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Block compressed sensing (or sparse recovery) and its performance
bound, i.e., conditions that guarantee reconstruction of the original
sparse vector, have been widely studied. Most scenarios assume that
the blocks in the measurement matrix are full-rank. In this setting,
phase transition theory provides a precise performance bound on
the exact reconstruction of the original vector. However, in many
practical applications, the blocks of the measurement matrices may
not have full rank, and it becomes impossible to recover the original
vector elementwise. In this article, we consider the compressed sens-
ing problem with such redundant measurement matrices and derive
a performance bound using phase transition theory. We focus on
reconstructing the contribution of each block in the original vector
to the observed signal instead of the vector itself. We show that this
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method is equivalent to a traditional £; 1 norm minimization after a
certain linear transformation. We theoretically prove the transformed
{>,1 norm minimization has a phase transition phenomenon. Based
on this result, we derive the closed-form phase transition curve of
the method as a tight performance bound. We also apply this result
to frequency agile radar for performance evaluation and waveform
design. Simulations validate our theoretical conclusions.

[. INTRODUCTION

Sparse recovery has attracted massive attention in many
fields such as computer vision [1], radar signal process-
ing [2], [3], [4], [5], [6], and machine learning [7]. The
core idea of sparse recovery is to utilize the sparsity in the
original x to recover it from the observed signal y = Ax,
where A is a measurement matrix and known a priori. Block
sparse recovery can be applied when x possesses additional
block structure, i.e., nonzero entries of x cluster in several
blocks. This arises in numerous situations such as extended
target detection [8] in radar, machine learning [9], and data
clustering [10].

Denote the ith block of x and A by x; and A;, respectively.
When all the blocks A; are of full rank, referred to as nonre-
dundant blocks, it is possible to use standard block sparse
recovery methods to recover all the entries of x. However,
in many practical scenarios, one or more blocks A; can
be redundant or rank deficient, containing more columns
than the dimension of the underlying subspace [1], [11].
Particularly, in this article, we focus on the target recovery
problem with a frequency agile radar (FAR). As will be
detailed later in Section IV, the blocks of its measurement
matrix are redundant when only a portion of frequencies
is transmitted by the radar, which is an important operat-
ing mode to counter electromagnetic interference. For a
redundant block A;, exact recovery of the elements in x;
is impossible because there are multiple feasible solutions
of x; that generate the same observation A;x; while not
changing the block sparsity. Instead of exact elementwise
reconstruction of the original signal, it is still possible and
useful to identify the nonzero blocks in x and reconstruct
the signal of each block A;x;, referred to as blockwise
recovery.

Most works on block sparse recovery assume that the
blocks in the measurement matrix are full-rank [12], [13],
where the random Gaussian ensemble is commonly con-
sidered [14]. Block sparse recovery methods reconstruct x
by finding the fewest blocks to represent y. Under certain
conditions [15], the unique block sparse solution can be
found by solving

Py, : % = argmin T |x; ]2, s.t.y = Ax. (1)
X
In practical scenarios, some blocks may be redundant.
While elementwise recovery is no longer possible, the au-
thors in [16] and [17] instead focused on the reconstruction
of the subspace of each block. Particularly, £} | norm min-
imization or Péz,] is proposed as

2)

5 - d—1
P, X =argmin T |[Axi]l2, s.t.y = Ax
P
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which penalizes the norm of the reconstructed vectors from
the blocks, i.e., Eflz})l |A;x; |2, referred to as 6/2,1 norm of x
concerning the blocks A;, opposed to the £, ; norm in (1).
Here, we concern the theoretical performance bound of £ |
norm minimization method, i.e., the parameter conditions
under which ¢, | methods exactly reconstruct the original
signals. The theoretical conditions for block sparse recovery
have been widely considered by former works. For the
standard ¢, ; norm minimization, most early works [13],
[15], [18] use incoherence-based techniques, including the
restricted isometry property and the mutual incoherence
property. For 3 | norm minimization, Elhamifar and Vi-
dal [17] analyzed the mutual and cumulative subspace co-
herence to provide a sufficient condition where it succeeds.
This condition was further improved by [19]. However,
these incoherence-based tools yield pessimistic and loose
bounds. By using the phase transition theory, Li et al. [20]
obtained a tight precise performance bound for P, . In this
article, we extend the tight performance bound to Pz/z,, .

The phase transition phenomenon is commonly found
in high-dimension geometry. Here, phase transition means
an abrupt change in the probability of property occurring as
the dimension parameter intersects a critical threshold [21].
For example, £; norm minimization faces a phase transition
when the number of measurements and nonzero entries in
x vary [21], [22], [23], [24]. The authors in [24] and [25]
provided a theoretical expression of the threshold, i.e., the
theoretical phase transition curve, for £; norm minimization
when the measurement matrix is Gaussian or sub-Gaussian.
Such curves serve as tight bounds guaranteeing recovery
performance. Our former work [20] generalized the theo-
retical phase transition curves to P, . Yet, these works aim
at exactly recovering all the entries of x and assume that
blocks A; are of full rank. In this article, we consider exact
blockwise recovery under redundant blocks and derive a
corresponding theoretical phase transition curve. One of the
difficulties lies in the change of measurement matrix struc-
ture. Since the latter measurement matrix has redundant
blocks, it no longer satisfies the sub-Gaussian assumptions
usually imposed by former works.

One major application scenario of the aforementioned
block sparse recovery methods is the target reconstruction
in FAR. Simultaneously, the performance bounds can be
employed to guide the waveform design of FAR. FAR
changes frequencies from pulse to pulse [20]. FAR typically
operates in the so-called full frequency mode, where all
the frequencies are utilized, covering the entire available
bandwidth. In this radar mode, all the blocks of the mea-
surement matrix are full-rank [8], and many sparse recovery
methods are proposed due to the sparsity in the target scene.
Zhou et al. [26] used a £; norm penalty to enhance the
sparse imaging with FAR. Wang et al. [27] capitalized on
the sparsity through sparse Bayesian learning techniques.
Meanwhile, Fei et al.[28] introduced an alternating direc-
tion method of multipliers (ADMM) framework to facilitate
the computing complexity. Some machine learning meth-
ods, including LISTA, are also applied [29], [30]. Some
theoretical bounds of sparse recovery methods, like ¢; and
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£»1 norm minimization in for full frequency mode, are
also established using mutual coherence of phase transition
theory [3], [8], [20]. However, due to hostile or neutral
interference, some in-band frequencies are not available,
where the FAR should work in the incomplete frequency
mode. In the partial frequency mode, some blocks are of
deficient rank due to the lack of information, which is not
considered by the above methods. This mode is important in
the electronic counter-countermeasures (ECCM) scenarios
but lacks discussion.

The goal of this article is to derive a tight performance
bound for exact blockwise recovery under redundant blocks
by phase transition theory. With the performance bound, we
then examine which waveform design is optimal for target
recovery with FAR.

The main contributions of this article are summarized
as follows.

1) We show that the blockwise recovery with redundant
blocks via £, | norm minimization, raised by former
works [16], [17], is equivalent to the elementwise
recovery via £, ; norm minimization with nonredun-
dant blocks after certain linear reformulation.

2) We prove the reformulated problem has the property
of phase transition, and thus obtain the performance
bound for ¢, ; norm minimization by deriving its
phase transition curve. The entries in the measure-
ment matrix of the reformulated problem are not
independent, which is not analyzed in former works
on phase transition.

3) We apply the obtained theoretical bounds to FAR and
simplify the expressions with elementary function,
which eases the calculations and helps guide the
waveform design. Simulations validate the accuracy
of the application in FAR.

4) The results indicate that using fewer frequencies can
improve the reconstruction performance from the
perspective of blockwise recovery. In other words,
it sacrifices the range resolution to achieve a better
Doppler estimation.

The rest of this article is organized as follows. In
Section II, we introduce the £, | norm minimization method
for block sparse recovery, as well as existing theoretical re-
sults based on phase transition theory. In Section III, we in-
vestigate the performance of ¢ ; norm-based recovery and
derive its theoretical phase transition curves. The obtained
theoretical results are utilized for FAR in Section IV. In
Section V, we present numerical results. Finally, Section VI
concludes this article.

Throughout this article, we use R and C to denote the
real and complex number sets, respectively, and K is used to
represent either of them for convenience. Notations B" and
S"~! are used to represent a unit ball and its sphere in n-d
space, respectively. Vectors are written as lowercase bold-
face letters (e.g., @), while matrices are written as uppercase
boldface letters (e.g., A). For a vector a, ||a||; denotes the
¢; norm of a and the ¢, norm is simplified as ||a||. For a
set, both | - | and # denote cardinality. The transpose and
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conjugate transpose operators are (-)" and (-)1, respectively.
Denotations E(-), P(-) and var(-) represent the expectation,
probability, and variance of a random variable, respectively.
We use .4 (0, 0%) to represent the Gaussian distribution
with zero mean and o2 variance, and use .4¢(0, %) for
circularly symmetric complex Gaussian distribution.

[I. PRELIMINARY KNOWLEDGE

In this section, we briefly review some preliminary
knowledge of sparse recovery. First in Section II-A, we
detail the Péz,l method, which aims at blockwise recovery
of sparse vectors and is applicable for both nonredundant
and redundant measurement matrices. Then in Section II-B,
we introduce the theoretical performance bound of sparse
recovery based on the concept of phase transition. Current
results focus on the standard or nonredundant block sparse
recovery.

A.  Blockwise Sparse Recovery and the P; Method

Recall the block sparse recovery model y = Ax.
We assume that the signal consist of d blocks, and
use the notations A = [Ag, ..., Ay_;] € K™ and x =
[x3, ..., x} 1" € K™ to indicate the block structure. One
says that x is sp block sparse, if there are no more than
sp blocks x; € K out of x being nonzero. Denote the
estimation of x by X. We call the original signal x* is
blockwise recovered, if & satisfies ), [[Ax] —A%;|| = 0.
Compared to the “elementwise recovery,” which requires
> i Ixf — %]l = 0, the “blockwise recovery” concentrates
on the correctness of the contribution of each block, A;x;.
Due to the redundancy of A; there exist different ¥ have
the same A;x; for all i. They are all considered exact re-
covery under the blockwise criterion. These two criteria are
equivalent when A; is full-rank.

Corresponding to the blockwise recovery, Elhamifar
et al. [17] referred to P‘éz,l’ penalizing the norm of the
reconstructed vectors from the blocks, repeated as

P :%=argmin B |Aix;, sty = Ax.
’ X

Here, P, is applicable for both nonredundant and redun-
dant measurement matrices. In nonredundant cases, ||A;x;||
equals 0 only when x; = 0. In redundant cases, the noncon-
tributing blocks x;, which satisfy A;x; = 0 can be set to
x; = 0 [17]. Thus, Pém results in block sparse solutions.

B. Performance Bound Based on Phase Transition

The phase transition phenomenon was observed by [22]
in compressed sensing problems, which shows that the
solvabilities of the problems change vastly around certain
parameter settings [31]. For example, as shown in Fig. 1,
there is a dramatic change in the probability of exact re-
covery via Py, from O to 1, when d and m are fixed (the
numbers of blocks and elements in a block, respectively),
and the number of measurements n and the sparsity of the
signal sp vary. One says that the sparse recovery problem has
phase transitions on these point pairs (7, sg). These phase
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5 0 15 2 2 3@
Block sparsiy (s,)

Fig. 1. Probability that sz,l exactly solves x. Here, d = 32, m = 4,
A e R has entries obeying i.i.d. .4(0, 1). Exact recovery is
proclaimed when the estimate & satisfies || — x|| < 107>. For each
(n, sp), the probability is calculated with 50 trials using different A and x.
The recovery succeeds with a probability near 1 in the yellow region
while hardly succeeds in the deep blue region.

; - ; -
x+0 x+0
Fig. 2. Geometrical illustration that shows how the result of the
recovery depends on the null space and the descent cone.

transition points on the plane of parameters compose the
so-called phase transition curve.

Whether the recovery succeeds has a geometrical illus-
tration as shown in Fig. 2. The red points x* are the true
value, and the red lines denote the constraintsy = A(x — x*)
or equivalently, x* + null(A) for random measurement ma-
trices A. We use 2 to denote the descent cone of || - |2, at
x, Q={u:31t >0, [|x + tullas < |xl2i, u # 0}, which
is the light blue region in Fig. 2. On the left subfigure,
x* + null(A) does not intersect withx* + Q,i.e.,0 ¢ A(Q2).
Thus, x* has the smallest £, ; norm in the set x* + null/(A),
which indicates that the solution to P, , is exactly x* and the
recovery succeeds. On the right, one finds 0 € A(£2) and the
recovery fails. The phase transition phenomenon in Fig. 1
is now transformed into the phase transition phenomenon
of the possibility of null(A) and 2 intersecting, as the
parameter (7, sg) varies.

With the above illustrations, we can depict the phase
transition in a more concise and general way. Consider a
random linear map H € R™“, whose null space is drawn
uniformly from the Haar measure on the Grassmann mani-
fold of subspace in R? [24], [25] (The measurements matrix
A, often assumed as Gaussian in compressed sensing, meets
this requirement almost surely). There is a phase transition
in the behavior of the map H as [24]

1) n <8(R2) — C+/6(2) implies 0 € H(2) with high

probability;
2) n>8(Q2) + C+/6(2) implies 0 ¢ H(2) with high
probability.

Here, C is a small positive constant, and €2 is a convex
set, which does not contain the origin. The key step to
obtain the phase transition curve is to calculate the statistical
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dimension, §(£2), defined as

2
S(Q)=480(R) =E ( sup ¢ -g) 3)
t

€0(2) 4

where g € NV(0, I) is a standard normal vector and the map
0 retracts the region to a unit sphere, defined as

t
welfiz

In our former work, inspired by the theoretical phase
transition curve for standard sparse recovery in [24], we
calculated the statistical dimension of the descent cone
of €51 norm and obtained the theoretical phase transition
curve for block sparse recovery [20]. We repeat the results
from [20] as follows.

PROPOSITION 1 ([20]) Given a measurement matrix A €
K™ whose entries are i.i.d. normally distributed and the
observed signaly € K", the recovery of the original sp block
sparse signal x € K™ with block size m via Py, , faces phase
transitions when the number of measurements n equals the
function

On(sp, d) =

il;f) {SB(m +1)+(d - SB)/ (u — f)2¢m(u)du}

(&)
if K = R. Here, ¢,,(u) is the probability density function of
the yx-distribution with m degrees of freedom, given by

un— 1 e—uZ/Z
s, U >0

Pm(u) =1 TG (6)
0, otherwise

and I'(+) is the gamma function.
If K = C, the recovery faces phase transitions when n
equals

1
@y (sp, d) = E(pZm(SBv d). (7

Phase transition theory is primarily based on the Gaus-
sian measurement matrix. However, other random measure-
ment matrices have also been observed to possess universal-
ity [21], [25], which corroborates the validity of the theory
in various scenarios, such as Bernoulli matrices, randomly
selected Fourier matrices, and randomly selected Hadamard
matrices.

Note that this proposition considers £, ; norm minimiza-
tion with a measurement matrix having full-rank blocks.
Although the full-rank assumption is met with overwhelm-
ing probability by Gaussian measurement matrices, practi-
cal measurement matrices usually have structured blocks,
which might be rank-deficient or redundant. Therefore,
the current results cannot be directly used to obtain the
theoretical phase transition for blockwise recovery via Péz,.
in redundant cases.

LIET AL.: BLOCK SPARSE RECOVERY WITH REDUNDANT MEASUREMENT MATRICES

[lI.  PHASE TRANSITION CURVE WITH Péll

Our goal is to derive the theoretical phase transi-
tion curve of blockwise recovery via P[’zv1 in redundant
cases. We first present in Section III-A Theorem 2 and
Proposition 3, paving the way to the theoretical curve,
of which the mathematical form is shown at the end of
Section III-A. Sections III-B and III-C give proof of the
theorem and the proposition, respectively.

A. Main Results

1) Problem Reformation: Proposition 1 identifies the
phase transition curve of elementwise recovery via P, ,
in nonredundant cases, inspiring us to reform (2) into an
equivalent ¢, ; problem.

THEOREM 2 Consider a measurement matrix A =
[Ag, A1, ..., As_1] € K with the rank of A; € K™
being r and a block sparse signalx = [x§,x], ..., x5 1" €
K™ Then, x can be blockwise recovered via Pézl from

the observation y = Ax, if and only if z € K™ can be
elementwise recovered via £, ; norm minimization from
the observation y = Sz. Here, the vectors of the block
S; € K™ in the matrix S = [So,S1,...,Sq_1] € K74
forms an orthonormal basis of the space spanned by A;. The
vectorz = [z0, 2], ..., 2] 1T € K™ satisfies Siz; = Ax;.

The detailed proof is given in Section III-B. This theo-
rem indicates that the phase transition curve of the block-
wise recovery via Péll with a redundant measurement ma-
trix A is equivalent to the counterpart of the elementwise
recovery via £, | norm minimization with a nonredundant
measurement matrix S generated from A. Note that we do
not require an explicit form of the matrix S, though a simple
way to obtain S; is by performing a Gram—Schmidt process
on A;. In this sense, P, is same to P, after a blockwise
orthonormalization as the preprocessing.

2) Phase Transition With Structured S: Based on
Theorem 2, we then use Proposition 1 to analyze the phase
transition of /; ; norm minimization problem, with S being
the measurement matrix. While Proposition 1 holds for a
Gaussian measurement matrix, S has a certain structure:
each column has a unit norm and is orthogonal to other
columns in the same block. By imposing some assumptions
on S that are easy to satisfy, we show in the following
Proposition 3 that there still exists phase transition phe-
nomenon for such a structured measurement matrix, and
the phase transition curve is the same as the one indicated
in Proposition 1.

PROPOSITION 3 Consider a random matrix S =
[So,S1,...,Ss_1]1 e K™ where S; €K™ satisfies
S?S,» =1, each column in §; is uniformly distributed on
the unit sphere S"~', and S; is independent from S for any
i # j. Then for a nonempty, compact, and convex subset
of K, E that does not contain the origin, and a small
constant €, there exists a number »n, such that:

1) P{0 & {yly=Sx,x € E}}iscloseto 1 if n > (1 +
€)3(E);
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2) P{Oe{yly=Sx,x € E}}isclose to 1 if n < (1 —
€)S(E).

The proof is given in Section III-C, assuming S being
real numbered. It is easy to extend to the complex number
case following the technique in [20].

In this proposition, we assume that any block S; is
orthonormalized and independent from other blocks. This
is satisfied if § is generated by performing Gram—Schmidt
operation on A block wisely, with the distribution of the
subspace of A; being a Haar measure on the Grassmann
manifold.

This proposition reveals that such random matrix S has
almost the same phase transition property as the Gaussian
matrices. Take E in Proposition 3 as the descent conic
of the £, norm X '||z;]|. Therefore, the phase transition
curve of the problem is demonstrated by n = §(E), which is
the same as the phase transition curve demonstrated in (5)
and (7).

3) Deriving the Phase Transition Curve: Combing
Theorem 2 and Proposition 3, the phase transition curve
of the blockwise recovery of the sp block sparse signal
x € K™ via Py, problem (2) is given by

K=R
K=C

gor(SB7 d)9

8
@y (sp, d), ®

"€ (r, sp,d) = {

where both A and x have block size m, and the rank of each
block in A is r.

B. Proof of Theorem 2

The proof is divided into two main steps, converting (2)
to a nonredundant counterpart, and further converting it to
a {5 | norm minimization problem.

We first show that some linear transformation over A;
in PK’Z.1 does not change its solutions and its performance
bound. This will pave the road to rewriting the redundant
problem (2) into its nonredundant counterpart.

For A; and A defined in Theorem 2, we consider a linear
operator L; € K™ over A;, t > r, the rank of A;, yielding
B; = A,L; € K", Assume that L; does not change the rank,
i.e.,rank(B;) = rank(A;). Then, the original Pe’z‘1 givenin (2)
is equivalent to the following problem:

argmin X' |Bizil, sty = Bz )
Z

where B = [By, By, ..., B;_]. Note that B; can be either
redundant or nonredundant. Since B; shares the same col-
umn space of A;, there also exists a linear operator R; such
that A; = B,R;.

The mapping between the solutions of (2) and (9) is
stated more precisely in the following lemma.

LEMMA 4 For a given vector y, if x* is one solution to
(2), then Rx* is a solution to (9). Symmetrically, Lz* is
a solution to (2) if z* is a solution to (9). Here, L =

diag(Lo, L1, ey Ldfl) and R = diag(Ro, Rl, ey Rdfl).
PROOF See Appendix A. |
8964

This indicates that (2) and (9) have the same optimal
value. The optimal solution space of either problem can be
embedded in the space of the other one with a linear operator
LorR.

The above relationship between solutions to these two
problems leads to the consistency of their performance in
signal reconstruction, as stated in the following corollary.

COROLLARY 5 The problem (2) can be blockwise recov-
ered, if and only if (9) can be blockwise recovered.

PROOF See Appendix B. |

Particularly, for the special case that B; is nonredundant
(with ¢t = r), blockwise recovery of (9) is equivalent to
elementwise recovery. Thus, with Corollary 5, we complete
the first step of the proof, i.e., converting the blockwise
recovery of the underdetermined problem y = Ax to the
blockwise recovery (or equivalently elementwise recovery)
of y = Bz, where each block in B is of full rank and has
the same column space as its corresponding block in A.
Then, we further convert the P;, problem to P, , by select-
ing specific full-column-rank measurement matrices {B;}.
Consider a measurement matrix S =[Sy, S1,...,S:s-1] €
K™ where S; € K™ satisfies SHS; = I. Asaspecial case
of B;, S, is also nonredundant, and we obtain ||S;z;|| = ||z;]|.
Therefore, in this case, the optimization problem (9), using
P, to solve y = Sz, is equivalent to the following P,
optimization form:

z = argmin T '(|z]], s.t.y = Sz. (10)

z
Given A, we can always find a linear operator L, so that
S; = A;L; is an orthonormal basis of the space spanned
by the vectors in A;. In such cases, the nonredundant Py, ,
problem (10) is elementwise recovered, if and only if its
Péz,l counterpart (9) is elementwise or blockwise recovered,
if and only if the redundant problem (2) is blockwise recov-
ered, as we assert in Corollary 5. Hence, we complete the
proof of Theorem 2.

C. Proof of Proposition 3

The basic idea to prove Proposition 3 inherits from [25],
which mathematically shows that the phase transition phe-
nomenon exists in sub-Gaussian measurement matrices.
Since in Proposition 3, we assume SHS; = I introducing
some dependency between the elements in S, the original
proof in [25], requiring independent measurement matrix,
cannot be directly applied. Our goal of the proof is to tackle
the dependency problem.

We start from a real numbered S. According to [25, Prop.
3.8], given a nonempty, compact, and convex subset of R™,
E that does not contain the origin, as well as its projection on
the sphere S™~! @ = @(E), and the linear map S € R"*"?
defined in Proposition 3, the following two lemmas lead to
Proposition 3.

LEMMA 6 For a small number ¢, if n > (1 + €)3(2), one
has minscg ||St|| > 0 with high probability.
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PROOF See Appendix C. |

LEMMA 7 For a small number ¢, if n < (1 — €)3(£2), one
has min =1 Mingeconee) [Is — STE|| > 0 with high proba-
bility, where Q° :={x € S ' :x-t <0 Vt € Q} is the

polar of 2 and cone(°) :={x :x =at Vt € Q° Va>
0}.
PROOF See Appendix D. |

The relationship between the above lemmas and
Proposition 3 is shown in [25, Prop. 3.8]. For completeness,
we make some illustrations below. Lemma 6 is somehow
trivial as ||St|| > O indicates that S¢ # 0 for anyt. Therefore,
0 ¢ {yly = Sx,x € E}. Lemma 7 guarantees that cone(£2°)
does not intersect range(S™). By duality, cone(2) intersects
null(S),i.e., thereexistsx € E sothatSx = 0.Inconclusion,
combining Lemmas 6 and 7, one can reach Proposition 3.

The proofs of Lemmas 6 and 7 are greatly inspired by
the proofs of [25, Ths. 9.1 and 16.2 ], which are founded
for the bounded random matrix model. We make efforts to
show the same conclusions are true for matrices like S in
Proposition 3.

V. APPLICATION OF THEORETICAL RESULTS IN FAR

In this part, we apply the above theoretical results to
the FAR model to obtain precise conditions that guarantee
reconstruction. We first make a brief introduction about
the FAR model, including both full-frequency and partial-
frequency cases, in Section IV-A. Since the full-frequency
cases have been sufficiently discussed in [20], we focus
on the partial-frequency cases and present phase transition
curves of FAR using block sparse recovery in Section IV-B.
Then we compare these two cases in Section IV-C and our
results indicate that FAR has better detection performance
in the partial frequency case.

A. Signal Model of FAR

An FAR system changes the frequencies from pulse to
pulse. We consider a radar transmitting N monotone pulses
during a coherent processing interval (CPI). The frequency
ofthe nthpulse,n € N :={0, 1, ..., N — 1},isrepresented
by fu = f. + C,Af. Here, f. denotes the initial frequency,
Af denotes the frequency step and C, is the nth random
modulation code. All modulation codes are selected from
M ={0,1,...,M — 1}, where M represents the number
of available frequencies and is less than N.

According to [20], the observing model of FAR can be
rewritten with a matrix form as follows:

an

Here, the nth entry of the measurement vector y € CV is
the received signal after down-conversion and sampling.
The unknown vector x € CMV contains the range-Doppler
information of the targets. It has a block structure with the
form x := [x},x], ..., x}_,1. Each block x, € C¥ repre-
sents the high range resolution (HRR) profile of the target
with Doppler frequency ¢/N. The pth entry in x,, is nonzero
when there exists a scatterer with Doppler frequency g/N

y = Ox.
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and range frequency p/M. For the scenario that includes
K targets, at most K blocks in x are nonzero, and thus
x is a so-called K block sparse vector. The observation
matrix @ € CV*MN in accordance with x, is separated into
N blocks as

0:=[00,0,,...,0y]. (12)

Each block ®, € CN*M has the (n, p)th entry given by

gneN,peM (13)

[(")q]n,p — ej271%€,,+j27t%6,,n’
where €, :== 1+ C”f—A

Our goal is to recover the unknown vector x from
(11). Recall that x is block-sparse, and the matrix ® has
more columns than rows, hence recovering x from y is
an underdetermined problem. Therefore, block sparse re-
covery methods can be utilized to recover x, such that the
high-resolution range and Doppler information of targets
are obtained.

While previous literature mainly considered full-
frequency FAR, this article focuses on the partial-frequency
case, introduced below.

1) Full-frequency case: All the M frequencies are trans-
mitted within a CPL

2) Partial-frequency case: Only part of the M frequen-
cies are transmitted within a CPI, while the rest
frequencies are discarded.

The motivations to use the partial-frequency rather than
full-frequency FAR are twofold.

1) Enhance the ECCM performance: In practice, some
of the available frequencies are occupied by other
radars/devices or even by hostile interference. To
increase the signal-to-interference ratio, it is natural
to avoid transmitting at those frequencies, such that
the echoes would not be submerged by interference.

2) Improve the target detection performance: This will
be later discussed in detail in Section IV-C. An
intuitive explanation is that in FAR, increasing the
number of used frequencies enlarges the number
of unknown range parameters to estimate, while
not increasing the number of observations. As a
consequence, the partial-frequency mode achieves
better target reconstruction performance and thus the
detection performance than the full-frequency case.

To differentiate the partial-frequency case from the full
counterpart, we use different denotations here. Let the new
observation matrix be @', with the gth block @;, whose
(n, p)th entry is given by

[e;]n,p — ej2n%C,’,+j2n%e,ln’ g.ne N, pe M
where C,, is the nth modulation code distributed on the
new code set R, R C M. Denote by R = |R| <M the
number of used frequencies. The full-frequency FAR and
traditional fixed frequency radar can be regarded as a special
case of partial-frequency FAR, with R=M and R =1,
respectively.

(14)
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Inheriting the denotations, we rewrite [8, Lemma 2] as
follows.

LEMMA 8 The mth eigenvalue of @;T®; can be represented
as

M N—1
A = Nga(c; —m) (15)

where §(-) denotes the discrete delta function, being 1 at 0
and zeros otherwise.

This lemma leads to the following result regarding the
distribution of rank(@);).

LEMMA 9 When C, is evenly distributed on R, Rank(@);)

€R?

equals R with probability more than 1 — —Rlogk—R?

where € is a small constant.

PROOF This is a direct conclusion from basic probability
theory. |

For a relatively large N, rank(@);) equals R with a
probability close to 1. Hence, for convenience for analysis,
it is reasonable to assume that the rank is R in the rest
of the article. Consequently, ®, is nonredundant in full-
frequency cases, while @; is redundant in partial-frequency
cases. Therefore, elementwise block sparse recovery Py, ,
is applied to the full-frequency FAR, and blockwise block
sparse recovery Pé“ is preferred in the partial-frequency
counterpart.

B. Phase Transition Curve in Partial-Frequency FAR

In this section, we apply our theoretical results about
the phase transition to the FAR model. The measurement
matrix is structured and can be viewed as a randomly
selected Fourier matrix, such a structure greatly weakens its
independence, and thus the mathematical tools we currently
use are difficult to strictly prove the existence of phase
transition properties in it (in fact, even the concentration
property in the distribution of its singular value is difficult
to prove). Strict proof is an open problem that needs much
more effort. Yet, there are some works giving support to
applying the theoretical phase transition curve to analyze the
performance of P, , and P, inthe FAR model. Donoho and
Tanner [21] showed that the phase transition phenomenon
exists in the randomly selected Fourier matrix by simula-
tions. Wang et al. [8] showed that the measurement matrix of
FAR behaved in certain isotropy, as each block was unified
and sufficiently orthogonal to other blocks. This property
is likely to S in Proposition 3. Therefore, it is reasonable to
use the theoretical phase transition curve in the FAR model.
We state our results in the rest part of this section, and these
results are validated by simulations in Section V.

Only N, out of all the N echoes will guarantee exact
blockwise reconstruction, where N, is given by

Kt?

. N —K
N,:=inf { KR+ —+
>0 2

2

/ (u—t)2¢zR(u)du} :
' (16)
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This is obtained by substitutingd = N, sp = K and r =
R into (8).

The tightness of (16) is validated by simulations in
Section V, which makes (16) useful in radar waveform
design. For a given K, which implies that some prior knowl-
edge of potential targets is acquired, one can determine the
number of frequencies used for detection, R, when other
parameters are given. In comparison with the traditional
full-frequency FAR, the partial-frequency mode saves the
spectrum resources, while guaranteeing performance in de-
tection. The conserved frequencies are valuable for other
usages, e.g., communications and interference rejection.

To alleviate the computational burden, we further ap-
proximate and simplify (16) according to [20] as follows.

PROPOSITION 10 For large N and K, if % > /R, namely,
the target scene is sufficiently sparse, (16) can be approxi-
mated by

N, ~ 2RK K+“/§K (4R — 1)1 N -k (17)
« -+ — —Dlog ———+=—.
4 2 S KVAIR -1

The approximation is represented by elementary func-
tions and has no inferior or integral operations required
in (16). This intuitively indicates the contribution of each
parameter to the required number of radar echoes and also
facilitates the performance comparison between the full and
partial-frequency FARs.

C. Discussions

Based on Proposition 10, we analyze the relationship
between the recovery performance and the used frequencies,
which shows that the use of fewer frequencies improves the
performance in terms of blockwise recovery, at some cost
of range resolution.

First, under a fixed K and with some simple calculation,
we conclude from Proposition 10 that a smaller R leads to
a smaller N,, which means fewer echoes (out of N echoes)
are required to guarantee the exact blockwise recovery
of K targets. Conversely, when we fixed the number of
available echoes, more targets can be blockwise recovered
by reducing R. Therefore, fewer frequencies lead to bet-
ter performance. The calculation to reveal the relationship
between R and N, is given below. Use « and $ to denote
4R — 1 and 1%, respectively, where o > 0 and 8 > /o
according to the premise of Proposition 10. This simplifies
the term in the right-hand side of (17) as

(4R — 1)log

1
=alogp — Ealoga. (18)

N—-K
KV4R — 1
To reveal the monotonicity of N, with respect to R, we
calculate the following deviation:

3 (alog B — farloga) B
= log —
do Jao
implying that this term monotonically increases with o,

and thus increases with R. Consequently, we see that N,
increases with R.

—1>0

19)
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As a direct consequence of the above conclusion,
the partial-frequency mode outperforms the full-frequency
counterpart in terms of blockwise recovery, as will be
validated by simulation results in the next section. This
phenomenon can be interpreted from the perspective of
the number of unknowns to estimate. From Theorem 2, the
target reconstruction is equivalent to solving y = Sx, where
x € CRN contains RN unknowns. A larger R means that
there are more parameters to solve in x (and that S becomes
fatter), increasing the difficulty of target recovery.

In contrast to the full-frequency FAR, the price of
partial-frequency mode and the corresponding blockwise
recovery method is the degradation of range resolution.
This can be intuitively explained by the fact that more
frequencies indicate more detailed range information. From
the perspective of mathematics, recall that the gth block x,,
represents the HRR profile of the target with the normalized
Doppler frequency ¢g/N. The blockwise recovery disregards
the details within the block x,, but instead treats the block
as a whole and focuses on the reconstruction of the Doppler
information. In the case when the intact HRR profiles are
demanded, elementwise recovery of x is required, and thus
the full-frequency mode is preferred.

V. SIMULATIONS

Our simulations contain three parts. In the first part, we
mainly validate the correctness of Theorem 2, where the
measurement matrices are generated from Gaussian. In the
second part, we consider the FAR model and verify the
accuracy of the phase transition curve (8) for the partial-
frequency cases. In the last part, we show that our theoretical
results are robust to small noise.

A. Validating Theorems 2 and 3 With Gaussian Matrices

We inherit the notation in Section III and consider three
models

X = argmin£(A, x), s.t.y = Ax (20)
X

Z= argmin{(B,z), st.y =Bz 21
z

(22)

Z = argmin¥(S,z), s.t.y =8z
zZ

where £(-) represents the objective function of £, ; or ¢

norm, assigned later. Here, the entries in S € R gre i.i.d.
as standard Gaussian distribution, and thus, S is nonredun-
dant. The redundant observation matrix A € R with
m > r is generated from S, as A; = S;T';. Here, we gener-
ate Gaussian matrices and perform normalization on their
columns to obtain T; € R™™. We set the linear operator
defined in Section I L; = [I,,0]" fori =0,1,...,d — 1.
The nonredundant measurement matrix B € R is given
by B i = A,‘Li.

We focus on exact blockwise recovery: the recovery
is asserted as a success if the estimation k € R™ satis-
fies 214:—01 |Ax; — K[I:t,-||2 < 107, where (K, I}) represents
(A, %), (B,2) or (S,2). In the simulations, y is given by
y = Ax, and the nonzero entries in x € R™ also obey

LI ET AL.: BLOCK SPARSE RECOVERY WITH REDUNDANT MEASUREMENT MATRICES

08
06
04

201 /4
/ 02

Number of Measurements (1)
@
8

Number of Measurements (1)

]

5 10 15 20 25 30 5
Block Sparsity (sz)

10 15 20 25 30
Block Sparsity (s5)

(a) (b)

02

Number of Measurements (n)
Number of Measurements (n)

= Theoritical Curve

5 10 15 20 25 30 5
Block Sparsity (s)

10 15 20 25 30
Block Sparsity (sp)

(c) d

Number of Measurements (1)

Number of Measure

mm Theoritical Curve

5 10 15 20 25 30 5
Block Sparsity (sg)

10 15 20 25 30
Block Sparsity (sp)

(e ®

Fig. 3. Probabilities of exact recovery (represented by different colors)
with Gaussian-based measurement matrices. (a) £2,1,y = Ax. (b) 6’2’1,
y=Ax.(c) {21,y =Bz.(d) &, |,y = Bz. (e) ba.1,y = Sz. () £, |,y = Sz.

i.i.d. standard Gaussian distribution. We set the parameters
m=4,r=2,and d = 32.

With the above parameter setting, we then vary sp and 7,
i.e., the block sparsity of x and the number of measurements,
respectively, to calculate the probabilities of exact recovery
with different methods and different measurement matrices.
The range of variables spans sz from 1 to 32 in increments
of 1, while the range of variable n extends from 4 to 128 in
increments of 4.

The probabilities are calculated from 50 Monte-Carlo
trials on each pair (sg, 7). The results are shown in Fig 3,
where the theoretical curves are also presented for compar-
ison, obtained by (5) and (8) with corresponding m, d, and
r, respectively. Particularly, these curves are identical for
they have the same parameters.

First, we observe Fig 3(b)—(f), which numerically vali-
dates the proof of Theorem 2 step by step. Different methods
and models yield the same phase transitions. which also
match with the theoretical curves from Proposition 1 and
(8). The consistency of (b) and (d), as well as (b) and (e),
validates the declarations in Lemma 4 and Corollary 5 that
linear transformation in measurement matrices does not
affect the solvability of Péz.. as long as the subspace of each
block is not changed. The same phase transitions in (f) and
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Fig. 4. Phase transitions with FAR models. (a) R = 2. (b) R = 4.

(e) verify that results of (22) with £(-) being £, ; and 6/2,1
are the same, as explained in Section I1I-B.

Then we observe Fig. 3(a) and (c), which comes from
(20) and (21) with £(-) being £, 1, respectively. It can be seen
that they perform worse than their counterparts with ¢ |, as
they have less area of exact recovery because they demand
more strict parameter conditions. Further, (c) behaves worse
than (a) since B; has fewer columns than A;. To summarize,
the simulation results validate our inference on the phase
transitions of different block sparse recovery methods and
encourage us to use (8) to estimate the performance bound
of the redundant block sparse recovery.

B. Simulations With FAR Models

We next verify phase transitions in FAR. Both full-
frequency and par-frequency cases are tested.

To inspect the phase transition of the FAR models (13)
and (14), we randomly select n rows from @' ¢ CV*MN
to form a partial measurement matrix ® € C”MV_ The
phases of nonzero entries in x are i.i.d. U([0, 27]) and
the amplitudes equal 1. We consider two cases: R = M
and R = M/2, representing the full- and partial-frequency
cases, respectively. We set the parameters M = 4, N = 64,
ATf = 0.02, and use 50 Monte-Carlo trials to calculate the
success rates of exact blockwise recovery. The results of
R = M/2 and R = M are shown in Fig 4(a) and (b), respec-
tively. The theoretical phase transition curves of full- and
partial-frequency cases are calculated with corresponding
M, N, and R by (16), denoted by “N;” and “N,,” respec-
tively. For the sake of comparison between these two cases,
we depict both theoretical curves in each figure of phase
transition results.

From Fig. 4, it is evident that when n > N,, in (a) or
n > Nyin (b), the recovery succeeds with high probabilities.
Otherwise, the recovery fails with high probabilities. This
observation indicates that both theoretical curves Ny and
N, well match their respective phase transitions, thereby
affirming the accuracy of (14) in both full-frequency and
partial-frequency FAR modes. Additionally, the transition
band from O to 1 for success rate, which is depicted in green
on the graphs, is relatively narrow, validating the tightness
of (16). We also observe that the black curve Ny is always
beyond the white curve N, (when K is fixed), implying that
the partial-frequency mode outperforms the full-frequency
counterpart in the aspect of blockwise recovery.

8968

Block Sparsity K

(a)

Block Sparsty K

(®)

V%
¥ 008

PE— ¥

006 —1===
0 2 4 6 8 0 2 W 6 1B 2
Block Spasity K

0
0 2 4 6 8 10 12 14 16 18 20
Block Sparsty K

(© (d)

Fig. 5. Reconstruction error and block contribution error of P@’{3 with

different noises. (a) Block contribution error, o> = 0.01. (b) Block
contribution error, o2 = 0.1. (c) Reconstruction error, o2 = 0.01.
(d) Reconstruction error, o2 =0.1.

C. Simulations With Noise

Generally, our conclusions about phase transitions are
derived from noiseless assumptions. Yet, it can be employed
to characterize the variation in the error between the es-
timated and true values under noisy conditions, which is
a significant aspect when considering the practical utility.
In this section, we aim at showing by simulations that the
errors also have a phase transition phenomenon and the
phase transition points can be approximately predicted by
our theoretical conclusions.

Given the observation,y = ®’x + v, where v is the addi-
tive white Gaussian noise whose real part and complex part
obey N(0, oI, we consider the following optimization
from [16]:

d—1
P ix= argminz O@x;l2, s.t. |y — O'x|, < 6. (23)
Y=o

In the simulation, we set the parameters N = 32, M =

4, R =2, and ‘sf—f = 0.02. The tolerance in (23) is set to

be 8§ = v/No. We vary the block sparsity K of x and
apply both Péa and P, to obtain the estimations X un-
der different noise conditions. For each estimation x, we
examine its “reconstruction error” and ‘block contribu-

. . . ey Q%
tion error” [17], which are given by ly ﬁyAﬁz i '”2, 1 —

(Cien, 19/il12)/ () 1€ i]12), respectively. Here, A,
represents the set composed by the index of the nonzero
blocks in x.

Substitute Nx = N =32, M = 4, and R = 2 into (16).
We then obtain a solution K = 8.4. From the results shown
in Fig. 5, we observe that under both noise conditions, the
errors start to increase rapidly when K >=9, indicating the
reconstructions are no longer closed to the true values. In
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Fig. 6. Reconstruction of Py, |, Péz 1 and the matched filter in three setups. (a) Results of P, , in case (1). (b) Results of Py, ; in case (2). (c) Results

of Py, , in case (3). (d) Results of Péz 1 in case (1). (e) Results of Péz 1 in case (2). (f) Results of Péz | in case (3). (g) Results of the matched filter in case
(1). (h) Results of the matched filter in case (2). (1) Results of the matched filter in case (3). (j) Normalized Amplitude of Velocity Bins in case (1).
(k) Normalized Amplitude of Velocity Bins in case (2). (1) Normalized Amplitude of Velocity Bins in case (3).

Fig. 5(a), (c), and (d), we see that when K < 8, both the
block contribution errors and reconstruction errors remain
at a relatively low level. These observations are in accor-
dance with our theoretical analysis that K = 8.4 is a phase
transition point. In Fig. 5(b), the block contribution error
is relatively high when K = 1, 2. This observation is due
to the definition of block contribution error. The denomi-
nator (Z?;OI |®:%;|2) including the energy of noise and
targets. Since we fix the noise variance in our simulation,
(ZieAx ||€~)’,-£tl-||2)/(Z§7I;O1 |®’;%]l») can be small when the
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targets are extremely sparse, consequently amplifying the
block contribution error. As a consequence, Fig. 5 validates
that the theoretical phase transition curve is applicable
and reliable in the presence of noise, which highlights its
practical values.

D. Field Experiment Results

In this section, real measured data are utilized to depict
the performance difference between P, , and P, . The radar
transmits N = 64 pulses across M = 16 frequency points,
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with each frequency point corresponding to four pulses.
Two aircraft are flying away from the radar with relative
velocities of about 35 and 45 m/s. We take a certain coarse
range resolution (CRR) bin as an example and recover the
range-Doppler map of the target. Particularly, to simulate
full-frequency and partial-frequency scenarios, we consid-
ered the following three experimental setups.

1) All the N = 64 pulses are used.

2) Werandomly select eight frequency points and elim-
inate all the corresponding pulses. Only 32 pulses
across the other eight frequency points are used.

3) We randomly select four frequency points and elim-
inate all corresponding pulses. We randomly select
four other frequency points and eliminate two pulses
with each frequency point. There are 40 pulses across
12 frequency points are used.

In Fig. 6(a)—(g), we show the reconstruction results
with P, ,, P, and the matched filter under the above
three settings. The targets are located in the 26th and the
40th velocity cell, aligning with the speeds of 35 and
45 m/s. Denote the recovery result in each subfigure by
X = [Ro, %1, ..., %y_1] € CM*N where %; is the recovered
high-range resolution profile in the ith velocity cell.

We also calculate its normalized amplitude in the ith
velocity cell by |%;|»/ max; ||X;||>. The results are shown
in Fig. 6(j)—(1). We observe that both P, and P have
better reconstructions than the traditional matched ﬁlter For
case (1), P, , and P’ have the same reconstruction results,
whichis consistent w1th our analysis in full-frequency cases.
For cases (2) and (3), where only a part of the frequency
points are transmitted, compared to that of P, , the recov-
ery results of Py, have higher energy (51delobes) on the
nontarget velocity grids. The observation validates that P |
outperforms P, , in partial-frequency cases.”

VI. CONCLUSION

In this article, block sparse recovery with deficient mea-
surement matrices is studied. We show that the £, ; norm
minimization problem is equivalent to the £, ; counterpart
after certain linear reformulation. Based on this result, we
strictly prove the existence of phase transition and derive
the phase transition curve of block sparse recovery in
the case that the measurement matrices have redundant
blocks, which extends [20]. The results also heuristically
indicate the superiority of P’ ,, over Py, . Particularly, the
theoretical phase transition curve is applied to the target
detection of FAR, which is powerful for guiding waveform
design and suggests that partial-frequency cases outperform
full-frequency ones in target detection. Numerical results
validate the correctness of the derivation and the accuracy
of the derived curve.

APPENDIX A
PROOF OF LEMMA 4

In this part, we prove Lemma 4. The proof is mainly or-
ganized as follows. First, we find that the optimal solutions
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of (2) can be converted to a vector satisfying the constraints
of (9). Next, oppositely, the solutions of (9) can be converted
to a vector meeting the constraints of (2). Then, we show
that these original solutions and converted vectors are the
optimizers of their corresponding objective functions.
We introduce the following notations. Let x* and
represent the optimal solutions of (2) and (9), re-
spectively, where both vectors have a block struc-
ture glven by x* =[x, xi", ..., x5 [TIT and z* =
23" i, ..., 25 T1T. Letz; = Rix?, and concatenating Z;
yieldsz = [z}, 2z],...,z0_|1". Similarly, let¥; = Liz}.
Recall that A; = B;R;. Thus, we havey; = Axx} = B;Z;,
and z = Rx*, satisfying y = Bz, the constraint of (9). Since
Z* minimizes the objective function, we have

D o lAwill =" IBzill = ) 1Bz

Through the same procedure above, in consideration of
B; = AiLiv we obtain

z*

(24)

OIBzil =) lAxill = > lAxfll.  (25)
Combining (24) and (25), we find
Dol =D 1Bzl =) 1Bz = ) Al
(26)

Therefore, Z = Rx™ is also a solution to (9).

APPENDIX B
PROOF OF COROLLARY 5

In this section, we prove Corollary 5. Since (2) and (9)
is symmetrical, we just prove the “only if”” part and the “if”
part can be derived with the same procedure.

To prove the “only if” part, we inherit the denotations
in Section III-B, and use x* and z¥ = Rx* to denote the
true values. If x* can be blockwise recovered via (2), i.e.,
all the solutions, x*, satisfy Y, [Aix7 — Ax?| = 0, thenz*,
the solution to (9) satisfies the following:

> Bz — Bzl =) IlARZ]
i i
= lAx} —

The second equation is from Lemma 4. It implies the
correctness of the “only if”” part and completes the proof.

—ARZY|

Axt| =o0. (27)

APPENDIX C
PROOF OF LEMMA 6

We prove Lemma 6 by proving the following inequality:

2

P { (min ||St||> < 1 ((ETNL—Con+rd)' ™ )—Ci&
1eT n

< max(e_sz", et

(28)
where T is a closed subset of the unit ball S™.

Here, the functions are defined as (x) := max(x, 0) and
E(Q) := Einfycq(/n|x|| + g - x) is called excess width.
The small constant « satisfies k > 0. By taking 7' = Q
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in (28), (6’(T))2+ are proved to be O(e(n + rd)) [25]. So
(min 7 ||St]|)? is greater than O for a high probability by
taking appropriate n, £, and €.

Defining o2, (S; T) := (minser [|St]|)?, we prove (28)
with two steps. First, we show that o2, (S; T) is con-
centrated on its mean, and second, we bound its mean.
Naturally, we separate the original inequality into two parts.

1) Forany £ > 0

P{o2.(S; T) < Eo (S; T) — C&}
< Coe " 4+ Cre b, (29)
2) There exists some « > 0 such that
(ET)L — (n+rd)' ™ < nEok (S:T). (30)

In [25], the proof of (29) with a sub-Gaussian matrix
is derived by Massart’s modified logarithmic Sobolev in-
equality [32], which is too loose in our case. Some other
mathematical tools need to be adopted. The proof of (30)
is almost done by [25]. Our derivations are highly based on
them and differ only in certain details. So we only repeat
the main procedures and remark the difference in the proof
of (30). Please refer to [25] for more details.

The rest of this appendix is arranged as follows. In
Appendix A, we underline some important facts about S. In
Appendix B, we use the Levy—Gromov theorem from [33]
to show the concentration property (29). In Appendix C, we
follow the procedures in [25] to prove (30) and show how
the proof for sub-Gaussian models can be used in the proof
of structured and normalized S.

A. Preliminary Facts

Before we start dealing with the above two inequalities,
we introduce two facts about the matrix S, which are useful
for the subsequent proof.

FACT 1 With probability greater than 1 — 2 exp(—Ct’n), for
a constant c, the singular values A of S are bounded by

[rd [rd
r__c_tf)\mins)"maxf r_+C+t~ (31)
n n

Fixed any xeS"!, we obtain |[STx|5=
Zg\[:?)l I1STx]13 = Z?’:BI Z?.Here, Z; is ani.i.d sub-Gaussian
random variable satisfying EZ? = +. Then, following [34,
Th. 5.39], one yields Fact 1. Such distribution of the
singular values exists in many other random matrices.

FACT 2 For each element s from the matrix S, s satisfies
E(s*) = O(:%) and E(s°) = O(:h).

PROOF

—/2
E(s*) = / cos" 26 sin* GdG//
/2 bd

—/2
cos"20do
2

1 —/2
= f cos"20(1 — cos> 0)*do

Lia Jrp
o In—2 - 2111 + In+2 _ 3 (32)
Li—> nn+2)
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Algorithm 1: Map g; to S; via Coordinate Rotating.

Require: g; ; e R" ™/, j=0,1,...,r — 1;ej,
j=0,1,....,n—1.

Output: S; € R™".

1: setk=0

2: whilek <r—1do

3 Sk = ek, exq1s .- € 1] - 8iks
4 if s; == e, then

5 continue;

6: else if s; == —e; then
7 €1 = €11}

8 else

0 0 =/UTsp);

1 R=I-UWU"U)'U" +

Ulcos@, —sinf; —sinf, cos0]UT;

12: lers1s .- 1] =R-[exir,...,e5-1]
13: end if

14: k=k+1;

15: end while

16: Si=[s07s|5-"7sr—1]

—/2 —/2
E(s®) = f cos" 20 sin® GdG// 0s"20d6
T m

/2

1 —/2
= / cos"20(1 — cos>0)3do
Lo Jap
Al = 3L+ 30 — s 15
nn+2)n+4)
(33)

C
/2

In—2

B Proof of (29)

To prove the (29), we first show o, (S; T') is concen-
trated on its mean, using the Lipschitz property and the
concentration on the high-dimension sphere [33]. Then we
combine Fact 1 to show o2, (S; T) is concentrated. For
ease of presentation, we abuse the letter C to denote certain
constants in our following derivations.

For each block S; in S, the first column in S; is a
random vector that is uniformly distributed on the sphere
S"~!. Due to the second column being orthogonal to the
first one, it is uniformly distributed on a sphere S"2.
Thus, S; can be demonstrated by a (nr — ’22—*’)—dimension
vectorg; = [gl¢. ... & _11". &« € R"7¥, which uniformly
distributed on S"! x "% x --- x S"". Below, we show
how S; is determined by g;, i.e., we construct a map 4 from
gi to S;, with a given standard basise;, j € 0,1,...,n— 1,
whose jth entry is 1 and the others are 0. The central idea
underlying the mapping is to rotate the entire coordinate
axis, ensuring that the corresponding base e; and target
vector sy, coincide. This guarantees that the vector formed by
the remaining bases e, j > k is orthogonal to the s; while
maintaining a “uniform distribution.”
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LEMMA 11 The map & from g; to S; is r-Lipschitz, i.e.,
for S| = h(g,) and S, = h(g»), it holds that ||S| — Sz ||F <
rligr — gl

PROOF First, a small change in g; ; will not change S; «
for k < j. Then we assume g; ; rotates A6, and thus the
columns S;; rotates A6, < Af. The equality holds only
when the rotation of g; ; is exactly on the plane spanned by
S; jand S, ;. In this case, an infinitesimal disturbance Ad on
gi; leads to a deviation less than \/r — j + 1Ad on S. Sum
itover j, one get that the map from g; to S; is r-Lipschitz.l

Using Lemma 11, we find that the map from g =
gy, ---.& 1" to S; is r-Lipschitz. The map f(g) =
[0min(S; T) — Eowmin(S; T)| is r—Lipschitz as T is unit
sphere. Using Levy—Gromov inequality [33], one bounds

f@®

P (|6min(S: T) — Eomin(S: T)| > £) < Ce™ . (34)

Then we show that Eo,i,(S;T)*> is close to
E?61min(S; T), and thus show the concentration of
Umin(S; T)2

Given any § = % > 0, we have

Eomin(S; T)* — E200in(S; T)
= E (|0win(S; T) — Eomin(S; T)I?)

<) i P(Vi = 18 <|omin(S; T)—Eomin(S; T)| < V/i8)

i=1
<>~ 8P (Iowin(S; T)—Eon(S; T)] > Vi=10)
=1

e}

< i(SzCe_”(i_')‘Sz = lZCe_i = —C .
= "m0 n(l+e7)

(35)
For a fixed vectort € T, we have

E(omin($; 7)) < E[ISt]| < E(Amax)- (36)

Using the concentration of the singular value of S in
Fact 1, we conclude that there exists a constant B such that
IE(O'min(s; T)) = B.

Combining (34) and (35), for any constant £ and n >
2/&, we have

P (o2

min

($;T) —Eop (S T)| > &)
< P(10mn(S: T) = E0in(S; T
HEowmin(S; T) — E*00in(S; T)| > &)

1
<P <|orim(s; T) — E*0in(S; T)| + — > s)
n

< P (lo}iin(S; T) - IEZUmin(S; T)l > %)
< P (|(0min(S; T) — Eoin(S; T))

+2E0min(5; T)(amin(S; T) - Eamin(S; T))l > %) . (37)
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Substitute the bound B into the inequality, we obtain
P (|05 (S: T) — B0y (S: T)| > &)
< P (|(0min(S: T) — Eomin(S; T))I?

+2B|(0min (S5 T) — Eomin (S5 T))| > %)

§ “T) — Eom (S:
< P (@ < |(Umin(S7 T) IE4Umm(Sv T))I < B)

+P <maX(B, \/E) < [(Owin(S; T) — Eowin(S; T))I)

S P (% < |(Umin(S; T) - Eami"(S; T))|>

+P <\/§ < [(Owin(S; T) — Eowin(S; T))l)

1 2 1
< Coe T 4+ Cre . (38)

C. Proof of (30)

Note that (30) is a consequence of (29). We mimic the
proof technique from [25, Sec 9.3], which is less relevant
to the structure of S. The preliminary step is to separate
the original set 7 into several subsets. For each set J C
{0,1,...,rd — 1}, a closed subset T} is defined as

T = {teT:ItJ-IS(#J)_]/2 vjeJ) (39

where J¢ := {0, 1, ..., rd — 1}\J. Fixing k < rd, we have

k
T=|JT. #{T,:#J:k}g(%) . (40)

#J=k

Step 1. Bound the expectation on T with thaton T;: First,
using [25, Prop. 12.2] and taking log k < log n, we have the
following inequality for all ¢ > 0:

Eo?

min

k

S;T) > gﬁr}{ Eo2, (S; Ty) — Cy/ = log(rd /k).
= n

(4D

Note that [25, Prop. 12.2] does not strictly require the matrix

S to be a random Gaussian matrix but rely on the inequality

(29). Besides, when the item ¢~ dominates in (29), the
\/ f—; log(rd k).

When the item ¢~ dominates, it is Slog(rd /k), instead.
By choosing k satisfying log k < log n, we obtain a uniform
bound in both cases, as (41) shows.

Step 2. Bound the expectation with S with that on a new
matrix with Gaussian entries: We next bound the expecta-
tion item on the right hand side of (41). Following [25, Prop.
13.1],let @ be an n x rd Gaussian matrix with entries obey-
ing i.i.d N (0, ﬁ). Define a new matrix ¥ := W(J), where
¥, =S, and ¥;c = &, i.e., replacing some columns of §
by Gaussian entries. From Fact 2 that every entry §; ; in S
is bounded by E(Sfj) < B+ and E(ng) < B, we obtain

1

second item on the right hand of (41) is
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the following inequality by applying [25, Prop. 13.1]:
|Eomin(S: T)) —

min mm

(W T))|

C(B/n+ B*/n*)r*d

<C/n+Cp P

Yrd log(nrd) +

(42)
Here, B is a smoothing parameter. By selecting g =
k'72n?/3, the right hand side of the above inequation
becomes

rd log(nrd)
k1/2p2/3

Ck'*n='3 4+ kn=2*yr?d

C/n+C o

. (43)

Sincen/d = O(1)andn**® < k < rd, the second term dom-
inates, yielding

rd log(nrd)

Eo2. (S; T)) > Eo AVEPEIE

min mm(‘I’; T]) -C (44)
Step 3. Bound the expectation with the new matrix on
T;: Next, we bound Ec 2. (¥; T;). Using [25, Prop. 14.1],

we have the following bound:

Eo2 (W;T)) > - (5(7}) —cf)
> — <€(T) - C\@) > — (5(T))2+ —Cyk/n. (45)
n + n

Step 4. Obtain the target bound: Finally, combining
(41), (44), and (45) leads to

2 rd log(nrd) k
Eoz2.(S) > (E(T))% — W -C ;log(rd/k).
(46)
Taking k = n~'/®rd, we conclude
Eo2.(S) > (E(T))% — Cn~ "2 (rd)"/* log(nrd)
1
> (E(T))3 — =C(n+rd)" ' log(nrd). (47)
n

Appendix D
Proof of Lemma 7

Since Lemma 7 shares the similar structure with
Lemma 6, we inherit the proof technique in Appendix C.
We define

Tmin(S, K) := min min ||s — ST¢|,. (48)
l£]=1sek®
It is sufficient to prove

1 (EQ))2
{ Toin(5. K) < (c2 log(n + rd)

52'17 e—E")

—Gin+ rd)““) — 045}

< max(e”

(49)

where K is a closed convex cone in R and Q = K N "1,
The proof consists of two steps.

1) Forany &£ >0

P {72 (S: K) < E7?

min

(S;K)
+ Cze™ &n,

—CE}

< C2€7

(50)
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2) There exists some « > 0 such that

2
(EE)- —(n+rd)'* < nEo

s S; K).
Cylog(n + rd) min )

(61Y

Since the proof of (50) is almost the same as that of (29),
relying on the Lipschiz property and the Levy—Gromov
theorem [33], we omit the details.

We focus on the proof of (51), which is completed
similarly by using Facts 1 and 2 and the derivation in [25,
Sec. 16]. We reserve some important derivations in our case,
and the readers can refer to [25, Sec. 16] for detailed proof.

Define the set P := K° NRB" and Q := S™~!, where

R :=Cs  for some constant Cs. Then for I C

{1,...,n}and J C {1, ..., rd}, we define

Po:={peP:|p| <R V> Viel} (52

Q;:={qeQ:lgl <@ VjeI} (53
Given a fixed integer 1 < k < min(n, rd), one has

P=|JP ad 0= ] 0 (54)

#1=k #J=k

k
#P # = k) -#{Q) 8 = k) < (e(”+rd)> . (55)

After the partition, we derive the bound by separating it
into several steps. First, using [25, Prop. 18.1] and Fact 1,
we have

C
2 (S, K)>Em1nm1n lp —Sqll — —. (56)
n

mm

Then, using [25, Prop. 12.2], one has

C,/ ]f log (n + rd)/k.
n

E min min ||p — Sq||?
min mip Ilp — Sqll

min E min min ||p — Sq|* —

#I=#J=k q<Q, peP;
(57
Given the index sets I and J, we introduce a new matrix
Sig Srye
V(,J):= ’ ’ 58
( ) |:S]c"] r[c"]c ( )

where the elements in T € R™? satisfy i.i.d. N(0, %).
By [25, Prop. 19.2], one obtains the following bound:

E min min ||p — Sq|°
min min Ilp — Sql

C d)'/°1 d
E min Inll’l lp — ¥, J)q|| (n+rd) og(nr ).
lgll=1p kn
(59)
The expectation item in the right-hand side of (59) is
bounded by

E min mm lp — ¥, )ql?
llgll=1 peK

EQ@)- L\ _1E@E
;<C«/10gn — Cviklog ) nCy/logn —CVk/n
(60)

by applying [25, Prop. 20.1].
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Combining the above inequalities, we obtain the final
bound

(E@))2 B ((n + rd)""/% log(nrd)
CTogn k
+ Vknlog(n + rd)/k).

2
nEr ..

(S.K) =

(61)
By taking k = (n + rd)*°, we have
(EQ))2
Er2 (S, K)> ——rm
(S K) 2 s
—Cn+rd)""Blogn+rd)  (62)

completing the proof of (51).
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