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Abstract—Federated learning (FL) is a machine leaming regulations like GDPR (General Data Protection Regulation
paradigm th?\t targets model training without gathering the and ADPPA (American Data Privacy and Protection Act) have
local data dispersed over various data sources. Standard FL imposed restrictions on sharing privacy-sensitive dataran

which employs a single server, can only support a limited . . .
number of users, leading to degraded learming capability. different clients or platforms. As such, breaking the data-

this work, we consider a multi-server FL framework, referred  Privacy barrier is an urgent and meaningful task.
to as Confederated Learning (CFL), in order to accommodate Federated Learning (FL) [1], [2] is an emerging machine

a larger number of users. A CFL system is composed of |earning paradigm that enables model training withoutdran
multiple networked edge servers, with each server connealieto ferring local data to the CPU. FL has drawn significant

an individual set of users. Decentralized collaboration arang ttenti f both demi d indust ially f
servers is leveraged to harness all users’ data for model tiing. attention from both academia and Industry, especially for

Due to the potentially massive number of users involved, it Privacy-sensitive and data-intensive applications. Andéad

is crucial to reduce the communication overhead of the CFL FL system consists of a server and a set of devices/users.
system. We propose a stochastic gradient method for distrited |n general, FL addresses privacy protection by adopting a
learning in the CFL framework. The proposed method incorpo- compute-then-aggregate (CTA) approach. More precisaly, i
rates a conditionally-triggered user selection (CTUS) meganism . : } ’

as the central component to effectively reduce communicadi each iteration the server first broadcasts the global model
overhead. Relying on a delicately designed triggering coridon, ~ Vector to the users. Each user then computes a local gradient
the CTUS mechanism allows each server to select only a smallusing its own data, and uploads its local gradient to theeserv
number of users to upload their gradients, without significaitly At the end of each iteration, the server performs one step of
jeopardizing the convergence performance of the algorithmOur gradient descent (using the aggregated gradient) to obtain

theoretical analysis reveals that the proposed algorithm gjoys a . -
linear convergence rate. Simulation results show that it dtieves updated global model vector. This process cycles until hode

substantial improvement over state-of-the-art algorithms in terms ~ training is accomplished. Typically, the training proctsees a
of communication efficiency. large number of iterations to converge. Thus FL may consume
Index Terms—Confederated learning, stochastic gradient, user g §upstant|al amount of commun|cat|o.n “?SOUfceS- Thezefor
selection. it is important to reduce the communication overhead to an
affordable level. To this end, various methods were deetop
along different research lines, including methods whiai ai
|. INTRODUCTION at improving the convergence speed [3]-[15], methods that

The tremendous advancement of machine learning (ML) hégfluce the amount of transmission by selecting only a subset
rendered it a driving force for various research fields and iff users for uploading their gradients [16]-{24], methods
dustrial applications. However, the traditional ML franmw that sparsify or quantize the local gradients [25]-{34], or
follows a centralized fashion which assembles the traidag Ccombinations of these techniques.
to a central computing unit (CPU) where model training is Besides the excessively high communication cost, another
performed. Such an approach might be problematic when degstriction of FL is that conventional FL systems employyonl
is confidential or when transferring the training data to th@ Single server. Due to the limited communication capacity,

CPU is unrealistic. With a growing interest in data privacyl® number of users that can be served by a single server
is limited. To involve more devices for model training, an

Part of this work was accepted by ICASSP 2024. The currenkgoa full ~ alternative framework to the standard single-server FL is a

version which provides a theoretical analysis and more ¢et@experimental decentralized FL system [15] [35]_[43]. A decentralizdd F
results to validate the proposed method. ’
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in cellular systems. (@

Recently, a new FL framework termé&bnfederated Learn- User [5 User ¢
ing (CFL) was proposed in [47] to overcome the drawbacks . (®) ST
of existing FL systems. A CFL system consists of multiple & \0 g User
servers, in which each server is connected with an individua e .
set of users as in the conventional FL framework. Decen- se”e:\:ewer r
tralized collaboration among servers is leveraged to make User

full use of the data dispersed over different users. CFL can
be considered as a hybrid of standard and decentralized FL
systems. In particular, CFL degenerates to standard FL wh&§ 1. The CFL framework with multiple servers.
there is only a single server. Although there exist a plethor
of algorithms/convergence analyses for standard FL, thenex
sion of these results to CFL is not straightforward since throblem. The proposed method is presented in Section |V,
latter framework involves decentralized collaborationoaign with the convergence analysis given in Section V. The préof o
servers. On the other hand, CFL becomes a decentralizedtRe main theoretical result, namely, Theorem 1, is provided
system when there is no user, namely, when each server it&s#ftion VI. In section VII, we also provide theoretical aysid
carries the training data. In this case, each server's data t justify that the proposed CTUS can save user uploads under
readily accessible to this server without any communicatianild conditions. Simulations results are presented in iSect
cost. This is in sharp contrast to the CFL framework whosé4ll, followed by concluding remarks in Section IX.
communication cost mainly comes from collecting training i
formation by each server from its associated users. Therefo Il. PROBLEM FORMULATION
existing gradient tracking-based decentralized optitiora
methods [40], [41], [44]-[46], when applied to CFL, lead to aA' CFL Framework _
unsatisfactory communication efficiency. In [47], a statia W€ consider a confederated learning (CFL) framework
ADMM algorithm with random user selection is developed fofOnsisting of N networked edge servers. Figure 1 depicts
CFL. However, the ADMM-based method is proved to posse@sSchematic of CFL. The connective relation of these edge
only a sub-linear convergence rate, and its performaniasrelServers is described by an undirected connected gfaph
heavily on man-crafted parameters that can be hard to tunel ¥ £}, WhereV' (resp. E) denotes the set of servers (resp.
real-world applications. edges). Théth edge_ server se_rvda users. Each user is on_ly

In this paper, we propose a gradient-based method fJlowed to gommunlqatg with its associated server. In amdit
communication-efficient CFL. The proposed algorithm i communicating with its own users, each server can com-
based on the framework of GT-SAGA (gradient tracking witunicate Wlth.ItS neighboring servers. With the confedstat
stochastic average gradient) [40]. To reduce the amount ttWork, we aim to solve the following CFL problem:
data transmission between servers and users, a condigional min f(z) £ L ZiJ\il fi(), 1)
triggered user selection (CTUS) mechanism is developed. C- zER? -
TUS sets a computationally verifiable selection criteriothe \yhere z ¢ R is the model vector to be learned;(x) —
user side such th_at only_those users \_/vhose \_/R—SGS_(varlanf?{z1 fi(®@), fi(x) = ZtS;jl fise(z) is the loss function
redyced stochastic g_radlents) are sufficiently inforneataport ,heJId by useru;;, fi;+(x) is the loss function corresponding
their VR-SGs to thellr as_souatgd servers. At _the server, sidg the #th training sémple at user,;, andS;; is the number
the aggregated gradient is obtained by integrating theasi®lo ¢ 5ining samples at user;,. Here usem;; refers to thejth
VR-SGs as well as the stale VR-SGs corresponding to thcl§§‘er served by théth server. It is also noteworthy that; ;

unreported users. The CTUS mechanism shares a simiaty o rresponds to a mini-batch of training samples instead
spirit with the even-triggering-based methods proposed f8f a single sample.

standard FL or traditional decentralized optimization moels The communication bottieneck of CEL lies in the user-to-
[22]-{24], [34], [43], [48]-[53]. Nevertheless, the selen oo or (U2S) communications. Existing methods are deigne
criterion developed in this paper is very different froms#xig  gjiher for standard single-server FL or for decentralizéd F

methods. Specifically, for multi-server systems, the VHE8  g,n4ard FL methods cannot be straightforwardly extended t
from neighboring servers should be taken into account s cF| while decentralized FL methods neglect the U2S
the design of the selection criterion. Simulation resuttsve ., unications in their algorithmic development. Focgsin

that the proposed CTUS mechanism helps preclude most gf ,opjem (1), we aim to develop a communication-efficient

those non-informative user uploads, thereby striking &@ig \\o04 which seeks to reduce the U2S communication over-
communication efficiency than state-of-the-art algorishm

The rest of this paper is organized as follows. In Section
II, we introduce the confederated learning problem alon ) )
with some assumptions on the objective function as well & Function and Server-Network Assumptions
the server network. Then, in Section Ill, we provide a brief We assume thaf (resp.V f) is u-strongly convex (respl-
overview of the classic gradient tracking (GT) method ad wadlipschitz continuous) while botlf, f;, f;; and f;; . are con-
as the GT-SAGA method that can be adapted to solve the Ciihuously differentiable with their gradients beidgLipschitz

Server-to-server link User-to-server link
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continuous. The definitions ofi-strongly convexity andL- be guaranteed unless a decreasing stepsize is employed. The

Lipschitz continuity are given below. problem is that a decreasing stepsize can only offer a sedolin
Definition 1: (Strongly convexity) A functionf : R — convergence rate even ff; is strongly convex. In GT, the
R U {+o0} is said to beu-strongly convex if DAC mechanism is incorporated to remedy this drawback of

. DGD. DAC is an efficient tool to track the average of time-
fy) = f(@) +(Vi(@)y — @)+ 5lly — 3, Ve.y. () varying signals. Formally, suppose each nadmeasures a
Definition 2: (Lipschitz continuity) The gradient off : time-varying signal* at time and consider the problem of
R?Y — R U {+o0} is said to beL-Lipschitz continuous if tracking its average® = L S°V ¥ at each node. The DAC
mechanism, which is mathematically stated as
IVi(@) = V@)l < Lz —yll, Va,y. ®)

k41 N ko ko kv
Recall that the servers form a bidirectionally connected " = Dy Wardy 1 =, VL (7)

graph G = {V,E}. DenoteW € RY*™ as the mixing converges tor*+! provided thatlimy_, e [rh Tt — k| = 0.

matrix associated with the gragh. It is assumed thaW is |n GT, we intend to track the average of the local gradients

symmetric, primitive and doubly stochastic. In particulay; %nyﬂ Vfi(z¥) instead of using only the local gradient

which is the(s, i')th element oW equals td) (resp. nonzero) vV f,(z*) at every node. This generates the DAC step (6).

if serveri andi’ are unconnected (resp. connected). For sughthe local variables tend to arrive at a consensus stae, |i.

a W, its largest singular value is (with multiplicity equals x* — z, which also means thgffi(mf+1) — Vfi(zF) =0,

to 1), with its corresponding singular vector beinﬁﬁlN. then (6) ensures thay® — %Zij\il V/i(z) and thus (5)

The second largest singular value¥df, denoted as, is thus degenerates to a gradient descent step applied to the whole

equal to|| W — + 1132 and is smaller tham. Notably, W objective functionF. As such, GT is guaranteed to converge

can be conveniently obtained 38 = I — £, whereL is the to the global optimum with a linear convergence rate, under

Laplacian matrix ofG andr > %)\max(L) is a scaling factor. the strongly convexity assumption.

Ill. OVERVIEW OF GT AND GT-SAGA B. Gradient Tracking with Variance Reduction
Our proposed algorithm is based on the gradient tracking

(GT) framework [54]. In this section, we begin with a brief In machine learning applications, each user may hold a large
introducti FGT ‘ d then introd ’ he GT-SAGA al number of training samples and thus it is neither practical n
Introduction of GT and then introduce the 819%tficient to compute the full local gradient f;(z¥*1). An
rithm [40] which is a practical variant of GT. GT-SAGA 'S alternative solution is to compute a stochast?c é r<.)>iimat
designed for solving decentralized optimization probleis of Vfi( kﬂ) However direztl emblovin thepStochastic
will discuss how to adapt GT-SAGA to solve the CFL problem " .~° Ti ) ' ty empioying
(1) in Section III-C gradient introduces a non-vanishing variance and would con
’ sequently undermine the exact convergence of GT. To atkevia
this problem, GT-SAGA [40], summarized in Algorithm 1, was

A. Gradient Tracking proposed to incorporate a variance-reduced stochastitegrta

GT [54] is designed for solving decentralized optimizatio(r\/R-SG)gi.chl to replaceri(:cf“). The VR-SG is an unbi-
problems of the following form: ased estimate 0¥ f;(x*') in the sense thak,« {gi '} =
min F(@)2 1Y () 4) V fi(xF). More importantly, the variance @ff ™! which is

zeRd N Ei=L TR mathematically stated &+ {||gf™" — Vf;(zF™)|3} tends

where f,(x) = Zfél fis(@:Dy,) is the local loss function to 0 if the qlgonthm converges. Thanks tohthe I\/R tlechn_lque,
held by node: and f; .(x) is the loss function associated® |- SACGA is guaranteed to converge to the global optimum

with the #th training samples stored at nodeGT is usually While still maintaining a linear convergence rate. _
compactly written as In addition to GT-SAGA, there also exist other variance

reduction-based gradient tracking methods, e.g. [40]],[41
GT: M =30 wwah —ayh, 1<i<N, (5) [44]-[46]. Among them, Push-SAGA/AB-SAGA [44], [45]
yfﬂ _ 25:1 wiiyk +Vfi(mf“) — Vfi(zk), 1<i<N. and Push-SVRG/AB-SVRG [46] are designed for directed
(6) networks, GT-SVRG [40] and GT-SARAH [41] are based on
. ) _ . double-loop variance reduction techniques that peridigida-
Note that GT is designed for a D2D network in whichy,anq a1l users to upload their local gradients to their retype

each node carries its own fraining data and each node G@fvers, Such a requirement poses practical challengé®in t
communicate with its neighboring nodes. In GT, each nogg setting.

holds two variablesg; andy,. After the (k + 1)th iteration,

each node exchangég? ™, y*1) with its neighboring nodes. _

The core idea behind GT is the combination of decentrdr Adapting GT-SAGA for CFL

ized gradient descent (DGD) and dynamic average consensudlow we discuss how to modify GT-SAGA to make it
(DAC). To see this, omitting the DAC step, i.e., (6), an@pplicable for solving (1). Adjusting GT-SAGA to solve (1)
assuming thaty® = Vf;(z¥), then GT degenerates to thecan be realized by treating nodén Algorithm 1 as server.
standard DGD algorithm, in which is the stepsize. However, In the CFL setting, despite the fact that the training da&a ar

it is well known that the exact convergence of DGD can natored at users, we can randomly select a user and let the user
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4
Algorithm 1 GT-SAGA Algorithm 2 GT-SAGA for Confederated Learning
Input: N, {PL-}, W, «a, {$?7’y?,¢2t = O}Eﬁtt::lpb Input: N, {Pi}1 W, «a, {$?ay?a¢2j,tagz@,sum
while not convergedo Oy oo
For each nodeparallel do N while not convergelo
1. Nodei computese?*t! = S°0  wiah, — ay?; For each edge serverarallel do
2. Nodei uniformly generates a random integér, 1. Serveri computesz?™ = SN wiak — ayk
1 <47+ < P, and then computes the VR-SG via and then broadcasts; ** to its associated users as well as
1 _p (V. e (2T =V i (D & neighboring servers;
9i 0 (Vg (2770) = Vg (@ )+ 2. Serveri randomly selects a fixed number of users,
S Vii(dl), (8) whose index set is denoted A§"*';
k1 b1 3.1f j € N, useru;; uniformly generates a random
Set Vfi,t,’f“(‘ﬁi,tf“) = Vfipe(z;7) and also set integert}:", 1 < 5 < 5;;, and then computes
V@it = Vfia(@i,), Ve # 6 o1 k1 k
3.Nodei computeg/**! = S0 wiiyk +gFtt — gk Gij = Vi @) = Vi (@5 0), - (10)
1, k+1 ; ; ; .
ang:gegot)roadcastsk ,y; ) to its neighboring nodes; User u,; uploadsgffl to the server. 56¢fﬁ:+1 _ $£_c+1
S
End while and Output z*+1; and also set;"' = @y, ,, Wt # 5.
4. Serveri computesy**! = S0 wiyh 4+ ghtt -
g¥, where
randomly pick_a mini-batch set of t.raini.ng samples to coraput gf“ = W%* ‘ Zje/\’f,}““ gffl + gﬁsum,
the local gradient. The local gradient is then uploaded & th PN P, i x
server to compute the VR-S@ . Mathematically, this can Gisum= 2j=1 2e=1 Vit (Dije) (11)
be written as 5. Serveri broadcasty**! to its neighboring servers
i and then updates
k+1 _ & k+1
gi " =S (VS (@) = VI e (@5 )+ P, .
b J;” i It iy gf,:ulm = gf,sum"‘ Zj:l Zj@\’[f“ gffl (12)
2it1 221 Vi (@ije), ©) End For;

End while andOutput a#+1;

k+1

where S; £ Zf;l Sij. It is easy to verify thatg; ™" is

an unbiased estimate of fi(x{™") if both j and ¢};"" are

uniformly selected, provided that each user holds the same IV. PROPOSEDALGORITHM

”“mber of mlg_;batcktles. When ths_ nu@glber Okf) m'g't'patcdhesAlthough the GT-SAGA can be adapted to solve the CFL
varies across different users, an unbiaggd: can be oblaine problem, it usually does not achieve optimal communica-

by assigning an appropriate selection probability for ezssr. tion efficiency due to the intrinsic limitations of random

.It Is also po_ssmle to select more thr_;m one user 1o parteipdlse; selection. In this section, we propose a communication
in the training. Under the assumption that each user hol

. : 1 icient algorithm whose major innovation is the so called
the same number_ Offd,itla samples, in Al,;cjflr'.thWQ{ IS conditionally-triggered user selection (CTUS). The pregm
obtained by selectingV;™ | user;,_wherd\fi IS t.he m_dex algorithm meticulously selects a small number of users for
set of the selected users (by senjein the (k+1)th iteration. gradient uploading at each iteration and maintains a fastk

The random user selection in Algorithm 2 provides a convepnvergence rate, thus leading to a higher communication
nient way to reduce the user-to-server uplink communicatiggficiency.
overhead. Its random nature ensures the unbiasneg§'of
Thus the linear convergence rate of Algorithm 2 can be .
obtained by using the theoretical results in [40]. Desgiie ¢A- Summary of Algorithm
elegant linear convergence rate of Algorithm 2, it is unclea The proposed algorithm, abbreviated as CFL-SAGA
how to determine the optimal number of users that are select€onfederated earning withSAGA), is summarized in Algo-
to upload their gradients. Although a small number of sekctrithm 3. In Algorithm 3, Ste and Stes are similar to those

users results in a low per-iteration communication ovedhedn standard GT. In Steg, the quantity|| S0_, wiah™ —
the required number of iterations could be large since tig "'||3 is computed and then sent to serv&r users. This
leads to a large variance yf“, Under such a fundamentalquantity is used by each user to determine whether or not to
tradeoff, reducing the user sampling rate does not nedlyssadpload its gradient. Step 1 computes a local VR-S@%Jr1 to

lead to improved communication efficiency. Another dravkbagrovide an unbiased approximation Wtfij(acf+1). The core

of random user selection is that the selection is not based ionovation of Algorithm 3 is Step.2, namely, the CTUS step.
the importance of each local gradient. Thus the uploadeal lod his step states that, for each usey, the gradient innovation

gradients may not be those most informative ones. This oftxif,-ectorAfj+1 = gfj“ — gfj should be uploaded to servér
leads to a degraded convergence speed. only when the triggering condition (17) is satisfied. At Step
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4, the aggregated gradiegf+1 is obtained by Summing the Algorlthm 3 .Proposed Algorlthm Confederated Learning
new|y up|0aded user gradiegf;rll j ¢ '/\[Z_Ichl as well as the with Stochastic Average Gradient (CFL-SAGA)

stale user gradient};,
serveri, it does not need to store every individuﬁj. Instead,

only the sum of allgfjs needs to be stored.

B. Rationale Behind The CTUS Mechanism

Next, we discuss the rationale behind the CTUS mechanism

Without loss of generality, we assume that 1. For the right

j € NF1 1t should be noted that, for

. 0,0 40 __ i=N,j=P;,t=8;;
mp_Ut- N AP} W, o {x7,y;, 55, =0}y o121 -
while not convergealo
For each edge servgrarallel do

1. Serveri computese ™ = 320w, ak —ay and
then broadcasts ™ to its associated users as well as its
neighboring servers;
. . N k+1 k+1

2. Serveri computed| > ",_, wipzh T — 2|3 and

then broadcasts this quantity to its associated users;

hand side of the triggering condition (17), we deduce that For each useparallel do

AL ghtt 3.1.In useru;;, uniformly generate a random integer

N
Zi’:l Wit ZBZ-/

k+1 k+1
N N . X o, 1 <t <S5, and then compute
=Yoo Wil — Yoy wip () —aptt) —apt Y Y Y P
k+l _g. e (2P — K
Wayk - 5N, wi (@l — k) 9y =5 (Vg (®7) = Vi (G0 ))F
N Sij k
= ayf - ayf“ - Zile Wi (mf, - 9313“) —I—ayfﬂ (13) thjl vf’ij7t(¢ij,t)' (16)
_ k+1 _ k41 k+1 _ k k+1
[3)-1] Setqbij?t?‘+1 =, and also set;;; = ¢;;,, VI A

where(a) is due to Stef in Algorithm 3. Note that [(13)-1]

J
3.2.Let AP = gi! — gl UploadingAjH if
is the difference between!™> andxF", more precisely, g i i ij

k+1)2 N okl k12
mf” = 29]:1 wii/mfﬂrl _ ayfﬂ HAij 12> pll >3 =y wiv ;) x5 17)
i ; k+1
:ZLI win e — ayk +[(13)-1]. (14) Le];c t?e users. which satisfy (17) uploaN;;"" and Qenote
NFT1 as the index set of users that does not satisfy (17);
=z} End For

4. Serveri computes

. k41
9,7 = Zje/\/f“ gi‘vj + Zj%/\/f“ (g?j + Aij+ )-

5. Serveri computesy* ™! = S0 wiyh 4+ gttt —

g¥ and then broadcasgsf“ to its neighboring servers.
End For;
End while andOutput a#+1;

Suppose the proposed algorithm converges to the true
solution z* as £k — oo. The DAC mechanism ensures
that y**' converges tol "N  g**!, which converges to
LN Vfi(z*) = 0ask — oo. As suchay**! in (13) can
be rewritten a&x(yf“ —y7), wherey; = 0 is the optimal

y,;. Substituting this and (14) into (13) yields

(18)

k1l

N 1 2 1 1
SN wiah k+ B2 ghtl g (ybt

T, =T Y; *yf)

optimality gap ofy,

innovation of «;

Clearly, both the innovation of; and the optimality gap of Since only a small number of users are required to upload
y, should converge t® as the algorithm converges. Frontheir gradients, the proposed algorithm is expected tcezera
this perspective, the quantity Zf}f:lwii,;pffl — x|, high communication efficiency. Nevertheless, reusing takes
approximately measures how much progress can be madeiser gradient i} ™! breaks the unbiasednessggf'!, which
the (k + 1)th iteration. Therefore brings difficulties in proving the convergence of the altfum.
The proposed CTUS mechanism is different from the event-
k+1 N k+1 k+1
1A 2 > 2= Wiy — a2, (15) triggering-based schemes developed for standard FL [22]-]
indicates tha’A*+! can make a significant contribution to thd34l- A distinctive feature of the triggering condition four

ij . o . . .
updates ofz"+2 and 1. For this case, Step.2 suggests propose(_j method is that 't. involves variables of nelghtg)nq
b * i p 99 servers in order to quantify whether the local gradient is

Al should be uploaded to the server. Otherwigg™ : bt oad . . :
needs not to be uploaded since it may not be suﬁicien({ ormative enough for up qadmg. As d_lscussed n Section
informative for the update of the variables. "B, the metric employed in (17)_prowdes an es_t|mate 9f
the gap between the current solution and the optimal point.
Intuitively, a user should upload its local gradient onlythge
local gradient is sufficiently informative compared to the o
The reuse of the stale user gradient is crucial to ensure titeality gap. Since the optimality gap for the CFL framework
fast convergence speed of the proposed algorithm. Thankseeds to account for the discrepancy between model vectors
the CTUS mechanism, reusing the stale user gradient ooffydifferent servers, the event-triggering techniquesettsyed
leads to a controllable error. Hengg ' in (18) can be a for standard federated learning systems [22]-[24], [34]eo
close approximation of the aggregated gradient. Moreovémnger applicable.
in distributed optimization, the user gradient usuallyrges ~ The proposed CTUS is also significantly different from the
slowly, especially in the high-precision regime. Therefdris triggering techniques designed for multi-agent deceiatél
reasonable to reuse the stale user gradient for many dagati networks [43], [48]-[52]. In multi-agent decentralizeds®m-

C. Discussions
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s, the purpose of employing event-triggering is to deteemimproposed algorithm from different perspectives, say, engss

whether an agent should exchange its local variables wsth #chieving as well as optimality reaching. As sueh® = 0

neighboring agents. In contrast, for our proposed algarithimplies that the proposed algorithm has already arrivetheét t

communication between neighboring servers is always awptimal point.

sumed in every iteration, and the event-triggering medmni The inequality (21) indicates a linear convergence rate of

is mainly used to prune users that are deemed unnecesgsgorithm 3, provided that the rate < 1. This is always

to upload their gradients to their respective servers. Henachievable if we set to be sufficiently close t0 because the

both the purpose and the criterion of our proposed CTUS ayecond-order polynomia?lcz’é’\,—‘“2 decreases faster than the first-

different from those of existing event-triggering methods  order polynomials. Our theoretical result can be considered

as a generalization of the result in [40]. Such an extension,

V. CONVERGENCERESULTS however, is highly nontrivial as the CTUS mechanism breaks

. : . . the unbiasness of the server-side local gradient.
In this subsection, we aim to prove the linear conver-

gence rate of the proposed algorithm. Before proceeding to VI

. T . ? . PROOF OFTHEOREM1
the main result, we first introduce several notations. Define ] i ) N
z 2 [z cxy] (resp.y 2 [y :yy]) as the vertical In appendices, we proved four different inequalities. Com-

stack of z;s (resp.y;s). Letz 2 L(1% ® Iz (resp. bining those inequalities yields the following vector+for
g £ L(1% ® I,)y) be the average af;s (resp.y;s). Also inequality:

define W £ W @ I, and W, £ W @ Iy, where S < Tk, (22)
W. = I~ and © represents the Kronecker product. il e
The convergence result for Algorithm 3 is summarized in théheres" " is defined in (19), and
following theorem. # 0 0 1{&52
Theorem 1:Let «=* denote the optimal solution to the by by bs 0
CFL problem (1). Assume that the objective function (resp. T=\95 99BN 1-2L) o (23)
server network) satisfies the assumptions made in Sectidn Il Sig
Define “ @2 a4 3

X . . o1 k Before introducing the notations in (23), first notice thad 4
¢" = [E{X"LE{X"EE{D" THE{Y"}]  (19) inequalities in (22), from top to bottom order, are respey
where X* 2 (&% — Wozb|2, XF 2 |2k — *[2, YF 2 proved in Lemma 5 (see (62)), Lemma 7 (see (76), Appendix
ly* — W yk||‘|f @2 lz* = 2 D), Lemma 8 (see (89), Appendix E) and Lemma 9 (see (91),
AL Appendix F).
LD DA D ng:l |z — ¢fj7tfj |2,  (20)  We now define the notations in (23). L&t; < min, ;{S;;},

Si; £ max; ;j{S;;} and P; £ max;{P,;}. o < 1 is the second
with zF+1, y*+1, and{¢},,}: .+ generated by Algorithm 3. largest singular value of the mixing matrB¥’ and a is the
If the stepsizen is chosen to be sufficiently small, we have stepsize parameter in Algorithm 3. Alsh; }?_; and{a;}} ;
in T are defined as

k+1< 17ﬂ+202a2 . k 21
17[) o (—ALA/_NZ w ( ) bl -1 — o + 20]2\[@2 , b2 — 20(L2-l-4o¢p(1+02)fj]—i—QuoﬁL2-i-2uo¢2017
=y b :204]\2/}37 (24)
— —9 R
wherec, £ 8L*(1 + P; - Sj;")N, Si; = max;;{S;;} and 95L2(140%)+4(1402)er +3(1402) (2e10% +eabt 265 PIN)
P, = max;{P;} are constantsy is the number of servers, a1 = —o? J
is the number of users associated with servand L is the 4y = NL?(140°)+4(140%)ca+3(14+0°) (c2 (2+ 3% ) +2c5 P N)
Lipschitz constant. 1=o? ’
2 2r2 2 » 2 2
In Theorem 1, the metric to characterize the convergence as = ‘52 4 2o lilier) | Goretor)

behavior of the proposed algorithm is*. In ¥*, X* (resp.  4(40%)es |, 3140 (bacates(1-55; ) (25)
Y'*) is the consensus gap measuring the distance between the A4 = =7+ 1-02

server-side local variable® (resp.y‘) and the average of in which ¢;, 1 < < 3, is a constant number (see (67)), and
the local variables, i.ez* (resp.y*). When X* = 0 (resp. b in a, is defined as

Y* = 0), it means that consensus among servers is achieved.
The metric X* measures the distance betweeh and the

optimal pointz*. Clearly, each local variable® converges  prom (22), proving linear convergence rate of Algorithm
to the optimal pointz* when both consensuses are achieveslis equivalent to proving(T) < 1. According to Lemma
and X* = 0. The metricD* measures the distance betweeR provided in Appendix A, if we can find a positive vector
®ijer € R4, which is the local variable corresponding 0y ¢ R* such thatTsy < ~i holds with y < 1, then we
the ¢7;th training sample at usetr;;, and the optimal point havep(T') < 1. To do this, sety = 1 — £ + 2°2T“ and from
x*. ThereforeD* = 0 indicates that all the user-side locahow on we are going to find a positive vectgr such that
variables also converge to the optimal point. To conclud& < v+». Recall that the parameters are chosen such-that
the metricyy® characterizes the convergence behavior of the guaranteed to be smaller than

_ 272 2 2\ 2 2.
h— 4o0° L°+4a p(lj—\i]—a VP;"+2a”cy ) (26)
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A. Finding vy 5) Determining[+]4: With [v]1, [¥]2 and [¢]; fixed as
well as 0 < a < min;=934{ares:} (Which means that
[(30) — 1] > 0), there always exists a sufficiently larde],

such that (30) holds. Given a fixda]; and [¢]4, (27) can

Using elementary algebra, it is easy to deduce st <
~1) is equivalent to the following set of inequalities:

o o2 (2 2, m4) < 172027 (27) be guaranteed by choosing a sufficiently smalino matter
. [(27) — 1] is positive or negative. The feasible rangecofor

(@71 achieving this is denoted &9, ahres4)-
% apls < 3 [ple — 2 [y, (28) Based on the above discussion, there exists> 0 such

that Ty < ~1p, provided thate < min;—1 2 3 4{nres; }. AS
_ _ o vena? . such, the spectral radius &, p(T), is no larger thany =
2P, [y + 2P, N[thla < (1 — B¢ + 222 — (1 - 5 NWls, 1 - ue | 2e:0% Combining this with (22) yields

[(28)-1]

[(29)-1] 9 P < Tk < p(T) -k < (1 — 2o 4 2207 gk (34)
. . bl < (1 — Be 4 2e20® o where the second inequality is obtained by realizing tdt)
a1 [l +az - [Pl +as- [Pls < (157 + 7 —as)[Yls, is the largest absolute eigenvalue afigh* is non-negative.

[(30)-1] (30) Clearly, (34) is the desired result.

where we used the definition of£ 1 — 24 % and that VII. A FURTHERANALYSIS OF CTUS

of T'. In the abovef]; represents théh element ofy. Since In this section, we provide a rigorous analysis to show that.
T is positive andy should be positive, we need to first ensuréhe proposed CTUS mechanism can prune user uploads. This

the positiveness of [(29)-1] and [(30)-1]. is equivalent to showing that for a proper choice mfthe
1) Ensunng posmveness of [(29) 12]:[ is easy to see that triggering condition (17) dose not hold for a number of users
[(29)-1] > 0 is equwalent tote — 2e20” o L Setathresh3 Notice that the quantities on both sides of (17) are random
o N ) variables. Therefore if the following inequality holds
such that=te=ts — L |tis easy to verify thai*— ‘}v"‘

(0, apresh). E{| A5 3} < B{p| S0, wiwaht — 2|3}, (35)
2) Ensuring positiveness of [(30)-1JAccording to the then we can safely claim that

definition of a3, we have - . .
B{IlA5 8 < pll 2y wira ™ — 2l 3} £ 0, (36)

11— 1—o52 _ po 2c00? B 2402 (1+o’2) 6a251(1+02)
[(30) 1]f— rl i e o2 .
where P{-} denotes the probability of an event, and the

_ " c 4L o C 4 h . . .
=2 - — it a? (2N2 -7 151;5 S 11(_13;2 ))7 (31) expectation in (35) is taken w.r.t. all the random variables
20 appeared up to thé + 1th iteration. If (36) holds true, it

means that uset;; has a nonzero probability not to upload

where < 0 can be verified by checking the dgfinitions af jts local gradient. To show (35) (for som@, we consider an
and c. Since0 < o < 1, we know thati > 0. Set ayeraged version of (35), that is,

athresha SUch that[(30) — 1] = 0 whena = aresha. Hence

- N P
[(30)-1] > 0 can be ensured i € (0, Athresha)- ﬁ CE{,L XL 1A 3}
Supposed < a < min{ainress, Cihresaf- Then we have 1 k1 _ k)2
[(29)-1] > 0 and [(30)-1] > 0. Next, we discuss how to =37, 7 E{CL PRI T wiralt - 2l 3},
determinefy];, 1 <i < 4. (37)

3) Determining[+], and [¢],: To begin with, let[]; be where the average is taken for all users. Clearly, if (373&ol
an arbitrary positive value. Wit fixed, we can find a trye, then there must exist users which satisfy (35). Tdifate
sufficiently large[y]> such that [(28)-1] is positive. This is the analysis, we suppose the sequence generated by Afgorith

because 3 has reached to a point that is close to the optimal solution,
by _ 2L 4dp(140®) Pt 2pal’ 4 2uac: (32) in which case we have the following result.
o uN Proposition 1: Let =* denote the optimal solution to the

is upper bounded (since is upper bounded). CFL problem (1). Suppose we have"*! ~ D* and

4) Determining[¢]s: With [¢], and 1), fixed, we can  ||W_&"*+! — 2|2 < Oy[|z"! — Wz |12, (38)
always choose a sufficiently largeb]s such that (29) holds. Wb — W 2 < Gl — Wk 2, (39)
Now since([4]:, [¢]: and [¢]3 are fixed, (28) is guaranteed oo 2= 02 2

if a € (0, athresh2), Whereainresn satisfies wherez* £ [z*;--- ;x*] is a vertical stack ofNV z*s, and
902 Ch (resp.Cg) is a positive constant. Then we have
resh2 €3
S22 s + 22— [ih]y = 2 [ (33)

e s BT 0L A 13

Note that®2 is a polynomial ofa (see (32)), which means k
a ! < =3 , ,+1 k+1 2}
that &2 decreases as decreases. NE{ N Zz 0 wiew] z 31, (40)
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Clearly, the fully connected graph has the best connegtivit
while the ring graph has the poorest connectivity.

We adopt the/s-regularized logistic regression problem as
our test problem:

min f(z) £ L8, S0 fij(@), (43)

xcRd
where fi;(z) = Y07 fiju(@),
fir@) = % (gnmna — yiju - 10g((1+ e @i ™)=1) -

t'€Tijt

Fig. 2. Topology of the server network (1 - yz‘j,t’) ] |Og(1 - (1 I e*“ﬁ,t'm)*l)) (44)

in which x is set t00.05, {wij,t/ S Rd,yijyy S {0,1}} is

A 16(14+C1)(14+C2)S;; LP; N

whgre C‘S - Yl P » and L is a constant the t'th training sample stored at uses;, and 7;;; is the
defined in (58). . index set of the data samples in tie mini-batch training set.
Proof: See Appendix B. ]

Clearly, f;;: is strongly convex and its gradient is Lipschitz
continuous. In our experiments, both the data veaigr, €
#200 and the labely;; » € {0,1} are randomly generated.

S ot B g ) ®hch user is assumed to hdid training samples and each
that (21) indicate®{D"""} < v-E{D }.ISII"ICGk"}/ is usually - ini hatch training set consists ftraining samples. As such,
close tol, we can safely assume thAB**+! ~ DF. Condition the total number of training samples28000.

- K1 - i . .
(38) holds valid where™" is sufficiently close to the optimal = 1 o\ a1ate the performance of respective algorithms, we

point. Conditio_n (39) can be justified as follows. Recalltthaadopt the optimality gappg* to measure the distance between
the left hand side of (39) can be bounded by the current solution and the optimal solution. The optityali

From (40) we know that (37) holds whem is set to a
sufficiently large value. Note that the assumptions made

k 1 *
IWakt - Woah |2 2 Wkt — Woakt)2  9apopg® is defined aspg® £ % wherezk £
®) B [xh;- s xk), Woez* £ [2*;--- ;2¥], andz* is the optimal
< J|leP Tt — Wb T2 (41) solution obtained by solving (43) in a centralized manner.

where (a) is becaussWW,, = W, and (b) is because _
|IW|l» = 1. Recall that the right hand side of (39) is thd>- Experimental Results
discrepancy between each local variable and the average of i First, we examine the performance of the proposed CFL-
neighboring variables. While the right hand side of (41)his t SAGA under different choices of the triggering parameter
discrepancy between each local variable and the averade o well as different server topologies. Fig.(3) plots the
local variables. These two quantities should be close deali optimality gap of CFL-SAGA vs. the number of iterations for
that consensus is nearly achieved. Combining (41) and  the random network. The triggering parameiesaries from0

_ to 50. Clearly, p = 0 corresponds to the case of full-uploads,

l2"h = Wooat 5 ~ 2t - Wat 3, (42)  that is, all users are required to upload their VR-SGs in each
we can safely assume that (39) holds. iteration. In general, we see that the convergence speed of
CFL-SAGA becomes slower agsincreases. This is expected
VIIl. SIMULATION RESULTS since a largerp leads to a smaller number of user uploads,

resulting in a larger approximate error in the aggregated

In this section, we provide simulation results to demon-"". . o
- i .. gradient. Fig. 3(b) and (c) plot the optimality gap of CFL-
strate the superiority of the proposed CFL-SAGA algorith AGA vs. the number of iterations for the ring graph and

over GT-SAGA and other competing algorithms. We compa[ﬁe fully connected graph, respectively. For these twoeserv

the pe_rformance of respect_we algorithms over d'.fferemru.snetworks, the convergence behavior of CFL-SAGA is similar
sampling rates as well as different server topologies. Ve fir

. . . as that in Fig. 3(a). Not surprisingly, the algorithm exhibits
introduce the experimental settings.
a faster convergence speed over a more well-connected serve

_ ) network. Fig. 3(d) plots the optimality gap of CFL-SAGA vs.

A. Experimental Settings the communication overhead for the random network. In par-
We consider a CFL system consisting &f = 20 servers ticular, the communication overhead is measured by thé tota
and 400 users. Each server is assigned Bp = 20 users. number of VR-SGs that are uploaded to servers. It is observed
To investigate the performance of respective algorithmer owvthat to reach the same accuracy, the required number of user
different server topologies, we consider three types ofeser uploads decreases asncreases. Nevertheless, our empirical
networks. The first one is a random graph depicted in Fig. i&sults suggest that the highest communication efficiency i

The second one is the ring graph (cycle graph), and the lashieved wherp = 50, and a larger value op beyond50

one is a fully connected graph. Since the structures of tige ridoes not yield further improvement on the communication
graph and the fully connected graph are self-evident by theifficiency. It is also noticed that the CFL-SAGA exhibits a
names, we do not draw their topologies for sake of simplicitgignificant advantage in terms of communication efficiengy a
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Fig. 3. Results orfz-regularized logistic regression. First row: Optimalitypgvs. number of iterations on different server network<;08d row: Optimality
gap vs. communication overhead on different server netsvork

compared to the full-upload casg € 0). The reason is that, 102

in distributed optimization, the user gradient usually rades

slowly, especially in the high-precision regime. Hencengsi 10!

the stale gradient to generate the aggregated gradient ofte g

leads to a very small approximation error. As a result, even ERllif54 = °
with a very small number of user uploads, the algorithm can " [v2o>° :E?:E%E’?é&%?:;

GT-SAGA (SR=0.35)

. . . (
still maintain a fast convergence speed. o GTsAch G029
(

—k- GT-SAGA (SR=0.45)

Next, we compare the performance of the proposed CFL- 0T 0 w0 60 80 1000
SAGA with that of GT-SAGA, namely, Algorithm 2. As Number of iterations
shown in Fig. 3, taklngp = 101s SUﬁI.CIen.t to yl.e.ld fast Fig. 5. Runtime vs. number of iterations on the random graph
convergence as well as high communication efficiency. We
thus fix p = 10 for CFL-SAGA. Fig. 4(a), (b) and(c) plot

the optimality gap of respective algorithms vs. the number ) . ) ]
of iterations for different networks. In Fig. ), SR is an of user uploads per-iteration for our proposed algorithm is
abbreviation for ‘sampling rate’. For instanc§R — 0.15 €Ven smaller than that of GT-SAGA with a sampling rate of

corresponds to the case thal5 x 20 = 3 users are selected ot = 0.05.

by each server in each iteration. To make a full comparison,To €xamine the computational complexity, we plot in Fig.
the sampling rate of GT-SAGA is tuned frof05 to 0.45. 5 the average runtime of respective algorithms vs. the numbe
Clearly, the convergence speed of GT-SAGA becomes fastetddgterations. We can see that GT-SAGA has a lower per-
the sampling rate increases. It is observed that for theoranditeration computational complexity than the CFL-SAGA. hi
graph and the fully connected graph, the proposed CFL-SAGR because for CFL-SAGA, at each iteration each user is
is faster than GT-SAGA that uses a sampling rate as largergguired to compute its local stochastic gradient, whetver
0.45. As for the communication overhead shown in Figd4, not this local gradient is uploaded. As a comparison, the
(e) and(f), we can see that the proposed CFL-SAGA exhibig T-SAGA only requires those selected users to compute its
higher communication efficiency than GT-SAGA by orders dftochastic gradient. Note that the computational costezhus
magnitude. This advantage of CFL-SAGA is mainly due tBy the proposed CTUS mechanism is usually negligible since
the fact that the proposed algorithm has the ability of ughe CTUS only involves very simple calculations at each user
loading those most informative gradients via the condiltyn With a complexity scaling linearly with the dimension of the
triggered user selection mechanism, thus reducing the aummodel variablez.

of uploads substantially without sacrificing the convergen At last, we compare the proposed CFL-SAGA with some
speed of the proposed algorithm. In fact, the averaged numb#her state-of-the-art methods, namely, CFL-ADMM [47],-GT
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this algorithms has an outer loop that aims to periodically
update the anchor gradient vector, a step very similar to the
sum of g"¥*1. While the inner iteration is very similar to
each iteration of GT-SAGA. For this reason, both GT-SVRG
and GT-SARAH can be adapted to the CFL problem in a
way similar to GT-SAGA, except that they need to perform
a full user upload at the beginning of each outer loop. The
parameters for each algorithm is tuned to achieve the best
communication efficiency performance. Fig. 6 and Fig. 7
respectively plot the optimality gap and the communication
overhead vs. the number of iterations on the random network.
Although the other algorithms achieve either similar orreve
faster convergence speed compared to CFL-SAGA, the pro-
posed CFL-SAGA algorithm exhibits a significant advantage
in terms of communication efficiency. This is because the
number of per-iteration user uploads of CFL-SAGA is much
smaller than those in other algorithms.

IX. CONCLUSION

In this paper, we proposed a SAGA-based method
for confederated learning. The proposed method employs
conditionally-triggered user selection (CTUS) to achieve
communication-efficient learning of the model vector. Thee m
jor innovation of the proposed method is the use of the CTUS
mechanism, which determines whether the user should upload

SVRG [40] and GT-SARAH [41]. Note that CFL-ADMM its local VR-SG by measuring its contribution relative te th
randomly selects users to upload their local variables ¢@r thprogress of the algorithm. Thanks to the CTUS mechanism,
respective servers. The user sampling rate of CFL-ADMM the proposed algorithm only requires a very small number
chosen a$).3 in our experiments, and.15 for GT-SVRG and of uploads to maintain fast convergence. Theoretical @mly
GT-SARAG. Recall that both GT-SVRG and GT-SARAH aréndicates that the proposed algorithm enjoys a fast linear
double-loop based methods. Take GT-SVRG as an exampenvergence and numerical results demonstrate the superio
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communication efficiency of the proposed algorithm over GT- APPENDIXB
SAGA. PROOF OFPROPOSITION1
Without loss of generality, we assume thgf' # tF,.
APPENDIX A Recall thatAf" in (15) is defined and ;™! = g/t — gF.
PRELIMINARY RESULTS Combining this with the definition og’““ we have
First we list some inequalities that will be frequently used i1 _ X
in our analysis. AL = (VfJ tm( ) — Vfij,tyl(qbijyt?fl))
lz+yll3 < @+pYllzl3+ A +plyl3, Vp>0, (45)  + Vi (””f) — i (sz-jytz (@) = Vi, (B0 ))
I, w3 < NS 3. 46) —v f” o (@10

Variance decomposition k1 k
Vi e Vi k4 Q. it
E{llz —yl3} = E{llz — E{x}|3} + [E{z} — 93, Yy, ( @) = Vi P ))
e (Vfij,t@( E) = Vi (h0)
E{||& SN (2 — E{a:})|3} = B{|lz; — E{z:}|3}, @ g .<vf (¢541,) ~ Vs ($ ))
= i, tk+1 tk+1 ij,tk'fl i, tkj+1

with {z;}Y, independent of each other (48)
— (S = 1) (Vi (@50) = Vi (@) (54)

where in(a) we have used the fact thaif““k+1 =zt (resp.

Next we present several intermediate results.

Lemma 1 (Lemma 10 in [55])Suppose f is p-strongly
convex with its gradient beind-Lipschitz continuous. Then
for Vz € R4, it holds oL = ol w = x¥). Combing (54) with the Lipschitz

zJ,t"J
continuity of and 1 we have
|z —aVf(z) = z*2 < (1 - pa Hz — 22 (49) y th" fij githt

2
wherez* is the minimizer off anda < 1 is a constant. |AET3 < 257 - s H¢fﬁk+1 - &7, e
Lemma 2 (Lemma 2 in [56])SupposeW e RVXN js 2
primitive and doubly stochastic, then fo € RY, we have  +257 - L tk quf;}c — ¢fj7tk_ ,
_ < _ 2 k+1
WeWorly <ol Wozl 60 <ashord o (1045 o+ o0 1)

whereo is the second largest singular valueVéf. 2 k41 k
452 . [, . — T .
Lemma 3 (Lemma 1 in [57])Let the assumptlons made in A9y W* (”‘% £ 27l 2+ H(ﬁwfj r ||2)
Section II-B hold. Then withf(z) = + ZZ , fi(z) we have (59)

= _ whereL;,; ; is the Lipschitz constant corresponding¥;,; ;.
_ < L _ J,t Jy
IVi@) = Vi@l < \/N”m W ootll2. (51) From (55) we can further deduce that

Lemma 4 (Corollary 8.1.29 in [58]):SupposeT’ € R"*" pitgg o B o fi 9
is a nonnegative matrix ang > 0 is a constant. If there Z Z [AG3< > >0 A4S (L A+1H¢ i — ||+
exists a positive vectotb € R” such thatTe < i, then *~ 77! ==t
o(T) < v, wherep(T) = max{|)\;|} is the spectral radius of 72

N P

k+1 2+ §l (L2 ;

itk a:*||2) * 15 14Sij (Lij,t,’v‘,-“||¢ij’tfj+l
i=1j= ’ ’

T. it
At last, we mgntlon that Step and5 in Algorithm 3 can  _ z ||2 + LLQ] " ||¢fj - 2). (56)
be compactly written as '
= which implies that
L Wak — ayt, p
_ N P; k
Yyt = Wyk + ght! — gk, (52) E ¢ tk.{zz':l > e A +1H }
( 7,' 2
whereg® £ [gF:--- ; gk/]. 2255 Z 182 3 %(Hqsfﬁ — 2|2+ ||k, — 2 i)
The left hand side of (40) is the average of i=1j= t=1 "% ' ’
E, B g {HAkJrlHQ}S while + va Ll ZA,[ JwpThtt < 2L(Dk+1 + Dk) (57)

k+1|\2 in the right hand side of (40) is the average of
kL gh Wi

HZ, LWy — [3s. The inequality (40) indicates
that L =max{Lyt1, L},

N P; i L3 ak41
Eper e (A3} S Coll S0, wivalt — 13 63)  Lin = (S0 TjL, 453 0% e ol — o

ere

)/

holds in the average sense. As such, if the valuge & set (Zz 1 Zj 1 Zt ”1 H¢fﬂ1 -z 2),

to be sufficiently large, then (17) will not be triggered for o

most of the users. Consequently, the number of uploads can 9
be significantly reduced. Ly = (ZZ | ASE S ” ol L 33*”2)/
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(Zf\il PO S0 ||k — ac*||§) (58) where (a) is becausd¥ W = W, as well as (45), and
(b) comes from Lemma 2 (note th& and W shareZS similar
properties becaus# £ W ® I,). Settingp = 1-% (resp.

Dk

Taking the full expectation for both sides of (57) yields 1) and usings < 1 leads to (62) (resp. (63)). 2 -
E{L, S5, 1AL I3} < E{2L(DM! + DR}
~ E{4LD*+1} APPENDIXD
;9) PROVING THE SECOND INEQUALITY IN (22)
< IE{4E((1 - SIV)D’f + 2P, Xkt 4 9P, N XFk+1 Before starting, we introduce several notations that wéll b
ij

(59) used later. letFF = {tF}'=)5PF=" denote the set of
_ _ ~ random variables appeared before the- 1)th iteration. Also
AssumingE{D**'} ~ E{D"}, the above inequality implies |g E”"{.} represent the conditional expectation that is con-

that ditioned onF*. At last, we use'* to refer to{tf,}= /5",
E{4LD*1} < E{gg_jiﬁ()(kﬂ + NXkJrl)} which is_ the set of_ random variables in thth iteration. The
second inequality in (22) reads as follows
_ T TD. (k] _ 1X k412 3 k41 2 ~ B
(38) _ _
< E{S(l +C1)S;LP; - ||&™ Tt — Woomk+1|‘§} We will prove this inequality in Lemma 7. Before presenting
o bl vy kil el Lemma 7, we first provide an important intermediate result.
= E{S(l + C1)SiLP; - |27 — Wa™ " + W' — Lemma 6:Suppose the assumptions in Section 1I-B hold.
W wkHHQ} Let (z*,y") be generated by the proposed Algorithm 3. Then
e o] 2

E{|lg" — Vf(x")[3} < Ef{ciX* + coX¥ + c3DF1}, (66)

< E{16(1 +C)SGLP (|ak ! — Wkt |2
where Vf(xz*) £ [Vfi(xh);---;Vin(xh)], ¢& 2

+ Wkt — Wooi'?kﬂﬂg)} [gh;---;g%], g% is defined in Algorithm 3,
(39) o B ., .
< IE{ 16(1 4 C1)(1 + Co) S5 LB |2+ — kaﬂng} ¢t £8LA(1+P;- Sy ) +12p(1+ %) P,
[(60)—1] c2 £8L*(1+ P - ?‘jz)N, c3 £ 417G, (67)

N — I
=E{[(60) ~ 1]- ¥ || 0L, wiwah ™ — 2l 5} (60) P maxi{P) and 5y, = maxi ;{Si;}- .
i=1 Proof: For notational convenience, denat¥ = ||g* —

Combining (59) and (60) we obtain Vf(wj\’;)H% and G} = |gFf — Vfi(x")|3. SinceE{G*} =
(59) E{>",_, G¥}, we should separately bound eaEQG?¥}. For
E{Y 1 > ABT3) S E{4LD*1} this term, we first consider its conditional expectation:
1= 1= 1] ~
(60)

N k—1 (a) k—1 k—1 k 2
L {lo0) 11 5 5wkt -t |2} 1) ERGH BEL {[of -5 el 32 AL}
i=1 JENF
L 1 . . : (46) P k-1 k-1 2
Multiplying SV P to both sides of (61) yields the desired < 2E7, {||gf —E5E g B+ BRSO Afj}Hz}
result. JENE
() k-1 .
APPENDIXC < 2B {llgf — Vfil@")l3 + || X ens ALl (68)
PROVING THE FIRST INEQUALITY IN (22) where (a) follows from
The first inequality, i.e., (62), is proved in the following J—— k
lemma. For completeness and clarity, we provide a simple EL g +Zje/v,ﬁ A
proof of this lemma. (18) RF* 1P (oh=1 | AFVY = O F (g 69
Lemma 5 (Lemma 4 in [40])Let the assumptions made in e 2lg + A= V@D, (69)
Section 1I-B hold. Then (b) has invoked (47) for the first term (by treatingf;(z*)
k1 — 140%  yk | 20 vk asy) and Jensen’s inequality for the second term. Regarding
XM= 5 X = Y (62) | 5>\ AK|1Z in the last line of (68), we have
XFHL <202 XF 4202 - YF. (63 '
. ) . . Fh-1 k2 (45) Fh-1 k k12
Proof: According to the first equality of (52), it holds that Eyx  {l| 22 cnr AglI2} < Eno {INF1 2 enx 1AG 13}

(52) | cx YR @ i
XL |\ Wak — ayt — W (WzF — ay”)||3 < M Pollaf — [W]iak|3, (70)

—~

a

<(1+p)[Wak — Weeab|3 + (1+ L)a2[ly" — Weey"|l3 where[W]; represents théh bIock-rpw_ofV_V, and(a) comes
. from Step 3.2 of Algorithm 3. Substituting (70) into (68) e
<1 +p)o®- XE+ (14 5)a® - YE, Vp >0, (64) EZ 7 (GR

N

—~
=
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< Eﬁkfl{QHgf — Vii(x)|3} + 2|NF ?pllxl — W]z |2 Lemma 7:Suppose the assumptions in Section [I-B hold.
(47) - ko1 ko1 Let (z*+1, y**+1) be generated by the proposed Algorithm 3.
= 2ANFPplled — What 3+ 2EL {llgf —EL {g)l }Jt is also assumed that < + andy® = g° = 0. Then the

aq, following inequalities hold:
+2|EL" {gh} = Vfila)II3. (71)  E{X*'} <E{bi X"+ XF +b3- DM} (76)
o, E{X*1} <E{(2+3%) X" +b- X" +b3- D1} (77)
We next separately bourify andT». For7; we have where
Ty~ 7 gt + Tens (Al — AL}~ VA )[E b= L= 257 1y - B e et
- 2 2 X
oV L) — VB 2B (e ALHE 2T Zoen | b= 2212 )Lt P 4 P00 (78)

b) - Comment 1:Note that (76) is the second inequality in (22).
< 202k — x*||3 4 2ES {|NVF D jent |AL]13} While the inequality (77) will be used in Lemma 9.
. : — A 1 T k
70) B Proof: Define g¢ £ £ (1% ® I,)g* as the average of
< 2L2||lzf — x*|)% + 2|NE 2|2k — (Wi2"|3, (72) g*s. Sincey’ = g° = 0, according to (52) it holds that
where(a) has used (69) and (45) has invoked the Lipschitz 1 (22 (52)
continuity of V f; and Jensen’s inequality. F@k it holds that

(18) k—1 k—1
I, = E F {”Z]gy\/kgw 7}; {ZJ@\/AQZ}H%}

Wy 4+ gl — g =yl =g

S Waoy? D W Wyl g7 -y') Y y? (79)

=g’
where (a) is becauseW . y? = ¥, W W = W, and

48 - g : .
(48) Efk 1{Zj¢/\ff gk, — EZ—;" l{gfj}”%}, W .g? = g*. Using deduction we have
k—1 ) k—1 —k _ ~k
Egk}{zf;l gl — B {gl}13) g = vk (60)
(@) ZJ ) Eﬁ 1{ (ij " (@) — V. " ((bl_c_—;k ) Multiplying Lf\?ld to the first line of (52) yields
1, 1, 17, ij
k—1 _ 2 gkl (i) zF — ag® (:):fjkf()éik 81
—EL Vi @) = Vi (¢ij%)}) HQ} Y g (81)

2 g7 o1y Where(a) is becausel ®IdW = Ef\?ld (W is doubly
< Yty S {vatj,tk (xF) = Vfije (¢ij¢§j)||2} stochastic), andb) is becauseg = gy*. Then we have
= Zg 155 Zt 1 ||me t( = Vit (¢th )”2 Eﬁkil{X’Hl} (81) Eﬁk71{|‘§;’f —ag® — a:*||§}
k—1 _ _ — — *
(S Z 2128 Z (”31’34c — x5+ [z — zj 3 ) (73) =K. {|z* — aVf(@") + aVf(z*) — agh — z*|3}
o = &* — 2" — aV (@)} + BL T {a? | V(") - "I}
where (a) used the definition ofg};, and the fact that W
]_-k—l ]_-k 1
E { } - Vfw( ) - SU E {Vf’bjtk( )} and +20é<§3k7:13*7C¥Vf(§3k),v‘f(§3k)*gk>}
(b ) used the Lipschitz continuity OVf,Jt as WeII as (46).
Substituting (72) and (73) into (71) yields [(82)-1]
( ) 1
EZ Gk =EZ N, 6k} < (1-pa)?X* + ES {20[(82)-1]+ o?[(82)-2]} (82)
<N (421 + asgj)nmf —z*|24 where (a) invoked Lemma 1.

3 Si; B 1) Bounding [(82)-1] and [(82)-2]: Regarding the term
X AL2Sy; 3 [l = 9l B + TPl — [W]iah3) - [(82)-1), we have
j= t=

]_—k—l i

< zilsmms;)(nz - |3+ ok - 2¥3) EFE[SSZ) e
+4L25_UDI§—1 +6PL pHm _kaH27 {<m -z -« f( )ﬂ f(ﬂ} )79 >}

(a)  _ [(83)-1]

< o X*+ 1 XF + esDFL, (74)

—EZ {18311V (3*) - V(@) +
Whereg‘j = maxi,j{Sij}, FL = maxl{P} {Cl} are _ v kY _ (gk 5 L SNV o k.
defined in (67), anda) is because B ([(83)-1). VF(2") = (9" + & Lizt Xjewr Aij))

: _ _ _ + (831} & XL, X e AF) |
|z — Wk |3 < 2ljah — Wezk||3 + 2| Wak — Wz |3 (BT & 21 Zgenr A0
Lemma 2 _ [(83)-2]

< 2014 0?)||lah - Wk |3 =2(1+0%)X*.  (75) (o

) e .
< E7, 83)-1]|2 - |V f(Z*) — Vf(z* 83)-2
Taking a full expectation for both sides of (74) yields (6®. - {lii@3)-2lz - [V (@") = Vi (@l + [(83)-21;

With the help of Lemma 6, we can proceed to prove (65). < Ef,f’fl{(l — pa)X* |V f(&F) — VF(b)2 + [(83)-2]}
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(@ k-1 _ - _ _

< |EF pA—po) sk | (—po) 7 £(zk) _ ¥ (k)2 APPENDIXE

- { 2  IVI(@) = Vi@l PROVING THE THIRD INEQUALITY IN (22)
+[(83)-2]} The third inequality in (22), i.e., (89), is proved in the

(d) following lemma.

< B {elgped kg Lijk +[(83)-21},¥p > 0, (83)  Lemma 8:Suppose the assumptions in Section 1I-B hold.

_ Also let (x**1 y*+1) be generated by Algorithm 3. Then
where Vf(z) = +(1% ® I,)Vf(x) is the average of

V fi(x;)s, and(a) has invoked the Cauchy-Schwarz inequality E{D"} < E{(1 - 5 —)D*! + 2P, X"+ 2P,N - X*} (89)
as well as the fact that Proof: For D* we have
FEl g k k—1 k—1
E,«k {Vf(15 ) ( N Zz 1 Z]GN" A } =0, E}; {Dk} = Eﬁfj} {Zz 1 ZJ 1 Zt’?:l ”33* - ¢f]7th|‘%}
( ) used Lemma 1(c) uses the inequalityz, y) < 2||=||3 + N .
||y||2, Vp > 0, and (d) invoked Lemma 3 as well as— — 2 21 (- S%)Hm - zJ,t 3+ s F13)

i=1j=1t=
uoz < 1. For [(83)-2] we have B — N ~ ~ .
<(1- J)Dk P2P 0L (lef - 23+ ([ 2F - 273)
k—1 k—1 J— R —
EZ([83)-2]) < B {1 o) X1 z > Aflla} = (1= gD 2R Xk 4+ 2PN - XK (90)
Ljenk
o) < K1 ) whereS;; = max; ;{S;;} and P; = max;{P;}. ]
Sp(12u )chJrEﬁc {1 © ||sz 1ZJ6N‘A ” } J J{ ]} {Pi}
(b) - APPENDIXF
p(1—po) ua) k k]2
= X'+ oy YL P Za 1ol — [What|3 PROVING THE FORTH INEQUALITY IN (22)
(T5) B . . . . . .
< p(12ua)Xk+ p(1+pN)P7' X*, Vp >0, (84) The forth inequality in (22), i.e., (91), is proved in the

following lemma.
where(a) has invoked the Cauchy-Schwarz inequality as well Lemma 9: Suppose the assumptions in Section 1I-B hold.
as Lemma 1, andb) used (46) and (70). As for [(82)-2], weLet (" yk“) be generated by Algorithm 3. Also assume
have thata < 4\/_L Then

Ef:ﬂ {[(82)-2]} E{Y*"} <E{a1 X* + as X" + a3Y* + asD*1}  (91)

where

(45) _ _ k—1 = _
= 2|VI(@" = VIEhI; —HEi {2IVI@") - g*lz) 25L%(1+0°)+4(14+0%)c1 +3(140°) (2c10° +c2b+2¢3 PiN)
o o“)cy g c10 Cc2 Cc3 15

( ) 2 k—1 ay = 1—02 ?
2L k F (mk)||2
-XF +EL 2 1{ 2y, ||91 Vfi(z®)3} o NLA(40%) 4440 ea t3(140%) (ca(24 5 )+ 265 PLN)
:—Xk—l—E]:A 2 _ 2 85 2 — 1_o2 y
N rk {NHg ( )||2} ( ) a5 = 1+02 + 24()(2L2(1+02) 6@201(1+02)
where (a) comes from the definitions o¥ f(z*) and g*, ) 1ot et
Lemma 3 a_s .We|| as (4_6).. | 4y = 4(11+(; Jes 4 3(1+o )(bsclz+gcs(1 Sii_ ) (92)
yiezlt)jscombmmg: Substituting (83), (84) and (85) into (82)  pyoof: The proof of this lemma is split into three parts.

The first part provides an upper bound®fy **+1}. However,
1 _ E+1 A E4+1 k+1\(12 ; ; ;

EFF L _ 412V < (1 — ue)? 4+ 2am(1 — sk the termG < g V f(x"t1)||5 contained in this
Al ) < (( pa)” + 2ap( Ma)) bound needs to be further bounded. After boundifg! in

[(86)-1] the second part, the desired result is proved in the third par

2\ 2 . : H

I (i]L\; i 2ap(1:]\7 P QQ;LQ)Xk Part I: According to the second line of (52), we have
(@) =
[86)-2] YA (W = W)y + (I - W) (g — gh))l13
+ES {2 gk — v 2 (45) o
B URle - vIEDIR) < (L)W = Wa)y[3
< [(86)-1]+ [(86)-2]+ 22~ (c1 X" + o X* + ¢3DF 1) + 1+ DT = W) (gt —g")l3
(86)

b)
< (1+p)o?Yr + (1+p~Y)|ght! — g*|3

9 1ty ko P ght - gh V(b ) - V@)
k-1 . = —
EZ, {Xk+1}<b1~X’“+b2~X’“+b3~D’“*1, (87) — Vf(xF) + Vf(a*)|2

In (86), respectively setting = & andp = 5 yields

- d
B Xk} < (24 22)X* +bX"* +b3D*1 (88) (S) Lio® yk | 3(11:r;22)(Gk+1 FGF 4 L2|ah Y — 2k)2)

where in(a) we used the assumption that< 1, andb,, bs o - (93)
andb are defined in (78). Taking the full expectation for botfwhere (a) is because oW . W = W, (b) is because of
sides of (87) and (88) yields the desired results. B Lemma 2 as well aglI — W2 = 1, (c¢) is obtained by
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settingp = 5%, and( ) used (46) as well as the Lipschitz [6]
continuity ofo. Regarding|z*** — x*||3, we have

@ _ [7]
ettt — 2| W - D)~ W) — oy 3

®)
< 8X* +20°||y* |3
X 1 202lyF - Wee(y¥ — g + V() — V()

+Vf(=))lI3
< 8XE 4 202 (VI 4 VTR 4 L@~ (1 © Lo )
D 8X* 4+ 202(VIF 4 VGF + LVEF + LVNVEFY?
(4§6) 8XF +8a?(Y* +GF + L2XF + L2NXF) (94) [1]

where (a) is because of (52) anW . W = W, (b) used
(46) and [W — I||; < 2 (using triangle inequality with [12]
[Wl2 < 1), (c) is because of

(80)

8

-

El

[20]

Wyt = (v @ L)y" = (v @ L)g" = Wagt (95) [
as well asW .V f(x*) = 0, (d) used the triangle inequality [24]
and the fact thaf|W | = 1 as well as the Lipschitz
continuity of Vf, (e) is due to [15]

2" — (1y @ Lo)z*|2 < |2* — (1y © Lo)Z" (|2

+l(1y ® L) (@ — 2)[|ls < VXFE + VNVXE (96)

Substituting (94) into (93) and also using the assumptid]
24L2%a? < 1 we obtain
YR < (L4 0?) (5 + g0 )YVF + 25 X0+ X g

T+ G, (97)
Part Il: In (97), the termG*+! can be bounded by

[16]

[29]

(66) _
E{GkJrl} S E{CleJrl + CQAerJrl —+ Cde}

@ .
< B{ (26107 + 02+ 26, P) X5 + (e2(2+ 28) + 2, BN X

+ (bsez + es(1 — <)) - DF1 4 202, - Yk} (98) [21]
where(a) is obtained by invoking (63), (77) and (89).
Part 1ll: Substituting (66) and (98) into (97) yields [22]

E{Y 1} = E{a1 X" + ax X* + agY* + ayD*"1}  (99)

where{a;}4_, are defined in (92). n &
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