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Abstract In this chapter, we consider the joint transmit design for a multiple input
multiple output (MIMO) based integrated sensing and communications (ISAC) sys-
tem, which simultaneously probes multiple radar targets and communicates with
multiple downlink users. The joint transmitter radiates the sum of precoded commu-
nication symbols for multiple users and dedicated radar waveform. The precoding
weights are jointly designed with optimization problems under certain power con-
straints, such that performance of both radar and communication is optimized or
guaranteed. Typical optimization objectives for radar and communication functions
are discussed, including the Cramér-Rao lower bound (CRB) on target estimation,
and signal-to-interference-plus-noise ratio (SINR) at each communication user. The
formulated optimization problems are generally non-convex, and are therefore often
addressed via convex relaxation techniques. We also theoretically analyze the Shan-
non capacity of the joint transmit under radar performance constraints, which reveals
the inherent trade-off between communication and radar functions. Future research
directions are also discussed.
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1 Introduction

The integration between radar sensors and communication systems, which is often
referred to as integrated sensing and communications (ISAC), has received consider-
able attention from both industry and academia [24]. By sharing use of the spectrum
and hardware platform, ISAC techniques reduce costs and improve spectral-, energy-,
and hardware- efficiency [16].

It is a major challenge in ISAC to design a dual-functional waveform simulta-
neously serving target sensing and information delivering. The design methodology
can be generally split into three categories: radar-centered, communication-centered,
and joint design [16, 24]. Radar-centered approaches are built on the basis of a radar
probing signal, where the communication data aremodulated onto the signal by vary-
ing the parameters of radar pulses like amplitude, phase and frequencies (e.g., [27]).
Communication-centered schemes rely on existing communication waveforms [31]
and/or standard-compatible protocols, while the returns of the transmit signals are
received andprocessed for probing aims. In the joint design approach, the ISACwave-
form is usually designed by solving some optimization problem that considers both
functionalities, rather than based on existing radar or communication waveforms.
While existing radar (or communication) waveforms generally result in performance
loss for the communication (or radar) function [18], joint design can usually lead to
better trade-off between radar and communication.

Recentworks on joint-design-based ISACmethods employmultiple-inputmultiple-
output (MIMO) systems, which provide higher spatial degrees of freedom (DoF),
and can simultaneously synthesize multiple beams towards several communication
users and radar targets. In contrast, ISAC schemes with a single antenna suffer from
a common problem that these systems usually form a single directional beam, which
illuminates only the radar target inside the beam [22]. Therefore, single-antenna
methods are not able to illuminate multiple targets and communicate with multiple
users simultaneously as in Fig. 1. This leads to notable degradation in signal-to-noise
ratio (SNR) when the communication receivers are not physically located within the
radar main lobe.

Existing joint transmit designs for ISAC MIMO radar and communications have
achieved favorable performance for both radar and communications [18]. These sig-
naling strategies are essentially based on transmit beamforming. The goal of transmit
beamforming is to generate multiple beams in the spatial domain without interfering
with each other, and each beam either conveys desired information to a down-link
communication user or points towards the targets in the intended direction.

However, when one optimizes the transmit beams, the radar and communication
functions often have conflicted criteria due to their inherent difference in operating
principles, resulting in challenges in ISAC waveform design. An intuitive example
is that the communication function demands the waveform to be random, which
enables carrying information, while radar prefers certainty to avoid fluctuation of
probing performance, e.g., change of the sidelobe level and variation of SNR. In this
chapter, we review the following challenges:
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Fig. 1 A dual function
system in which
communication and radar
share the transmit platform

• Signaling strategy. Early works [18] use communication-only signals to realize
both communicating and probing functions, however, such transmit signal lacks
in DoF and hence restricts the capability of probing multiple targets. This requires
a more general and flexible signaling strategy such that the DoF of both radar and
communication functions can be guaranteed.

• Formulating and solving the waveform design problems. Based on the signaling
strategy, the next step is to consider objective functions that quantitatively evaluate
the performance of radar and/or communication, and to formulate the waveform
design tasks as optimization problems. These optimization problems are generally
non-convex and thus difficult to solve. Therefore, it is critical to design effective
and efficient solutions to these problems, and explore whether these solutions have
provable guarantees.

• Theoretical performance limitation. A fundamental problem of joint transmit
design is to investigate the theoretical capability of both radar and communica-
tion functions regardless of any specific waveform under certain constraints (e.g.,
restricted transmit power), which also reveals the inherent compromise between
radar and communication. As theoretical analyses for either radar or communica-
tion is usually challenging, considering both functions based on a joint transmit
signal is even harder.

In this chapter, we review some recent progress in addressing the challenges
above. In particular, in Sect. 2, we introduce a general signaling strategy that extends
the communication-only signals by adding a dedicated radar signal. Based on the
general signaling strategy, in Sect. 3, we present some optimization problems formu-
lated for designing the joint transmit signals as per typical radar and communication
performance metrics, as well as some solvers for these optimization problems. In
Sect. 4, we show some preliminary results on analyzing the communication capacity
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under constraints on radar performance. Sections 5 and 6 are devoted to numerical
results and conclusions, respectively.

2 Transmit Signal Model

Consider an antenna array shared by a colocated monostatic MIMO radar system
and a multiuser MIMO communication transmitter as depicted in Fig. 1. A dual-
functionMIMO transmitter realizes both functionalities simultaneously by designing
the transmit waveforms of each antenna element. Particularly, multiuser communi-
cation is achieved by precoding digital messages that are intended to communication
users, and radar performance metrics also need to be considered in the precoding
design.

There are generally two kinds of precoding strategies, as shown in Fig. 2:

(1) Precoding pure communication symbols [17], where the transmitted signal is a
weighted sumof communication symbols, as illustrated in Fig. 2a. For an antenna
array of M elements, we let the discrete-time transmit signal of this array at time
index n be given by

x[n] = Wcc[n], n = 0, . . . , N − 1. (1)

Here, c[n] = [c1[n], . . . , cK [n]]T is a K × 1 vector including K parallel com-
munication symbol streams to be communicated to K users, while the M × K
matrixWc is the precoding matrix for communications.

(2) Precoding both communication symbols and dedicated radar waveform [22, 26].
In this approach, as shown in Fig. 2b, the transmit signal is given by

Fig. 2 Two different
precoding schemes for joint
MIMO radar and
communications
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x[n] = Wcc[n] + Wr s[n], n = 0, . . . , N − 1, (2)

whereM × 1 vector s[n] = [s1[n], . . . , sM(n)]T denotes a dedicated radarwave-
form and particularly includes M individual waveforms, and the M × M matrix
Wr is the beamforming (or precoding) matrix for the radar waveform.

Here, the radar waveform s[n] and communication symbol c[n] are given, and the
goal of waveform design is to design the matricesWc in (1) or {Wc,Wr } in (2), such
that both sensing and communication functions operate well. In both strategies, the
communication signals can also be used for sensing, since the radar receiver has com-
plete knowledge of the communication waveform. In this way, the communication
signal is not regarded as interference at the radar receiver.

Comparing the two strategies, we note that the former scheme based on (1), which
precodes only communication symbols for probing, can be regarded as a special case
of the latter by letting the radar waveform in (2) be zero, namely transmitting only
communication symbols. Since in the latter scheme the variables to design have larger
DoF than those in the former, the latter approach always yields better performance
when one uses the same optimization criterion for precoding design. Particularly,
under the communication-only strategy (1), the available DoF for the MIMO radar
waveform is restricted to no more than the number of communication users, K ,
affecting the radar beam pattern and especially the ability to form multiple main
beams for different radar targets. Nevertheless, the latter strategy which jointly pre-
codes individual communication symbols and radar waveforms extends the DoF of
MIMO radar waveform to its maximal value, i.e., M , the number of transmit anten-
nas, enhancing the performance of detecting multiple targets. In the following, we
focus on the second scheme because it ismore general and has significant advantages.

Without loss of generality, wemake the following assumptions: (1) Both radar and
communication signals are zero-mean, temporally-white and wide-sense stationary
stochastic process; (2) The communication symbols are uncorrelated with the radar
waveforms, i.e.,

E
(
s[n]cH [n]) = E (s[n])E(cH [n]) = 0M×K ; (3)

(3) Communication symbols intended to different users are uncorrelated, namely,

E
(
c[n]cH [n]) = IK ; (4)

(4) The individual radar waveforms are generated by pseudo random coding [8, 11,
13, 28, 29], and thus are uncorrelated with each other, resulting in

E
(
s[n]sH [n]) = IM . (5)

Here, both signals are normalized to have unit power, and their real power is encap-
sulated in their corresponding precoders Wr and Wc.
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In practice, the precoders should satisfy some power constraints, e.g., per-antenna
power or total power constraint. The per-antenna power constraint means that the
transmit power of each antenna is identical. It settles with the common practice that
radar waveforms should be transmitted with their maximal available power [30],
and has also been applied in multi-antenna communication systems [23, 37, 44].
Total power constraints are also usually applied [41], depending on the hardware
requirements.

Since the transmit signals are random, we consider the average transmit power of
each antenna, relying on the covariance of the transmit waveform, defined as

R = E
(
x[n]xH [n]) . (6)

Substituting (2)–(5) into (6) yields the covariance R as

R = WrWH
r + WcWH

c . (7)

The per-antenna power constraint implies that for each m = 1, . . . , M it holds that

Rm,m = P/M, (8)

where P is the total transmit power.

3 Precoding Design

3.1 General Optimization Models

To meet the requirements of both radar and communication functions, the precoding
matrices {Wc,Wr } are designed by solving optimization problems. Consider func-
tions Lc(Wc,Wr ) and Lr (Wc,Wr ), which numerically evaluate the communication
and radar performance, respectively. Then, we divide these optimization models into
three categories:

(1) Optimize radar performance under communication performance constraint, rep-
resented by

min
Wc,Wr

Lr (Wc,Wr )

s.t. Rm,m = P/M, m = 1, . . . , M, (9a)

Lc(Wc,Wr ) ≤ �, k = 1, . . . , K , (9b)

where (9a) applies the per-antenna power constraint (8), and � denotes the
threshold for communication performance.
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(2) Optimize communication performance under radar performance constraint,
which can be modeled as

min
Wc,Wr

Lc(Wc,Wr )

s.t. Rm,m = P/M, m = 1, . . . , M, (10a)

Lr (Wc,Wr ) ≤ β, k = 1, . . . , K , (10b)

where β is a constant restricting the radar performance.
(3) Jointly optimize weighted radar and communication performance. This can be

realized by solving

min
Wc,Wr

Lr (Wc,Wr ) + λLc(Wc,Wr )

s.t. Rm,m = P/M, m = 1, . . . , M, (11a)

where λ is the regularization parameter.

Within these optimization models, evaluation functions Lr and Lc play the key roles.
Different performance metrics lead to different optimization problems, yielding dif-
ferent precoding matrices and transmit waveforms. In addition to average power
constraint, there are other restrictions that occur in practical systems, e.g., radars
prefer constant envelop signals [21] or waveforms with a low peak to average power
ratio, which can also be incorporated into the optimization models. In the following,
we introduce several radar and communication performance metrics that are widely
used.

3.2 MIMO Radar Performance Metrics

The goal of radar waveform design is to enhance the detection and estimation perfor-
mance of targets. There aremultiple quantitativemetrics to evaluate the performance:
(1) Choose the receive SNR of the target as the metric, because both detection and
estimation performance essentially depends on it. (2) As the variance of an unbi-
ased estimator for target parameters is lower bounded by the CRB, CRB is often
applied to represent the estimation accuracy of target parameters. (3) The receive
SNR or signal-to-clutter-plus-noise ratio (SCNR) of radar targets are determined
by the transmit beam pattern, hence beam pattern is used as a performance metric.
(4) Since the covariance matrix R controls the beam pattern, the similarity between
designed and desired covariance matrix can be regarded as an indirect evaluation of
radar performance. In the following, we introduce these metrics individually.
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3.2.1 Signal Model of Radar Returns

Consider a target located at direction θ . Under far-field andnarrow-band assumptions,
the received radar returns are given by

yr (n) = αac(θ)aH (θ)x(n) + vr (n). (12)

Here, α denotes the signal amplitude, a(θ) is the steering vector of the antenna array,
vr (n) is additive white Gaussian noise (AWGN) with variance σ 2

r I, and (·)c means
element-wise conjugate operation. Without loss of generality, we ignore the delay of
radar returns.

The received radar returns are then sequentially processed by time-domain and
space-domain matched filtering. The time-domain filter calculates the correlation
between the received and transmitted signals, given by

Ryx =
N−1∑

n=0

yr (n)xH (n). (13)

The space-domainmatched filter aims to identify the angles of targets, by considering

χ(θ ′) = aT (θ ′)Ryxa(θ ′), (14)

where θ ′ denotes the matched angle. In an ideal case, it is assumed that the amplitude
of χ(θ ′) reaches its maximum when θ ′ = θ and is small enough to avoid false alarm
when θ ′ �= θ .

Substituting (12) and (13) into (14), we find that the amplitude of the signal
component in χ(θ ′) is determined by

χ(θ ′) ∝ aH (θ)Ra(θ ′). (15)

Here, it is assumed that the sample covariance matrix approximates the expected
covariance matrix, i.e.,

∑N−1
n=0 x(n)xH (n) ≈ R. This term is essentially related to the

SNR of targets and beam pattern, introduced next.

3.2.2 Beam Pattern

From the perspective of beamforming, radar aims to direct more energy to the desired
angles and less to the rest. To enhance the radar performance [42], it is desired to
reduce the correlation between radar echoes from different directions. The beam
pattern, given by,

P(θ;R) = aH (θ)Ra(θ), (16)
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describes the distribution of transmit energy over direction θ . From (15), the corre-
lation between echoes from angles θ1 and θ2 is given by [30]

Pc(θ1, θ2;R) = aH (θ1)Ra(θ2). (17)

One may use the weighted sum of two parts to construct the objective function for
radar [6, 30]. The first part is the mean-squared error (MSE) between the obtained
and desired beam pattern, given by

Lr,1(R, α) = 1

L

L∑

l=1

|αd(θl) − P(θl;R)|2 , (18)

where α is a scaling factor, d(θ) is the given desired beam pattern, and {θl}Ll=1 are
sampled angle grids. The second part is the mean-squared cross correlation pattern,
expressed as

Lr,2(R) = 2

P2 − P

P−1∑

p=1

P∑

q=p+1

∣
∣Pc(θ p, θq;R)

∣
∣2 , (19)

where {θ p}Pp=1 are the given directions of the targets. The summation in (19) is

normalized by 2
P2−P , as there exists

P2−P
2 pairs of distinct directions in the set {θ p}.

The loss function of radar is then

Lr (R, α) = Lr,1(R, α) + wcLr,2(R), (20)

where wc is a weighting factor. As discussed in [6, 30], the loss function Lr (R, α)

can be written as a positive-semidefinite quadratic function of R and α.

3.2.3 SNR of Radar Targets

For a target located in direction θ , the receive SNR of the target is expressed as

P(θ;R) = aH (θ)Ra(θ),

where we ignore the scattering intensity of target and noise variance because they are
constants with respect to the transmit waveform or precoding matrices. When one
sets the goal as maximizing SNR, the opposite of the above term, −P(θ;R), can be
used as an objective or constraint function Lr to evaluate the radar performance [4].
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3.2.4 CRB on Radar Targets’ Parameters

When there are Q targets with different angles in the same range cell, the received
signal in (12) is extended to

yr (n) =
Q∑

q=1

αqac(θq)aH (θq)x(n) + vr (n), n = 0, . . . , N − 1. (21)

In (21), the MIMO radar observation and unknown variables to estimate are

Yr = [
yr [0], . . . , yr [N − 1]]

and
θ = [θ1, . . . , θQ,�(α1), . . . ,�(αQ),�(α1), . . . ,�(αQ)]T ,

respectively. When the estimation accuracy of targets’ parameter θ is of concern,
one may use the CRB as an evaluation function [15], because CRB is a lower bound
on the variance for all unbiased estimators. By minimizing the CRB, one expects
to improve the accuracy of measuring radar targets. The CRB of a specific target
parameter is the corresponding diagonal element in the inverse of Fisher information
matrix (FIM)

Iθ = E
{∇θ p(Yr ; θ)∇T

θ p(Yr ; θ) | θ}
,

where p(Yr ; θ) is the probability density function for Yr conditioned on the value
of θ . In [15], the authors derive the FIM, which is a linear function of R. The full
expressions of FIM are complicated, and are therefore omitted here for conciseness.
In the case of a single point target, the CRB of estimating the angle θ can be given
in the form of

CRB (θ) = tr
(
AHAR

)

γR

[
tr

(
ȦH ȦR

)
tr

(
AHAR

) − ∣
∣tr

(
ȦHAR

)∣∣2
] , (22)

where A = ac(θ)aH (θ), PA = ∂A
∂θ
, and γR = σ 2

r

2|α|2N . Readers may refer to Eq. (13) in
[15] for details.

3.2.5 Similarity to Desired Covariance Matrix

The above discussions lead to the common result that the radar performance relies
on the covariance matrix R. Therefore, another design criterion is to minimize or
constrain the mismatch between the achieved and desired R [18], given by

‖R − Ro‖F ≤ ε. (23)
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Here, the desired covarianceRo is pre-calculated. For example,Ro could be obtained
by optimizing the radar-only setup, given by

Ro = argmin
R

Lr (R), s.t. Rm,m = P/M, m = 1, . . . , M. (24)

For an extreme case that the radar performance should be guaranteed in high priority
and no sacrifice is tolerable, we set ε in (23) to 0, i.e., using the strong radar constraint
R = Ro; see a recent work [19].

3.3 Multiuser MIMO Communication Performance Metrics

The down-link users receive the signals transmitted by theMIMO transmitter, includ-
ing the desired communication information, and unwanted interference (i.e., signals
for other users and radar waveforms) as well as noises. The communication per-
formance depends on the signal-to-interference-plus-noise ratio (SINR), which is
usually regarded as the performance metric for waveform design. To better eliminate
the interference impinging on the down-link users, some non-linear precoding tech-
nique like dirty paper coding (DPC) can be applied, by encoding the communication
signals to adapt to the interference. In this section, we first introduce the signal model
of down-link users, followed by the definitions of SINR under both linear precoding
and DPC precoding.

3.3.1 Signal Model of Down-link Communication Users

Consider K < M down-link users, each of which has a single receive antenna and
observes the output of a frequency flat Gaussian noise channel. The channel output
at the K users at time instance n, represented via the K × 1 vector r[n], is given by

r[n] = HWcc[n] + HWr s[n] + v[n], (25)

whereH is the K × M narrow-band channel matrix and v[n] is AWGN with covari-
ance σ 2IK .

Here, it is assumed that the transmit array knows the instantaneous downlink chan-
nel H. This knowledge can be obtained for example, by exploiting wireless channel
reciprocity when operating in time-division duplex mode, i.e., the downlink chan-
nel is obtained via uplink channel estimation. Alternatively, in frequency-division
duplex mode, the downlink channel can be obtained via channel feedback from the
users; see, e.g., [43].
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3.3.2 SINR in the Linear Precoding Scheme

Define the equivalent radar-to-user channel and equivalent inter-user channel matri-
ces as

G = HWr , (26a)

F = HWc, (26b)

respectively. Since the users are generally not able to cooperate with each other, the
off-diagonal elements of F lead to inter-user interference, which should be mitigated
by precoding. At the same time, since the users generally do not have any prior
information on the radar waveform, G leads to interference from the radar. At the
k-th user, the signal power is

E

{ ∣∣Fk,kck(n)
∣∣2

}
= ∣∣Fk,k

∣∣2 , (27)

the power of inter-user interference is

E

{ ∑

i �=k

∣
∣Fk,i ci (n)

∣
∣2

}
=

∑

i �=k

∣
∣Fk,i

∣
∣2 , (28)

and the power of interference from the radar is

E

{ M∑

i=1

∣∣Gk,i si (n)
∣∣2

}
=

M∑

i=1

∣∣Gk,i

∣∣2 . (29)

Therefore, the SINR at the k-th user is expressed as

SINRk = |Fk,k |2
∑

i �=k |Fk,i |2 + ∑M
i=1 |Gk,i |2 + σ 2

. (30)

3.3.3 SINR in the DPC Scheme

To further improve the SINRs, one can perform non-linear precoding techniques,
which eliminate the interference by encoding the communication signals to adapt
the interference. In particular, we considerDPC [5], which reveals that the capacity of
anAWGNchannel corrupted by interference equals to the capacity of an interference-
free AWGN channel if the interference is known at the transmitter. DPC was applied
to downlinkmultiuser communications for inter-user interference elimination [3, 35,
36, 39], and was shown to achieve the capacity region of MIMOGaussian broadcast
channel (GBC) [40].
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We apply DPC to the GBC in (25) by serially encoding the source signal of
each user. The encoding operations are conducted in the order {1, . . . , K }. When
performing DPC for the k-th user, {c1(n)}, . . . , {ck−1(n)} are already encoded
while {ck+1(n)}, . . . , {cK (n)} are not encoded yet. Thus, the interference from the
1, . . . , (k − 1)-th user is knownwhile the interference from the k + 1, . . . , K -th user
is unknown at the transmitter. The radar interference is also known at the transmitter.
Therefore, the effective SINR at the k-th user in the DPC regime is [36]

SINRdpc
k = |Fk,k |2∑

i>k |Fk,i |2 + 1
, (31)

for k = 1, . . . , K .
Note the SINRs in (31) are achievable when the channel state information (CSI)

is perfectly known at the transmitter. When the CSI is not perfectly known, there
exists a difference between the obtained CSI at the transmitter and the actual channel,
leading to a residual between the known interference at transmitter and the actual
interference, which is unknown and cannot be eliminated by DPC. Therefore, the
achievable SINRsmaybecome lower than that in (31).Although the precodingmatrix
design in the presence of CSI error [12, 38] can be meaningful, we only consider the
case that the CSI is perfectly known in this chapter.

Comparing (30) and (31), it is observed that DPC improves the SINR compared
with transmit beamforming by eliminating the interference.

3.4 Beamforming Design by Solving the Optimization
Problems

Here, we introduce two kinds of optimization problems for joint MIMO radar and
multiuser communications. The first optimizes the radar performance under indi-
vidual SINR constraints at communication users [22]. The second is radar-centric,
which performs SINR balancing for multiuser communication with a given transmit
covariance for MIMO radar [19].

3.4.1 Radar Transmit Beamforming Design Under SINR Constraints
for Communication Users

The goal of the optimization is to optimize the radar performance with the quality of
service (QoS) guaranteed for communication users. In particular, we minimize the
performance function Lr (R) for radar, under the constraints on per-antenna power
(8) and the achieved SINR of each user (higher than a given threshold). For linear
precoding, the optimal precoding matrices can be obtained by solving the following
optimization problem
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min
Wr ,Wc

Lr (R) (32a)

s.t. R = WcWH
c + WrWH

r , (32b)

Rm,m = P/M, m = 1, . . . , M, (32c)

SINRk ≥ �, k = 1, . . . , K , (32d)

where (32d) follows from considering the SINR requirement and� is the given SINR
threshold.

The trade-off between the communication quality and radar performance can be
achieved by adjusting the threshold�.When� = 0, (32d) always holds, and the joint
radar-communication optimization in (32) reduces to the radar-only optimization in
(24). When � > 0, compared with the radar-only transmit beamforming problem in
(24), there can be an inherent radar performance loss induced by the need to meet
the communication performance guarantees, as compared to the radar-only case. If
higher� is set, higher signal power and less interference is expected to be observed at
the user side, further restricting the precoding matrices. As a result, the performance
loss of MIMO radar becomes more significant.

The optimization problem (32) is non-convex because of the quadratic equality
constraint in (32b) and is thus difficult to solve. Nonetheless, it can be recast using
semi-definite relaxation (SDR) such that the solution to the solvable relaxed prob-
lem is also the global optimizer of the original non-convex problem (32), i.e., the
relaxation is tight [22].

LetW = [Wc,Wr ] andwi be the i-th column inW, for i = 1, . . . , K + M . With
SDR,we define the rank-one semi-definitematricesRi = wiwH

i , for i = 1, . . . , K +
M . Then, (32) is equivalently expressed as a semi-definite problem with rank-one
constraints:

min
R,R1,...,RK

L(R) (33a)

s.t. R � 0, R �
K∑

k=1

Rk, (33b)

Rm,m = P/M, m = 1, . . . , M, (33c)

Rk � 0, rank(Rk) = 1, k = 1, . . . , K , (33d)
(
1 + �−1

)
hH
k Rkhk ≥ hH

k Rhk + 1, k = 1, . . . , K , (33e)

where (33e) is obtained from the SINR constraint in (32d). The optimization prob-
lem (33) is still non-convex because of the rank-one constraints. By omitting these
constraints, SDR converts (33) to a relaxed convex optimization
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min
R,R1,...,RK

L(R) (34a)

s.t. R �
K∑

k=1

Rk, Rk � 0, k = 1, . . . , K , (33c) and (33e). (34b)

The relaxed problem (34) is convex because the objective function is convex and
the constraints are either linear or semi-definite. The global optimum of (34) can be
obtained in polynomial time with convex optimization toolboxes [32–34].

While SDR is generally not tight, it is shown in [22] that the SDRused in obtaining
(34) from (33) is tight. In other words, once a pair of optimal solution R̂, R̂1, . . . , R̂K

for (34) is obtained, the desired rank-one solution R̂1, . . . , R̂K can be computed by

w̃k = (
hH
k R̂khk

)−1/2
R̂khk, R̃k = w̃kw̃H

k , (35)

for k = 1, . . . , K . This solution is optimal for (33). Based on (35), we summarize in
Algorithm 1 the procedure to compute the optimalWc,Wr by the relaxed optimiza-
tion in (34).

Algorithm 1 Precoding design for joint radar and communications via SDR.
Input: Transmit power P , objective function for MIMO radar Lr (R), communication channel H,

SINR threshold �.
1: Obtain the solution of R̂, R̂1, . . . , R̂K by solving (34).
2: Compute w̃1, . . . , w̃K via (35).
3: Compute w̃K+1, . . . , w̃K+M via

[
w̃K+1, . . . , w̃K+M

] =
[
R̂ −

K∑

k=1

w̃kw̃H
k

]1/2
,

4: Obtain the optimal precoding matricesWc and Wr via

Wc = [
w̃1, . . . ,wK

]
, W̃r = [

w̃K+1, . . . , w̃K+M
]
.

3.4.2 SINR Balancing with Given Transmit Covariance for Radar

The optimization problem in (32) constrains the SINR of multiuser communications,
but cannot guarantee the radar performance. Instead of constraining the performance
of communication, in this section we consider a radar-centric design and optimize
the performance of communication with given radar constraints. In particular, we
solve the SINR balancing problem for multiuser communications with a given trans-
mit covariance for radar, as the radar performance is determined by the transmit
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covariance. The SINR balancing problem maximizes the worst SINR among the
users, which is expressed as

max
Wc,Wr ,γ

γ, s.t. Ro = WrWH
r + WcWH

c , (36a)

SINRk ≥ γ, k = 1, . . . , K , (36b)

where Ro is the given transmit covariance for radar.
We next discuss solvers for (36). While the constraints in (36b) are non-convex,

we can convert them to convex constraints, and hence reformulate (36) to a linear
conic optimization problem. First, with the covariance constraint, the sum power
of the desired signal and the interference at the k-th user equals to [Rh]k,k , where
Rh = HRoHH , i.e.

K∑

i=1

|Fk,i |2 +
M∑

i=1

|Gk,i |2 = [Rh]k,k . (37)

Substituting (37) into (30), the SINR constraints in (36b) are simplified to

|Fk,k | ≥
√

γ

1 + γ
sk, k = 1, . . . , K , (38)

where sk = ([Rh]k,k + 1)1/2. In (38), the reformulated SINR constraint only involves
F but not G.

Similarly, the covariance constraint can also be rewritten as a constraint on F, as
stated by Theorem 1.

Theorem 1 ([19]) Given F ∈ C
K×K , there exists {Wc,Wr } that obey

F = HWc, Ro = WrWH
r + WcWH

c , (39)

if and only if FFH � Rh.

We have thus reformulated (36) into the following optimization with respect to
F, γ :

max
F,γ

γ, s.t. FFH � Rh, (40a)

|Fk,k | ≥
√

γ

1 + γ
sk, k = 1, . . . , K . (40b)

From Schur complement [7], the constraint FFH � Rh is equivalent to a convex
semidefinite constraint. Note that for a feasible F in (40), multiplying its k-th column
by a scalar phase factor e jθk does not violate feasibility [1, 44]. Therefore, we only
need to consider F with real diagonal elements. Introducing a new variable t =√

γ /(1 + γ ), (40) is equivalent to:
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max
F,t

t, s.t. FFH � Rh, (41a)

�{Fk,k} ≥ tsk, k = 1, . . . , K , (41b)

which is solvable by linear conic programming. While linear conic optimizations in
(41) can be effectively solved by optimization softwares in polynomial time, it may
be more efficient to solve the dual problem of (41) with gradient descent methods.
Readers may refer to [19] for further details.

4 Theoretical Analyses

To facilitate the derivation of fundamental limits of a MIMO system jointly designed
for radar and communications functions, we discuss the communication capacity
under radar performance constraint. The communication capacity is widely used as
a theoretical limit of communication performance. The capacity of a MIMO com-
munication system is affected when the transmit signal is also restricted to bear a
radar function, because radar constraints essentially reduce the transmit signal DoF.

4.1 Capacity Under Radar Constraint

We first consider a typical example, that is the sum-rate capacity of multiuser com-
munications under some power and radar constraints. For a given covariance matrix
R of the transmit signal, the sum rate capacity of the vector broadcast channel in
(25) is given by [39]

C(R) = min
Z�0

log
∣∣IK + Z†HRHH

∣∣ , (42a)

s.t. Zk,k = σ 2, k = 1, . . . , K , (42b)

where Z† is the Moore-Penrose inverse [25] of Z. Here, the capacity equals the
lower bound of the mutual information for a cooperative channel where the receivers
cooperate and have a variable noise covariance Z constrained by (42b).

We impose the power constraint

tr(R) ≤ P, (43)

where P is the maximal average transmit power, and impose the radar constraint
based on similarity restriction of R, given in (23). With these constraints, the maxi-
mized sum-rate capacity is given by
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max
R�0

min
Z�0

log
∣∣IK + Z†HRHH

∣∣ , (44a)

s.t. Zk,k = σ 2, k = 1, . . . , K , (44b)

‖R − Ro‖F ≤ ε, tr(R) = P. (44c)

The problem is to solve (44), which is generally a convex-concave saddle point
(CCSP) problem with respect to Z and R: The objective function is convex with
respective toZ and is concavewith respective toR; The constraints in (44) are convex.
In the special case when ε = 0, i.e., R = Ro, (44) becomes a convex optimization
problem with respect to Z that can be solved via linear conic program [14].

By exchanging the order ofminimization andmaximization in thisCCSPproblem,
it can be reformulated into an optimization problem with respect toZ, and solved via
gradient descend; details on calculating the gradient are in [20]. Numerical result in
Sect. 5 show that tighter radar constraints reduce communication capacity, indicating
the trade-off between these two functions. To analytically reveal the inherent trade-
off between radar and communications in a MIMO transmitter, we consider a toy
case, discussed in the sequel.

4.2 A Toy Example

We now consider a toy example where both the schemes of communicating and
probing are simplified, with the goal of obtaining an analytical expression of the
capacity and the waveform design strategy that achieves this capacity. In particular,
we assume that there is only one down-link user with one antenna, i.e., K = 1. Then
the channel reduces to H = hH . Here, h is referred to as the channel vector. There
is only one radar target at angle θ with the steering vector being at = a(θ). We use
the SNR of the target to evaluate the radar performance. Hence, the capacity under
radar constraint becomes

max
R�0

log
(
1 + hHRh

)
,

s.t. aH
t Rat ≥ β,

tr (R) = P,

(45)

where β denotes SNR threshold for radar target. Since log
(
1 + hHRh

)
monotoni-

cally increases with hHRh, the above optimization problem is equivalent to

max
R�0

hHRh,

s.t. aH
t Rat ≥ β,

tr (R) = P.

(46)
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According to [37], there exists an optimalRwith rank one and eigenvector being a
linear combination ofh and at . Therefore, we denote two scalars to solve by a, b ∈ C,
and a vector by c = ah + bat ∈ C

M . Then, we rewrite R as

R = ccH . (47)

Substituting (47) into (46) yields an optimization problemwith respect to scalars a, b.
Using Karush-Kuhn-Tucker (KKT) condition [2], we obtain the following solution
[45], which depends on the predefined threshold β:

(i) When 0 ≤ β <
P|hHat|2

‖h‖22 , the solution is

⎧
⎪⎨

⎪⎩

|a| =
√
P

‖h‖2 ,

|b| = 0,

(48)

where the angle of the complex-valued scalar a is arbitrary.

(ii) When
P|hH at |2

‖h‖22 ≤ β ≤ P ‖at‖22, the solution becomes

⎧
⎪⎨

⎪⎩

|a| = η,

|b| =
√

β

‖at‖22
−

∣∣hHat
∣∣

‖at‖22
η,

(49)

where

η =
√√√
√ P ‖at‖22 − β

‖h‖22 ‖at‖22 − ∣∣hHat
∣∣2

,

and the angles of a and b should obey

arg (a) − arg (b) = arg
(
hHat

)
(50)

if hHat �= 0 or could be arbitrary if hHat = 0.
(iii) When β > P |at |2, there is no feasible solution.

The analytical solutions of this example facilitate discussing the characters of the
optimal dual-function transmit signal and the achievable system performance. The
formation of the eigenvector c indicates that the design of a dual-function signal is
actually power allocation between the radar target and communication user. The coef-
ficients a and b represent the amplitudes of resources allocated for communication
and dedicated probing, respectively. Whether or how much of the communication
energy, |a|2, simultaneously benefits the probing function depends on the correlation
between h and at . In the extreme case where h is parallel to at , the communication
waveform also serves as the probing signal, and there is no need to transmit a ded-
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icated radar signal. In the opposite case when h is orthogonal to at with hHat = 0,
radar and communication functions operate independently without energy sharing
between each other. The sum of energies for communication user and radar tar-
get, i.e., |a|2 ‖h‖22 and |b|2 ‖at‖22, is exactly the whole energy, since it holds that
P = |a|2 ‖h‖22 + |b|2 ‖at‖22.

In more general cases, partial energy allocated for communicating is shared with
radar functionality. Particularly, in case (i), there is no dedicated radar signal, because
the communication signal shed on the radar target is strong enough to meet the SNR
requirement. Therefore, the capacity is equal to that of a communication-onlyMIMO
system. In case (ii), there should be a dedicated radar signal to guarantee the target
SNR, which reduces the energy for the down-link user and affects capacity. In case
(iii), the SNR requirement is unachievable, even when all the available energy is
allocated for probing.

4.3 Discussions on Trade-off Between Radar
and Communications

Theoretical analyses with respect to capacity reveal the inherent trade-off between
radar and communications performance, both of which depend on the covariance
matrix of the transmit signal. Generally, there does not exist a single covariance
matrix simultaneously achieving optimal radar and communication performance,
resulting in a compromise between them.

From the perspective of power allocation, both radar and communication functions
desire the transmitter to increase the gain of the beam towards the targets or users,
respectively. This leads to conflicts between the two functions, when the down-
link users and radar targets are located at different directions (or their channels are
different).

From the perspective of spatial diversity, communication capacity increases with
the DoF of transmit signals, defined by the rank of their covariance matrix R. The
DoF reaches the maximum if signals transmitted by different antennas are indepen-
dent of each other. It generally yields higher capacity than the cases when signals are
correlated with (restricted by) each other. The DoF reduces to 1 in the extreme case
when the radar operates in the phased array model. In this scenario, the transmitted
signal of each array is the same except a fixed phase difference that is determined
by the desired direction of the beam. However, radar function typically prefers the
phased arraymodel because the beam is directional and the transmit energy is focused
towards the target, leading to higher SNR or detection probability of the target. In the
independent waveform model, the energy is spread over all directions, resulting in
wider coverage but lower SNR of each target. In summary, communication function
prefers randomness, providing higher communication capacity, while radar function
tends towards certainty, guaranteeing higher SNR. This suggests unavoidable com-
promise between radar and communication functions when designing dual-function
waveforms.
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5 Numerical Results

In this section, we provide some numerical results regarding the performance of
joint MIMO radar and multiuser communications. In the first experiment [22], we
numerically evaluate the performance trade-off between radar and multiuser com-
munications. In the second experiment [19], we consider the radar-centric design in
(36) and demonstrate the balanced SINR of down-link users versus transmit power
with a given transmit covariance for radar. The third experiment [20] computes the
sum-rate capacity discussed in Sect. 4.1 under different covariance mismatch ε.

5.1 Performance Trade-off Between Radar and Multiuser
Communications

To exploit the performance trade-off, we use the SDR based method in Algorithm 1
to solve (32). Here, we first show the tradeoff results where the radar performance
is evaluated using the beam pattern MSE, defined as the MSE between the obtained
MIMO radar transmit beam pattern and the optimal radar-only beam pattern, and is
written as

MSE = 1

L

L∑

l=1

|P(θl;R0) − P(θl;R)|2 , (51)

where P(θl;Ro) is the optimal radar-only beam pattern with Ro obtained from (24).
The communication performance is encapsulated in the achieved SINRs defined in
(30) and (31). We also compare the result with the precoding scheme proposed in
[17] which only precodes communication symbols as shown in Fig. 2a.

In the experiments reported in this section, the transmit array is a uniform linear
arraywith halfwavelength spaced elements. The number of transmit antennas isM =
10 and the total transmit power P = 100. For MIMO radar transmit beamforming,
the ideal beampattern consists of threemain beams,whose directions are θ 1 = −40◦,
θ2 = 0◦ and θ3 = 40◦. Thewidth of each ideal beam is
 = 10◦, and thus the desired
beam pattern is

d(θ) =
{
1, θ p − 


2 ≤ θ ≤ θ p + 

2 , p = 1, 2, 3,

0, otherwise.
(52)

In (18), the direction grids {θl}Ll=1 are obtained by uniformly sampling the range of
−90◦ to 90◦ with resolution 0.1◦. The radar loss in (20) accounts for both objectives
equally, namely, the weighting factor is set to wc = 1. The multi-user communica-
tions channel obeys a Rayleigh fading model, i.e., the entries ofH are i.i.d. standard
complex normal random variables, and the channel output at each user is corrupted
with an AWGN of variance σ 2 = 1.
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Fig. 3 Beam pattern MSE
versus SINR threshold �

We simulate different � and K to test the impact of these parameters on the
performance of the proposed joint design methods. We vary SINR threshold values
� from 4dB to 24dB, and set the number of users as K = 2, 4, 6. For each value of �
and K , the performance is evaluated by averaging over 1000 Monte Carlo tests. The
individual radar waveform and communication symbols comprising the transmitted
signal x[n] in (2) are generated as random quadrature-phase-shift-keying modulated
sequences, and the transmit signal block size is set to N = 1024.

We compare the proposed joint design method with the method proposed in [17],
in which only communication symbols are precoded. We use the MATLAB CVX
toolbox [9, 10] to solve the optimization in (34), and apply gradient projectionmethod
to solve the sum-square penalty (SSP) problem which only precodes communication
symbols under per-antenna constraint in [17]. In the sum-square penalty problem in
[17], the weighing factors are ρ1 = 1, ρ2 = 2 and the given SINR at each user is
equal to the SINR threshold �.

Figure3 demonstrates the performance trade-off between radar and communica-
tions for the two methods, for K = 2, 4, 6. As clearly demonstrated in Fig. 3, the
proposed SDR based method notably outperforms the SSP approach for K = 2.
Since the SSP approach only precodes communication symbols, it cannot provide
enough DoFs for MIMO radar transmit beamforming, and the obtained beam pattern
MSE is significant. When K = 4, 6, our SDR based method still outperforms the
SSP approach, although the gain is less notable compared to K = 2. The fact that
the SDRmethod outperforms the SSP method in [17] even when the latter is capable
of exploiting the full MIMO radar DoF stems from the following reasons: (1) The
SSP problem is non-convex and the obtained solution may be a local optimum; (2)
In the SSP problem, the radar loss function, defined as ‖R − Ro‖2F , does not directly
reflect the performance of the radiation beam pattern.

Since the beam pattern MSE is not the only performance measure for radar, we
also analyze the sensing capabilities at the radar receiver. We simulate three radar
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Fig. 4 Detection probability
versus transmit SNR under
false alarm probability
Pf a = 10−4, for � = 12 dB

targets located at directions θ1 = −40◦, θ2 = 0◦, and θ3 = 40◦, respectively. These
targets are in the same range resolution bin and the complex amplitude of the targets
are all 1. The targets’ reflected signal is corrupted with AWGN whose covariance is
Rr = σ 2

r IM , where σ 2
r = 1. The numerically evaluated detection probability versus

transmit SNR for the proposed SDR method, the SSP method in [17] and the radar-
only case is depicted in Fig. 4, for � = 12 dB and Pf a = 10−4. From [17], it is noted
that there exists detection performance loss for simultaneous multiuser information
transmission compared to the radar-only case. If K = 2, the detection performance
of SDR beamforming notably outperforms that of the the SSP approach, because the
SSP approach usually cannot provide enough DoF to form three beams to cover the
three target. Hence, reflected signal from one of the targets may experience notable
SNR loss, significantly reducing the detection probability. If K = 4, 6, the detection
performance of SDR method is still better than the SSP method, since the SDR
method can achieve better transmit beam patterns and higher beam gain, leading to
higher SNR at the radar receiver.

We further show the radar-communication tradeoff performance between the
single-target angle estimation CRB (22) and per-user SINR in Fig. 5, where the SDR
and SSP based beampattern approximation approaches [17, 22] serve as benchmark
techniques, with M = 16. It can be observed that the CRB minimization method
outperforms the beamforming approximation designs in general, which improves
the target estimation performance under a given SINR constraint for communication
users. Moreover, we observe that for a smaller number of users, the CRB remains at
a low level despite that the users’ SINR is growing.
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Fig. 5 CRB versus transmit
SINR per user for M = 16,
K = 6, 14

5.2 Communication Performance Under Given Transmit
Covariance for Radar

In this experiment, the optimal covarianceRo for radar is given byRo = PSo, where
P is the transmit power and So is the power normalized covariance. Two design goals
for MIMO radar are considered, resulting in two different So. In the first, the radar
transmits orthogonal waveforms and forms an omni-directional beam pattern with
So = (1/M)IM . In the second, one follows the beam pattern matching design in the
last experiment to form multiple beams towards −40◦, 0◦, 40◦ with a beam width of
10◦, where So is obtained by a semidefinite quadratic optimization.

To show the communication performance under the covariance constraint, we
solve the SINR balancing problem in (36) with different So and P . The balanced
SINR versus transmit SNR for different So and K is displayed in Fig. 6. From Fig. 6,
it is observed that the balanced SINR increases with transmit SNR, but the increment
becomes slowwhen the SNR is high enough. The reason is that the interference to the
down-link users cannot be effectively canceled via transmit beamforming under the
transmit covariance constraint. To zero-force the interference, transmit beamform-
ing requires Sh = HSoHH to be a diagonal matrix, while this condition generally
does not hold if H is Rayleigh fading. Despite this limitation from the covariance
constraint, the communication performance can actually be further enhanced via
multiuser interference elimination techniques such as dirty paper coding [5]; see
[19].

When there are only a few users, the inter-user interference can be less serious,
and an acceptable balanced SINR can be achieved under high SNR.With the increase
of K , the balanced SINRmay become very low, e.g. K = 6 for multi-beam patterns.
Note that the rank of So is 4 for the multi-beam pattern. When K exceeds the rank,
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Fig. 6 Balanced SINR
versus transmit SNR

the received signals at the users become linearly dependent, making it impractical to
send independent data streams to the users. In other words, the meaningful operating
regime for multiuser transmit beamforming is K ≤ rank(Ro). For Rayleigh fading
channels, the balanced SINR for the omni-directional pattern is better than that for
multi-beam patterns, since its transmit covariance has a higher rank, and thus can
provide more DoFs for communications.

5.3 Sum-rate Capacity Versus Covariance Mismatch for
Radar

In this section, we numerically show the trade-off between the sum-rate capacity
of multi-user communications and the covariance mismatch for radar. In the sim-
ulations, the number of antennas is M = 10, and the number of users is K = 4.
The communication performance is compared under three different Ro. The first
is Ro = (P/M)IM , which forms omni-directional radar transmit beam pattern. The
second is for a phased-array radar that forms a transmit beam towards 0◦, and thus
Ro = (P/M)11T . The third employs the beam pattern matching design to formmul-
tiple beams towards −40◦, 0◦, 40◦ with a beam width of 10◦.

The average sum-rate capacity under Rayleigh fading channel is compared for dif-
ferent ε and Ro in Fig. 7. As shown in Fig. 7, the sum-rate capacity becomes higher
as ε becomes larger. When ε becomes larger, the restriction from radar is more
relaxed, leading to better communication performance. By comparing the results
for different Ro, it is observed that the desired radar transmit beam pattern affects
the communication performance. The sum-rate capacity is the highest for omni-
directional radar transmit beam pattern, and is the lowest for phased-array single
transmit beam. When radar intends to form a single or a few main transmit beams,
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Fig. 7 Ergodic sum-rate
capacity versus transmit
SNR P/σ 2 for different ε
and Ro

Fig. 8 Ergodic sum-rate
capacity versus ε for
different Ro, where
P/σ 2 = 13dB

the emission power towards the side-lobe region can be quite low. Therefore, if the
communication receiver is located in the side-lobe region, the performance degrada-
tion of communication can be serious because of the limited signal power.When radar
forms a omni-directional transmit beam, the communication receivers can always be
covered so the highest sum-rate capacity is achieved.

The trade-off curve between radar and communication is plotted in Fig. 8, where
the transmit SNR is 13dB. Similarly, the sum-rate capacity is the highest for omni-
directional radar transmit beam, and is the lowest for phased-array single transmit
beam. The performance gap between omni-directional beam and phase-array beam
can be significant, especially when ε is small, while the performance gap betweem
omni-directional beam and multiple main beams is not that significant. When ε is
large enough, the capacity in the joint system approaches the capacity with only
power constraint and without the radar constraint in (23).
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6 Conclusions and Future Directions

In this chapter, we considered the joint waveform design for MIMO radar and mul-
tiuser communications. First, we reviewed a new signaling scheme which jointly
precodes the radar waveform and communication symbols. Compared with previous
methods which only transmit communication symbols, the proposed scheme pro-
vides more DoF for MIMO radar and achieves better performance. Under the joint
precoding scheme, we discussed the design of the precoding matrices for radar and
communications. We showed the expressions of receive SINRs for multiuser com-
munications and demonstrated that the performance of MIMO radar is determined
by the transmit covariance. The solution of two kinds of joint optimizations were
introduced in detail, where the first optimizes the radar performance under individ-
ual SINR constraints at the communication receivers and the second performs SINR
balancing for multiuser communications with a given optimal transmit covariance
for radar. Both of the optimizations can be effectively reformulated and solved by
convex optimizations. Next, the computation of the sum-rate capacity for multiuser
communications under certain constraints on the transmit covariance of radar was
discussed, including a toy example study for the single-user and single-target scene.
Finally, numerical results were provided demonstrating the performance of joint
radar and communications.

The works reviewed here rely on some assumptions on the channel. First, the
channel is assumed perfectly known at the transmitter. However, in practical appli-
cations this assumption may not hold, e.g. when sthere exists channel estimation
error. In the future, it is meaningful to consider the precoder design in the case
that the channel is only partially known at the transmitter, for example under some
prior knowledge on the difference between the actual channel and known channel at
transmitter. Second, the channel is assumed to be non-frequency selective. However,
in wide-band communications, the channel may be frequency selective and MIMO
communication transmitters generally transmit OFDM waveforms to eliminate the
effects of multipath. OFDM waveform design for joint radar and communications
under frequency selective channels is also an interesting avenue for future research.
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