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Lecture 1
The transfer operator

1.1 Motivation

A thought experiment Drop a little bit of ink into a glass of water, and then stir it
with a tea spoon.

1. Can you predict where individual ink particles will be after one minute? NO: the
motion of ink particles is chaotic.

2. Can you predict the density profile of ink after one minute? YES: it will be nearly
uniform.

Gibbs’s insight: For chaotic systems, it may be easier to predict the behavior of
large collections of initial conditions, than to predict the behavior of individual ini-
tial conditions.

The transfer operator: The action of a dynamical system on mass densities of
initial conditions.

1.2 Definition, basic properties, and examples

Setup. Let T : X — X be a non—singular measurable map on a c—finite measure
space (X, %, ). Non-singularity means that (7~ 'E) =0 < u(E) =0 (E € B).
All the maps we consider in these notes are non—invertible.

The action of 7 on mass densities. Suppose we distribute mass on X according

to the mass density fdu, f € L'(u), f > 0, and then apply T to every point in the
space. What will be the new mass distribution?
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(The mass of points which land at E) = / 1g(Tx) f(x)du(x), (1 =indicator of E)

= /(IEOT)d,uf(x), where ‘uf = fd’u

:/IEd/.LfoT_1 :/(d“foT )du (Radon-Nikodym derivative)
E

Exercise 1.1. pso T~ < u, therefore the Radon-Nikodym derivative exists.
Definition: The transfer operator of a non-singular map (X, %, 1, T) is the opera-

tor T: L' () — L' (u) given by

S d‘UfOT

Tf= i , where [y is the (signed) measure i (E / fdu.

The previous definition is difficult to work with. In practice one works with the
following characterization of T f:

Proposition 1.1. Tf is the unique element of L' (1) s.t. that for all test functions
peL” [@-(Tf)du=[(@oT) fdu.

Proof. The identity holds: For every ¢ € L™,

/<p (Tf)du= /(p LI /(PdufoT ! !/(‘POT)d#.f:!/((POT)fdM

(make sure you can justify all ;).

The identity characterizes T f: Suppose 31,y € L' s.t. [ @hidu = [(@oT)fdu
for all @ € L. Choose ¢ = sgn(h; — hy), then [|hy —ha|dp = [@(h) — hy)du =
Jomdu— [ohdu= [@oTfdu— [@oTfdu =0, whence hy = h; a.e. O

Proposition 1.2 (Basic properties).

1. f is a positive bounded linear operator with norm equal to one.
2.T[(goT) f]=g (Tf)ae (feL' ge L)
3. Suppose u is a T-invariant probability measure, then Vf € L',

(ff) oT = Ep(ﬂT*l%’) a.e.

Proof of part 1: Linearity is trivial. Positivity means that if f > 0 a.e., then T =0
ae. Let ¢ := 17, g then 0 > f[ff<o](Tf)d[.L =[o(Tf)du=[(@oT)fdu>0.
>0
It follows that fo<0](ff)d/.L — 0. This can only happen if u[T f < 0] = 0.
T is bounded: Let ¢ := sgn(Tf) then || Tf|, = f(p(Tf)du J(@oT)fdu <

l@ o Tll=llf ]l = [If]l1, whence [ITf] < |flli- It £ >0, ITf|h = [|Tfldu =
JTfdu= [(1oT)fdp = |f|i,s0 |T|| = 1. O
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Exercise 1.2. Prove parts 2 and 3 of the proposition. (Hint for part 3: Show first that
every T~ ! Z-measurable function equals ¢ o T with ¢ Z-measurable.)

Here are some examples of transfer operators.

Angle doubling map If 7: [0,1] — [0,1] is T (x) = 2x mod 1, then
(Tf)(x) = 3[f(3)+F5H].
Proof. For every ¢ € L™,

1 1 1
, #ras@as= [ oCaswaxs [ ox- 1
1 1
= [Co0r@adn+ [ o@rHa(5)
1
= [ 00 3175) + 735 lar.
Exercise 1.3 (Gauss map). Let T : [0, 1] — [0, 1] be the map 7 (x) = {1 }. Show that

(?f)(x) = Zl (xﬁn)zf(ﬁ)

n=

Exercise 1.4 (General piecewise monotonic map). Suppose [0, 1] is partitioned
into finitely many intervals I1,...,Iy and T|;, : Iy — T () is one-to-one and has con-
tinuously differentiable extension with non-zero derivative to an é-neighborhood of

N N
L. Letvg: T(I) — I, vi :=(T|;,) "' Show that Tf = ¥ 17, - Vil - fow.
k=1

1.3 The transfer operator method

What dynamical information can we extract from the behavior of 77
Recall that f, — f weakly in L', if [¢@f,du — [@fdu for all ¢ € L™
n—roo Nn—oo

This is weaker than convergence in L' (give an example!).
Proposition 1.3 (Dynamical meaning of convergence of ™).

1T f — h [ fdu weakly in L' for some non-negative 0 # f € L' then T has
an Aabsor;;;‘o;ly continuous invariant probability measure, and h is the density.

2. If T"f — [ fdu weakly in L' for all f € L' then T is a mixing probability
preservi??ginap.

~ 1
3. IfT"f A:—» J fdu, then for every ¢ € L™,
n—soo

Cov(fpo1")i=| [ fooT"du~ [ fdu [ aul <|7"f - [ ranlilol-.

so the rate of decay of correlations against f is O(||T"f — [ fdu/1).
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Proof. 1. Assume w.l.o.g. that [ fdu = 1, then f”f ;—V> h. For every @ € L™,

Johdp =1im [ @ -T"! fdu =lim [ (9 o T)[T" fldu = [ (@ o T)hdp. So py, :=
hdu is T-invariant.

2. exercise R R
3. [Cov(f,@oT")|=|[T"fodu— [([ fdu)edu| = | [(T"f — [ fdu)edu|. So
|Cov(f,@oT")| < [|T"f — [ fdull1]|@]|e. O

Exercise 1.5 (Dynamical interpretation of eigenvalues). Show:

1. All eigenvalues of the transfer operator have modulus less than or equal to one.

2. The invariant probability densities of T are the non-negative i € L' () s.t. Th=h
and [ hdu = 1. We call hdu an acip(=absolutely continuous invariant probability
measure).

3.1f T has an acip and 1 is a simple eigenvalue of T, then the acip is ergodic.
“Simple” means that dim{g € L' : Tg =g} = 1.

4.1f T has an acip and 1 is simple, and all other eigenvalues of T have modulus
strictly smaller than one, then the acip is weak mixing.

5. If T is probability preserving and mixing, then T has exactly one eigenvalue on
the unit circle, equal to one, and this eigenvalue is simple. (Be careful not to
confuse L!-eigenvalues with L>-eigenvalues.)

Further reading

1. J. Aaronson: An introduction to infinite ergodic theory, Math. Surv. & Mono-
graphs 50, Amer. Math. Soc., xii+284pp (1997)

2. V. Baladi: Positive transfer operators and decay of correlations, Adv. Ser. in Non-
linear Dynam. 16 World Scientific x+314pp. (2000)



Lecture 2

Spectral gap

The transfer operator 7 : L' (i) — L' (11) of a non-singular transformation (X, %, i, T)
describes the action of the map on mass densities. The density fdu is moved after
n iterations to 7" fdu. In this lecture we discuss a powerful method for analyzing
the asymptotic behavior of " f as n — oo for “nice” functions f.

2.1 Quasi—compactness and spectral gap

Some operator theory. Suppose .Z is a Banach space and L: ¥ — £ is a
bounded linear operator. We are interested in the behavior of L" as n — oo. We
review some relevant notions.

1. Eigenvalues: A s.t. Lv = Av for some 0 £ v € ¥

2. Spectrum: spect(L) := {A : (A — L) has no bounded inverse}. Every eigenvalue
belongs to the spectrum, but if dim(.¥) = e then there could be points in the
spectrum which are not eigenvalues.'

Spectral radius: p(.¢) := sup{|z| : z € Spect(L)}.

4. Spectral radius formula: p(L) = nlgrolo L = inf {/ [|IL"]]. In particular, for

L||/||v|| = O(e"p(L)") uniformly on .Z\ {0}.

W

every € > 0,

Spectral gap. L:.¥ — £ has spectral gap if we can write L = AP + N where

1. Pis a projection (i.e. P> = P), and dim(Im(P)) = 1;
2. N is a bounded operator s.t. p(N) < |A];
3. PN=NP=0.

The commutation relations imply that L" = AP+ N". Since p(N) < |A|, for every
ve L, |[|[L"v—A"Py|| = |[N"| = o(|A|"). Therefore, if L has spectral gap, then

A~"L"v —— Py exponentially fast.
n—soo

UExample: L: L'[0,1] — L'[0,1], L[f(¢)] =t f(¢) has no eigenvalues, but its spectrum equals [0, 1].
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Exercise 2.1 (Why call this “spectral gap”?). Use the following steps to show that
A is a simple eigenvalue and 3y > 0 (the “gap”) s.t.

Spect(L) = {1} U subset of {z: |z| <e ™|A|}.

—

.Im(P)={h € £ :Lh=Ah}. Consequently, A is a simple eigenvalue.
2. Suppose |z| > p(N),z# A

a. Solve the equation (z/ — L)v = w for v € Im(P)

b. Solve the equation (z/ — L)v = w for v € ker(P) (Hint: use |z| > p(N))

c. Show that .Z = Im(P) @ ker(P) and find a an explicit formula for the compo-
nents of a vector according to this decomposition.

d. Show that (zI — L) has a bounded inverse on . whenever z # 4, |z] > p(N).

3. Find a y.

Quasi-compactness: This is a slightly weaker notion than spectral gap, which is
easier to handle theoretically. A bounded linear operator L on a Banach space .Z
is called quasi—compact, if there is a direct sum decomposition .2 = F & H and
0 < p < p(L) where

1. F,H are closed and L-invariant: L(F) C F,L(H) C H
2. dim(F) < e and all eigenvalues of L|r : F — F have modulus larger than p
3. the spectral radius of L|y is smaller than p

Quasi-compactness and spectral gap: If L is quasi-compact, and L has a unique
eigenvalue on {z: |z| = p(L)}, and this eigenvalue has algebraic multiplicity one as
an eigenvalue of the dim(F) x dim(F )-matrix representing L|r : F — F, then L has
spectral gap.

Exercise 2.2. Prove this using the following steps:

1. Show that if V is a Banach space, and V = W) & W, where W; are closed linear
spaces, then the maps 7,7, defined by v = 71 (v) + m(v), m;(v) € W;, are con-
tinuous linear maps s.t. 7171»2 =m;, My = My = 0. (Hint: closed graph theorem)

2. Show that the Jordan form of L|r : F — F consists of a 1 x 1 block with eigen-
value A s.t. |A| = p(L), and (possibly) other Jordan blocks with eigenvalues A;
s.t A <A

3. & =span{v} ®H where Lv = Av, L(H") C H', p(L|g) < ||

4. Deduce that L has spectral gap.

Exercise 2.3. Suppose T is the transfer operator of a non-singular map (X, %, u,T),
and assume .% C L'(u) possesses anorm || - || > || - ||1 such that

1. (Z, |- ||l) is a Banach space which contains the constant functions
2.T(Y)Cc”,
3. T: % — £ is quasi-compact, with non-zero spectral radius.

If T is has a mixing absolutely continuous invariant probability density 4 then T has
spectral gap on £ with A = 1, and Pf =h [ fdu.
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2.2 Sufficient conditions for quasi-compactness

The problem: The transfer operator typically does not have spectral gap on L'.

The solution: Look for smaller Banach spaces . C L' with || - || > || - |1 such
that T| » L — £ has spectral gap. The result will be information on " f for
fe.

The following theorem (a generalization of earlier results by Doeblin & Fortet
and Ionescu—Tulcea & Marinescu) is a sufficient criterion for quasi—compactness.
See the appendix for proof.

Theorem (Hennion) Suppose (Z,||-||) is a Banach space and L: £ — £ is a
bounded linear operator with spectral radius p(L). Assume that there exists a semi-
norm || - ||" with the following properties:

1. Continuity: || - ||" is continuous on £
2. Pre-compactness: for any sequence of f, € L, if sup || fn|| < oo then there exists
a subsequence ni and g € Z s.t. ||Lfy,, — gl - 0
—yo0

3. Boundness: IM > 0 s.t. ||[Lf||" < M||f| for all f € &
4. Doeblin—Fortet inequality: there are k > 1,0 <r < p(L), and R > 0 s.1.

L5 £ < AIFI+RIFN (DF)

Then L : £ — £ is quasi—compact.

2.3 Application to continued fractions

Every x € [0,1] \ Q can be uniquely expressed in the form with

a(x)+ ———
a;(x) € N. What can be said on the distribution of the a,(x) for n > 1?

Theorem (Gauss, Kuzmin, Lévy) Let m denote Lebesgue’s measure. For every
natural number N,

1 ¥ dx .
m{x €[0,1]: a,(x) =N} = /;vl+l T exponentially fast.
Idea of proof: We use the Gauss map T : [0,1] — [0, 1], T (x) = {1}. For every x €

(0,1) irrational, T"(x) = S0 a,(x) = Niff T"(x) € (57, %),

Whencem{x:an(x):N}:fl( Loyl dx.
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We write the last expression in terms of the transfer operator of 7

m{x:a,(x) =N} = /1 b OT"dx—/(T”l)l(%NdX—/ T"1dx.

N+1

The idea is to find a Banach space . which contains the constant functions, and
where T is quasi-compact. The Gauss map has a mixing absolutely continuous
invariant measure equal to ln2 1 +X (see appendlx) so quasi-compactness implies

spectral gap. Consequently, "1 i> exponentially fast. If we can arrange

n2 1+x

|-l > |- |l1. then 771 —> 3 lix exponentially, and the theorem follows.

The Banach space: Let £ denote the space of Lipschitz functions on [0, 1], with

the norm || := |/l +Lip(f), where Lip(f) := sup { LGL00 w52 y ) et ||
denote the L' norm: ||| := [y | £(x)|dx.

Exercise 2.4. .7 is a Banach space, and for all f,g € .Z,
L Ifell < 1711 L]l

2 o W 5|l <3/a*foralla > 1.

3. G <A

Recall that T f = Y1 a+x2f(a+x) Weclaimthatf(g)C.ZandT:f—).f

is bounded. The sum converges absolutely in norm, because Y, || " +X T S(
Lot | g |- I @GN < GE IS S0 T(£) € £ and T <3% 5

Next we check the conditions of Hennion’s theorem.

a+x)|| —

1. Continuity: If || f;, — f|| —=— 0, then || £, — £l — 0, 50 || f — fll1 — 0. It
n—yoo n—yoo n—yoo
follows that || full" = [l fallt —= [l£1lr = I£1".
2. Pre-compactness: Suppose {f,} is bounded in the Lipschitz norm. By the
Arzela—Ascoli theorem there is a subsequence n; s.t. f;, k_)—oo> f uniformly on

[0, 1]. Necessarily Lip(f) < sup Lip(f;,, ) < ee.

Uniform convergence implies convergence in L'[0, 1], so || f,,, — fl1 — 0. Since T
is a bounded operator on T fo. — T f|l1 — 0, equivalently, |7 S — Tr|I —o.
The limit 7 f is in . because f € . and T (%) C .Z.

- Boundness: [T/ = [T fl[i <[/l = /II"
4. Doeblin-Fortet Inequality: The proof is based on the following facts.

(O8]

Exercise 2.5. Let v, (x) := GH, Vay,...an *= Vag © "+ O Va,, and [a] := v,4[0, 1).

a.Thf= Yoo a1 Vay, .anlf O Vay... a, (Hint: start with n = 1 and iterate)
b dC>0and0< 6 <1 st foralln>1anda=ajaz---ay,
[va(x) —va(y)| < CO"|x —y|. (Hint: T? is expanding).
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a)C

/
vﬂy

c. 3H > 1s.t. forall x ye[O 1l,n>1,anda=ajaz--ay,

(Hint: In|v, (x)| = )Z In|vg, (Vay--a; (%)), Lip(vg) < 1)

Far

d. 3G>1s.t.Vxe[0,1] anda, G ' mla] < v} (x)| < G-m[a] (Hint: Use (c) to
relate |V (x)| to Iy |V, (t)|dt and calculate the integral.)

e. [a] are non-overlapping sub-intervals of [0, 1).

Proof of the Doeblin-Fortet Inequality: Suppose f is Lipschitz, we estimate
the Lipschitz constant of 7" f:

)

(T"f) () = (T" 1) )] < Z . (Va(@®) = vaO)If ale)) [+ a1 (va(x) = £ (va(y))])

V(%)

/ 'vau DI+ Z [ValleLip(f)va(x) = va(y)]

Va y ap,....an=1

=

< Y MOl

ay,....ap=1

Using the exercise and the trivial fact that if f is Lipschitz on an interval J, then
forevery x € J, | f(x)| < ‘}—l Sy | f(2)|dt +Lip(f)|J|, we obtain

(@pw-Enwls L omia-Hixoi (g [ oL )

=)

+ )Y, G-mldLip(f)CO"|x~yl.

Since [a] are non-overlapping sub-intervals of [0, 1], Y m[a] < 1. It follows that

() @) — () 0)] < (GHIflll L GC(H + 1)9"Lip<f>) e — 3|, whence

Lip(T"f) < (const. I £]l1 4 const. B”Lip(f)) .

Next we estimate ||7" f]|.. Since |T"f(x)| < [ |(T"f)(y)|dy+ Lip(T"f),
17" £ ()l < ILf1l + Lip(T")

In summary, ||T"f|| < const.8”Lip(f) + const. || f||;. The Doeblin—Fortet in-
equality follows by slightly increasing 6 and taking n sufficiently large. U

Further reading

1. J. Aaronson: An introduction to infinite ergodic theory, Math. Surv. & Mono-
graphs 50, Amer. Math. Soc., xii+284pp (1997)

2. V. Baladi: Positive transfer operators and decay of correlations, Adv. Ser. in Non-
linear Dynam. 16 World Scientific x+314pp. (2000).
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3. H. Hennion and L. Hervé: Limit theorems for Markov chains and stochastic
properties of dynamical systems by quasi-compactness, Lect. Notes in Math.
1766,Springer, 145pp (2000)

4. A. Ya. Khinchin: Continued fractions. Third edition. Dover, xi+95pp (1992)

5. D.H. Mayer: Continued fractions and related transformations, “Ergodic Theory,
Symbolic Dynamics and Hyperbolic spaces”, edited by T. Bedford, M. Keane,
and C. Series. Oxford Science Publications, 175-229 (1991)



Lecture 3
Analytic perturbation theory

Our next application of the transfer operator method is the central limit theorem.
This requires studying (complex) one—parameter families of transfer operators. In
this lecture, we develop the tools from functional analysis needed to do this.

3.1 Calculus in Banach spaces

Setup: .Z is a Banach space, B= B(.¥) is the space of all bounded linear operators
L:. ¢ — & with the norm ||L|| = sup HH%H”’ and .Z* and B* are the spaces of all

bounded linear functionals on L and B, with the norm ||@|| = sup %.
We are interested in (complex) one—parameter families L, € B, (z € U), where
U C C is open. Formally these are functions L: U — B, L(z) = L..

Line integrals: Let y C C be a curve with smooth parametrization z(¢), a <t < b,
and let L : ¥ — B be continuous. We define the line integral of L along y by

N
/L(z)dz := the limit (in B) of the Riemann sums Y° L(z(&))[z(ti+1) — 2(5;)],
Y i=1
wherea <1 <---<t,=b, & € [t;,t;11], and max{|t; ] — ;] : 1 <i<n} —0.
As in the case of complex valued functions, if L : Y — B is continuous, then the
limit exists and is independent of the parametrization (exercise).

Exercise 3.1. Suppose L : ¥ — B is continuous. For every ¢ € <* and T € B,
o[/, L(z)de] = [, @[L(z)]dz and T [, L(z)dz] = [, T[L(z)]dz.

Analyticity and derivatives: Suppose U C C is open and zg is a point in U. We
call L: U — B analytic (or holomorphic) at 7, if there is an element L'(zg) € B such

that || M —L'(20)|| m 0. L'(z0) is called the derivative at z.

13
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Exercise 3.2 (Rules of differentiation). If L,L|,L, : U — B are analytic, then

1. (Ll —|—L2)’ = L/l +L/2

2. (L]LQ)/ = L/le —|—L1L/2

3. in case L is invertible, (L™')' = —L~'L/L~!

4. for every bounded linear functional ¢ : B — C, d% [pol]=@ol

Analyticity Theorem (Dunford): Suppose U C C is open. L(z) is analytic on U
iff for every @ € B*, @[L(z)] is holomorphic on U in the usual sense of complex
Sfunctions. (See the appendix for proof).

Cauchy’s integral formula (Wiener): IfL:U — B is analytic on U, then L is dif-
ferentiable infinitely many times on U, and for every z€eUand every szmple closed
smooth curve y C U around z, L(z) = 2m fy = Zd& and L (z) = 2m 9%, ,Hldé

Proof. For every bounded linear functional ¢, @[L(z)] is holomorphic. Therefore
d%(p[L(z)] = @[L'(z)] is holomorphic. Therefore L'(z) is analytic. By induction, L(z)
is differentiable infinitely many times.

Next, for every bounded linear functional ¢, we have by Cauchy’s integral for-
mula for the complex valued holomorphic function ¢[L(z)] that

0|5 5 o0ae] = 5 f 2 az — pinco

Bounded linear functionals separate points, so %m $y é(—_i)d & = L(z). The identity for
higher derivatives is proved the same way and is left as an exercise. O

Exercise 3.3. If L(z) is analytic on U and y C U is a simple closed smooth curve,
then §$,L(z)dz = 0.

Exercise 3.4. If | 7,,|| = O(r"), then ¥.(z — a)"T,, is analyticon {z: |z—a| < 1/r}.

Exercise 3.5. L : U — B is analytic on an open subset U iff Ya € U 3L,(a) € B,
r(a) >0s.t ||Ly(a)|| = O(r(a)") and L(z) = Y.(z—a)"Ly(a) on {z: |z—a| < r(a)}.

(Hint: Expand the integrand in Cauchy’s formula in powers of z — a)

3.2 Resolvents and eigenprojections

Spectrum: The spectrum of a bounded linear operator L is
Spect(L) = {z € C: (z — L) has no bounded inverse}.

Exercise 3.6. Show that Spect(L) is compact, using the following steps:

1. If ||L|| < 1, then I — L has bounded inverse and (I —L) ™' =I+L+L>+ L3 +---
2. zI — L has bounded inverse for all |z| large enough.

3. If I — L has bounded inverse, so does I — L; whenever ||L; — L|| is small enough.
4. Spect(L) is compact.
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Resolvent: On the complement of the spectrum, one can define the resolvent:

R(z) =~ L)~ (z¢ Spect(L)).

Exercise 3.7 (Properties of the resolvent). Show

1. Commutation: R(z)L = LR(z)

2. Resolvent identity: R(w) —R(z) = (z—w)R(2)R(w)

3. Analyticity: R(z) is analytic on the complement of Spect(L), with expansion
R(z) = ¥ (=1)"(z—2z0)"R(z0)"*" for all z9 & Spect(L) and |z — zo| small.

n=0
Separation of Spectrum Theorem (Sz.-Nagy, Wolf): Suppose Spect(L) = X;,
Your Where Xy, X, are compact, and let Yy be a smooth closed curve which does
not intersect Spect(L), and which contains X, in its interior, and Z,y, in its exterior.
Then:

1. P:= $y(al — L)~ 'dz is a projection (P* = P), therefore £ = ker(P) ©Im(P).

— 2mi

2. PL=LP, therefore L(ker(P)) C ker(P) and L(Im(P)) C Im(P).
3. SpeCt(Lllm(P)) =ZXin and SpeCt<L|ker(P)) = Zour-

(The proof is in the appendix. It’s worth reading.)
Eigenprojections: P := ﬁ 39'7,(z1 — L)~ 'dz is called the eigenprojection of Z;,.

Exercise 3.8. Suppose L has spectral gap with representation L = AP + N. Show
that the eigenprojection of A equals P.

3.3 Analytic perturbations of operators with spectral gap

Setup: Let {L,},cy be a family of bounded linear operators on a Banach space %,
such that z — L, is analytic.

Analytic perturbation theorem (Rellich, Sz.-Nagy, Wolf, Kato): Suppose Ly has
spectral gap with representation AP+ N, then there are €,k > 0 s.t. for all |z| < g,
L, has spectral gap with representation A.P.+ N,, where A, P,,N, are analytic on
{z:]z] < €}, and p(N;) < |A;| — k.

Sketch of proof: We saw that when Ly has spectral gap, Spect(Lg) = {A} WX
where X C {z: |z] < p(Lo)}. Let ¥ be a small circle around A s.t. X is outside 7.

Step 1. Je; > 0 s.2. v does not intersect Spect(L;) for any |z| < €.

Proof. For every & € v, £I — Ly has a bounded inverse. The property of having a
bounded inverse is open (exercise 3.6(3)), therefore

A :={(§,2) e CxC:&EI— L, has a bounded inverse}

is an open neighborhood of the compact set ¥ x {0}. By compactness, there is a
positive € s.t. A D yx {z:|z| < €}. This is g;.
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Step 2: For every |z| < €, P, := ﬁfy(ﬁl—Lz)’ldé is a projection and P,L, =
L.P.. There exists 0 < & < & s.t. P, is analyticon {z: |z| < &}.

Proof. P, is a projection, because of the theorem on separation of spectrum and the
last step which says that y does not intersect Spect(L;). The analyticity of P, is
shown by direct expansion of the integrand in terms of z. We omit the details which
are routine, but tedious.

Step 3: 30 < &3 < & s.t. dim(Im(P,)) = 1 for all |z] < &s.

Proof. Two linear operators P, Q are called similar, if there is a linear isomorphism
7 s.t. P=n~'Qm. The step is based on the the following lemma due to Kato (ap-
pendix): Suppose P is a projection. Any projection Q s.t. ||Q — P|| < 1 is similar to P.
It follows that if |z| is so small that || P, — Py|| < 1, then dim(Im(7;)) = dim(Im(Fp)).
Since Ly has spectral gap, this dimension is one.

Step 4: L,P, = A, P, where z — A, is analytic on a neighborhood of zero.

Proof: Suppose |z| < €. Since P,L; = L, P;, Im(P,) is L,~invariant. Since dimIm(P;) =
1, L, : Im(P,) — Im(P,) takes the form f — A f for some scalar 4. So L,P, = A.P..

The eigenvalue A, depends analytically on z on some neighborhood of zero: Take
some f € .Z and ¢ € .L* s.t. o(Pyf) > 0. There exists 0 < & < & s.t. (P.f) >0
for all |z| < &. The formula

a{z — (P(LZPZf)

o(P.f)

shows that A, is analytic on {z: |z] < &}.

Step 5: There’s a neighborhood of zero where N, := L.(I — P.) is analytic, and
where N,P, = P,N, =0, and p(N;) < |A,|.
Proof: N; = L,(I — P.) is analytic on {z : |z| < &3}, because L;, P, are analytic there.
P2 =P, and L,P, = P,L, = A,P, imply that N, = N,P, =0 and L, = AP, + N..
The spectral radius formula states that p (N;) = lim,_e. {/||N||. Since || NJ || <
|NZ||[[N2*]], p(N;) = inf {/||N2||. Fix some & > O (to be determined later). Pick some
ns.t. Y/[[NJ]| < e®p(No). Since z + ||N?| is continuous, there exists 0 < &5 < &
s.t. {/IN2[| < 23 p(Np) for all |z] < &s.
Similarly, there is 0 < &5 < & s.t. |A;| > e ?|Ao| for all |z| < &5. Choosing & so
small that ¢9p(Lg) < |Ao| we get a neighborhood of zero where p(N,) < |A;|. O

Further reading
T. Kato: Perturbation theory for linear operators, Classics in Math., Springer,

xxi+619pp (1980)



Lecture 4
Application to the Central Limit Theorem

4.1 Spectral gap and the central limit theorem

Setup: Let (X,%,T, 1) be a mixing, probability preserving map. Suppose T has
spectral gap on some Banach space of functions .Z which contains the constants, is
closed under multiplication, and which satisfies the inequalities

1Fgl < [1f gl and [}- [ = [} - []1-

(Example: The transfer operator of the Gauss map, acting on the space of Lipschitz
functions on [0, 1].) In this lecture we show:

Central Limit Theorem: Let v € & be bounded with integral zero. If fv € £ s.t.

n—1 .
y=v—voT a.e., then 30 > 0 s.1. if Y yoT" ﬂ>N(0,0'2), ie.
" k=0 n—yoo

1 ) 1 b a0
X:— oT" € [a,b] p — / e 12" 4t for all intervals a,b).
u { - k:ZO Y [ ]} ot ), fi [a,b]

Here and throughout, N(0,6?) denotes the Gaussian distribution with mean zero
and standard deviation ¢. The CLT as stated and proved here is an abstraction of
results due to Doeblin & Fortet, Nagaev, Rousseau-Egele, and Guivarc’h & Hardy.

4.2 Background from probability theory

Distribution functions: Suppose X is a real valued random variable. The distribu-
tion function of X is Fx : R — [0,1], Fx (1) :=P[X <1].

17
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Convergence in distribution: Let X,,,Y denote random variables (possibly defined

on different probability spaces). We say that X, Sy if PX, <t] — P[Y <1]
n—o0 n—oo

for all # where Fy (1) = P[Y <1t] is continuous.
The reason we only ask for convergence at continuity points of Fy(z) is to deal

with cases such as X;, =2 — %, Y = 2. We would like to say that X, ﬂ) Y, even-
n—soo
though P[X, < 2] A P[Y <2].

Characteristic functions: The characteristic function of a real valued random
variable X is @x (t) = E(e™X).

The characteristic function is the Fourier transform of the unique measure Lp
on R such that pp([a,b)) = Prob(a < X < b). Characteristic functions are useful
because of the following result, which connects the theory of convergence in distri-
bution to harmonic analysis:

Lévy’s continuity theorem: A sequence of random variables X,, converges in dis-
tribution to a random variable Y iff E(eXn) —— E(e") for all t € R.
n—soo

If Fy (¢) is continuous (e.g. Y gaussian), there is even a way to estimate ||Fx — Fy ||«
in terms of the distance between @y, @y (see appendix):

The “smoothing inequality” (Berry & Esseen): 3C > 0 s.t. for every pair of real
valued random variables X, N s.t. that Fy is differentiable, sup |Fy| < oo, and [ |Fx —
Fy|dx < co, then

1T - F
2w J-r lt] T

T is a free parameter which we are free to choose to optimize the bound.

Exercise 4.1. Use the smoothing inequality to prove Lévy’s continuity theorem in
the particular case Y = N(0,62). You may use the fact that the characteristic func-

. . 122
tion of N(0,62) is e 297",

4.3 The proof of the central limit theorem (Nagaev’s method)

Let W, ==y +yoT +---+yoT" ! By Lévy’s continuity theorem (or exercise

1~2

1 1
4.1), it is enough to show that E(e'vi ") = [ &' vi"" dy —— ¢72° 2,
n—o0

Nagaev’s perturbation operators: Define a new operator by Tf= f(e” V). We
think of these as of perturbations of 7 = Ty for ¢ ~ 0.

~ ~ ~ =k
T; are bounded linear operators on .Z, because T; f = T (Y (’,i? vk f), whence
. ~ oo k ~ ~
by our assumptions on % |7 1| < |7 | £ &5 [1wII¥]L£]. and | Z]| < V1|7,

Exercise 4.2 (Nagaev’s identity). f,” f= T\"(e” Vi f).
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Note that E(e¥) = [eVndy = [10T"e™Vrdy = [ T"(e"¥n)du, whence
E(e¥n) = /ﬁ”ldu.

Nagaev’s method is to use analytic perturbation theory of YA“O =T to show that
. ~ 1
E(e™/Viy = [T 1du —s ¢=29°" for some .
N n—soo

Analytic perturbation theory. We replace r € R by z € C and claim that 7 — ﬁ is

analytic. This can be seen from the expansion

l.Z)"

|
1

s

)

=1+ fM"V,, where My : £ — L is My f = vf.

n

My, is bounded, because | My f|| < ||y]|[|f]- TherAefore ||fM$|| <|IT||lw|" and the
series converges in norm on C. By exercise 3.4, T, is analytic on C.

Exercise 4.3. T/ = iT.My. T = —T.M%, (T?") = iT"My, (T")" = ~T"M3, .
(Hint: To find the derivatives for n > 1, use exercise 3.2 and proposition 1.2(1).)

By our assumptions, T has spectral gap. We saw in the last lecture that spectral
gaps survive small analytic perturbations. Therefore there is x positive such that for
every |z| < k, T, = AP, + N, , where P2 = P,, dimIm(P,) = 1, N,P, = P,N, = 0, and
there exists 0 s.t. p[N;] < 0 < |A;].

Since Ty = T, Ao = 1 and Pof = ([ fdu)l (exercises 2.3, 3.8) .

Expansion of the eigenvalue around zero: Let A/, P, YA"Z’ denote the derivatives of
Az Py, YA} at z.

We use exercise 4.3 to find Aj and A. Differentiate both sides of the equation
T.P, = A.P.: i’ P, + T“ZPZ' = A/P,+ A P.. Multiply on the right by P.. Since P? = P,
and P,T, = AP, PT/P, + A.P,P, = AP, + A.P,P.. Substituting z = 0, Ty = iT My,
and Pyf = [ fdu, we obtain that

%:/wduzo.

Next we claim that A”(0) = — lijn L [(yn)?dp. One differentiation of the iden-
tity YA"Z"F} = Al'P, gives (YA“Z”)’PZ + TZ"PZ’ = (A')'P.+ AIP.. Another differentiation
gives (T")'P,+2(T") .+ TP = (A1) P, +2(A) P, + A'P}'. Multiplying on the
right by P, and substituting z = 0, we get

Ro(T3)" P+ 2Py (T3 ) Py = (A) Py +2(A8) Py,

Since (T31) = iT"My,. (I}")" = —T"MZ, . (A} =nAy~'A{ =0, and (A8)" = nA{.

1 1
Ay = —;/(%)zduﬂz/;%%ldu.
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The second term tends to zero, because %l//,, — 0 a.e. by the ergodic theorem,
and because || 2y, P1]|; < sup|y|[|Pj1]i < sup|wyl|||Pj1]| < oo. It follows that 4] =

—1imy e 2 [(y,)?dpt.
We obtain the following expansion of A, near zero:

1 1
A=1- Edztz +0(*) ast — 0, where 6 = {/ lim — [ (y,)2du > 0.

n—oo 11
Exercise 4.4 (Green—-Kubo formula). 6> = [ y?du +2 E Jw(yoTMdu.
n=1

The limit of the characteristic functions:

i it ~
E(elﬁ%):/e'\/ﬁw"d,u:/T\"}ldu:/(l'\',[szH—N",1) du

C Vi
—An (1+/(P,1_p0)1du+/1,"/1v",1du)
Vi Vi Vi i
— A% (140(|P —PRy|)+O(A "N, ) e
ﬁ( 1P+ = Poll) (ﬁll ) A=)
= A" [140(1)], because z — P is continuous and p (N;) < |A;]
v
(11522 3" ~le2?
= (1302 +0((5)) [ +o(1)] — e 4.

This proves that %y[n LN N(0,0?). But we still need to show that & # 0.
n—soo

Positivity of 6: We assume by contradiction that ¢ = 0 and construct a solution
v € Z to the equation Y = v —voT (this contradicts our assumptions).

First we observe that W = u — Tu where u = Y+, ?"y/ (the sum converges
in norm, because Pyy = [ ydp = 0so || T"y| = INGwl — 0 exponentially fast).
Nn—soo
By the Green—Kubo formula,

0=0’= / <1/12+21/1i l//oT”) du = / ((u—fu)2+2(u—fu)fu> du
n=1
((u— Tu)(u— T\u—l—qu)) du = / ((u —Tu)(u+ fu)) du
(2~ Fw?) au = [ (T2 = (Tu)?) du (e, [ Tedu = [ gd)
(f(uz) o — (?uoT)z) du (Vg [goTdu = [gdu)
_ / (E(u?|T ' B) — E|T ' B)?)du (Ve,(Tg)oT =E(g|T ' B)).

Jensen’s inequality (see appendix) says that E(u?|T~'%) > E(u|T~'%)? ae.
Necessarily E(u?|T ' %) = E(u|T ' %)?. Equality in Jensen’s inequality can only
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happen if u = E(u|T~'%) a.e. (see appendix). So u= E(u|1"*1<@) = (fu) oT al-
most everywhere (proposition 1.2). Thus y = u —Tu = (Tu)oT — (Tu) almost
everywhere, whence W =v—voT withv:= —Tu. (|

Further reading

1. B.V. Gnedenko and A.N. Kolmogorov: Limit distributions for sums of indepen-
dent random variables, Addison—Wesley, ix+264pp (1954).

2. Y. Guivarc’h, J. Hardy: Théorémes limites pour une classe de chaines de Markov
et applications aux difféomorphismes d’Anosov. Ann. Inst. H. Poincaré Probab.
Statist. 24 (1988), no. 1, 73-98.

3. W. Parry and M. Pollicott: Zeta functions and the periodic orbit structure of hy-
perbolic dynamics, Astérisque 187-188, 268pp (1990)






Lecture 5
Absence of spectral gap

5.1 Absence of spectral gap

Obstructions to spectral gap: Spectral gap implies exponential decay of corre-
lations. Therefore, if f € L',g € L and Cov(f,go T") — 0 sub-exponentially,
n—oo

then there is no Banach space . which contains f s.t. T:% — £ has spectral gap.

Example (The Manneville-Pomeau map): T :[0,1] — [0,1], T (x) = x(1 +x!**)

mod 1,0 <s < % Here the correlations decay at a rate %1 whenever f is Lipschitz,
no—

g € L*, and f, g are supported inside [discontinuity, 1] and have non-zero integrals
with respect to the absolutely continuous invariant probability measure.

Other obstructions: breakdown of the CLT, non-integrable invariant density, and
(for those who understand what this means) a phase transition.

5.2 Inducing

The induced system: Suppose (X,%,u,T) is a probability preserving map, and
A C X is a measurable subset of positive measure. By Poincaré’s Recurrence Theo-
rem, for a.e. x € A there are infinitely many n > 1 s.t. T"(x) € A.

Let A’ := {x € A: T"(x) € A for infinitely many n}, and define
1. First return time: @4 : A’ — N, @a(x) := 14(x)min{n > 1: T"(x) € A}
2. Induced map (on A): Ty : A’ - A, Ty(x) =T% (x) (x)

Exercise 5.1 (Transfer operator of 7). Show that T f = Y1 T(f1 (a=n])

Sometimes it is possible to choose A in such a way that T, has spectral gap on a
large Banach space, eventhough 7' does not.

23
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Example: Induce the Manneville-Pomeau map on A = [discontinuity, 1]. Unlike
T, Ty is piecewise uniformly expanding:

(T4)' () =T'(0)- [T' ()T (T%%) - T/ (77 )] > min 7/ > 1.

7 [discontinuity, 1]

>1

In fact Ty is a piecewise onto, uniformly expanding, interval map on A.

One can show, exactly as in the case of the Gauss map, that T, has spectral gap
on . := {Lipschitz functions on A}.

The question is how to use the spectral gap of T to obtain information on the
asymptotic behavior of T" as n — oo, This is purpose of “operator renewal theory.”

5.3 Operator renewal theory

The basic construction: Define operators 7,,R,, : L'(A) — L!(A) by

I To=1,T,f=14-T"(f14)
2. Rp=0,R,f = lA'Tn(f1[<pA=n])

These operators satisfy a non-commutative version of the “renewal equation” from
probability theory:

The renewal equation: 7, = ToR,+ TR, +---+ T, R| and
T, = RnTO +Ry i+ +R Ty

Proof. Forevery u € L*(A),

/A uTyfdu = / (Lau) o T" 14 fdu = / (lau)o T ~(k§11[<pA:k}f)du

I
(agE

(lAu) oT"- l[q)A:k]fd/vL (. (lau)oT"=0o0n [@s > n])

~
Il

|
D=

(lAu) oT" koTk. (1 [(pA:k]f)d”

~
Il
R

(lAu) o k. f"(l[%:k]f)du

~
I
-

[
D=
— — — —

I
(agE

(1aue) o T" *- 15T (19, g f)di (.- supp[T¥1 (g, _y] C A)

~
Il

(aw) o T"*Ryfdu = Y, / (1) TRy fld
k=1

=~
Il
—_

I
™=
—

(Tn—kRk)f> d.u'

Il
—
<
RS
1=
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Exercise 5.2. Prove the other inequality, using the following decomposition:
(Lau) o T" - 14 = (I yearrn(xjcar) o T" - 14

n—1

— n

- ( Z (1{last visit to A before time 7 is at time k} u) ol ) 1a
k=0

Generating functions: Let 7(z) :=1+Y,>,2"T, and R(z) = Y,,>1 Z"Ry.

Notice that R(1) = Y R, = Tj. Since ||T;,|,|[Ra]| < 1 as operators on L!, these
power series converge on {z: |z| < 1} and are analytic on {z: |z| < 1}. The following
exercise gives the generating function form of the renewal equation.

Exercise 5.3. T(z) = (I — R(z)) ! forall |z < 1.

The idea: T(z)f is a generating function of 14 T"(f14), therefore it contains infor-
mation on the asymptotic behavior of T”. R(z) is a perturbation of R(1) = T4. This
suggests the following strategy:

1. Find a set A s.t. Ty has spectral gap on some space
2. Use the spectral gap of R(1) and perturbation theory to analyze R(z) for z = 1
3. Use the renewal equation T'(z) = (I —R(z)) ™" to deduce information on T'(z)

The last two steps are handled by the following abstract theorem.

Theorem (Gouézel, Sarig). Suppose T, are bounded linear operators on a Banach
space L s.t. T(z) = I+ Y, 2'T, converges in the operator norm on the open unit
disk. Assume further that

1. Renewal equation: 7(z) = (I—R(z)) "' on {z:|z| < 1}, where R(z) = ¥,,>1 Z"R»
and ¥ |[Ry| < o=

2. Spectral gap: R(1) = P+ N where P*> = P, dimIm(P) = 1, PN = NP = 0 and
p(N) <1

3. Aperiodicity: I — R(z) is invertible for every z # 1 s.t. |z] < 1.

If Yion |Ri|| = O(n=B) for some B > 1 and PR'(1)P # 0, then there are bounded

linear operators &, : £ — L s.t. ||€,]| = o(n= B~V and

1

a

1 (=)
P+— Y P+e
k=n+1

T

where a is given by PR'(1)P = aP, and P, = ¥ y~, PR;P.

Let’s calculate a, P, P in the dynamical context. Suppose T is a mixing probabil-
ity preserving transformation whose transfer operator T satisfies the conditions of
the theorem with some Banach space . such that . C L'(A) and Il =11
In this case T f = 1aT"(f14), Ruf = 1aT" (f1[g,=p))- and R(1) f = Tu f (f € L).
o Pf= (ﬁ Ju fdu) 14: Since T is ergodic, Ty is ergodic (exercise), there-

fore %ZIIV i{l 5 ﬁ Ju fdu. By the spectral gap assumption, %Zﬁv YAX‘ f=

n Z i
%Zﬂv(P‘FN) f — Pf. Necessarily Pf = ﬁfAfd“'
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=1 ) : This is because PR'(1 )Pf_ fA[ZnT"(PfI a)ldu =
ﬁ): u(lp=nNT"A)Pf = 115 ):n[,l[ n|Pf = Pf because
Y nu[@ = n] = 1 by Kac formula. So PR'(1)P = ﬁP

o Pf= % [ > n]Pf: direct calculation as above.

A

Exercise 5.4. Use this to show that for the Manneville-Pomeau map equipped with
its acip U, for every f, g bounded Lipschitz supported inside A := [discontinuity, 1]

st [ fdu, [ gdu #0,

Cov(f,goT") = Z wla > k) /f/g

k=n+1

The estimate we mentioned at the beginning for the polynomial rate of decay of
correlations for this map is obtained by further analysis of u[@4 > k] as k — eo.

Further reading

1. S. Gouézel: Sharp polynomial estimates for the decay of correlations. Israel J.
Math. 139 (2004), 29-65.

2. O. Sarig: Subexponential decay of correlations, Invent. Math. 150 (2002), 629—
653.



Appendix A
Supplementary material

A.1 Conditional expectations and Jensen’s inequality

o-algebras and information Recall that a 6-algebra on a set X is a collection
% of subsets of X which contains @ and X; is closed under complements (A €
F = A°:=X\A € #); and is closed under countable unions and intersections:
{An:ineN} C B = Ups1An,Ny>1An € B.

A sub-c-algebra of (X, %) is a o-algebra . on X such that % C 2.

To understand the heuristic foundations for the definition of the conditional ex-
pectation given .%, it is useful to think of .%# as of a representation of the “partial
information” on an unknown point x € X contained in the answers to all yes/no
questions of the form “is x € F?” with F € .#.

Examples: Suppose X = R and 4 is the Borel o-algebra.

1. Suppose A € A is a set and all we know is whether x € A or not. This partial
information is represented by .% = {&,R,A, A}

2. Suppose A, B € A are sets and all we know is whether x € A, B or not. This partial
information is represented by .% :=smallest o-algebra containing {A, B}. This is
the collection of all sets which can be written as a union of the elements of the
partition generated by A, B, namely {&,ANB,A\ B,B\A,(AUB)}.

3. Suppose we know |x| but not x. This partial information is represented by % :
{E€ % .E=—-E}

4. Suppose we know nothing on x. The corresponding o-algebra is { &, R}

A function f : X — R is called .#—measurable, if for every t € R, [f < 1] :=
{x € X : f(x) <t} belongs to .%. Notice that if f : X — R is .#-measurable, then
there are countably many F, € .% so that f(x) can be calculated for each x from the
answers to the questions “is x € F'?”. To see this take an enumeration of the rationals
{tn}, let F, ;= [f <1,], and observe that

fx):=inf{r e Q:x € [f <t]} =inf{t, : x € F,}.

27
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The “best estimate’ given partial information: Suppose g is not .# —measurable.
What is the “best estimate” for g(x) given the information .%?

When g is in L?, the “closest” .%-measurable function (in the L?>—sense) is the
projection of g on L?(X,.%, ut). The defining property of the projection Pg of g is
(Pg,h) = (g,h) forall h € L>(X,.7 ).

In practice, one often needs to work with the larger space L!. There is only one
way to continuously extends the definition from L? to L! and it is the following:

Definition: The conditional expectation of f € L'(X, 28, 1) given .7 is the unique
L'(X,.Z,u)—element E, (f|.#) which satisfies

1. Ey(f]#) is F—measurable;
2. Vo € L” F-measurable, [ QE,(f|.7)du = [@fdu.

Note: L'-elements are equivalence classes of functions, not functions. Any function
which defines the same L'-element as E, (f|.%) is called a version of Ey(f|.%).
There are many possible versions (all equal a.e.).

Proposition A.1. The conditional expectation exists for every L' element, and is
unique up sets of measure zero.

Proof. Consider the measures vy := fdu|z and p|z on (X,.#). Then vy < U.

. d . o
The function E, (f|.%) := diuf (Radon-Nikodym derivative) is .#—measurable, and
it is easy to check that it satisfies the conditions of the definition of the conditional
expectation. The uniqueness of the conditional expectation is left as an exercise. [

Proposition A.2 (Basic properties).

1. f = Ey(f|-F) is linear, bounded, and has norm one as an operator on L';
2. F>0=Eu(f|F) > 0ae;

3. if his F—measurable, then By (hf|.F) = hE,(f|F);

4. If F1 C Fa, then By [By (f|F1)| 2] = By (f|F2).

The proof is left as an exercise.

Proposition A.3 (Jensen’s inequality). Suppose ¢ : R — R is twice differentiable
with strictly positive second derivative, then for every f € L™,

Eu(@of|7) = o[Eu(f|F)] ace.,
and By (@o f|.F) = @[Eu(f|-F)] a.e. iff f = g a.e. where g is F—measurable.

Proof. The content of the assumptions on ¢ are that ¢ is strictly convex. In partic-
ular, ¢ lies strictly above its tangent lines:

o) > @' (x)(t —x)+ ¢@(x) forallx € X, t # 0.

Fix once and for all an .#—measurable version of E, (f|.%). Given x, let m(x) =
¢'[Ey(f|-F#)(x)]. This is a bounded .% —measurable function, and
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¢(1) > m(x)(t =By (f|7) (x) + @[Ey (f.7) (x)] for all  # By, (f].7) (x).

In particular

PLf ()] = m(x)(f (x) = En (f1:F)(x) + [En (f.7) (x)] for all x, (A.1)

with equality only at the x where f(x) = Ey (f|.-%)(x).
Taking conditional expectations on both sides, and recalling that E, (-|.#) is a
positive operator, we see that

Eu(@ofl7) 2 Bu(m(f —Eu(f17))|F) + @[Eu(f17)]

=mE,(f —Eu(f|.F)|.F) + @[Eu(f|-#)] (. misbounded, .#—measurable)

:m(E”(ﬂ,ﬁZ)—E”

=m(Eu(f|.#) —Eu

= @By (f7)(x)].
SoEu(@o fl.#) > @[Ey(f|.#)] almost everywhere.

The chain of inequalities also shows that E, (¢ o f|.7) = @[E, (f].%)] iff there is
equality a.e. in (A.1), which happens exactly when f(x) =E, (f]|-%)(x). So Ey(¢o

fIF) = o[Eu(f|F)] ae. iff f =E,(f|-#) a.e., and this is the same as saying that
f has an .# —measurable version. O

Eu(f17)1F)) + @[Eu(f17)] (prop A.2 part 1)

(
(f17)) + @[Eu(f|.F)](prop A. 2 part 4)
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A.2 Mixing and exactness for the Gauss map
Mixing: A probability preserving map (X, %, 1, T) is called mixing, if for every
A,Be B, u(ANT"B) — w(A)u(B).

Exactness: A (non-invertible) non-singular map (X, %, i, T) is called exact, if for
every E € (r_o T "%, either u(E) =0or u(X\E)=0.

Proposition: An exact probability preserving map is mixing.
Proof. Suppose (X, %, 1, T) is exact. Since T is measurable, T "% is a decreasing

1
sequence of c—algebras. By the Martingale convergence theorem, E(A|T " %) SEOEN

n—

E(A|M_o T "%B) =E(A|{@,X}) = u(A) forall A € . So for all A,B € B,
WANT"B) :/IA(IBOT")d,u - /E(1A|T’”<@)130T”du

— [nnmorau+o( [ [T #) - p)|an) - w@wu@. O
Theorem (Rényi). The Gauss map T (x) = {%} is exact with respect to its abso-
lutely continuous invariant probability measure.

Proof. Tt is enough to show that T is exact with respect to Lebesgue’s measure m.

Let v, : [0,1] — [0, 1] denote the inverse branches v, (x) = a—}rx (a € N), and set for

every a = (ai,...,an), Va = Va, © - 0Vg,. Let [a] := v,4([0,1)). This is the set of all
numbers whose continued fraction expansion starts with a.

Rényi’s inequality: 3C > 1 s.t. C~'m[a|m[b] < mla,b] < Cmla]m[p] for all a,b
Proof: m[a,b] = /1[2]1@ oT gm — /[b] f|g|1[g]dm

- /[h] vgdm (. a#b= 1y ov, =0 by exercise 2.5 e)

= /[b] Gt'mlaldm = GF'm[a]m[b] (exercise 2.5 d. )

(Here a = G*'h means G~! < a/b < G.)

Standard approximation arguments show that for every g and B € %,
™' mlam(B) < m(la) nT ™ (B)) < Cm[a)m(B)

We can now show exactness. Suppose B € (07 "% and m(B) # 0. For every
n, there is B, € 9 s.t. B= T "B, therefore for every a with |a| = n,

m(BNla]) =m(T~"B,Nla]) > C~'m(B,)mla).



A.2 Mixing and exactness for the Gauss map 31

Notice that ﬁ < Z—ﬁ <2In2 wheredu = ﬁ ﬁdx is the absolutely continuous in-

variant measure of the Gauss map. So m(B,,) > leﬁu(Bn) = ﬁu(B) > ﬁ,u(B).
We see that

m(BOla)  m(B)

> 5 for all a.
mla 4CIn~=2

Let .7, := o—algebra generated by {[a] : |a| =n}, then E,,(15|-F,) = ¥ |4/=n m(BOla]) y la]

mla]
(exercise). Therefore E,,(15|.Z,) > 421(1?2) 5 But .%, T % so by the Martingale con-
vergence theorem lim, 0 E,, (15].%,) = E,,(15|8) = 1. So 15 > 0 a.e., whence

m(X\B) =0. O

Reference: J. Aaronson, M. Denker, and M. Urbanski: Ergodic theory for Markov
fibred systems and parabolic rational maps. Trans. Amer. Math. Soc. 337 (1993),
no. 2, 495-548.
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A.3 Hennion’s theorem on quasi-compactness

Theorem (Doeblin & Fortet, Ionescu-Tulcea & Marinescu, Hennion). Suppose
(B, || |l) is a Banach space and L : B — B is a bounded linear operator with spectral
radius p(L) for which there exists semi—norm || - ||" s.t.:

L ||-|" is continuous on B;

2. there exists M > 0 s.t. ||Lf||" < M||f]| for all f € B;

3. for any sequence of f, € B, if sup||ful| < oo then there exists a subsequence
{ni}i>1 and some g € B s.t. ||Lfn, —g||’ H—; 0;

4. therearek>1,0<r<p(L), and R > 0 s.1.

ILEFI < AT+ RIA (A2)

Then L is quasi-compact.
Proof. We first give the proof in the special case k = 1.
Fix r < p < p(L) arbitrarily close to r, and let

A(p,p(L) :=={z€C:p <[zl <p(L)}.
The plan of the proof is to show that for all z € A(p,p(L)),
e K(z):= U ker(zI —L)" is finite dimensional, and I(z) := () Im(z/ — L)’ is closed;
>0 >0
e K(z),I(z) are L-invariant and B = K(z) ®1(z);
o (zl—L):I(z) — I(z) is a bijection with bounded inverse;
o thesetof A € A(p,p(L)) s.t. K(A) # {0} is finite and non—empty.

This implies that the intersection of the spectrum of L with the annulus A(p, p(L)) is
a finite set of eigenvalues with finite multiplicity, because if z is not an eigenvalue,
then K(z) = 0, whence B = I(z), whence (zI — L) : B — B is a bijection with a
bounded inverse, and z is outside the spectrum of L.

Once we have this spectral information, we let {A;,...,A;} denote the eigenval-
ues of Lin A(p,p(L)) and form

By the properties of K(z),I(z) mentioned above, F,H are L-invariant, F is finite di-
mensional, and H is closed. We will show, using standard linear algebra techniques,
that B=F @ H, that the eigenvalues of L|r are A,,..., 4, and that the spectral radius
of L|y is less than p.

The double norm inequality (A.2) and the semi—norm || - ||" are used in the fol-
lowing statement, which is the main technical tool:
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Conditional Closure Lemma: Fix |z| > r and let {g,}n>1 be a sequence in B s.t.

gn= (e —L)fy, has a solution f, € £ foralln. If g, LN g and sup|| f, || < oo, then
n—roo

{fu}tn>1 has a subsequence which converges in B to a solution f of g = (zI — L) f.

Proof. Starting from the equation (g, — gm) = (zf — L)(f, — fin), we see that

|zl fn = full = 11(8n — 8m) +L(fu — f) Il < l|8n — &mll + 7o = fnll + RI| fr *fm”/-
Rearranging terms, we obtain

1 /
1o = finll < 77— [llgn = gmll + [l = funll'] - (A.3)

2| —r

B
1. |lgn — gm|| tends to zero as n,m — oo, because g, — g

n—oo

2. To deal with || f, — fi||" we start again from g, = (zI — L) f,, and deduce

|z| - [ fu _fm”/ <lgn _gmH/+ 1L fn _Lfm||/~

Since sup || fu|| < oo, there is a subsequence {Lf;, }i>1 s.t. ||Lfn, — h||" — 0 for
some h € B. Since |- ||’ is continuous, ||g,, — g||" = 0. Thus || f,, — fm |l <

ﬁ(”gnk *gmkH/+ HLfnk 7Lfmk||/) k’ﬁ;j 0.

Returning to (A.3), we see that || f,,, — f, || T 0,sodfeBst. fp, kAB—+ f. Since
A—ro0 —vo0
zI — L is continuous, g = (zI — L) f, and we are done.

Riesz Lemma: Let (V.|| -||) be a normed vector space, and suppose U CV is a
subspace. If U # V, then for every 0 <t < 1 there exists v €V s.t. ||[v|| = 1 and
dist(v,U) > t.

If V were a Hilbert space, then any unit vector in U~ would work with z = 1. The
point of Riesz’s Lemma is that it holds in general normed vector spaces.

Proof of Riesz’s Lemma. Fix vo € V' \ U, and construct uy € U s.t. dist(vo,U) <
|[vo —uo|| < Ldist(vo,U). Calculating, we see that for every u € U,

Since this holds forall u € U, v := (vo —up)/|

Vo — Uy u
[vo—uoll  [[vo — uol|

‘: [lvo — (o +u)|] o dist (vo,U) _,
vo—uoll = Ldist(vo,U)

vo — up|| is as required.

We are now ready for the proof of Hennion’s Theorem. Define

K(z):= (Jker(z —L)", I(z) := () Im(z/ — L)".
>0 >0

Step 1. Let Ky(z) := ker(zI — L)', I;(z) := Im(zl — L)* and suppose |z| > r, then

1. Ky(z) is finite dimensional for all {;
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2. I)(z) is closed for all £;
3. there exists € s.t. Ky(z) = K(z) and I;(z) = 1(2).

Proof. Fix zs.t. |z| > r, and let Ky := Ky(2), 1y == I1(z).

We show by induction that dim K; < o for all £. Suppose by way of contradiction
that dim K| = oo. Using the Riesz Lemma with ¢ = 1/2, it is not difficult to construct
fon€ker(zI —L) s.t. || full = 1 and || fi, — fin]| > 1/2 for all n # m. We have for all n,
sup|| ful] <oeand (zI —L)f, =0, so by the conditional closure lemma { f; },>1 con-
tains a convergent sequence. But this cannot be the case, so we get a contradiction
which proves that dim K < oo.

Next we assume by induction that dimK; < oo, and show that dimKy | < oo.
Assume by contradiction that dim K, | = oo, then 3f,, € ker(zl — L)1 s.t. || f,]| =1
and || f, — fim|| > 1/2 for n # m. By construction g, := (zI — L) f,, € Ky, and ||g,|| <
|z| + ||L||. The unit ball in K is compact, because dimK; < o by the induction
hypothesis, so Jny 1 o0 s.t. g, converges in norm. By the conditional closure lemma,
Ing, s.t. {f,,k[} converges in norm. But this cannot be the case because || f;, — fi|| >
1/2 when n # m. So dim Ky must be finite. This concludes the proof that K, has
finite dimension for all £.

Next we show that I, := Im(zl — L)’ is closed for all £. Again we use induction
on /, except that this time we start the induction at ¢ = 0, with the understanding
that (z — L)° = I, whence Iy = Im(I) = B. This space, of course, is closed.

We now assume by induction that I, is closed, and show that I, = (zf — L)I; is
closed. We must show that for every sequence of functions g, € (zI —L)Iy, if g, — g,
then g € (z/ — L)I,. Write

8n = (ZI*L)fna San€lp.

We are free to modify f;, by subtracting arbitrary elements of K; N1,. For example,
we may subtract the closest element to f, in Kj N1y (the closest element exists since
dim K] < o and /; is closed). Thus we may assume without loss of generality that

”fn” = dist (fnaKl ﬁlf)-

We claim that sup || f,|| < eo. Otherwise, Iny T oo s.t. || f, || = oo, and then g,,, /|| f, || =
0 (because g,, — g). But

8ny ( —L) fnk

= ZI
e e

so Jny, T oo s.t. fnk[/”fnk[ || = h where (zI — L)h =0 (conditional closure lemma).
Since f, € I, and Iy is closed, & € I;. Thus f”k[/”fnk( || = h € K1 N1;. But this is

impossible, since we have constructed f, so that dist(f,/||f.|,Ki) = 1 for all n.
This contradiction shows that

sup || fal < oe.

Since sup || fu|| < oo, g» — &, and g, = (zI — L) f;, the conditional closure lemma
provides a subsequence ny T oo s.t. f,,, — f where g = (z/ — L) f. The limit f belongs
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to Iy, because f,, € I; and I; is closed by the induction hypothesis. Thus g € (zI —
L)I; = I as required. This concludes the proof that I, is closed for all /.

We show that K(z) = K, for some /. By definition, K; C K, C ---, so if the
assertion is false, then K,,_; C K, infinitely often. Construct, using the Riesz lemma
a sequence of vectors fy, € Ky, s.t. ng — oo, || fy, || = 1 and dist (f,,, Kyy,—1) > 5. So
{fu }>1 is 3—separated.

We claim that for every m € N, {L" f,,. };>1 is 1|z[""-separated. To show this
we write z7"L" f ik — 27 "L" fo; = fprn — [(1 =2 "L") frk + Z_mmeni]v and
show that the term in the brackets belongs to K, . This means that |[L" f,, x —
meniH Z ‘Z|mdi5t (fl’li“rk)Kni‘kal) Z |Z|m+l/2'

We begin with two trivial observations on K;. Firstly, L(K;) C K; (because (zI —
L)L = L(zI — L)"). Secondly, (zI — L)K; C K;_;. The first observation shows that
L"f,, € Ky;. The second observation shows that

m—1
LJKn,'Jrkfl - Kn,—+k71~

m—1
I=2"L") fupx = Y, 2 /(I =2 'L) fopn €
=0 Jj=0

Jj=

Thus the term in the brackets belongs to Ky, +x—1, and ||L" f,, 1 — L™ f || > 3|z
We obtain a contradiction to this fact as follows. Recall that we are assuming that
(A.2) holds with k = 1. Iterating, we get for all m and f € B,

m
1L £l < A+ R Y AL
j=1
Applying this to Lf;,, — Lf,, we get

L™ fog =L o, || < LSy — L | +R Y. ¥\ LS, — L1 ||
j=1

m
<YLY +R Y M| Lf — LI
j=1

By our assumptions on || - ||', since sup || f, || < o, Fk; T oo s.t. | Lfn, —h||" — O for
some h € B. This means that for all € > 0 and m > 1, we can find i ;Z Jj so large that

L oy, =L o | S 20L] " -2

Choosing m so large that 2||L||" < }|z|™*! and € < {|z|"*!, we obtain k; # k;
s.t. ||Lm+1f”k,~ fLm“fnkj || < %|z/™*!. But this is impossible, because {L" f;,, }i>1 is
3|2/ ! -separated.

This proves that the sequence K; C K, C --- stabilizes eventually. A similar ar-
gument, applied to I} O I, D --- shows that that sequence eventually also stabilizes.
The first step is complete.

Step 2. LK(z) C K(z), LI(z) C1(z), and B = K(z) ®1(=).
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Proof. The first two statements are because L commutes with (z/ — L)*. We show the
third. The previous step shows that for some m, K(z) = Ky,1(z) = I, for all £ > m.
So it’s enough to show that B = K, & I;,.

B =K, +1I,: Suppose f € B, then (zI —L)"f € I, = L, (." 2m > m), so 3g € B
sit. (2l —L)"f = (zI — f)*"g. We have f = [f — (zI —L)"g] + (l — L)"g € Ky + .

KNI, = {0}: Suppose f € K,yN Iy, then f = (zI — L)"g for some g € B. Nec-
essarily (z —L)?"g = (2 — L)"f =0, s0 g € Ka,. But Ka,, = K;pp, 50 g € K. It
follows that f = (zI — L)"g = 0.

Step 3. (zI — L) : I(z) — 1(2) is a bijection with bounded inverse.

Proof. Let m be a number s.t. 1(z) = I, K(z) = K. (zI — L) is one-to-one on I(z),
because ker(z/ — L) N1(z) € Ky Ny € Ky Ny = {0}. (2I — L) is onto I(z), because

(zI —L) :1(z) — I(z) is a bijection.

Since I(z) is a closed subset of a Banach space, (1(z), || - ||) is complete. By the open
mapping theorem, zI — L : I(z) — I(z) is open. So (zI — L)~ is continuous, and
therefore bounded.

Step 4. K(z) = 0 for all but at most finitely many z € A(p,p(L)). K(z) # 0 for at
least one z s.t. |z| = p(L).

Proof. Suppose by way of contradiction that K(z) # {0} for infinitely many different
points z; € A(p,p(L)) (i > 1). Since A(p, p (L)) is compact, we may assume without
loss of generality that z, — z € A(p,p(L)).

n—yoo

Since K(z,) # 0, ker(z,d — L) # 0. Let F,, :=ker(zyI — L) ® --- ® ker(z,d — L),
then F1 C F> C F3 C ---. We now argue as in step 1. By the Riesz Lemma, 3f, € F;,
s.t. || full = 1 and dist (f,,, F,—1) > . Using the obvious inclusion

men+k - men € Z:zn+kfn+k + Fopi—1

we see that ||L™ f,, 1 — L™ fu || > dist (2!, foiks Fna—1) > %|zn+k|m > %p’”. But this
is ruled out by (A.2) as in step 1.

Thus {z € A(p,p(L)) : K(z) # 0} is finite. Next we claim that it contains an
element on {z: |z| = p(L)}. Otherwise, 3p’ < p(L) s.t. K(z) = 0 for all |z] > p’.
This means that /(z) = B for all |z| > p’, whence by the previous step, (z/ — L) has
a bounded inverse for all |z| > p’. It follows that the spectral radius of L is less than
or equal to p’. But this is not the case, because p’ < p(L).

Step 5. Let Ay,...,A denote the complete list of different eigenvalues of L in
A(p,p(L)), then F := @_, K(X) is a direct sum, dimF < oo, L(F) C F, and the
eigenvalues of L|p are Ay, ..., A.

Proof. Suppose v; € K(4;) \ {0} and ¥ ot;v; = 0. We have to show that o;; = 0 for all
J- Suppose by way of contradiction that a;; # 0 for some j.

Find, using step 1, anm > 1 s.t. K(A;) = ker(A4;I — L)™, and set p;(z) := (A4, —2)".
For every j, let q;(z) := [1;; pi(z), then q;(L)v; = 0 for all i # j, and so
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0=gq;(L) (Z aiVi) = ajq;(L)v;.

Since aj # 0, ¢;(L)v; = 0. Obviously, also p;(L)v; = 0.

The polynomials ¢g;(z),p;(z) have no zeroes in common, so they are relatively
prime. Find polynomials a(z),b(z) s.t. a(z)p;(z) +b(2)gj(z) = 1.

So a(L)p;(L)vj+b(L)g;(L)v; = v;. But the left-hand-side vanishes, so v; =0
contrary to our assumptions. Thus the sum defining F is direct.

The dimension of F is finite by step 1. Clearly A4y, ...,A, are eigenvalues of L|p.
There are no other eigenvalues because [T:_; (A — L|r)™ = 0, so the minimal poly-
nomial of L|¢ divides [T;_, (A; — 7).

Step 6. H :=(\._, I(A;) is closed, L(H) C H, and B=F ® H.

Proof. H is closed by step 1, and L-invariant by step 2.
Forevery i =1,...,t B=K(4;) ®H(A;) (step 2), so there exist continuous pro-
jection operators 7; : B — K(4;) s.t. for every f € B,

m(f) € K(4;) and (I —m;)(f) € I(4).

(Existence is because of the direct sum decomposition; continuity can be checked
using the closed graph theorem.) We have

l. mL = Lm;, because LK(A;) C K(A;),LI(A;) CI(A);
2. i# j= mn;=0: Suppose u € B, and let v := m;(u). Then v € K(A;), so Im s.t.
(AT —L)"v=0.So0 ((Aj — A)I+ (LI —L))"v =0, whence

m L m m—e
(Aj—Ai) v+; <€>(/1,»;L,-) ‘Ml — L)'y =0.

Sov=—(A;—4) "5 (})(A; — A;)"~H(MI — L)"v. Tterating this identity we
see that for every n

(=1

v= l(szi)""i (’Z) (zjx,»)m-f(xizL)f] veIm(Al—L)",

whence v € I(A;) C kerm;. It follows that (; 0 ;) (u) = mi(v) = 0.

We can now show that B= F ® H. Every f € B can be decomposed into

-

m(f)+ (f—im(f)) :
i=1

1

1

The left summand is in F, the right summand is in }_, kerm; = (., () = H.
Thus B=F + H. At the same time F NH = {0}, because if f € FNH, then 7;(f) =0
for all i (because f € H), whence f = 0 (because f € F).

Step 7. The spectral radius of L|y is strictly smaller than p.
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Proof. Tt is enough to show that (zI — L) : H — H has a bounded inverse for all
|z| > p. Fix such a z, and let & be some element of H.

Suppose z & {A1,..., A}, then K(z) = {0} soI(z) =B.Bystep 3, (z/ —L): B— B
is invertible with bounded inverse.

Now suppose z = A; for some i. Recall that (A,] — L) : I(A;) — I(4;) is an isomor-
phism, so 3! f € I(A;) s.t. h = (A — L) f. We show that f belongs to H, by checking
that 7r;(f) =0 for all j. If j =i, use f € I(A;) = kerm;. If j # i, then

0=mj(h) = mj(Ad — L) f = (Al — L)m;(f),

so 7;(f) € K(A)NK(Aj) = {0}. Thus f € Nkerm; = H. We see that 3!f € H s.t.
h=(zI —L)f. It follows that (z/ — L) : H — H is invertible. Since H is closed, H is
a Banach space. By the inverse mapping theorem, (zI — L) ! is bounded.

In summary, B = F & H where F, H are L—invariant spaces such that (a) F is finite
dimensional, (b) H is closed, (c) all the eigenvalues of L|r have modulus larger than
or equal to p, and (d) the spectral radius of L|g is strictly less than or equal to p. In
other words: L is quasi-compact.

Step 7 completes the proof of Hennion’s theorem in the special case when (A.2)
holds with k = 1. Suppose now that (A.2) holds with k£ > 1. By what we just proved,
L¥ is quasi-compact, and we can decompose

B=F®H

where Fy, Hy are closed linear spaces s.t. L*(Fy) C Fy, L*(Hp) C Hp, dim(F) < oo,

and there exists ¥ < pk < p(L¥) arbitrarily close to 7 such that all eigenvalues of

LK| F, have modulus at least p* and the spectral radius of LF| H, 1s strictly less than

p*. Since p(L¥) = p(L)*, r < p < p(L) and p can be chosen arbitrarily close to r.
We saw in the proof above that IA;,..., A, s.t. [A;| > p s.t.

Fy= é()}ker[(/lil —L5m).

i=1
There is also a useful formula for Hy:
Claim: Hy = {v € B : limsup || L*v||'/* < p¥}.

Proof. The inclusion C is because p(Lk|H0) < pk. To see D we first observe that
L¥: Fy — Fy is invertible, because dim(Fp) < o and ker(L*|r) = {0} since zero is
not an eigenvalue. So for all v € Fy, ||v|| < ||[L™%|g ||||[L*V||, whence

1
toe p(LHR) — max{|2;"|

ke 176 1) 7 —kt) —1/¢ k
(12 R [ [ T 2 PN [ }Zp,

Now suppose v # 0 satisfies limsup ||Lk€|| e < p*, and decompose v = f -+ h with

f € Fy,h € Hy. Then f = 0, otherwise ||L*v|| grows too fast. So v € Hp.
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Let F| := Z];;(l) L/(Fy). This is a closed L-invariant space, and dim(F) < . Sup-
pose the minimal polynomial of L¥|f, is p(t). For every v € L(F), p(L)L* /v =0,
and so p(L)L*v = L/ p(L)L*~/(v) = 0. So the minimal polynomial of L|r divides
t*p(¢%). Tt follows that all eigenvalues of L|r are either zero or are k-th roots of
eigenvalues of Lk| Fy- As such, they are either zero or have modulus at least p. Let
Ui, ..., s denote the non-zero eigenvalues, then

N
F=Fol/J ker(L/|F, ), where F := PbuU ker[(til — L], )]

j>1 i=1 j>1

F has finite dimension, L(F) C F, and all eigenvalues of L|r have modulus > p.
One shows as in the claim that for all v € F \ {0}, liminf || L‘v||'/¢ > p.

Next write H := Hy® U >, ker(L/ |, ). This is again a closed L-invariant space,
and because of the formula for Hy,

H = {veB:limsup | Lv|'* < p}.
Clearly FNH = {0}, and clearly F +H = (F 4+ ;>  ker(L/|r,)) +Ho 2 Fi +Ho 2
Fo+Hy=B.So B=F @H and L is quasi-compact. ]

Reference: H. Hennion and L. Hervé: Limit theorems for Markov chains and
stochastic properties of dynamical systems by quasi-compactness, Lect. Notes in
Math. 1766, Springer, 145pp (2000)
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A.4 The analyticity theorem

Theorem (Dunford): Suppose T : U — B is a function from an open set in C to a
Banach space B. The following conditions are equivalent:

1. Weak analyticity: For every bounded linear functional ¢ : B — C, @[T (2)] is
holomorphic on U.
2. Strong analyticity: For every z € U there is T'(z) € B (called the derivative at z)

(z+h) ()_ 0
st | FERE ()| s

Proof. (2)=-(1) is obvious, so we only do (1)=-(2).

Lemma. Suppose B is a Banach space and x, € B satisfy ||x,|| — oo, then there
exists a bounded linear functional @ s.t. Q(x,) — .

Proof: Let B* denote the space of bounded linear functionals on B equipped with the

norm || @|| = sup ‘(ﬂf“‘) L Every x, € B defines a bounded linear functional x, : B* — C

through x; (@) = @(x,), and it’s an easy consequence of the Hahn—Banach Theorem

that ||x}|| = ||xx]|- So sup ||x}|| = e. By the Banach-Steinhaus Theorem, there must

exist @ € B* s.t. supx} (@) = oo, which is exactly what the lemma asserts.

We now prove (1)=-(2). Suppose T'(z) is weakly differentiable on U. ||T(z)||
must be locally bounded in U, otherwise Jz, — z € U s.t. ||T(z,)|| — oo, and then
by the lemma @7 (z,,)] — oo for some bounded linear functional ¢. But @[T (z,)] —
¢[T ()] because @[T (z)] is holomorphic and therefore continuous.

We show that D(h) := +[T (z+h) — T (z)] satisfies the Cauchy criterion on U as
h—0. Since o[T(z )] is holomorphic on U, it satisfies Cauchy’s Integral formula:

o[T(2)] = 2m fﬁ;Br (z) is a disc with center z and radius r so
small that B,(z) C U. Dlrect calculations show that
_h-k Q[T (S)]
oD D0 =5, E T E - T E T

Setting M := sup{[|T(&)| : |& —z| < r}, we have for all ||, |k| < ir

27rr 4M||(p||

|9[D(h) = D(K)]| < [h— k|- Z— - —7—

r

Since this holds for all bounded linear fuctionals, and by the Hahn—Banach the-
orem [|x[| = sup{[@(x)|: ¢ € B, [|g[| = 1},

D) D] < Ih—k- 2 22 = oK)

The Cauchy criterion follows. So lim;,_, h[ (z+h) —T(z)] exists. O
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A.5 Eigenprojections, “separation of spectrum”, and Kato’s
Lemma

Theorem (Sz.-Nagy, Wolf). Suppose L is a bounded linear operator and Spect(L) =
Lin W Xour where Xy, Yoy are compact, and let 'y be a smooth closed curve which
does not intersect Spect(L), and which contains X, in its interior, and X,y in its
exterior. Then

1 P:=5- $y(al — L)~ 'dz is a projection (P* = P), therefore £ = ker(P) ©Im(P).
2. PL=LP, therefore L(ker(P)) C ker(P) and L(Im(P)) C Im(P).
3. SpeCt(Lllm(P)) =X, and SpeCt(L|ker(P)) = Zour-

Step 1: P is a projection.

Proof. Let R(z) = (zI —L)~". Since y is compact and outside the spectrum, ||R(z)|

is continuous and bounded on 7. It follows that ||P|| < . We show that P?> = P.
“Expand” ¥ to a larger curve y* which contains X;, Uy in its interior and X, in

its exterior. P can be calculated by integrating on y* instead of y (prove!), and so

P2 = (2%)2 .f;R(z)dz 74?* R(w)dw = Zm ?{ 74 w)dwdz

(" R(+) is linear and continuous on C\ Spect(L))

R(w
(27i)? f{j{ sz Z dwa’z (Resolvent identity)

B (2m)2 f[ﬂi W_Z)ZdeZ— (2;1.)2 ]g ]i i(fidwdz
= ﬁfé’ <R(Z)j{rk Wl_zdw> dz— (27%)2?{/* <R(w)£wl_zdz> dw.

The first inner integral is 27i (z is inside 7*) and the second inner integral is zero (w
is outside ). The net result is 5 $,R(z)dz =P

Step 2: PL=LP, L(ker(P)) C ker(P), L(Im(P)) C Im(P).
Proof: The resolvent of L commutes with L.
Step 3: Spect(L|iym(p)) = Zin and Spect(Llxer(p)) = Zour-

Proof. We claim that (zf — L)|jy(p) has bounded inverse on X,,. The idea is to
extend R(z)|im(p) analytically out51de of ¥ and observe that the extension must still
be a bounded inverse.
To build the analytic extension, we note that P = I on Im(P), therefore R(z)|imp) =
R(2)P|im(p)- For z ¢ Spect(L) outside y
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The magic is that R(z) := = fy — R™) 4w makes sense and is analytic outside 7, in-
cluding on X,,, and we have obtained an analytic extension of R(z P|1m to the
complement of X;,.

We know that (z/ — L)R(z) |im(p) i analytic outside y and equals 7 outside y away
from X,,;. Two holomorphic functions which agree on a set with an accumulation
point agree everywhere (prove using the weak differentiability criterion). It follows
that (zI — L)R(z )lim(p) = I everywhere in the exterior of ¥, including X,,,. We found
a bounded inverse for (zI — L) \Im forz € Xyy.

Since (obviously) Spect(L|iy(p ) C Spect(L) = Zin U Lo, and Spect(Llim(p)) N
Zour = D, Spect(Llim(p)) C Zin- Slmllaﬂy one proves that Spect(L|xer(p)) C Zour-

The inequalities must be equalities: If for example Jzp € XZjp, \ Spect(L\Im y) then
we can invert (z/ — L) on ker(P) and on Im(P), whence on ker(P )@Im(P) Z.
But we can’t. (]

Lemma (Kato). Let P,Q : B — B be two projections on a Banach space B. If ||P —
Q|| < 1 then P,Q are similar: 3 bounded linear isomorphism 7t s.t. P = 1~ ' Q.

Proof. First we construct a map U : B — B which maps ker(P) into ker(Q), and
Im(P) into Im(Q): U := (I — Q)(I — P) + QP. Observe that

UP=(I—-Q)(I—-P)P+QP*=QP ("P>=P)
QU =Q(I-Q)(I-P)+Q°P=QP (. 0*=0)
We see that UP = QU. If we can show that U has a bounded inverse, then P =
U~'QU and P,Q are similar.
Consider the map V : B — B which maps ker(Q) into ker(P), and Im(Q) into
Im(P): V:=(I—P)(I— Q)+ PQ. This is “almost” an inverse for U:
UV=(1I-Q)(I-P)I-Q)+QPQ=--=1-Q—P+PQ+QP=1—(P—Q)*
VU=(I-P)(I-Q)I—P)+PQP=---=1—Q—P+PQ+QP=1I—(P—Q)>
If ||[P— Q|| < 1, then I — (P — Q)? is invertible, whence one-to-one and onto. Since
UV is onto, U is onto. Since VU is one-to-one, U is one-to-one. It follows that

U is invertible. Any invertible map on a Banach space has bounded inverse (open
mapping theorem). It follows that U is a bounded linear isomorphism. (]

Reference: T. Kato: Perturbation theory for linear operators, Classics in Math.,
Springer, xxi+619pp (1980)
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A.6 The Berry-Esseen ‘“Smoothing Inequality”

Theorem (Berry & Esseen): 3C > 0 s.t. if F,G are two probability distribu-
tion functions with characteristic functions f(t),g(t) and if G(x) differentiable,
sup |G'| < oo, and [ |F(x) — G(x)|dx < oo, then

LT |f(t)—g@)| ,  sup|G|
F —Gllo < — T .
IF =G| —C<2n/_T o SR ) forail T >0

T is a free parameter which we are free to choose to optimize the bound.
The proof uses several tools from real analysis which we will now review briefly.

Lebesgue-Stieltjes integrals: Any distribution function F determines a unique
Borel probability measure on R by urg([a,b)) := F(b) — F(a). This is called the
Lebesgue—Stieltjes measure of F. It is customary to use the following notation

b b
/a FOF (dx) or / F(0)dF (x) for /W) Fdup.

Note that the right endpoint of the interval is not included. This matters when F (x)
has a jump discontinuity at b, because in this case tr has an atom at b.

Fourier transforms: The Fourier transform of f € L' (R) is F(f)(¢) = [ " f(x)dx.
This has the following properties:

L §(3(f) =2xnf
2. §(f+g) =3(f) 8(g), where (fxg)(x) = [ f(x—y)g(y)dy (the convolution).

The Fourier transform of a Borel probability measure (t on R is the function
(Fu)(t) := [e™du(x). The reader can check that characteristic function of a ran-
dom variable X is the Fourier transform of the Stieltjes measure of the distribution
function of X. This only depends on the distribution function of X. Therefore we
can safely speak of the characteristic function of a distribution function.

Lemma. Suppose F(x),G(x) are two distribution functions with characteristic
functions f(t),g(t). If [ |F(x) — G(x)|dx < o, then [F(F — G)](t) = —L1-£)

i

Proof. The Fourier transform of F — G exists, because F —G € L. Let ur and ug
denote the Lebesgue—Stieltjes measures of F, G, then

=00 = Jim [ ¢ 1F() - Gllda

. T T
= lim [/T/welxl[gq]duF(é)dx—/T/welxl[gq]duc(é)dx

T—oo
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. T T itx : T r itx
—jim [ ([ eax)aure) - gim [ ([ ear) auoce)

) T itT _eité ) T itT _eité

=pim ) dke(©)— fim e duG(S)
' eitT T eit:S

= Jim | ST~ 6(r)) - [ S dur - o))
—oo | It —oo 1

The first summand tends to zero because F(T),G(T) P 1, and the second sum-
—o0

mand tends to — M‘ ]

Lemma There exists a non—negative, even, absolutely integrable function H(x) s.t.
JH(x)dx =1, b:= [|x|H(x)dx < e, H(x) —— 0, F(H) is real-valued and non—

e[ —roo
negative, and §(H) is supported inside [—1,1].
Proof. There are many possible constructions. Here is one. Start with the indicator
of a symmetric interval [—a, a], and take its Fourier transform

a . 2s8in
mmz/awﬁ:yW.
—da

The Fourier transform of Hy is §Hy = 271|_, 4, so it has compact support. But Hy
is not non-negative, and [ |x|Ho(x)dx = co. To correct this we let Hj (x) := (Hp(x))*,
and observe that H;(x) > 0 and [ |x|H (x)dx < c. The Fourier transform of H; still
has compact support (in [—4a,4a]), because

g[(HO)ﬂ = %[(%1[711,11])4] = g{%’[(l[fa,a] * l[fa,a] * 1[711,11] * 1[711,11]]} = 2”(1[711,0])*4’

and the convolution of functions with compact support has compact support. H; is
even, because it is the convolution of even functions. It remains to normalize H;. [

Proof of the Berry-Esseen Theorem. Let H(x) be the function given by the
lemma, and let b := §H. Set Hr (x) := TH(Tx), then Hr(x) is an even non—negative
absolutely integrable function s.t.

l. [Hrdx=1;
2. [|x|Hr(x)dx=0b/T;
3. The Fourier transform of Hy is hr(t) := h(t/T) where h = §H.
Note that A7 is supported in [—T,T], and |har| < ||Hr || = 1.
The proof is based on the following heuristic: For T large, Hy (x) has a sharp peak

at x = 0, and rapid decay for x far from zero. If we average a “nice” function ¢(y)
with weights Hr (x —y), then we expect the result to be close to ¢(x). In particular

F(3) = G| & 1r(v) = [ Hr(x—)[F(y) = GOl

We will estimate Ir(x) in terms of f(z),g(¢), and relate M := sup |F (x) — G(x)| to
the value of I7(+) at a point where |F (x) — G(x)| is (nearly) maximal.
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Step 1. Ir(x) < 2 J ‘fUH SO0 gy

Proof. It (x ‘/Hr x—y)] G(y)}dy’ = |Hr * (F — G)|

= (2m) ' |F[Hr + (F - G)]| =27 [3[FHr - 3(F - G)]|
]

]
= (2m) " [3[hr - F(F - G)]] (A4)
= (n)"! /::e"tth(t)Mdt (lemma)
< [ gt as

because |hr(¢)| < ||Hr||1 =1 and hr is supported in [T, T].
Step 2. Relating ||F — G||« to IT(xo) at xo where |F(x9) — G(x)| = |F — Gl|w.

Let A := sup|G’(x)| and M := sup |F (x) — G(x)|. Fix some point xg € R s.t. My :=
|F(x0) — G(x0)| > M. Since we are free to translate the distributions F,G by the
same amount, we may assume w.l.o.g. that xo = 0. So My = |F(0) — G(0)| and

Ir(v0) = 17(0) = [ Hy (s G(y)dy.

(we have used the fact that H7 is even).
Suppose first F(0) > G(0), and decompose the integral I7(0) into f o0 + Inty-

1. To analyze féwo we note that if y € [0, M), then F(y) > F(0) and so

F(3) = G~ [F(0) - GO) 2 6(0) ~6() == [ Gy > ~ay

Thus [F(3) ~ G()] = [F(0) ~ G(0)] ~ Ay = Mo — Ay (. F(0) > G(0)). So
My Mo
HrOIFG) =GNy > [ (Mo~ Az (y)dy.
0 0

2. We estimate [ from below by replacing [F (y) — G(y)] by —M > —2Mi:

0 0
| H#0)F0) -GNy = - [ Hr(y)-2Mody

3. Similarly, [y Hr (y)[F(y) —G(y)ldy > — [y Hr (y) - 2Mody.

Putting this all together, and recalling that Hr is even, we obtain
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'MO 0 S
1(0)= [ (o —Ay)Hr(—)dy— [ 2ot (<y)dy— [ 2Mo7 (y)dy
oo o
Mo
= /0 (3Mo — Ay)Hr (y)dy — Mo

Mo
=300 [ Hr(y)dy=4 [ vl (v)dy— My

1 b
= o +3my [ )y = ¢ [lHray =1 [ blHG)ay=2)
3My Mo Ab
=—-Mo+ TO Hr(y)dy — —
My T

In summary M[3 f%&o Hr(y)dy—1] < IT(O) + ATI’

Fix some ¢ > 0s.t. [° H(y)dy = &, then f G/T Hr(y)dy = §. It is no problem
to choose H from the beginning in such a way that ¢ < A. There are two cases:

1. My < % andthenM<2Mo<26/T<2A/T;
2. Mo > §. and then 3 "}, o H)dy—1> %, 50 My < 3I7(0) + 222

In both cases, this and step 1 yields

sup|F(x) — G(x)| < 2Mo < 6 <21n / F0)—

t) di+ max{;b,Z}A) ’

and the proposition is proved, under the additional assumption that F(0) > G(0).
If F (0) < G(O) then we repeat the same procedure, but with the decompo-

sition [° My T - Moy [~ This leads to [Hr(y)[G(y) — F(y)ldy > 1y , (3Mo —

Aly))Hr (y )dy M. From this point onward, the proof continues as before. O

Reference: B.V. Gnedenko and A.N. Kolmogorov: Limit distributions for sums of
independent random variables, Addison—Wesley, ix+264pp (1954).



