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Decentralized MIMO Systems With Imperfect CSI
Using LMMSE Receivers

Zeyan Zhuang
Shenghui Song

Abstract—Centralized baseband processing (CBP) is required to
achieve the full potential of massive multiple-input multiple-output
(MIMO) systems. However, due to the large number of antennas,
CBP suffers from two major issues: 1) Extensive data intercon-
nection between radio frequency (RF) circuitry and the central
processing unit; and 2) high-dimensional computation. To this
end, decentralized baseband processing (DBP) has been proposed,
where the antennas at the base station are partitioned into clusters
connected to separate RF circuits and equipped with separate
computing units. However, the optimal fusion scheme that maxi-
mizes signal-to-interference-and-noise ratio (SINR) and the related
performance analysis for DBP with general spatial correlation and
imperfect channel state information (CSI) have not been studied.
In this paper, we consider a decentralized MIMO system where
all clusters adopt linear minimum mean-square error (LMMSE)
receivers. We first establish an optimal linear fusion scheme that
has high computational and data input/output costs. To reduce the
cost, we then propose two suboptimal fusion schemes with reduced
complexity. For all three schemes, we study the SINR performance
by leveraging random matrix theory and demonstrate conditions
under which the suboptimal schemes are optimal. Furthermore, we
determine the optimal regularization parameter for the LMMSE
receiver, identify the best antenna partitioning strategy, and prove
that the SINR will decrease as the number of clusters increases.
Numerical simulations validate the accuracy of the theoretical
results.

Index Terms—Decentralized baseband processing (DBP), linear
minimum mean-square error (LMMSE), massive multiple-input-
multiple-output (MIMO), random matrix theory (RMT).

1. INTRODUCTION

ASSIVE multi-input-multi-output (MIMO) technology
has been shown very effective in achieving high spectral
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efficiency, energy efficiency, and link reliability [1]. However,
conventional implementations require centralized baseband pro-
cessing (CBP) where all baseband data are collected and pro-
cessed by a centralized baseband processing unit (BBU) [2],
[3]. Such centralized processing causes significant challenges
when the size of the antenna arrays becomes extremely large.
On the one hand, transmitting baseband data from a large
number of base station (BS) antennas to the BBU results in
very high throughput demands. On the other hand, traditional
estimation or beamforming algorithms require the inversion of
high-dimensional matrices, which causes heightened computa-
tional complexity. These challenges make CBP very difficult to
implement in practice [4], [5].

To address the bandwidth and computation bottlenecks of
CBP, a more efficient architecture called decentralized baseband
processing (DBP) was recently proposed [2], [4], [6], [7], [8],
[9], [10]. With DBP, BS antennas are divided into several clus-
ters, each equipped with its own processing unit that performs
signal processing tasks in a parallel and decentralized manner.
Li et al. [4], [6] developed iterative decentralized algorithms
to minimize the mean-squared error (MSE) of the received
symbols. A gradient descent based decentralized algorithm was
proposed in [7] to obtain zero-forcing (ZF) equalization for
a daisy chain architecture. In [2], [11], the feedforward DBP
architecture was proposed to reduce latency by avoiding the
information exchange between clusters required by previous
works [12].

With the feedforward structure, the estimates from all clusters
and some middle-stage information are transferred to and fused
at the central unit (CU). As a result, the fusion algorithm at
the CU is crucial for successful estimation. In [2], Jeon et al.
provided an optimal linear fusion that maximizes the signal-to-
interference-and-noise ratio (SINR) in uncorrelated Rayleigh
channels with perfect channel state information (CSI). Closed-
form deterministic approximations of the SINR for maximum
ratio combining (MRC), ZF, and linear minimum mean-square
error (LMMSE) receivers were also derived. The design of the
fusion coefficients for decentralized MIMO systems resembles
that of the collaboration among access points (APs) in cell-free
massive MIMO (CF-mMIMO) systems, where distributed APs
are deployed and linked to a central processing unit (CPU) [13].
The difference between DBP and CF-mMIMO lies in the spatial
correlation among different clusters, which makes the DBP
architecture more general. In [14], four levels of coopera-
tion with minimum mean-square error (MMSE) receiver were
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proposed for CF-mMIMO systems, considering imperfect CSI
and spatially correlated fading. However, the fusion scheme and
performance analysis for DBP with imperfect CSI and general
spatial correlation have not been studied.

In this paper, we consider feedforward decentralized massive
MIMO systems with LMMSE receivers due to their near-optimal
performance and ease of implementation [12]. We also consider
the case with imperfect CSI, where the channel estimation
(CE) errors are assumed to follow Gaussian distributions [14],
[15], due to the difficulty in obtaining perfect CSI in massive
MIMO systems [16], [17]. Specifically, we first determine the
optimal linear fusion that maximizes the SINR, which requires
global CSI and has high complexity. To reduce the cost, we
propose two linear fusion schemes with reduced computation
and communication workloads. In particular, the first approach
utilizes a moderate amount of intermediate results computed
by the clusters, while the second method can be implemented
by a fully decentralized (FD) architecture [2], where the CU
only needs to calculate the weighted sum of the local estimates,
without requiring any other intermediate results.

Unfortunately, the presence of CE errors and the decentralized
structure make it very challenging to evaluate the receive SINR.
To this end, we adopt large random matrix theory (RMT) to
tackle the random vector channels, which has been proven
effective in analyzing the fundamental limits of centralized
LMMSE receivers [18], [19]. The SINR analysis for the DBP
architecture has been considered in [2] utilizing RMT. However,
they assumed perfect CSI and uncorrelated Rayleigh channel,
while here we consider the more general case of imperfect CSI
and general spatial correlation. Based on the analysis results, we
further investigate the impacts of several key system parameters,
including the regularization parameter, the antenna partitioning
strategy, and the number of clusters.

The main contributions can be summarized as follows:

1) For decentralized massive MIMO systems, we first derive
the optimal linear fusion scheme to maximize the SINR
with imperfect CSI and demonstrate that the optimal co-
efficients for the fusion scheme also minimize the MSE
for estimating the transmit signal. We then propose two
suboptimal fusion schemes assuming local CSI, which
have reduced levels of complexity.

2) We derive the deterministic approximations of the SINR
for all three fusion schemes using RMT. The analysis
results reveal that, without spatial correlation between
clusters or CE errors, the first suboptimal fusion scheme
achieves the optimal SINR. The second suboptimal fusion
scheme, which has lower complexity, can achieve the
optimal SINR when there is no spatial correlation between
clusters.

3) Based on the theoretical analysis, we investigate the sce-
nario with heterogeneous CSI inaccuracy among clusters.
The results show that when the CSI error is high for certain
clusters, the system’s performance is asymptotically equal
to that without considering those clusters.

4) To obtain more physical insights, we derive closed-form
expressions for the SINR over independent and identi-
cally distributed (i.i.d.) channels. Based on the results, we

further determine the optimal regularization parame-
ters and optimal antenna partition strategies that maxi-
mize SINR, and evaluate the impact of the number of
clusters.

5) From the RMT perspective, we derive the determinis-
tic approximations for linear functions of the resolvent
where the covariance matrices have generally correlated
columns, and demonstrate the convergence rates of the
means are O(N 2 ). These findings can be applied to the
analysis of regularized zero-forcing (RZF) precoding in
downlink MIMO systems [20].

The rest of the paper is organized as follows. In Section II,
we introduce the system model and the DBP architecture. In
Section III, we derive the optimal linear fusion scheme that
maximizes the SINR and propose two linear fusion schemes
for decentralized implementation. In Section IV, we derive
deterministic approximations for the SINR of proposed fusion
schemes and investigate the results with i.i.d. channels. Nu-
merical results are given in Sections V and VI concludes the
paper.

Notations: Throughout the paper, lowercase and uppercase
boldface letters represent vectors and matrices, respectively.
We use CV and CV*M to denote the space of N-dimensional
complex vectors and the space of N-by-M complex matrices,
respectively. The conjugate transpose and transpose operator
are denoted by (-)7 and ()T, respectively, [A];; and [a];
represent the (i,7)-th entry of matrix A and i-th element
of a, respectively. For integer vectors T = [r1,...,7n,]7 and
B=1[B1,--.,0n,]F, we use notations A[r,3] and A[T,:] to
denote the submatrices of A with [A[7, 8]]; ; = [A], s, and
[A]T,:]]i; = [A]+, ;. respectively. We write ||-|| for the spectral
norm of a matrix or the Euclidean norm of a vector, TrA refers
to the trace of A, Iy represents the identity matrix of size N,
and 1, denotes the vector with all 1 entries of size N. The
probability measure and the expectation operator are denoted
by P[] and E[], respectively, x =  — Ex denotes the centered
form of random variable x, and =23 indicates almost sure
convergence. We use % to represent the partial derivative.
The notations [N] and [N], represent the set {1,2,..., N} and
{0} U [N], respectively. The indicator function is represented by
Iy, and O(-) is the standard Big-O notation. Specifically, we
have f(N) = O(g(N)) if and only if there exists a positive real
number C' and positive integer Ny such that | f(N)| < Cg(N)
forall N > Nj.

II. SYSTEM MODEL

A. Signal Model

Consider an uplink MIMO system where M + 1 single-
antenna users transmit signals to one BS with /V antennas. We
denote the transmit signal of all users as x = [z, ..., zy]7 ~
CN(0,Ip741), where x; represents the signal of user j. The
channel between user j and the BS is denoted by h; € CcN.
Thus, the received signal at the BS is given by

y =3x+n, (D)
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Fig. 1. The feedforward DBP architecture for massive MIMO uplink.

where y € CN, ¥ = [hy,...,hy] € CV*M+D " and n ~
CN(0,0%1y) denotes the additive Gaussian white noise
(AWGN) at the BS.

Decentralized Architecture: In this paper, we consider the
decentralized architecture [2], [4] as shown in Fig. 1, where
the N antennas of the BS are divided into K clusters, con-
nected to one CU. The k-th cluster consists of [V} antennas,
and each cluster contains its own RF components and com-
puting unit. For simplicity, we partition the received signal
y=[y{,...,yE]", the channel matrix £ = [X7, ... BT]7T,
the channel vector h; = [h},, ..., h]",j € [M]y, and the
noise vector n = [nf, ..., n%k]7, such that the received signal
at the k-th cluster is given by

Vi = Zpx+ny, k € [K], (2)

withy;, € CVx, 33, € CNex(M+1) ‘andn;, € CN+. To estimate
the signal from user j, the k-th cluster independently processes
the baseband signal to compute the estimate Z;,. The local
estimate Z;; and a moderate amount of intermediate results
are then transferred to the CU. These intermediate results are
designed based on the estimation scheme and typically include
the Gram matrices of the channels [21], [22] or variances of the
estimation errors [2]. The CU will obtain the final estimate ij
through linear fusion as

K
Bi=Y ok, 3)
k=1

where «y, represents the fusion coefficient that can be cho-
sen as constant or determined based on the information from
clusters. To estimate x;, LMMSE estimation is widely used
in conventional CBP due to its simplicity in implementation
and near-optimal performance [12]. Therefore, we consider the
case where all clusters adopt LMMSE estimator and the detailed
design for the fusion coefficients «, k € [K] will be discussed
in Section III.

B. Channel Model

Due to limited angular spread and insufficient antenna spac-
ing, spatial correlation between BS antennas is inevitable. In this
paper, we consider the Rayleigh channel model [15], [23]

1
hj = R;Zj, j S [M]Q, (4)

where R; € CV*V is a nonnegative definite matrix that models
the spatial correlation of the BS antennas with respect to (w.r.t.)
user j and z; ~ CN(0,Iy). Note that this model takes the
variance profile model [18], [24] as a special case. With DBP,
each cluster can only know its local spatial correlation matrix,
which is a principal sub matrix of R;. To this end, we denote
the index vector

k-1 k=1 k T
Sk = 2N¢+1,2Ni+2,~-a§Ni s kelK], )

and for a N-by-N matrix R, we define
R]ik,) = Rlsk, s1]. (6)

As a result, the spatial correlation matrix R; can be expressed
in the following block matrix form

Rjlny  [Rjlpg Rl k]
Rl Ryl R]2,x]
Ry =| . | A PG
Rl [Rjlik,2 Rk, k]

where the off-diagonal block [R.](x i denotes the spatial corre-
lation between the k-th and the [-th clusters for k£ # [, and the
main-diagonal block [R ] ] represents the spatial correlation
within the k-th cluster.

Decentralized Channel Estimation: For simplicity, we assume
M + 1 mutually orthogonal pilot signals ¢; € C7,j € [M]y
with [|@;[|> =7 (7 > M + 1). During the training phase, the
received signal Y, € CNeX7 at the k-th cluster is given by

M

Y =) hio! + N, ®)
=0

where Nj, € CNex7 represents the noise matrix with i.i.d. en-
tries, each following CN(0,02 ;). To estimate hjj, the k-th
cluster will first correlate the training signal with the scaled pilot

Vik = ?kg, which yields

M .
_ —\ ¢} _
Yik = (Z hip! + Nk) — =hy, + 1y, 9)

- T
=0

2
Tirk

where n;;, ~ CN(0,
2

noise as o; = % Thus, the training signal-to-noise ratio
(SNR) is 5%, which is assumed to be known at each cluster.
k

). Denote the power of the resulting

T

Under such circumstances, the MMSE estimate fljk of hyy is
given by [25, Theorem 3.1]

bk = Ryl (Rylpw +07In,) ¥in  (10)
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Stacking the channel estimate of all clusters as H]— =
[h7},...,h]x]", the distribution of the channel vector can be
expressed as

h; ~ CN(0,®;),

h;h; ~ CN(h;, W), (11)
where the distribution of flj is derived from the zero mean chan-
nel (4) and zero mean training noise (8), using the properties of
the linear transformations of Gaussian distributions [26, Section
III]. Here, W ; represents the covariance matrix of the CE error
and the posterior mean is given by ﬁj =V; ﬁj, by the properties
of conditional Gaussian distributions [26, Section IV]. Matrices
®;,V,, and W; are defined as

®; =Dr,;(Ds +R;)Dr,

V,; =T,D;., W; =T,Ds, (12)
where Dj = diag(c7In,;k € [K]), T; = R;(Ds + R;)" !,
Dp,; = diag([R;],x: k € [K]), and Dr; = Dg;(Ds +
Dpg;) ', When the spatial correlation between antennas
of different clusters is negligible, i.e., the off-diagonal
block [Ryljk,) = On,xn, for k#1[, it can be verified
that R; =Dg;, V; = Iy, and flj is the same as that
estimated by the centralized MMSE estimator. Therefore,
V; indicates the effect of decentralized CE. For ease of
notation, we define the channel matrices > = [ﬂo, R ﬂ]u],
f]k = [flok, ce l?le], s = [l~10, ce HM], and the sum of the
covariance W = 3., W

C. SINR

Without loss of generality, we consider the estiomation
of zy using linear reveiver at each cluster. Specifically,
the k-th cluster will estimate Zox = rily), where rj =
rg (f]k, {[R;]ie.x1} 10, o) depends on the local CSI of the k-th
cluster. With the linear fusion in (3), the achievable rate of user
0 can be bounded by a standard lower bound Ry = log(1 + 7o)
based on the worst-case uncorrelated additive noise [27]. Here,
7o is the associated SINR given by

2
[, 5, 2570 |
ho|h e
Yo = —— 7 (13)
EE\ixm ri [Ex —hoxo + n}
withr, = [af - (r1)T,..., a} - (rx)T]T € CN. In this paper,

we will determine the optimal fusion coefficients a, ..., ax
that can maximize the SINR ~ in (13) [2] and investigate the
asymptotic characterization of 7.

III. DECENTRALIZED LMMSE RECEIVER AND LINEAR FUSION

In this section, we first introduce the decentralized LMMSE
receiver, and derive the optimal linear fusion scheme which
requires global CSI and has high complexity. Then, we propose
two linear fusion schemes, which only require local CSI and
have reduced complexity.

A. Decentralized LMMSE Receiver

With perfect CSI, the local MSE of the estimate Zo;, = rkH Yk
is given by

MSE;, = Ex n|Zor — 20/%, (14)

where the expectation is w.r.t. the transmit signal and the AWGN.
Howeyver, to obtain the linear receiver that minimizes the local
MSE with imperfect CSI, the expectation should be performed

over ;|3 ! [28, Eq. (6)], which yields
MSEils, =Eg 5, «nlTor —2ol*. (15)

Hence, the optimal rj, that minimizes MSEk'ﬁ;c is given by [28,
Proposition 1]

~ o~ -1 <
e = (SIS 4 NiZy + Nepely, ) bow,  (16)
where p, = ]‘{,—i and
7 A .
Zy = ﬁ]; > Ryl (Rylpw +53ln,) - 17
7=0

Note that the above p; and Z minimize the local MSE, but may
not be optimal after fusion. As a result, we treat p;, and Zj, as
design parameters that can be optimized and refer to pj, as the
regularization parameter in the subsequent.

B. Linear Fusion With Optimal Coefficients

The following proposition provides the optimal linear fusion
scheme that maximizes the SINR and demonstrates that it also
minimizes the MSE for estimating the transmit signal.

Proposition 1: The optimal coefficients a = [y, . . .
for maximizing (13) are given by

aaK]

o = ch!'D, (Df (f:f:H FW 4+ aQIN) Dr)7 38
where ¢ € C\{0} and D, = diag(r}™*; k € [K]). When ¢ =
1, a® is also the optimal solution for the following MMSE

problem

K 2

E ApTok — Lo

k=1

minimize MSE|g = E (19)

2|3 .x,n

Proof: The proof of Proposition 1 is given in Appendix B.
0

Remark 1: The optimality of a°" in Proposition 1 holds for
any linear receivers, e.g., MRC, and LMMSE is a special case.

Remark 2: It can be verified that when o« = o®® and ¢ = 1,
we have MSE|g = (1 + Y0)7t = %ﬁj%), which reveals the
connection between mutual information and MSE. This relation
can be generalized to the case with non-Gaussian signals [29].

Remark 3: Proposition 1 shows that the fusion coefficients
that maximize the SINR are actually a scaled version of the
parameters that minimize MSE.

1" According to the properties of conditional Gaussian distributions [26,
Section IV], the distribution of the channel vector is given by hjk|/};jk ~

CN (B, 07 Ry ) (R i + 02In,) ).
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TABLE I
COMPARISON FOR THE COMPLEXITY OF DIFFERENT ESTIMATION SCHEMES

| Scheme

| /O Throughput of Cluster k | Computational Complexity of Cluster k |

Computational Complexity of the CU |

Centralized LMMSE - - CL(N, M)
Local LMMSE & LFOC NpgM + 2N, + 1 CL(Ny, M) N2M +2N2 + NM + 2N + KM + Cr(K)
Local LMMSE & LFSC M+4 Cr(Ng, M) + Ny M + 2N2 + 2N}, K2M + Cp(K)
Local LMMSE & LFCC 1 C(Ny, M) K

We will refer to the fusion scheme in Proposition 1 as linear
fusion with optimal coefficients (LFOC) in the following. Note
that, due to the presence of spatial correlation between different
clusters, one cluster cannot determine the off-diagonal elements
of R; — D ; and the channel X in the feedforward architecture.
As aresult, to obtain a°?', the CU needs to know the global CSI,
which leads to high input/output (I/O) and computational cost.
To reduce the complexity, we proposed two suboptimal linear
fusion schemes in the following.

C. Linear Fusion With Suboptimal Coefficients

Based on (18), we can design the suboptimal fusion parameter
as

SOt — E(IJLIDT (DTI,{(EEH +Dy + gle)Dr) , (20)

where Dy = 3 jelm], Pr.;D5. In particular, the suboptimal

solution first replaces X in (18) with the estimated channel fl,
and then adopts a block diagonal version of W. These terms are
all computed based on the local CSI and spatial correlations. In
fact, we can write

Mg, = (rp™) " Sy S rpmee

+ Ly (0™ 7 Dy + o In] g ri™, (21

[m]), = (e™) " hog, (22)
where M = DH(SSH + Dy + 02Iy)D, and @ = D7 h,.
Therefore, to obtain a®°P!, the k-th cluster needs to compute
and transfer the intermediate parameter set

P = {(I,rlgmse)HﬂO]C7 (I_rl?mse)Hi\:k7

(rrEmse)H[DW + U2IN][k,k]rI]§mse} (23)
to the CU. Then the CU will use Py, ... Pk to determine M
and ﬁ by (21) and (22), respectively, and compute o °P' =
m M. Finally, based on (3), Zy could be obtained. We will
refer to this scheme as linear fusion with suboptimal coefficients
(LFSC) in the following. Note that the computation and 1/O
complexity of LESC is manageable since each parameter in P,
is a vector or a scalar, and the detailed computational complexity
is given in Table . It can be observed that the overall complexity
of LFSC is significantly reduced compared to CBP and LFOC.

D. Linear Fusion With Constant Coefficients

Although LFSC has reduced complexity, it still requires to
compute and transmit additional information to the CU. When

the number of clusters is very large, the computational complex-
ity, memory requirements, and I/O cost may be very high. To
further reduce the complexity, we provide a simple linear fusion
scheme with constant coefficients ay,. For example, we can take

1
k= 22 ke [K], (24)
or more heuristically
N
ak:Wk, ke [K]. (25)

We will refer to this scheme as linear fusion with constant
coefficients (LFCC) in the following. The complexity of LFCC
is also given in Table I which is much lower than that of LFSC.
Note that LFCC can be implemented by the FD feedforward ar-
chitecture [2], where each cluster only needs to take the weighted
sum of local estimates and does not require any additional
intermediate results or processing.

E. Complexity Analysis

The complexities for the proposed schemes and centralized
LMMSE, including I/O and computations are summarized in
Table I. We assume that under LFOC, the CU has access to
global statistical CSI.

1) Computational Complexity: The computational complex-
ity primarily arises from multiplication operations. For decen-
tralized eg\tin}\ation, the k-th cluster calculates the channel co-
variance X424, which requires NZ(M + 1) multiplications.
The matrix inversion and the equalization vector rj™° require
N3 and N} multiplications, respectively. Thus, the total com-
putation complexity for the LMMSE estimate Zqy, is

OL(Ng, M) = N:M + N} + 2NZ + Ny (26)

For LFOC and LFCC, the k-th cluster only needs to compute
the local estimate which requires Cr,(Ny, M) multiplications.
The computation of the parameter set Py introduces extra
N M + 2]\7,? + 2N, multiplications for LFSC. With LFOC, the
CU computes the channel’s posterior mean 3 with N 2(M +
1) multiplications and the fusion coefficients in (18) with
N2+ NM +2N + K? M + K? + 2 K? multiplications. The
fusion introduces K multiplications, so the final computational
complexity of the CU is given by N2 M +2N? + NM +
2N + K%M + Cp(K) where Cp(K) = K3 +2 K? + K.For
LFSC, the CUneeds K2 M + K? + 2 K? multiplications to ob-
tain a°P' based on { Py, }X_, . Therefore, the overall complexity
of obtaining the final estimate for the CU is K2 M + Cp(K).
For LFCC, K multiplications are used to fuse the local estimates.

2) I/O Throughput: For LFOC, the k-th cluster needs to
transmit the Ng-by-(M + 1) matrix 3y, the length- N}, vector
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rp™e, and the local estimate Zok. LFSC requires M + 3 com-

plex scalars in Py, while LFCC only transmits the local estimate.

We note that in practice, K is much smaller than N and
M, such that the complexity Cr(K) can be neglected. It can
be observed that LFOC has high complexity at the CU. Fur-
thermore, the CU requires global statistical CSI {R; }jM:o for
LFOC, resulting in a significant memory overhead. In contrast,
LFSC reduces computational complexity at the CU. Overall, the
complexity of LFCC is much lower than that of both LFSC and
LFOC.

IV. AsYMPTOTIC SINR ANALYSIS

The expression for the SINIE Yo in (59) contains the correlated
terms between the channels 3 and X, making it very difficult
to analyze. In this section, we will investigate the asymptotic
behaviors of 7. Specifically, we will show that as the number
of antennas and users tend to infinity at the same pace, vy will
converge almost surely. Then, we will derive the deterministic
approximations for the SINR of the fusion schemes proposed in
Section III. To achieve this, we require the following large-scale
system assumptions.

Assumption A 1: For a given number of clusters K, we assume
0<hm1an + < limsupy 37 N < 400 foreach k € [K].

Assumption A 2: Assume

limsup sup Am(R;) < +o0, (27a)
N je[M]o
liminf inf Aw (R;) >0, (27b)

N jelM]o

where Ay (R;) and A, (R;) denote the largest and smallest
eigenvalue of R, respectively.

Assumption A.3: Assume pg > 0 and Zj, is Hermitian non-
negative such that limsupy supjc(f [ Zx|| < +oo for each
ke [K].

A.1 implies that the number of antennas of the k-th cluster
Ny, and the number of users M approach infinity at the same
pace [2]. For simplicity, we define ¢;, = % and use N 2
400 to indicate this asymptotic regime. According to interlacing
inequalities [30], A.2 ensures the eigenvalues of the local spatial
correlation matrices [Ry][x,x) are bounded away from 0, which
makes V; legal. A.3 implies that the spectral norm of Z;, does
not diverge to infinity. If A.1 and A.2 hold, (17) satisfies this
assumption.

Let ~'foc_ ~lfse "and ~!fe¢ denote the SINR with LFOC, LFSC,
and LFCC, respectively. The following theorem provides the de-
terministic approximations for '%¢, 415¢ and ~!f¢_ respectively.

Theorem 1: When Assumptions A.1-A.3 hold, the determin-

istic approximations for y!fo¢, 41f5¢ "and ~!f¢ are given by
,Ylfoc Wlfoc _ VHAflv’ (283)
N—>1’ K +o00
HA ~1)2
Ifsc a.s. —Ifsc __ (V AI V) 28b
P e (28D)
N cK%+oo VAEATTAA Y
2
1f a.s. —If ladv|
VE—————— 7 = ————F (28¢)
NSO aJAJa

with
Fr([®o]ir.x)
= 7$7 29a
[V]k N, (29a)
J = [Ix + diag(v)] ", (29b)
Al = Tri([®olp.a: (W + 0 In]p)
ol NNy
g 11 ([®o]j1,x)
;7 29
+ NN, (29¢)
Tkl([q’o][z,k]7 Dw + o In]p)
Arled NiN,
&V
T ([®ol i,k
= (29d)
VNN

where functions F i, Y, 11 B.ki» and TIx; can be obtained from

Lemma 3 in Appendix A by setting z; = —p;, S; = Z;, Aj =
1 1

®?,andB; = V;®7 foreachi € [K]and j € [M]. Moreover,

the following approximation for the mean holds

EN ] =7"+0 (N "),

where fs € {Ifoc, Ifsc, Ifcc}.

Proof: The proof of Theorem 1 is given in Appendix C. [

Remark4: When K = 1, which means there is only one clus-
ter, 7'°¢, ¢ _and 7' degenerate to the results with centralized
LMMSE [18], [19].

Remark 5: Under certain conditions, the performance of
LFSC approaches that of LFOC. In particular, when A; = A,
we have 3¢ = 7% The above condition can be achieved when
V; = Iy, for each j € [M]y, which is equivalent to

(30)

DsDpg; = DsR;. 31)
Denote the index set of the clusters with perfect CSIas K; C [K]
such that 5,31 =0, for k1 € KC1. The above condition (31) can
be achieved if [R][x, = On, xn, When the indexes k and I
(k # 1) do not belong to the set K1 simultaneously. Furthermore,
when the spatial correlations among all clusters are negligible,
ie., Rj = Dp; for each j € [M]o or the CSI is perfect for all
of the clusters, i.e., o7 = 0 for each k € [K], (31) is satisfied
automatically.

Remark 6: When there is no spatial correlation be-
tween clusters, the matrix A becomes diagonal. Under

such circumstances, it can be verified that when o =
C | UMV UtV | with C % 0 being an arbi-
Yty [ A] KK g

[Alia
trary constant in (28c), we have

l\')

Ifoc lfsc Itcc

W = =

Fﬂx

(32)
= (Al

which is equal to the sum of the SINRs from all clusters. This
is consistent with the conclusion of [2, Theorem 6], which
assumes uncorrelated Rayleigh channels and perfect CSI. In
addition, [v]j and [A]y ; are only related to the local spatial
correlation, which varies slowly in time. As a result, the fusion
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coefficients for LFCC can be set as o, = k to achieve
the asymptotically optimal performance.

Remark 7: By applying Taylor expansion, it can be verified
that the achievable rate can be calculated as E[log(1 + )] =
log(1 + %) + O(N~1), where fs € {lfoc, Ifsc, Ifcc}. These re-
sults can be utilized to evaluate the ergodic rate.

Remark 8: The result in (28) can be significantly simpli-
fied and given in a closed form with i.i.d. channels, providing
useful insights for system design. More details are available
in Section IV-A. It will be shown that there is a trade-off be-
tween complexity and performance. It is recommended to adopt
LMMSE estimator locally, minimize the number of clusters, and
avoid uniform partitioning.

Next, we investigate the case with heterogeneous CSI inac-
curacy levels among the clusters. Specifically, the following
corollary illustrates the behavior of the SINR when certain
clusters have severe CSI errors.

Corollary 1: Let I, be the index set of clusters with se-
vere CSI errors, i.e., 67 — +oo for k € K., while 67 is fixed
for l e Ky = [K| — Ke = {k1,k2,...,ka}, where G = K —
|ICe|- Then the deterministic approximation of the SINR satisfies

T =R, (33)

(A+[v]r)[v]
[Alk,k

where fs € {lIfoc, Ifsc, Ifcc} and 7 is obtained by replacing

the channel h; by hj =7, .. hfkc] for each j € [M]o
and a by o = [ay,, ..., ay.] in Theorem 1.
Proof: The proof of Corollary 1 is given in Appendix D. [J
Remark 9: Corollary 1 indicates that for decentralized es-
timation, when several clusters have severe CSI errors, the
performance will be equal to that of a system where these clusters

are ignored.

A. Special Case Study: I.1.D. Channels

In this section, we will consider the simplified channel model
with R; = Iy to get some physical insights. The parameter Zj,

is set as (17), i.e., Zy = %
1) SINR Approximation: With 11d channels, the SINR in
Theorem 1 can be given in a closed-form.

Corollary 2: Given assumptions A.1-A.3 and the i.i.d. chan-

nels, 7'°¢, F!f¢ and 5 can be given by
O
ilf()(, — ilfsc — wik; (343)
k=1 " F
|Zk 1 Ok 2
Wlfcc _ |ak‘1;:5k , (34b)
Y (T+0r)2 Pk
where
o2 a2+ 1)6
wk=1+( —pk> G 53k (35)
MCk 1— k
c (1405 )?
and dy, is given by
2
1—;—Ak+\/(Ak+jk—1) + 44,
O = (36)

2Ax

with Ay, = pp.(62 + 1) + 2152,

Mc
Proof: The proof can be obtained by setting R; = Iy and
y ~2
Zy = % in Theorem 1 and is omitted here. O

Remark 10: According to the definition, it can be verified

6k—[ ]k andwk [[J]

in Theorem 1.

Denote px = [p1,--.,pK]T and cx = [c1,...,cx]|t. We
next investigate the impact of parameters py, cx, and the
number of clusters K on the SINR 3¢ = Fl¢(p - ¢ ) where
we keep N and M fixed. We also assume the CSI inaccuracy
level is identical among clusters, i.e., 57 = o2 for each k € [K]
in the following.

2) Regularization Parameter: The following corollary gives
the optimal parameter py.

Corollary 3: Assume the same conditions as Corollary 2. For
any pr > 0, cx > 0, we have

TR (prcrex) < T (P exc) 37
where p' = [h‘;zl e ﬁ}T
Proof: The proof of Corollary 3 is omitted due to limited
space, and can be found in the extended version [31]. O
Remark 11: We can observe that the optimal parameter
opt

that maximizes the SINR is identical to that achieving the
m1n1ma1 local MSE as derived in Section III-A. This can be
intuitively obtained from (34a) where the SINR ylf"“ is the sum
of the SINRs of all clusters.

3) Antenna Partitioning Strategy: The following corollary
shows the impact of the parameter cx .

Corollary 4: Assume the same conditions as Corollary 2 and

denote pK:[i,...,CK] . For any ¢y > 0 and 7 < a, we
have
TR (P ex) < T (Prcs €M), (38)
and for any cx > 0 and U—A; <a< % + 5\%;21-)5-513 , we have
TKE (P Crm) < TKE (P, CK) (39)
where cx = [C,...,87, cxkm = [KT,0,...,0]T, and ¢ =
1 K '
% Dh=1 Ck-
Proof: The proof of Corollary 4 is omitted due to limited
space, and can be found in the extended version [31]. (Il
Remark 12: Inequalities (38) and (39) imply that when

the regularization parameter pj is within a certain range, i.e.,
37 < a, the system achieves the maximum SINR when the

recelve antennas are concentrated in one cluster, i.e., the central-
ized scheme. On the other side, when the antennas are equally
partitioned, the system achieves the lowest SINR. This finding
aligns with the conclusions in [2, Lemma 7, Lemma 8]. Note
that [2] considers a given parameter p with perfect CSI, but
Corollary 4 provides the range for pj with imperfect CSL.

Remark 13: Tt canbe observed that the optimal regularization
parameter p? in Corollary 3 is within the range such that (38)
and (39) hold.

4) Number of Clusters: Corollary 4 compares different an-
tenna partitioning strategies with a fixed number of clusters K.
Another interesting question to investigate is how the number
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of clusters K affects the SINR. The following corollary demon-
strates this impact.
Corollary 5:  Assume the same conditions as Corollary 2 and

2
denote pye = [, ..., i]T For any ;7 < a, we have

—lfoc —lfo

YK (PK>CKm) = VK 11(Pr+15CK+1,m)- (40)

Proof: The proof of Corollary 5 is omitted due to limited
space, and can be found in the extended version [31]. O

Remark 14: Since the total number of receive antennas /N
is fixed, Corollary 5 indicates that as the number of clusters
increases, the SINR will monotonically decrease.

Remark 15: Tt can be verified from the proof of Corollary 5
that

N
o2+ M)(@2+1)+5%

TR (Prcs CRm) 2 ( (41
and the equality holds when K — +o0, which is not achievable
since K < N.From Corollary 4, we know that the equal antenna
partitioning strategy has the worst performance. Therefore, for
decentralized LMMSE receivers, the SINR is strictly lower
bounded by the right hand side (RHS) of (41). When the numbers
of antennas and users are large, this lower bound is approxi-
mately %

V. NUMERICAL RESULTS

In this section, we will verify the accuracy of the theoretical
results in Section IV. We will also demonstrate the impact of
several key system parameters over i.i.d. channels, including
the regularization parameter, antenna partitioning strategy, and
the number of clusters. For simplicity, we use the notation Nz =
(N1, ..., Ng) to denote the antenna partitioning strategy. The
Monte Carlo (MC) simulation results were obtained from 5000
realizations and are illustrated by markers in all figures.

A. Correlated Channels

We consider a uniform linear array of antennas at the BS. The
(m, n)-th entry of the spatial correlation matrix at BS is modeled
as [32], [33]

(C(n,0,ds)] .

180° 4
Here, ds and ¢ denote the receive antenna spacing and angular
spread, respectively, 7 represents the mean angle, and J denotes
the root-mean-square angle spread. In the simulation, we set
Rj = C(T}j, 6j7 ].) With’/]j = (18(J)7M)O and 5j = 10° + (ﬁw)o~
The parameter py, is set as p = I‘ff—i and Zj is set according to
(17) for each k € [K]. '

Approximation of SINR: Fig. 2 illustrates the SINR with
different linear fusion schemes. The system dimensions are set as
N =32, M =12, K = 2,and N5 = (10, 22). The red line and
the two dotted lines represent the results of centralized LMMSE
and LFCC, respectively. The fusion parameter is set as (24) for
LFCC-1 and (25) for LFCC-2, respectively. It is shown that
centralized LMMSE performs better than the three decentralized

(¢—

)2
%2 dg.

27yds (m—n) sin( %)7

(42)

—— Ana. Cen.
O Sim. Cen.
—:= Ana. LFOC
VvV Sim. LFOC
=== Ana. LFSC
O  Sim. LFSC
"""" Ana. LFCC-1
|| X Sim. LFCC-1
+ Ana. LFCC-2
X Sim.

103}

10 20 30 m)
SNR, 4 dB

(a) SINR versus signal SNR — with training SNR 5—1% =21 =30
dB.

104E

—— Ana. Cen.
O Sim. Cen.
—-:= Ana. LFOC
103H ¥ Sim. LFOC
=== Ana. LFSC
O  Sim. LFSC
-------- Ana. LFCC-1
10%H x  sim. LFCCa
-------- Ana. LFCC-2
Sim. LFCC-2

SINR

10k

10%¢
—10 0 10 20 30 10
SNR, 4 (dB)
(b) SINR versus training SNR % = % = 5% with signal SNR
~ =30 dB.
Fig. 2. SINR with different linear fusion schemes.

schemes. By comparing the results with MC simulations, we
can observe that the approximation results in Theorem 1 are
accurate. By comparing the results of LESC and LFOC, it can
be observed that LFSC is highly efficient. Furthermore, Fig. 2
shows that when the antenna partition is unbalanced, using
LFCC will lead to performance degradation.

BER Performance: Fig. 3 shows the bit error rate (BER) with
16-QAM modulation for different fusion schemes. The system
parameters are set as N = 108, M =52, K =2, and N5 =
(20, 88). The fusion parameter for LFCC is set as o« = [0.5, 0.5]
and the signal SNR and training SNR of two clusters are set
to be equal, with % = % = % represented by the horizontal
axis in Fig. 3. It can be observed that the BER for centralized
architecture is much lower than that with the decentralized
scheme.

Heterogeneous CSI Inaccuracy: Fig. 4 illustrates the perfor-
mance of SINR with different levels of CSI inaccuracy among
clusters. The system parameters are set as N = 40, M = 16,
K =2, Ny =(22,18), and & = = = 30 dB. The fusion pa-
rameter for LFCCissetas o = [0.5, (2)5] The red line represents
the performance of centralized estimation considering only the
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Fig. 5. SINR versus mean angle 7.

second cluster. It can be observed that when the training SNR
of the first cluster is very low, the performance approaches
that without considering the first cluster, which validates
Corollary 1.

Impact of Spatial Correlations: Fig. 5 illustrates the impact of
the mean angle of the spatial correlation matrices on SINR for
different fusion schemes. The spatial correlations are set to be
R, = C(n,20,1). The parameters are set as N = 40, M = 18,
Ny = (28,12),and & = %% = a% = 30dB. For LFCC, avis set
as [0.5,0.5]. It can be observed that when 1 = 90°, the SINR is

10%F N Y
P
e e R K =
7
L —
%, )
102 L XII,
£ ¢ .,
z e e ——
s} II
/ —— Ana. A, = (20,20)
,# O Sim. Ah = (20,20)
10'F v === Ana. N> = (10,30)
b4 vV Sim. N; = (10,30)
SRR — Ana. N = (25,15)
B X Sim. b = (25,15)
—40 -20 0 20 40
%2 (dB)

Fig. 6. SINR versus the ratio of fusion coefficients Z—?

0= G- &0~ P-0-6-0-6--q_ O Sim. M = (72)
103 ‘Q\ —= Ana. N = (72)
A\t e e e ek 2 \ V. Sim. N, = (28,44)
Y‘ 5N e Ana. Ny = (28,44)
“V V| X sim A = (24,24,24)
Cofee Ana. Ny = (24,24,24)
2| \
o 10 Yok
Z b
@ RS
Y Y
X XXX XK KKK \
x % §
101 ""~>,<“\ ‘\_Q
R .
=10 20 0 20 40
p (dB)
Fig. 7. SINR versus the regularization parameter p.

the lowest. This is because when 7 = 90°, the spatial correlation
is strong, leading to many eigenvalues of R ; being close to zero.
Impact of Fusion Coefficients: Fig. 6 shows the impact of the
fusion coefficients with different antenna partitioning strategies.
The system dimensions are setas N = 40, M = 15,and K = 2.
The signal and training SNR are both set as 30 dB. It can be
observed that when antennas are uniformly allocated to different
clusters, i.e., Vo = (20, 20), SINR is not sensitive to the value
of o, but the maximum SINR is lower than that with unbalanced
antenna partitioning. This observation for correlated channels is
consistent with the conclusion for i.i.d. channels in Corollary 4.
Moreover, as the number of antennas in a cluster increases, the
corresponding linear fusion weights should also increase.

B. I.1.D. Channels

In the experiment, the training and signal SNR are both 30 dB,
and the parameter Zj, is set according to (17) for each k € [K].

Optimal Regularization Parameter: Fig. 7 depicts the impact
of py on the SINR with i.i.d. channels. The system dimensions
are set as N =72 and M = 40. The parameter py is of the
form py = [, ., 3] It can be observed that SINR is
not sensitive to p. Significant performance loss is only observed
when p is very large. Furthermore, according to Corollary 3, the
theoretical optimal parameter pj should be p?' = (—30 dB) -

[+ ~7)" - The optimal value p°® = —30 dB shown in the
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Fig. 9. SINR versus K.

figure obtained by the exhausted search validates the accuracy
of Corollary 3.

Impact of Antenna Partitioning Strategy: In Fig. 8, we plot the
SINR for different antenna partitioning strategies with different
numbers of users. The parameters are set as N = 120, K = 2,
and pj = K,—i It is observed that when clusters are of equal
size, the SINR is the lowest, which agrees with Corollary 4.
Furthermore, as the number of users increases, the performance
degradation with uniform antenna partitioning becomes more
obvious.

Impact of Number of Clusters: In Fig. 9, we plot the SINR
for different numbers of clusters K where antennas are al-
most equally allocated with Nx = (| &, [F],..., N — (K —
1)[ % ]). The parameters are set as M = 40 and pj, = ]‘(,—2 It can
be observed that as the number of clusters increases, the SINR
decreases monotonically and is lower bounded by (41), which
is shown by the dashed lines. This validates Corollary 5.

VI. CONCLUSION

In this paper, we considered the decentralized MIMO systems
and imperfect CSI using LMMSE receivers. It was shown that
with DBP, the linear fusion coefficients that maximize the re-
ceive SINR also minimize the MSE for estimating the transmit
signal. To reduce the complexity, we further proposed two linear
fusion schemes and derived the deterministic approximations of
the SINR with imperfect CSI and general spatial correlations.

Based on the results, we investigated the optimal LMMSE reg-
ularization parameters, optimal antenna partitioning strategies,
and the impact of the number of clusters. It was shown that with
i.i.d. channels, the SINR is minimized when the clusters are
of equal size. Conversely, the optimal performance is achieved
when antennas are mostly unbalanced distributed, i.e., all anten-
nas are allocated to a single cluster. We also proved that as the
number of clusters increases, the SINR monotonically decreases.

From the perspective of RMT, we investigated the asymptotic
convergence properties of the resolvent for the covariance matrix
with generally correlated columns and its related functions.
These results can be utilized for the second-order SINR anal-
ysis, e.g., the outage probability, and be applied to downlink
scenarios, e.g., the analysis of RZF.

APPENDIX A
USEFUL RESULTS

In this section, we will give the main mathematical results,
which will be frequently used throughout the proofs in this paper.

A. Matrix Inversion Lemma

Lemma 1: [23,Lemma 1]: Let M € CV*¥ be an invertible
matrix, m € CV,anda € C.If 1 + am®M~'m # 0, we have
mZM1

H H\"1
(M +amm"”) = T am M Tm”

(43)

B. Convergence of Random Vectors

Lemma 2: [23, Lemma 4]: Let Ay € CV*N be a random
matrix and x € CV be a random vector with i.i.d. entries
with normalized Gaussian distribution CA/(0, 1). Assume that
for each j, [x|; is independent with sequence (A y)y>1 and
P(supys1 [|An|| < 4+00) = 1. Then, we have

Tr(xEAnxy) B TrAyN 4.
N N

0. (44)

N —+00

Proof: Here we provide a proof different from [23] which
relies on Tonelli’s theorem. To describe independence, [23] as-
sumes the underlying probability space is the product probability
space of (xny)n>1 and (An)n>1, Whereas here we discuss
within the same probability space.

Denoting the underline probability space (€2, F,P). Define
the set A, x = {w € Q:sup;>, |[Aj(w)|| < K} and By . =
{w € Q:dy(w) < e}, where

B Tr[x%(w)AN(w)xN(w)] B TrA N (w)
d(w) = N N

(45)

To prove dy % 0, we only need to show that for any

positive integer n and € > 0, ]P’( A N » Bn,e) = 1 holds.
In the followmg, we will prove this by a stronger result
P(U> N4S,, B.e) > 1. To this end, we write

#(U Qo) =r(U A aven U

n=1 N=n n=1 N=n
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(B0 AN

K=0n=1N=n

(@)

—+00
2 e # () o),
=n

where step (a) follows from A, x C A, ki1, An kg C
Ap+1,K, and continuity of probability measure. On the other
side, we have

+00 +oo
P(ﬂ BN,emAmK) :1_P<U B]CV,eUA;,K>
N=n N=n

=1-P(A k) — (UBNemAHK>
=Y P(Bi. [ )Anx)-

N>n

(40)

(47)

By using Markov’s inequality, we can get
P(Bf.e [ ) Anx) < Eljay>ql(ay)<k)
<E [Ijay <) B(e Py [An)]

(a)
< CyN 2E[[jay|<x)|AN|P] = O(N EKP),  (48)

where p > 2, C), is aconstant, and step (a) follows from the trace
lemma [23, Lemma 3]. Hence, Y4, P(B§ ) An k) — Oas
n — 400 and it holds true that

+0o0
Jim P < N BN,eﬂAn,K> > lim P(An k). (49)

N=n

By combining (49) and (46), we can obtain

+o00 400
o
P(U () o) > it P

n=1 N=n
400 400 +00 400 ®)
Wp (U UAnK>—]P’ UU 4021 60
k=0n=1 n=1 K=0

where step (a) follows from continuity of probability measure
and step (b) follows from the identity P(lJ;,, A, 1) = 1. This
completes the proof of Lemma 2. |

C. Convergence of Random Matrices

The SINR involves terms associated with random matrices >
and ¥ whose columns are generally correlated. This makes the
evaluation of the SINR very challenging. In the following, we
introduce a more general setting and provide the relevant results,
which can be utilized to prove Theorem 1. _

Let X=[Axy,...,Ayxpy] €CV*M  and Y =
Bix1,...,Byxy] € CV*M where A;,B; € CV*NT|
and x; ~ C/\/ (0,Iy¢) foreach j € [M]. Define two correlation
matrices sets A = {A :j €[M]} and B ={B; :j € [M]}.
Denote 2; = A A s Ajr = Ajlsk, ], and B, = Bj[sy, ]

Let X, = )Ni[gl€7 Jand Yy, = ﬁ?[gk, :]. The resolvent

1
VN

TABLE II
TABLE OF NOTATIONS

|  Notation | Expression |
Fi(A) Tr AQy
®p (A Db) | TrAQ,Xdiag(b) Y]
®1( A, b) Tr AQ;, X diag(b)XH
Tri (A, B) Tr AQ,BQ;
B ki (A) TrAQLY,YHQ
i (A) TrAQLX X1 Q;

matrix of X, X + Sy, is given by

Z]:Nk)i1 5

Qi(z) =
with S; being deterministic and Hermitian nonnegative. We
further define some functions of the resolvents in Table II, where
we set Qr = Qg (21 ), foreach k € [K] and omit the variable zj,
for the sake of notation simplicity. Furthermore, A and B are
appropriately sized matrices, and b is a properly dimensioned
vector. We next introduce the stochastic equivalent notation.

Definition 1: (Stochastic Equivalent) For random sequence
(Xn)n>1 and deterministic sequence (X )n>1, We use
Xn=;X y to denote

(XX + Sy — (51)

|XN —YN| a.s.

EXy — Xn| =
| N ol N N—+00

O(N™),

0. (52)

The following lemma gives the stochastic equivalents for the
functions in Table II.

Lemma 3: Assume Assumption A.l holds, the maxi-
mal spectral norm of the correlation matrices is bounded,
i.e., limsupy max;en{l|A;l, [[B;l|} < -+oo,andthe spectral
norms of matrices \A, B and diag(b) are uniformly bounded.
Forany 21y 2 <0, we have [ X% Fk, (I)kal X% 6B,kl,
Prr =1 Prts Trr <1t Trr, Up g =<1 1p e, and Ty <1 Ty,
where

Fr(A) = TrAOy, (53)

— Zkil[f‘kb]JTrA@kA]kB}{

Dp (A b) =2 i 54
B,k (A, b) Na (54)
Tkl(A, B) =TrA©;B0O,

+ A (A FLF Egdu(B), (55)

and Iy, g is given in (56) shown at the bottom of the next page.
Functions ®;,; and II;; can be obtained by setting B, = A,

for each j € [M]in ®; p and I, p, respectively and we omit
them here. The deterministic variables are defined in Table III
where P and O can be any symbol from the set {A, B}. The
matrix ®; is defined by the positive solutions of the following
system of equations w.r.t. § ;.

Ok = T[], O, j € [M], (57)

1
N,
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TABLE III
TABLE OF DETERMINISTIC QUANTITIES

| Notation Expression | Notation Expression |
f‘k diag ((1 + 6jk)71 ij € [M}) [Fkl]i,j ﬁ Tr[ﬂi][l,k]Qk[Qj][k,l]Ql
~ ~\—-1 ~ 1T ) )

=il (I]\/[ — FlekFl) Akl(A) NA:NL dlag (TI‘ Aek[ﬂjhk#l]el;] S [M])
)‘P,O,k:l(A) dlag (Tr.A@k JkO Q5 € [M}) }‘k:l(B) \/Nl—diag (Tr[ﬂ'] Lk] OrBO;;j € [M}) 1
[Ap,0,k] Nsz Tr[Q]; ) ©xP;x O O, Dpo.k —dlag (Tr P10/ ©;j € [M])

LM o -1 APPENDIX C
j [k k] PROOF OF THEOREM 1
Or= | —zly, +Sp+-— Y LIEH (58)
k Ni, Z 1+ (Sjk

Proof: The proof of Lemma 3 is given in Appendix E. [

APPENDIX B
PROOF OF PROPOSITION 1
Denote H = [i'vll,...,flM} and ﬁk = [Hlk,...,fle]. By
taking rj, = rj’™* in (13), straight-forward computations yield
H, H

amm” «
= — 59
Yo aMaof ( )
where M = D¥ (HHY + W + ¢2Iy)D, and m = D¥h,,

One can validate that M is almost surely invertible. By letting
~ 1 ~ 1
a=aM?2 and m = M~ 2m, we have

A. Proof of the Almost Sure Convergence
According to Lemma 1, we can write
D, = QD (LF, (62)
where
HkH
Ny

-1
Q = diag(Qx; k € [K]), Qx = ( +7Zy +PkINk> ;

L = diag(N;, '; k € [K]), Dy o = diag(hox; k € [K])

F = diag ((1+

We first analyze the LESC case. By settinga = 1, m = folo,
and M = DZ(HHY + Dy + 0%Iy)D, in Lemma 1 and us-
ing (62), we can obtain

1 - !
thchhOk> ke [K]> . (63)

He-1g(2
- ammHaH (60) Ifsc — |g GAIg| (64)
T TRe g?GL GaGLl g
~ _ where
where v, is maximized when & = em*! for ¢ # 0 according to - U
Cauchy-Schwartz inequality. The optimal c is given by =hy QDy oL, g7 = hy QDy oL,
gt emM G, = LD, QA 4 Diy + 0°11)QD). 1.
o mom T 1+mfAM 'm Ga = LD ,QEHH" + W +0%1y)QD;,0L. (65
@ (M + mmH)71 , (61) It canbe proved that || Q| = supy, | Qx| < m for pi, > 0.
According to Lemmas 2 and 3, we have
where ¢ =¢(1+m?M~'m) and step (a) follows from Te[®0) 1,1 O E&Qkﬁ()k Te[®0) 1,1 O
Lemma 1. Thus we proved (18). Since (19) is convex, by setting 8]k — Ny = Ny - Ny
the derivative of the optimization objective w.r.t. ¢ to be to 0, . ) . )
we can obtain that o is the optimal solution when ¢ = 1. F(®2)FQe®la0  Tr(®3)7Qr®g,
Therefore, we complete the proof of Proposition 1. O = N, - N,
y,B(A) = IB,B,k-l(-"l) - XB,A,kz(-A)DA,BJFZ - XA,B,kz(-A)DB,A,k-ﬁk 1y
+ (A FFEy [AB,B,kl - AB,A,leA,B,zf‘z - AA,B,leB,A,kﬁk +Dp arDasi| 1um. (56)
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Tr[®o] k) Qr  Tr[Pol k) Ok a.s. 0. (66)
Ny, N, REEET N

1 1
where qo ~ CN(0,Ix) and @2, = B¢ [1,:] € CV+*N. Since
K is a given number, it holds true that [g]; — [v]; converges to
0 almost surely for each k& € [K]. Similarly, we write

b Qi (Wl + 0*T—iyIn, ) Qiho;
NN,
hi! Q. H,H/'Qhy
NNy
According to [34, Theorem 2], we can conclude that the spectral
norm of matrix Hk is bounded with probability 1 for each
k € [K] such that the following holds almost surely

(Galkr =

=Gri1+ Griz. (67)

Qkﬁkﬁlel ‘
sup || —————— < sup ———5— oo, (68)
N>1 H \/NkNl ” N>1 mln pk

foreach k,1 € [K]. By Lemmas 2 and 3, the difference Dg,, , =

Gz — ﬁﬁg,kl([fbohz,k]) can be written as

TrQ,H,Hf Q;[®)] (LK)
NN,

N TerﬁkﬁfIQl[q’O][l,k]
NN,

=G —

g r([®o]ur)
NN,

(69)

which converges to 0 almost surely. Following a simi-
lar derivation, we can prove Gy, converges almost surely
0 x5 Lkt ([®o](1,n], [W + 0°In]j,). Moreover, it can be
shown that,

8k — [Vl —————0, (70)

N C1henCEC oo

(Ga, kg — [Arlk, —> 0, (71)

for each k, ! € [K]. According to the continuous mapping the-
orem [35], we have

Ifsc 7lfsc

v —> 7 (72)

N —>+oo
which concludes (28b). The proof for (28a) an (28c) can be
obtained similarly and is omitted here. ]

B. Proof of the Approximation for the Mean

We analyze the LFOC case here and the other two cases
are similar. By using the resolvent identity A — B = A(B™! —

A~1)B, we have
Gral=A"T1+A"
+GL (A - Ga)A™

(A —Gp)A!

A -Gpa)A™L  (73)

According to the definition, 7' can be rewritten as (74) shown
at the bottom of this page. It can be proved that [EX|, j =
2,3,...9 is of order O(N~!) and we will evaluate |[EXg| in
the following, as the remaining terms can be addressed using a
similar method. To this end, we first prove the following bounds

Elg-v]?>=0 (;f) Yk € [K] (75)
E|[Ga — Alp|? =0 (zir) ,Vk,1 € [K]. (76)

Denote .7 as the o-algebra generated by hy, ..., hy; and
g, = B(@h|F0) = - Ti®lpu Qe (77

According to the triangle inequality, we have
E|[g - vIs|* < C(Ellglk — g,I* + Elg, — Elgls|”

+ |E[g]k - [V]k|2) = C(W1 + Wo + VVg)7

(78)

where C' is a constant independent of N. By applying the trace
lemma [36, Lemma 2.7], we have

E {IE <|ﬁgngHOk — Ter[q’O}[k,k]|2|ﬁM>}
_ .

°(v)

where (' is a constant. By using Poincaré-Nash inequality [37,
Eq. (18)], we can get

o 9
< —FK =
SN Qx| (79)

Wy = Var(g,) <O (]\}2> (80)
Finally, by Lemma 3, we have W3 < O(7 ) Therefore, the
dominant term on the RHS of (78) is O(N 1) which proves
(75). The bound (76) can be proved in a similar manner.
Next, we evaluate the term [EXg|. By applying (75) and (76),
bound (81) shown at the bottom of the next page can be
derived, where step (a) follows from Cauchy-Schwartz in-
equality E|XY| < Ez|X|?E2|Y|2. Therefore, Theorem 1 is
proved. (I

e = vEA v tvEAT g -v)+ (8- v)PA v+ (g-v)PA (g - v) +vIATH(A - Ga)ATY
+vIATTA-GAA T g-V)+(E-V)TA T (A-GrA v+ (E-V)IATH(A-GrA I (g—V)
9
+8"G (A -Ga)A T (A-Ga)A g =) X, (74)

=1
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APPENDIX D
PROOF OF COROLLARY 1

Kg 1~Kg 1Kg mKe 1Ko K5 <Ko Ky
Define R;“, D%, D/, T, D%, @7, V7, W, and

W*,s as the matrices obtained by considering the channel h;cg in
(11) and (12) for each j € [M]y. Denote the asymptotic regime
02 — +ooas o — +ooforeachk € K. withequal value 53 =
2. To prove Corollary 1, it is sufficient to show
D[R], = Rl k). for a,b € [G] as 62 — +oo.
Here, R is one of

M
{@j,Vj@j,Vj@jVJH}j:OU{W,Dw}. (82)

2) [®,][s,y — 0asoZ — 400, forone of z or y that belongs
to K.
Here, [R;C"] [a,] 18 the submatrix obtained by partitioning the

rows and columns based on hf" , with a size of k., x k;. Thus,

K K
we have [Rjg}[ayb] = [Rj}[ka,kb] and [D>*°

each a,b € [G].

We prove item 1) first. We only prove the case with R = W
as the proofs for the other terms are similar. For a,b € [G], we
have

][a,a] = 5]%aINlm for

[(W;lika ko) = R (Ds + Ry) "Dz ik, k)
=074, [Rj (D5 +Ry) k- (83)

Without loss of generality, assume k, = a for a € [G] and write

K K
R R, DY

Rj= | 7 P D=0 0 (84)
R,> R;s 0 Dj,

According to the block matrix inversion formula [38], we can
get

Py
P3

P

D; +R;) ' =
( i) P,

; (85)

where terms Py, t = 2,3,4 approach 0 as 52 — +o0, and the
term

P, = (R + D5 —R;2(R;3 +Ds1) 'Rj) "

— (RKG

;0 + Dgg)il, as o2 — —+00. (86)

Hence, by (83), the following holds

Kg\— Ky Ky
+D37) 1][a,b] [D5 ][b,b] = [W; ][a,b]'

(o) J

}Cq IC.’?
= [R}*(R;

(87)

By summing over the index j in above equation, we
get limzz_ oo [W]p, k] = [W’Cﬂ}[a,b]. Therefore, item 1) is
proved.

Next, we prove item 2). Without loss of generality, we assume
x € KC.. As aresult,

D7 liw,2] = Riliwwl (071N, + Rylwa) ' =0, (88)
as 53 — 4-00. Hence, we have

[@)](2,y) = [P1,jli2,2)[(D5 + R;j)Dr ]z — 0. (89)
Therefore, we complete the proof of Corollary 1. O

APPENDIX E
PROOF OF LEMMA 3

The proof relies on Gaussian tools [19], [37], [39], [40], [41],
which consist of the integration by parts formula [37, Eq. (17)]
and the Poincaré-Nash inequality [37, Eq. (18)]. According to
the Poincaré—Nash inequality, the variance of functions defined
in Table II can be proved of order O(1) (See [34, Lemma 9] for
the case of [ and the proof of other functions are similar). As
a result, for given ¢ > 0, we have

~+00 +00
|X — EX| Var(X)
N=1 N=1

where X can be any function in Table II. Thus, according to
Borel-Cantelli lemma, we have

X —EX a.s.

0. (Y]

Therefore, to show the stochastic equivalence, we only need to
evaluate the means of functions in Table II.

A. Evaluation of BF

Before delving into the details of the proof, we first define the
following quantities
1 . .
@k = 5 T2l Qs D = diag(agis j € [M]),

For=(I+ED,;) ",

M
Ky RE Kqy- 1 (2] k
. N R_Q(R_9+DN9) 1 O @ _ _ZI +S +72 J[!] (92)
1 W. =52 J 7 a a,k LNy k
555200[ ket = HRM(R;CQ +Dg) L OH (ko K] Neg= 1 e
EXe| = [EvIA (A -Ga) A @-V)[=IE DY VTA AL 0LA = Galiis [A i, 08 — V]|
i1,i2,i3,i4€[K]
(a) B B B 1 1 1
ST v ahIA A T B A - Galus PEEE - VP =05 ). 1)

i1,42,i3,i4€[K]
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These quantities will serve as intermediate variables in the proof,
i.e., we will show Qi = © 1, =~ Oy

Applying integration by parts formulato E[Qx]; » [Xs]a[Y1]] s
and taking [x;], as the variable, we have

IQuxlip[Yil s
a[XS]*

a

E[Qk]ip[Xsla [Yl];,s =E

=F — m [Qk‘Xk]l s [ quk] a,p [Yl];,s
+ ]Eﬁ [Qk]iyp[Bg}a,J 93)

Multiplying ﬁ[Ask]p,a at both sides of (93) and summing
over the subscripts p and a, the following holds

y [QrABH];

E Xili 1Y% = E—r—Fr
(QrXk]i,s[Y1]] 5 NN,

— B [QrXrli,s[Y1] s 94

By writing the random variable avg, as the sum of its mean and its
centered version, i.e., asr = Qg + Qs and solving (94) w.r.t.
E[QxXk]is[Yi]} 4 we get

[QkAskBZ]i,j
V NkNl(l + gsk)

(QrXklis[Yi] 5

E[Qu X [Y1)], = E

—E

95
Equation (95) will also be used for the evaluation of E® g j; later.
To obtain the approximation of the trace of the resolvent, we set
l=Fkand Y, = Xy, ie,, By = Ag, Vs € [M]. By summing
over the subscript s, we can obtain

k,k
E[QkaXk QkZNk 1—[Fa]k i
—E[QiXDosFarXi], . (96)

By using the resolvent identity QkaXkH = 2, Qr — QrSk +
Iy, on E[Q) XX, i multiplying both sides [©,, ;.A]; ;, and
summing over the subscripts ¢ and j, we can get

ETrAQ) — TrA®,, i

= ETerka)

a,kFa,kaHQa,kA = €;€(A)

We can write the residual term g4 (.A) as

o7)

M
ex(A) =Y Edjy [FarXi 06 5 AQL X))

j=1

=Xik

@ . ®) 1
< Var? (o) Varz (y i) = O |, (93
jz::l (k) (Xjk) < N2 )
where step (a) follows from Cauchy-Schwartz inequality. Step
(b) follows from the fact Var(aj;) = O(5=) and Var(x) =
O(+), which can be proved by Poincaré-Nash inequality.
Hence, we build the relation between Qj, and ©, .

To establish the relationship between ©,, ;, and ©;, we take
the difference between —Tr[§2;](x k] ©a k and ;. for each j €
[M]. Following the same procedure as in the proof of [34, Propo-
sition 3], we can show that [TrA®; — TrAB®, | = (9(]\7’%)7
which concludes (53).

B. Evaluation of E®p 1,

Multiplying [b], and [.A]; ; at both sides of (95) and summing
over the subscripts s, ¢, and j, we can obtain

E®p 11(A,b) = —E[Q; X diag(b)Dy 1 Fo 1 Y]
VINENi(1+ agy,)
(a) [b]gTrAQkAskalI 1
= =+ O(N72), 99
XS: VNEN(1 + dsi) (N2 o
where step (a) follows from (53) and the variance control.
C. Evaluation of EYy,;
According to integration by parts formula, we get
[QkBQl[ shplig
E[QrBQ:X i s[Xi]5 s =
[QrBQIX i s [Xi]}) Nl o)
Qg
—Eg o [QkBQle]z [ Xl s
ET 3 X 1,8 X
B kl([ slik)s B) [ QiXii,s [Xa] (100)

\/NlNk-(]. +QS )
Summing over the subscript s and using the resolvent identity
QIXIX{{ = 21Q; — Q;S; + I,, the following holds

E[Q:BQ:©_)i; = E[QiB];;
+ E[QkaDTﬂkl(B)ﬁa,leH]i“j + [erili g, (101)

where D 1 (B) = ﬁdiag(TM([Qs][M]?B); s € [M])
and gy is the residual matrix. It can be proved by Poincaré—Nash
inequality that TreC = O(N~2) for any C with bounded
spectral norm. Thus, we have

ETM(A, B) = TI'A(EQk)B@a,l
N73).
By replacing ®, ; and ﬁml with ®; and f‘l , respectively, setting
A = [Q][1,1) and B = [, ][x1), and using the approximation
rules of ® g j; in (54), we have
(Ya.k)uw = NeNi[Tki]u,v
M ~ ~ 1
+ Z[Tg,kl]j,v[FkFl]j,j Ciilu; + O(N2),
j=1
where [ X ki]uo = ETr[Q
w.rt. Yo 1, we get

+ ETrQ XDy 41 (B)F 0, X1 04,1.A + O( (102)

(103)

ul(1,6) Qi [$20] (1,1 Qi Solving (103)

Yo = N NiEuly + O(N7%)1M1£I (104)
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Ellg i (A) =

M=

i=1

{XB,B,M(A) + Ikl(A)ﬁkf‘lEklAB,B,kl — [DA,B,lﬁl]i,i (XB,A,kl(A) + Xkl(“‘t)ﬁkf‘lEkZAB,A,kl)

_[DB,A,kﬁk]i,i (XA,B,kl(A) + Ikz(A)f‘kﬁzEszA,B,kl)} e + [DB,A,kDA,B,lﬁkﬁlh,i[Xkl(A)ékz]i} + O(Nfé)

(@)

= (XB,B,kl(A) + Xkl(A)f‘kﬁlEklAB,B,kl — XB,A,kl(A)DA,B,lﬁl — Xkl(A)f‘kﬁlEklAB,A,leA,B,lﬁl

_XA,B,kl(A)DB,A,kﬁk — Xkl(A)ﬁkﬁlEklAA,B,k:lDB,A,kﬁk + Xkl(A)ﬁkﬁlEkZDB,A,kDA,B,l) 1y + O(N%) (109)

By following the similar method as in [34], we can show that
Iy — Dy FiFy is invertible and max;cny 3 0m; |[Brliy| =
O(1). Due to the space limitation, we omit the details. Similar to
the evaluation of Yq, 3;, we can derive the approximation rules
for EX (A, [Q0][k,7) and EY 4 ([Qu] 1,5, B). Plugging these
results in (102) yields

ETI‘AQkBQl = TrA@kBG)l

+ A (A FLF Edu(B) + O(Nfé)a (105)
which proves (55).

D. Evaluation of Ellp 1,

By applying integration by parts formula, we can obtain

[BikBngAQk}p,p
VNN,

YZQXi]:,: [ Bin AT QL AQL],»

E[YF QAQu)i,[Yily: = E {

1
NN,
1

N, (106)

[YlHQzAQka]qz,z‘[BikAﬁQk}p,p} -

Summing over the subscript p, and using the variance control
and the approximation rules for Yy;, we get
Tr (A, B;xBY)

VNN

EY/ QX

E[Y7 Q.AQ.LY )i =

B T (A B AL
VNN,
B, AZO©
kLA k+

—E[Y/ QAQ:X¢]:s N O(N~3). (107)
Similarly, we can obtain
Tr(A A;BH
E[Y QAQLX i = m
T Q, .
- ME[YZHQzXz]i,i +O(N"2).  (108)

VNEN(1+ 6;)

Then, plugging (108) into (107), summing over the sub-
script ¢ and using the approximation rules for ® g ;; in (54),
we get (109) at the top of this page, where ékl =1y +
F.F 2T, and step (a) in (109) follows by the identity

f‘kf‘lEkl = éklf‘kf‘l. Therefore, we complete the proof of
Lemma 3. O
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