 1.

We conclude that F = span{h} where Lφh = h. By the discussion above, part
(e) of SGP is proved.

Step 6. Proof of part (f) of SGP.

Part (f) of SGP says that if f ∈ F is θ–Hölder, then z 7→ Lφ+zf is analytic at
zero. Write for every θ–Hölder continuous function g,

‖g‖θ := sup |g|+ sup{|g(x)− g(y)|/θt(x,y) : x, y ∈ X}.

It is easy to verify that ‖gf‖L ≤ ‖g‖θ‖f‖L for all f ∈ L.
It follows that the operator Mn : f 7→ Lφ(gnf) is bounded, and that ‖Mn‖ ≤

‖Lφ‖‖g‖nθ . Thus the series
∑∞
n=0

zn

n!Mn converges absolutely in the operator norm
for all |z| < 1/‖g‖θ. As a result, Lφ+zg ≡

∑∞
n=0

zn

n!Mn is analytic on {z ∈ C : |z| <
1/‖g‖θ}. This shows (f), and completes the proof of SGP. �

3.2. Spectral Gap implies Strong Positive Recurrence. Suppose φ has the
spectral gap property, and write Lφ = λP + N with λ = expPG(φ) and P,N as
above.

Since PN = NP = 0 and P 2 = P , Lnφ = λnP +Nn. Since the spectral radius of
N is less than λ, ‖λ−nNn‖ = O(κn) where 0 < κ < 1. Thus for (any) fixed x ∈ [a],
λ−nZn(φ, a) � λ−n(Lnφ1[a])(x) = P1[a](x) +O(κn) (appendix A, remark (7.1)).

1The transfer operator of a measure µ s.t. µ ◦ T−1 � µ is the operator bT : L1(µ) → L1(µ)

whose value on a function f ∈ L1(µ) is determined by the condition
R
ϕbTfdµ =

R
ϕ ◦ T · fdµ for

all test functions ϕ ∈ L∞(µ).
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It is impossible for P1[a](x) to vanish, because this would imply that Zn(φ, a) =
O((κλ)n), whereas 1

n logZn(φ, a)→ log λ and κ < 1. Thus P1[a](x) 6= 0.
According to the theory of analytic perturbations of linear operators [K], there

exists ε > 0 s.t. every L : L → L which satisfies ‖L − Lφ‖ < ε can be written in
the form

L = λ(L)P (L) +N(L)

where P (L), N(L) are bounded linear operators s.t. P (L)2 = P (L), dim ImP (L) =
1, N(L)P (L) = P (L)N(L) = 0, and such that the spectral radius of N(L) is smaller
than |λ(L)|. Moreover, if ε > 0 is sufficiently small, then L 7→ λ(L), P (L), N(L)
are analytic on {L : ‖L− Lφ‖ < ε}.

Since g := 1[a] is Hölder continuous, t 7→Lφ+tg is real analytic, whence continu-
ous, at zero. So ∃δ>0 such that if |t|<δ, then ‖Lφ+tg − Lφ‖<ε and

Lφ+tg = λtPt +Nt,

where λt := λ(Lφ+tg), Pt := P (Lφ+tg), Nt := N(Lφ+tg).
Since L–convergence implies pointwise convergence, Pt1[a](x) −−−→

t→0
P1[a](x). We

saw above that for any x ∈ [a], P1[a](x) 6= 0. Choosing our δ sufficiently small, we
can ensure that (Pt1[a])(x) 6= 0 for all |t| < δ for some x ∈ [a].

We now repeat the argument above for φ+ tg and see that for all t real such that
|t| < δ, |λt|−nZn(φ + tg, a) � |λt|−n(Lnφ+tg1[a])(x) = |(Pt1[a])(x) + o(1)|, whence
|λt|−nZn(φ+ tg, a) � 1.

This implies that for all |t| < δ, |λt| = expPG(φ + tg) and φ + tg is recurrent.
By the discriminant theorem, ∆a[φ+ tg] ≥ 0 for all |t| < δ.

But ∆a[φ + tg] = ∆a[φ + t1[a]] = ∆a[φ] + t (appendix A, lemma 7.1). If this is
non-negative for all |t| < δ, then it must be the case that ∆a[φ] > 0. �

4. Strong Positive Recurrence is Open and Dense

The material in this section relies on the theory of modes of recurrence, which
we summarized for the convenience of the reader in appendix A.

Main Lemma. As we shall see below, it is fairly easy to approximate a recur-
rent potential by a strongly positive recurrent potential. Here we show that every
potential can be approximated by a recurrent potential.

Lemma 4.1. If φ ∈ Φ is a transient potential, a ∈ S, and ψ is a non-positive
bounded weakly Hölder function s.t. suppψ ⊂ [a], then φ + ψ ∈ Φ, φ + ψ is
transient, and PG(φ+ ψ) = PG(φ).

Proof. Since φ + ψ ≤ φ we have PG(φ + ψ) ≤ PG(φ). To see the other inequality,
we note that since φ is transient,

PG(φ) = lim sup
n→∞

1
n

logZ∗n(φ, a) (appendix A, (7.6))

= lim sup
n→∞

1
n

logZ∗n(φ+ ψ, a) (∵ suppφ ⊂ [a] and sup |ψ| <∞)

≤ PG(φ+ ψ). (∵ (7.5))

This shows that PG(φ) = PG(φ+ ψ).
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Using the transience of φ and the non-positivity of ψ, we see that
∞∑
n=0

e−nPG(φ+ψ)Zn(φ+ ψ, a)=
∞∑
n=0

e−nPG(φ)Zn(φ+ ψ, a)≤
∞∑
n=0

e−nPG(φ)Zn(φ, a)<∞,

so φ+ ψ is transient. �

Lemma 4.2 (Main Lemma). Suppose φ ∈ Φ is transient, then for any ε > 0 there
exists a recurrent ϕ ∈ Φ so that ‖ϕ− φ‖∞ ≤ ε and var1[ϕ− φ] = 0.

Proof. Recall that S denotes the set of states. We write a k−→ b for a, b ∈ S if there
is an admissible word with k + 1 symbols which starts with a and ends with b.

Fix ε > 0 and b ∈ S. We construct finite sets of states {ck1 , . . . , ckrk} (k ≥ 0) by
induction as follows. When k = 0, let r0 := 1, and c01 := b. Now suppose we have
carried the construction for each ` < k. Let bk1 , b

k
2 , b

k
3 , . . . be the list of all different

states c for which b
`−→ c for ` ≤ k. If this collection is finite, let rk be its size, and

set {ck1 , . . . , ckrk} := {bk1 , . . . , bkrk}. If it is infinite, observe that

Z∗n

(
φ+ ε

∞∑
i=1

1[bki ]
, b
)
≥ enεZ∗n(φ, b) (1 ≤ n ≤ k).

since for any x with Tnx = x and x0 = b we have added an extra factor of ε to the
potential at states x0, x1, . . . , xn−1. Therefore we can find sk ∈ N such that

Z∗n

(
φ+ ε

sk∑
i=1

1[bki ]
, b
)
≥ en· ε2Z∗n(φ, b) (1 ≤ n ≤ k). (4.1)

We let {ck1 , . . . , ckrk} be the set {ck−1
1 , . . . , ck−1

rk−1
} ∪ {bk1 , . . . , bksk} where, in this case,

rk is the number of different states cki so defined.
Set φ[0] := φ, and define for k ≥ 1

φ[k] = φ+ ε

rk∑
i=1

1[cki ]
.

We interpolate these potentials. Observe that for all k ≥ 1,

φ[k] = φ[k − 1] + ε

mk∑
i=1

1[dki ]
, where {dk1 . . . , dkmk} :={ck1 . . . , ckrk} \ {c

k−1
1 , . . . , ck−1

rk−1
},

with mk defined by the above identity. Define for k ≥ 1 and 0 ≤ i ≤ mk

φ[k, i] := φ[k − 1] + ε

i∑
j=1

1[dkj ]
.

Then φ[k, 0] = φ[k − 1], and φ[k,mk] = φ[k].
We claim that there must be some k, i such that φ[k, i] is recurrent. Assume by

way of contradiction that this is not the case: φ[k, i] is transient for all k, i.
In this case, the sequence

φ[k] = φ[k,mk] ≥ φ[k,mk − 1] ≥ · · · ≥ φ[k, 1] ≥ φ[k − 1,mk−1] ≥ · · ·

is a decreasing sequence of transient potentials where each term is equal to its
predecessor minus ε times the indicator of some partition set. By lemma 4.1,
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all terms in the sequence have the same Gurevich pressure. Since the sequence
terminates after finitely many steps at φ[0] = φ,

PG(φ[k]) = PG(φ) for all k. (4.2)

Consider now the power series

tk(x) := 1 +
∞∑
i=1

Zi(φ[k], b)xi

rk(x) :=
∞∑
i=1

Z∗i (φ[k], b)xi

Both have radius of convergence exp[−PG(φ)]: the first by the definition of the
Gurevich pressure and (4.2), and the second because of the assumption that φ[k] is
transient (appendix A, (7.6)). They are related by the following inequality for all
0 < x < exp[−PG(φ)] (appendix A, (7.2)):

1
B2

[tk(x)− 1] ≤ tk(x)rk(x) ≤ B2[tk(x)− 1], where B := exp
∞∑
n=2

varn φ. (4.3)

By (4.3), rk(x) ≤ B2 for all 0 < x < exp[−PG(φ)] and k ≥ 1.
But this cannot be the case, because for exp[−PG(φ)− ε

2 ] < x < exp[−PG(φ)]

rk(x) ≥
k∑

n=1

Z∗n(φ[k], b)xn ≥
k∑

n=1

en·
ε
2Z∗n(φ, b)xn (by (4.1))

−−−−→
k→∞

∞∑
n=1

Z∗n(φ, b)(eε/2x)n =∞.

This contradiction shows that there must be some k0, i0 for which ϕ := φ[k0, i0]
is recurrent. By construction ϕ ∈ Φ, var1[ϕ− φ] = 0, and ‖ϕ− φ‖∞ = ε. �

Proof of Theorem 2.2. The proof has two parts:
(a) If φ ∈ Φ, then for every ε > 0 there is a strongly positive recurrent potential

ϕ ∈ Φ s.t. ‖ϕ− φ‖∞ < ε and var1[ϕ− φ] = 0.
(b) The set of strongly positive recurrent potentials is open w.r.t the sup norm

on Φ.
The first part shows that the set of strongly positive recurrent potentials is dense
in the strongest possible ω–topology; the second step shows that it is open in the
weakest possible ω–topology.

Part 1. Approximating general potentials by strongly positive recurrent potentials.

Fix φ ∈ Φ and ε > 0. By Lemma 4.2, there exists a recurrent ψ ∈ Φ such that
‖φ− ψ‖∞ < ε/2 and var1[φ− ψ] = 0.

We now appeal to the discriminant theorem (appendix A, theorem 7.3): Fix
some a ∈ S, then the recurrence of ψ implies that ∆a[φ] ≥ 0. If ϕ := ψ + ε

2 · 1[a],
then

∆a[ϕ] = ∆a[ψ] +
ε

2
(appendix A, lemma 7.1),

so ϕ is strongly positive recurrent. It is obvious that ‖φ−ϕ‖∞ < ε and var1[ϕ−φ] =
var1[ψ − φ] = 0.
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Part 2. For every strongly positive recurrent φ ∈ Φ there exists a δ > 0 such that
if ϕ ∈ Φ and ‖ϕ− φ‖∞ < δ, then ϕ is strongly positive recurrent.

We fix some a ∈ S and work with the induced system on [a], X, as defined in
§2.1. By the definition of the discriminant, if φ ∈ Φ is strongly positive recurrent
then there exists p ∈ R such that 0 < PG(φ+ p) < ∞. W.l.o.g. PG(φ+ p′) < ∞
for some p′ > p. The map x 7→ PG(φ+ x) is convex and finite on (−∞, p′), whence
continuous on (−∞, p] (appendix A (7.4)). It is also strictly increasing (because
φ+ x+ h ≥ (φ+ x) + h for all h > 0).

Hence, there exist numbers p1 < p2 s.t. 0 < PG(φ+ p1) < PG(φ+ p2) < ∞.
Take p0 := (p1 + p2)/2 and δ := (p2 − p1)/2. If ϕ ∈ Φ and ‖ϕ − φ‖∞ < δ, then
φ+ p1 ≤ ϕ+ p0 ≤ φ+ p2 so

0 < PG(φ+ p1) < PG(ϕ+ p0) < PG(φ+ p2) <∞,
proving that ∆a[ϕ] > 0. This shows that the set of strongly positive recurrent
potentials is ‖ · ‖∞-open. �

Proof of Theorem 2.2′. The proof is identical to the proof of theorem 2.2 with
the words “weakly Hölder” replaced by “summable variations”. �

5. Transience is open and dense in the set of non-strongly positive
recurrent potentials

The reader is referred to appendix A for the definition and properties of transient,
null recurrent, and weakly positive recurrent potentials.

Proof of theorem 2.3. Lemma 7.1 in appendix A says that for every a ∈ S and
t ∈ R, ∆a[φ+ t · 1[a]] = ∆a[φ] + t.

Suppose B =
⊎r
i=1[ai], and φ ∈ Φ is transient. Then ∆a1 [φ] < 0. Find ε1 > 0 s.t.

φ(1) := φ+ ε1 · 1[a1] satisfies ∆a1 [φ(1)] < 0. Then φ(1) is transient. The transience
of φ(1) means that ∆a2 [φ(1)] < 0, so we can find ε2 > 0 s.t. φ(2) := φ(1) + ε2 · 1[a2]

satisfies ∆a2 [φ(2)] < 0. So φ(2) is also transient. Continuing in this manner, we
obtain ε1, . . . , εr > 0 s.t.

ψ := φ(r) = φ+
r∑
i=1

εi · 1[ai] is transient.

Take δ := min{ε1, . . . , εr}. We claim that every ϕ ∈ Φ such that ‖ϕ− φ‖∞ < δ
and φ|X\B = ϕ|X\B is transient. To see this, we observe that ϕ can be obtained
from ψ by subtracting the r non-negative functions (ψ−ϕ)1[ai]. By lemma 4.1 each
subtraction preserves transience, so the end result ϕ is transient.

This proves that the set of transient potentials is LU(B)–open. We claim that
it is dense in the complement of the strongly positive recurrent potentials. To see
this, it is enough to show that every φ ∈ Φ s.t. ∆a1 [φ] = 0 can be approximated in
LU(B) by a transient potential. Take φ+ t · 1[a1] with t→ 0−. �

6. More on Transience

The previous arguments suggest the following new characterization of transience:

Theorem 6.1. φ ∈ Φ is transient if and only if there exists ψ ∈ Φ such that ψ ≥ φ,
ψ 6≡ φ, and PG(ψ) = PG(φ).
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Proof. If φ is transient, then for any a ∈ S, ψ := φ + t · 1[a] is transient for all
t > 0 sufficiently small (theorem 2.3). By lemma 4.1, PG(ψ− s1[a]) = PG(ψ) for all
s > 0. In the particular case s = t we get PG(ψ) = PG(φ), and ψ is as required.

We will show that if φ is recurrent then no such ψ can exist. Suppose by way
of contradiction that ∃ψ ∈ Φ such that ψ 6≡ φ, ψ ≥ φ, and PG(ψ) = PG(φ). Find
some word [a] := [a1, . . . , an] such that ψ − φ > α on [a] for some α > 0. Since
φ ≤ φ+ α · 1[a] ≤ ψ and PG(·) is increasing, PG(φ+ α · 1[a]) = PG(φ).

The potential ϕ := φ+ α · 1[a] must be recurrent, because

∞∑
n=1

Zn(ϕ, a)e−nPG(ϕ) =
∞∑
n=1

Zn(ϕ, a)e−nPG(φ) ≥
∞∑
n=1

Zn(φ, a)e−nPG(φ) =∞,

by the recurrence of φ. Therefore there exists a positive continuous function h such
that Lϕh = ePG(ϕ)h = ePG(φ)h (appendix A, theorem 7.2). This and φ ≤ ϕ implies
that Lφh ≤ ePG(φ)h, and it is easy to see that this inequality is strict on T [a]. Now
consider the non-negative function f := h − e−PG(φ)Lφh. This is a non-negative
continuous function, not everywhere equal to zero, such that

∞∑
k=0

e−kPG(φ)Lkφf ≤ h <∞ everywhere.

In particular the series on the left (all of whose summands are non-negative) con-
verges almost surely.

But this is impossible: φ is recurrent, so Lφ has a conservative ergodic eigenmea-
sure ν, L∗φν = ePG(φ)ν. Since L∗φν = ePG(φ)ν, e−PG(φ)Lφ is the transfer operator of
ν, whence

∑
Lkφf = ∞ ν–almost everywhere (c.f. [A], proposition 1.3.2) , whence

at least at one point. This contradiction shows that ψ cannot exist. �

The result should be compared with the results of S. Ruette [Rt] on the transience
of φ ≡ 0.

7. Appendix A: The discriminant and the three modes of recurrence

The purpose of this section is to summarize the results of [S1], [S2], and [S3]
concerning the thermodynamic formalism of countable Markov shifts.

Throughout this section we assume that X is a topologically mixing CMS with
set of states S and transition matrix A, which we think of as the set of one sided
admissible paths on a directed graph G. We use the notation introduced in §1.2.

7.1. Gurevich Pressure. Suppose φ has summable variations, and define as al-
ways φn := φ+ φ ◦ T + · · ·+ φ ◦ Tn−1. The Gurevich pressure of φ is

PG(φ) = lim
n→∞

1
n

logZn(φ, a), where Zn(φ, a) :=
∑

Tnx=x

eφn(x)1[a](x).

The limit exists, is independent of the choice of a, and satisfies [S1]:

(a) For every constant c, PG(φ+ c) = PG(φ) + c;
(b) φ ≤ ψ ⇒ PG(φ) ≤ PG(ψ);
(c) if φ, ψ have summable variations, then PG(tφ+ (1− t)ψ) ≤ tPG(φ) + (1−

t)PG(ψ) for all t ∈ [0, 1].
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Theorem 7.1 (Variational Principle [S1]). If supφ < ∞ and φ has summable
variations, then PG(φ) = sup{hµ(T ) +

∫
φdµ} where the supremum ranges over all

T–invariant Borel probability measures such that (hµ(T ),
∫
φdµ) 6= (∞,−∞).

Remark 7.1. If X is topologically mixing and φ has summable variations, then
Lnφ1[a] � Zn(φ, a) uniformly on [a].

7.2. Modes of Recurrence. Recall that ϕa(x) := 1[a](x) inf{n ≥ 1 : Tn(x) ∈
[a]}, and set

Z∗n(φ, a) =
∑

Tnx=x

eφn(x)1[ϕa=n](x).

Zn(φ, a) and Z∗n(φ, a) are related by the following “approximate renewal equation”:
set B := exp

(
2
∑∞
n=2 varn(φ)

)
, then

Zn(φ, a) = B±1
(
Zn−1(φ, a)Z∗1 (φ, a) + · · ·+ Z1(φ, a)Z∗n−1(φ, a) + Z∗n(φ, a)

)
(7.1)

Passing to the generating functions

tφ(x) = 1 +
∞∑
n=1

Zn(φ, a)xn and rφ(x) =
∞∑
n=1

Z∗n(φ, a)xn,

we obtain
1
B2

tφ(x)rφ(x) ≤ tφ(x)− 1 ≤ B2tφ(x)rφ(x) (7.2)

for every x ∈ [0, R), where R = e−PG(φ) is the radius of convergence of tφ(·).

Definition 7.1. Set λ = ePG(φ). We call φ

• transient, if tφ(λ−1) <∞;
• positive recurrent, if tφ(λ−1) =∞ but r′φ(λ−1) <∞;
• null recurrent, if tφ(λ−1) =∞ and r′φ(λ−1) =∞.

We have the following [S2, Theorem 1]:

Theorem 7.2 (Generalized Ruelle-Perron-Frobenius Theorem [S2]). φ is recurrent
iff there exist λ > 0, a conservative measure ν, finite and positive on cylinders, and
a positive continuous function h such that L∗φν = λν and Lφh = λh. In this case
λ = ePG(φ) and ∃ an ↗∞ such that for every cylinder [a] and x ∈ X

1
an

n∑
k=1

λ−k(Lkφ1[a])(x) −−−−→
n→∞

h(x)ν[a],

where {an}n satisfies an ∼ (
∫
[a]
hdν)−1

∑n
k=1 λ

−kZk(φ, a) for every a ∈ S. Fur-
thermore,

(1) if φ is positive recurrent then ν(h) < ∞, an ∼ n · const and for every [a],
λ−nLnφ1[a] −−−−→

n→∞
hν[a]/ν(h) uniformly on compacts;

(2) if φ is null recurrent then ν(h) =∞, an = o(n) and for every cylinder [a],
λ−nLnφ1[a] −−−−→

n→∞
0 uniformly on compacts.

It is not difficult to see, using the representation of h as the limit above, that
var1[log h] ≤

∑
n≥2 varn φ.
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7.3. The Discriminant. Fix a state a ∈ S, and recall the operation of pass-
ing from the pair (X,φ) to (X,φ) as explained in §2.1. Define p∗a[φ] := sup{p |
PG(φ+ p) <∞} (the bar means that we induce on the state a). This number can
be calculated by the formula [S3]

p∗a[φ] = − lim sup
n→∞

1
n

logZ∗n(φ, a). (7.3)

Moreover, the map
p(t) = PG(φ+ t) (7.4)

is convex, strictly increasing and continuous on {t : t ≤ p∗a[φ]} ([S3, Proposition 3]).
The discriminant of φ at a ∈ S is defined to be

∆a[φ] := sup{PG(φ+ p) | p < p∗a[φ]}.

The following is frequently useful so we state it as a lemma.

Lemma 7.1. If X is topologically mixing and φ has summable variations and finite
pressure then ∆a[φ+ t · 1[a]] = ∆a[φ] + t.

Proof. PG(φ+ t · 1[a] + p) = PG(φ+ p+t) = PG(φ+ p)+t, so p∗a[φ+t ·1[a]] = p∗a[φ]
and ∆a[φ+ t · 1[a]] = ∆a[φ] + t. �

The main interest in the discriminant is that it detects modes of recurrence:

Theorem 7.3 (Discriminant Theorem [S3]). Let X be a topologically mixing count-
able Markov shift and let φ : X → R be some function with summable variations
and finite Gurevich pressure. Let a ∈ S be some arbitrary fixed state.

(1) The equation PG(φ+ p) = 0 has a unique solution p(φ) if ∆a[φ] ≥ 0 and
no solution if ∆a[φ] < 0. The Gurevich pressure of φ is given by

PG(φ) =
{ −p(φ) if ∆a[φ] ≥ 0
−p∗a[φ] if ∆a[φ] < 0 ;

(2) φ is positive recurrent if ∆a[φ] > 0 and transient if ∆a[φ] < 0. In the case
∆a[φ] = 0, φ is either positive recurrent or null recurrent.

In particular, strong positive recurrence implies positive recurrence.

Definition 7.2. We say that φ is weakly positive recurrent if it is positive recurrent
but not strongly positive recurrent.

Corollary 7.1. Suppose X is topologically mixing and φ has summable variations
and finite Gurevich pressure. If φ is recurrent then

PG(φ) ≥ lim sup
n→∞

1
n

logZ∗n(φ, a) (7.5)

and if φ is transient then

PG(φ) = lim sup
n→∞

1
n

logZ∗n(φ, a). (7.6)

The first equation is by definition of the pressure and Zn(φ, a) ≥ Z∗n(φ, a). The
second equation is the discriminant theorem and (7.3).
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8. Appendix B: Proof of Theorem 1.1

Throughout this section, assume that T : X → X is a topologically mixing count-
able Markov shift, and that φ ∈ Φ. We use the thermodynamic formalism for CMS
as summarized in appendix A.

8.1. Some technical implications of SGP.

Lemma 8.1. If φ has SGP, then the P in definition 1.1 has the form Pg = h
∫
gdν

for all g ∈ L, where h ∈ L is positive and bounded away from zero on cylinders, ν
is finite and positive on cylinders, and Lφh = λh, L∗φν = λν,

∫
hdν = 1.

Proof. We show that φ is positive recurrent (appendix A, definition 7.1). The idea is
to fix a ∈ S and show that λ−nZn(φ, a) � 1, where Zn(φ, a) =

∑
Tnx=x e

φn(x)1[a](x).
This implies recurrence by definition, and rules out null recurrence because if φ were
null recurrent, then λ−nZn(φ, a) � λ−nLnφ1[a] −−−−→

n→∞
0 on [a] because of theorem

7.2 part (2), which contradicts λ−nZn(φ, a) � 1.
Write Lφ = λP + N with λ = expPG(φ) and P,N as in definition 1.1. Since

PN = NP = 0 and P 2 = P , Lnφ = λnP + Nn. Since the spectral radius of N
is less than λ, ‖λ−nNn‖ = O(κn) where 0 < κ < 1. We have for (any) fixed
x ∈ [a], λ−nZn(φ, a) � λ−n(Lnφ1[a])(x) = P1[a](x) + O(κn) (see (7.1) in appendix
A). It is impossible for P1[a](x) to vanish, because this would imply that Zn(φ, a) =
O((κλ)n), whereas 1

n logZn(φ, a)→ log λ and κ < 1. Thus P1[a](x) 6= 0. It follows
that λ−nZn(φ, a) � 1, whence the positive recurrence of φ.

By the generalized RPF theorem (appendix A, theorem 7.2), ∃h positive, contin-
uous, and bounded away from zero on cylinders, and ∃ν positive and finite on cylin-
ders such that Lφh = λh, L∗φν = λh,

∫
hdν = 1. Moreover, λ−nLnφ1[a] −−−−→

n→∞
ν[a]h

pointwise. But ‖λ−nLnφ1[a] − P1[a]‖L ≤ λ−n‖Nn1[a]‖L → 0, so λ−nLnφ1[a] → P1[a]

pointwise. We see that P1[a] = ν[a]h. Since P (L) ⊆ L, h ∈ L.
Since dim ImP = 1, there exists ϕ ∈ L∗ s.t. Pg = ϕ(g)h for all g ∈ L. We show

that ϕ(g) =
∫
gdν for all g ∈ L.

Let mφ := hdν. The relations L∗φν = λν and Lφh = λh can be used to see that
mφ is T–invariant measure. The methods of [ADU] show that it is mixing (even
exact).

Suppose g ∈ L∩L1(ν), then gh−1 ∈ L1(mφ), and the mixing of mφ implies that∫
(gh−1)1[a] ◦ Tndmφ −−−−→

n→∞
mφ[a]

∫
gdν. On the other hand∫

(gh−1)1[a] ◦ Tndmφ =
∫
g1[a] ◦ Tndν=

∫
λ−nLnφ(g1[a] ◦ Tn)dν

=
∫

[a]

λ−nLnφgdν=
∫

[a]

[
Pg + λ−nNng

]
dν −−−−→

n→∞
ϕ(g)mφ[a],

because ‖λ−nNng‖L → 0, whence λ−nNng → 0 uniformly on [a]. Comparing the
limits we see that ϕ(g) =

∫
gdν for all g ∈ L ∩ L1(ν).

It remains to see that L ⊂ L1(ν). Otherwise there exists f ∈ L s.t.
∫
|f |dν =∞.

Since f ∈ L, g := |f | ∈ L, and
∫
gh−1dmφ =∞. The mixing of mφ implies that∫

(gh−1)1[a] ◦ Tndmφ −−−−→
n→∞

∞
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(bound gh−1 from below by a bounded function with large integral). But g ∈ L,
so we can write as before

∫
(gh−1)1[a] ◦ Tndmφ =

∫
[a]
λ−nLnφgdν −−−−→n→∞

ϕ(g)mφ[a].
This limit is finite, so we arrive at a contradiction. �

Lemma 8.2. Let ν be as in the previous lemma, then there exists some constant
C0 s.t. ‖ · ‖L1(ν) ≤ C0‖ · ‖L.

Proof. Suppose f ∈ L. By assumption, L has the lattice property: f ∈ L ⇒
|f | ∈ L. By the previous lemma, P |f | = h

∫
|f |dν, so ‖f‖L1(ν) =

∥∥P |f |∥∥L/‖h‖L ≤
‖P‖
‖h‖L

∥∥|f |∥∥L ≤ ‖P‖
‖h‖L ‖f‖L. So take C0 := ‖P‖/‖h‖L. �

Lemma 8.3. Suppose φ ∈ Φ has the SGP. If ψ is (bounded and) Hölder continuous,
then ψf ∈ dom(Lφ) and Lφ(ψf) ∈ L for all f ∈ L. The operator f 7→ Lφ(ψf) is a
bounded linear operator on L.

Proof. If f ∈ L, then |f | ∈ L. Since L ⊆ dom(Lφ), |f | ∈ dom(Lφ). If ψ is bounded,
then |ψf | < C|f | for some C, so |ψf | ∈ dom(Lφ), whence ψf ∈ dom(Lφ).

Next, by assumption, t 7→ Lφ+tψ is a real analytic Hom(L,L)–valued map on
a neighborhood of zero. This means that for every f ∈ L, t 7→ Lφ+tψf is a real
analytic L–valued map on a neighborhood of zero. Differentiating at zero, we see
that there exists g ∈ L s.t.

1
t
[Lφ+tψf − Lφf ] L−−−→

t→0
g ∈ L.

Since L-convergence implies pointwise convergence,

g(x) = lim
t→0

1
t
[Lφ+tψf − Lφf ](x) = Lφ(ψf)(x) + lim

t→0
Lφ

((
etψ − 1

t
− ψ

)
f

)
(x)

for every x ∈ X. Since ψ is bounded and |f | ∈ L ⊂ dom(Lφ),∣∣∣∣Lφ((etψ − 1
t

− ψ
)
f

)∣∣∣∣ ≤ sup
|τ |≤‖ψ‖∞

∣∣∣∣eτt − 1
tτ

− 1
∣∣∣∣ ‖ψ‖∞(Lφ|f |)(x) −−−→

t→0
0.

Thus g(x) = Lφ(ψf)(x) for all x, whence Lφ(ψf) = g ∈ L.
We estimate ‖Lφ(ψf)‖L. We just saw that Lφ(ψf) is the derivative at zero of the

L–valued function t 7→ Lφ+tψf . By SGP, this function extends to a holomorphic
function z 7→ Lφ+zψ on some complex neighborhood U of the origin. Let C be a
circle with center zero and radius r so small that C ⊂ U , then for every f ∈ L:

‖Lφ(ψf)‖L =
∥∥∥∥ 1

2πi

∮
C

1
z2
Lφ+zψfdz

∥∥∥∥
L
≤ 1
r

max
z∈C
‖Lφ+zψ‖ · ‖f‖L.

It follows that f 7→ Lφ(ψf) is a bounded operator. �

8.2. Equilibrium measures. It was proved in [BS] that if a weakly Hölder con-
tinuous function φ with finite pressure and supremum has an equilibrium measure,
then this measure is of the form hdν with h > 0 continuous and ν s.t. Lφh = λh,
L∗φν = λν,

∫
hdν = 1. Here we show the converse: If h, ν are as above, and

dm = hdν has finite entropy, then it is an equilibrium measure (by [BS] the unique
one). Let α := {[a] : a ∈ S} denote the natural generator.

Lemma 8.4 (Rokhlin). Let µ be a shift invariant measure on a CMS X, and let α
be the natural generator. Then hµ(T ) ≥ Hµ(α|α∞1 ), with equality when Hµ(α) <∞.
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Proof. The equality when Hµ(α) < ∞ is standard, so we focus on the case when
Hµ(α) = ∞. We use the following notational conventions for partitions. Suppose
γ is a measurable partition of X, then σ(γ) :=the sigma algebra generated by
γ; γnm :=

∨n
k=m T

−kγ =the smallest partition s.t. σ(γnm) ⊇
⋃n
k=m σ(T−kγ); and

γ∞1 :=the smallest sigma–algebra which contains
⋃
n≥1 σ(γn1 ).

Take an increasing sequence of finite partitions β(n) such that σ(β(n)) ↑ σ(α).
For every fixed n, since Hµ(β(n)) <∞,

hµ(T, β(n)) = lim
k→∞

1
k
Hµ((β(n))k−1

0 ) = lim
k→∞

1
k

k−1∑
`=1

[Hµ((β(n))`0)−Hµ((β(n))`−1
0 )]

= lim
k→∞

1
k

k−1∑
`=1

Hµ(β(n)|(β(n))`1) ≥ lim
k→∞

1
k

k−1∑
`=1

Hµ(β(n)|α`1), (8.1)

because σ(α) ⊃ σ(β(n)). We claim that

Hµ(β(n)|α`1) −−−→
`→∞

Hµ(β(n)|α∞1 ). (8.2)

This is because
(a) Iµ(β(n)|α`1) −−−→

`→∞
Iµ(β(n)|α∞1 ) µ–a.e. (Martingale convergence theorem)

(b)
∫

sup`≥1 Iµ(β(n)|α`1)dµ<∞, by the Chung–Neveu Lemma ([P], lemma 2.1);
(c) the dominated convergence theorem.

By (8.1) and (8.2), for all n, hµ(T, β(n)) ≥ Hµ(β(n)|α∞1 ) ≡
∫
Iµ(β(n)|α∞1 )dµ.

Now Iµ(β(n)|α∞1 ) ↑ Iµ(α|α∞1 ), because β(n) increase to α (see e.g. [P], theorem
2.2 (ii)). By the monotone convergence theorem Hµ(β(n)|α∞1 ) ↑ Hµ(α|α∞1 ), and
we conclude that hµ(T, β(n)) ≥ Hµ(β(n)|α∞1 ) −−−−→

n→∞
Hµ(α|α∞1 ). Since hµ(T ) ≥

hµ(T, β(n)), the proof is completed. �

Proposition 8.1. Suppose φ has summable variations, has finite Gurevich pres-
sure, and supφ < ∞. Suppose further that h > 0 is positive continuous, ν is
positive and finite on cylinders, Lφh = λh, L∗φν = λν, and

∫
hdν = 1. If dµ = hdν

has finite entropy, then it is an equilibrium measure of φ.

Proof. One can show, as in [L], that Iµ(α|α∞1 ) = − ln dµ
dµ◦T ≡ −[φ + lnh − lnh ◦

T − PG(φ)], so ∫
(Iµ(α|α∞1 ) + φ+ lnh− lnh ◦ T )dµ = PG(φ).

By lemma 8.4,
∫
Iµ(α|α∞1 )dµ = Hµ(α|α∞1 ) ≤ hµ(T ) < ∞, so Iµ is absolutely

integrable (it is a non-negative function). Since φ+ lnh− lnh ◦ T is bounded from
above (by PG(φ)), it is also absolutely integrable, and

hµ(T ) +
∫

[φ+ lnh− lnh ◦ T ]dµ ≥
∫

[Iµ + φ+ lnh− lnh ◦ T ]dµ = PG(φ). (8.3)

We claim that φ ∈ L1(µ), and
∫
φdµ =

∫
[φ + lnh − lnh ◦ T ]dµ. The following

holds for almost every x ∈ X:
(a) φn(x)/n −−−−→

n→∞

∫
φdµ (because supφ <∞ and µ is ergodic);

(b) [φn(x) + lnh(x) − lnh(Tnx)]/n −−−−→
n→∞

∫
[φ + lnh − lnh ◦ T ]dµ (because

φ+ lnh− lnh ◦ T ∈ L1(µ));
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(c) ∃nk(x) ↑ ∞ s.t. | lnh(x) − lnh(Tnk(x)x)| ≤ 1 (because of the Poincaré
recurrence theorem, and the continuity of h).

Choose one such x, then∫
φdµ = lim

k→∞

1
nk(x)

φnk(x) = lim
k→∞

1
nk(x)

(
φnk(x) + lnh(x)− lnh(Tnk(x)x)

)
= lim
n→∞

1
n

(φn + lnh(x)− lnh(Tnx)) =
∫

(φ+ lnh− lnh ◦ T ) dµ.

By (8.3) hµ(T ) +
∫
φdµ ≥ PG(φ). The proposition now follows from the variational

principle (appendix A, theorem 7.1). �

8.3. Proof of theorem 1.1. Suppose that X is topologically mixing, and φ ∈ Φ
has the SGP and satisfies supφ <∞. Let λ, P,N be as in definition 1.1.

Proof of (a). Lemma 8.1 says that P is of the form Pf = h
∫
fdν, where Lφh = λh,

L∗φν = λν, and
∫
hdν = 1. Proposition 8.1 says that if dmφ = hdν has finite

entropy, then mφ is an equilibrium measure for φ. By [BS], there is at most one
such measure, so mφ is unique.

Proof of (b). Let ρ(N) denote the spectral radius of N : L → L. By the SGP,
∃κ ∈ (ρ(N)/λ, 1). If f is (bounded and) Hölder continuous, then Lφ(fh) ∈ L
(lemma 8.3). If g ∈ L∞(mφ), then the identities dmφ = hdν, L∗φν = λν, and
PLφ(fh) = λh

∫
fdmφ imply∣∣∣∣∫ f · g ◦ Tndmφ −
∫
fdmφ

∫
gdmφ

∣∣∣∣ =
∣∣∣∣∫ λ−n[Lnφ(fh)− λn−1PLφ(fh)]gdν

∣∣∣∣
≤ ‖g‖∞

∥∥λ−nNn−1Lφ(fh)
∥∥
L1(ν)

≤ C0‖g‖∞
∥∥λ−nNn−1Lφ(fh)

∥∥
L

≤ C0λ
−1‖g‖∞λ−(n−1)‖Nn−1‖‖Lφ(fh)‖L ≤ const ‖g‖∞‖Lφ(fh)‖Lκn.

Part (c). We assume without loss of generality that

λ = 1 , Emφ [ψ] = 0.

To arrange this, replace φ by φ− log λ and ψ by ψ − Emφ [ψ].
Part (e) of the SGP is stable under perturbation in Hom(L,L) [K]: There exists

a neighborhood U of Lφ in Hom(L,L) and analytic maps P,N : U → Hom(L,L),
λ : U → C such that for all L ∈ U ,

L=λ(L)P (L) +N(L), P (L)N(L)=N(L)P (L)=0, P (L)2 =P (L),dim ImP (L)=1.

If U is sufficiently small, then there is some ε0 > 0 s.t. for all L ∈ U , the spectral
radius of N(L) is less that 1− 2ε0 and the spectral radius of L (equal to |λ(L)|) is
more than 1− ε0.

By the SGP, t 7→ Lt := Lφ+itψ is analytic on a neighborhood of zero. The
maps λt = P (Lt), Pt = P (Lt), Nt = N(Lt) must also be analytic in t on a small
neighborhood I of zero.



SPECTRAL GAP AND TRANSIENCE FOR RUELLE OPERATORS 25

Recall that there is a constant C0 s.t. ‖ · ‖L1(ν) ≤ C0‖ · ‖L. For t in I,

Emφ [eitψn ] =
∫
λ−nLnφ(eitψnh)dν =

∫
Lnt hdν (∵ λ = 1)

= λnt

∫
[Pth+ λ−nt Nn

t h]dν

= λnt [1± C0(‖Pt − P‖+ |λt|−n‖Nn
t ‖)‖h‖L].

The spectral radius of Nt is less than 1− 2ε0, and |λt| ≥ 1− ε0, so this gives

Emφ [eitψn ] = λnt [1 + εn(t)] for all n, where εn(t) −−−−−−−→
t→0,n→∞

0.

Later we will see that if ψ is not cohomologous to a constant, then

λt = 1− σ2

2
t2 + o(t2) as t→ 0, (8.4)

where σ > 0. It will then follow that Emφ [exp(itψn/
√
n)] −−−−→

n→∞
exp(−σ2t2/2),

which means that 1√
n
ψn converges in distribution (w.r.t mφ) to a normal law with

mean zero and standard deviation σ.
To prove (8.4), we expand λt as in [GH]. Define for this purpose ht :=Pt1/

∫
Pt1dν

(the denominator approaches 1 as t→ 0 so it is not zero for all |t| sufficiently small),
and write L := L0 = Lφ. Then Ltht = λtht and so

λt =
∫
Lthtdν =

∫
(Lt − L)(ht − h)dν +

∫
(Lt − L)hdν +

∫
Lhtdν

=
∫

(Lt − L)(ht − h)dν + Eν [L((eitψ − 1)h)] +
∫
htdν (∵ L∗ν = λν = ν)

=
∫

(Lt − L)(ht − h)dν − t2

2

∫
ψ2hdν + o(t2) + 1, (8.5)

where we have used the fact that ψ is bounded to expand eitψ = 1+itψ− t
2

2 ψ
2+o(t2),

and the assumption that Emφ [ψ] = 0 to note that
∫
ψhdν = 0. (The assumption

that ψ is bounded is an overkill.)
The analyticity of t 7→ Lt, Pt and the estimate ‖ · ‖L1(ν) ≤ C0‖ · ‖L can be used

to show that
∫

(Lt − L)(ht − h)dν = o(t) as t→∞. Thus λt = 1 + o(t).
Next we study the difference ht − h, as in [G1]. In what follows, o(1) means an

element of L whose L–norm is o(1):

ht − h
t

=
λtht − h

t
+ o(1) (because λt = 1 + o(t) and ‖ht‖L is bounded near zero)

=
Ltht − Lh

t
+ o(1) = (Lt − L)

ht
t

+ L

(
ht − h
t

)
+ o(1).

Subtracting the second summand from both sides, we obtain

(1− L)
(
ht − h
t

)
= (Lt − L)

ht
t

+ o(1) = L

[(
eitψ − 1

t

)
ht

]
+ o(1). (8.6)

The left side of (8.6) converges in L, whence in L1(ν), to (1− L)a, where

a :=
d

dt

∣∣∣∣
t=0

ht.
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The right side of (8.6) converges in L1(ν) to iL(ψh). To see this, note the
following:

(a) ψ is bounded, so ∃M s.t. |(eitψ − 1)/t| ≤M for all |t| < 1;

(b)
(
eitψ−1

t

)
h

L1(ν)−−−→
t→0

iψh, because of the dominated convergence theorem and

the bound ‖h‖L1(ν) ≤ C0‖h‖L <∞;
(c)

∥∥( eitψ−1
t

)
(ht − h)

∥∥
L1(ν)

≤ C0M‖ht − h‖L −−−→
t→0

0.

Thus
(
eitψ−1

t

)
ht −−−→

t→0
iψh in L1(ν). Now L extends to a bounded operator on

L1(ν) s.t. ‖L‖ ≤ 1 (the transfer operator of ν), so L
[(
eitψ−1

t

)
ht
] L1(ν)−−−→

t→0
iL(ψh).

Passing to the limit t → 0 in (8.6), we see that (1− L)a = iL(ψh) ν–a.e. Since
all elements of L are assumed to be continuous, and since ν is globally supported,
(1− L)a = iL(ψh).

Apply Lk to both sides: Lka − Lk+1a = iLk(ψh). The norm of the right hand
side is summable:

‖Lk(ψh)‖L = ‖P (L(ψh)) +Nk−1L(ψh)‖L

= ‖Nk‖‖L(ψh)‖L (∵ P [L(ψh)] = h

∫
L[ψh]dν = h

∫
ψdmφ = 0),

and
∑
‖Nk‖ <∞. Summing over k ≥ 0, we obtain a = i

∑∞
k=1 L

k(ψh).
Returning to the expansion (8.5) of λt, we see that

λt =
∫

(Lt − L)(at+ o(t))dν − t2

2

∫
ψ2hdν + o(t2) + 1

= t2
∫ (

eitψ − 1
t

)
(a+ o(1))dν − t2

2

∫
ψ2hdν + o(t2) + 1

= 1− t2

2

∫
ψ2hdν − t2

∫
ψ

∞∑
k=1

Lk(ψh)dν + o(t2),

and we obtain (8.4) with

σ2 :=
∫ [

ψ2 +
2
h
ψ
∞∑
k=1

Lk(ψh)

]
dmφ.

But it is not yet clear that σ2 is strictly positive. To see this we follow [G1]
and rewrite the integrand in terms of the function u :=

∑∞
k=0 L

k(ψh), noting that
ψh = u− Lu:

σ2 =
∫

1
h2

[
(ψh)2 + 2ψh(u− ψh)

]
dmφ =

∫
1
h2

[
(u− Lu)2 + 2(u− Lu)Lu

]
dmφ

=
∫

1
h2

[
u2 − (Lu)2

]
dmφ =

∫ [
(u/h)2 −

(
1
h
L(h · u/h)

)2
]
dmφ.

The operator T̂ : v 7→ h−1L(hv) preserves mφ: T̂ ∗mφ = mφ (it is the transfer
operator of mφ = hdν). Thus we get

σ2 =
∫ [

T̂ [(u/h)2]− (T̂ (u/h))2
]
dmφ.
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It is not difficult to see that T̂ takes the form T̂ f =
∑
Ty=x g(y)f(y) where g =

eφh/h◦T . We have
∑
Ty=x g(y) ≡ 1. Since t 7→ t2 is convex, T̂ [(u/h)2] ≥ (T̂ (u/h))2

and we get that σ2 ≥ 0, with equality iff T̂ [(u/h)2] = [T̂ (u/h)]2 mφ–a.e.
By the strict convexity of t 7→ t2, u/h must be constant on {y : Ty = x} for a.e.

x. Since mφ ∼ mφ ◦ T (∵ dm/dm ◦ T = eφh/h ◦ T > 0), this means that there is a
function ϕ s.t. u/h = ϕ ◦ T almost everywhere. Thus

ψ =
1
h

(u− Lu) = ϕ ◦ T − 1
h
L(hϕ ◦ T ) = ϕ ◦ T − ϕ a.e.

It follows that ψ is an almost everywhere coboundary w.r.t mφ. By the Livsic
theorem of Gouëzel [G2], ψ is a coboundary with a continuous transfer function.
But part (c) assumes that ψ is not like that.

Part (d). Suppose ψ is a (bounded) Hölder continuous function, and let Lt, λt, Pt, Nt
be as above. We saw that t 7→ λt, Pt, Nt are analytic on some complex neighborhood
of 0, and that for all |t| sufficiently small, ρ(Nt) < |λt|.

We claim that λt = expPG(φ+ tψ) on some real neighborhood of t = 0. This is
because of the estimates

Zn(φ+ tψ, a) � Lnt 1[a](x) = λnt Pt1[a](x) +Nn
t 1[a](x) � λnt

which hold uniformly in x on [a] provided t is small enough that ρ(Nt) < |λt| (see
appendix A, remark 7.1).

In particular λ0 = expPG(φ) 6= 0, and PG(φ+ tψ) = log λt is real analytic on a
neighborhood of zero. �

Acknowledgements. The authors would like to thank the referees for their careful
reading of the paper and for many valuable suggestions.

Note added in proof. The first author has recently found a combinatorial charac-
terization of the topologically mixing CMS for which {φ ∈ Φ : φ does not have SGP}
is not empty. As it turns out, “most” infinite state CMS are like that, e.g. all CMS
whose associated transition graph G contains an infinite ray. Complete statements
and detailed proofs will appear elsewhere.
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