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Abstract—The amount of information lost in sub-Nyquist
sampling of a continuous-time Gaussian stationary process
is quantified. We consider a combined source coding and
sub-Nyquist reconstruction problem in which the input to the
encoder is a noisy sub-Nyquist sampled version of the analog
source. We first derive an expression for the mean squared
error in the reconstruction of the process from a noisy and
information rate-limited version of its samples. This expression is
a function of the sampling frequency and the average number of
bits describing each sample. It is given as the sum of two terms:
minimum mean square error in estimating the source from its
noisy but otherwise fully observed sub-Nyquist samples, and a
second term obtained by reverse waterfilling over an average
of spectral densities associated with the polyphase components
of the source. We extend this result to multi-branch uniform
sampling, where the samples are available through a set of
parallel channels with a uniform sampler and a pre-sampling
filter in each branch. Further optimization to reduce distortion
is then performed over the pre-sampling filters, and an optimal
set of pre-sampling filters associated with the statistics of the
input signal and the sampling frequency is found. This results
in an expression for the minimal possible distortion achievable
under any analog-to-digital conversion scheme involving uniform
sampling and linear filtering. These results thus unify the
Shannon-Whittaker-Kotelnikov sampling theorem and Shannon
rate-distortion theory for Gaussian sources.

Index Terms—Source coding, rate-distortion, sub-Nyquist
sampling, remote source coding, Gaussian processes.

I. INTRODUCTION

ONSIDER the task of storing an analog source in
digital memory. The trade-off between the bit-rate of
the samples and the minimal possible distortion in the recon-
struction of the signal from these samples is described by
the distortion-rate function (DRF) of the source. A key idea
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Fig. 1. Combined sampling and source coding model.

in determining the DRF of an analog source is to map the
continuous-time process into a discrete-time process based
on sampling above the Nyquist frequency [1, Sec. 4.5.3].
Since wideband signaling and A/D technology limitations can
preclude sampling signals at their Nyquist frequency [2], [3],
an optimal source code based on such a discrete-time repre-
sentation may be impractical in certain scenarios. In addition,
some applications may be less sensitive to inaccuracies in
the data, which suggests that the sampling frequency can be
reduced far below the Nyquist frequency without significantly
affecting performance. These considerations motivate us to
consider the source coding problem in Fig. 1, in which an
analog random signal X (-) with additive noise needs to be
reconstructed from its rate-limited samples. This introduces a
combined sampling and source coding problem, which lies at
the intersection of information theory and signal processing.

The parameters in this problem formulation are the sampling
frequency f;, the source coding rate R and the average
distortion D. If the sampling frequency is such that the
sampled process can be reconstructed from its samples, then
the sampling operation has no effect on distortion and the
trade-off between the source coding rate and the distortion is
given by the indirect DRF (iDRF) of the source [4]. The other
extreme is when the source coding rate R goes to infinity,
in which case we are left with a signal processing problem:
reconstructing an undersampled signal in the presence of
noise [5]. The reductions of the general problem in these
two special cases are illustrated by the diagram in Fig. 2.

In this work we focus on uniform sampling of Gaussian
stationary processes under quadratic distortion, using single
branch and multi-branch uniform sampling. We determine the
expression for the three-dimensional manifold representing
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Fig. 2. The source coding problem of Fig. 1 subsumes two classical problems
in information theory and signal processing.

the trade-off among f;, R and D in terms of the power
spectral density (PSD) of the source, the noise and the
sampling mechanism. In addition, we derive an expression
for the optimal pre-sampling filter and the corresponding
minimal distortion attainable under any such uniform sampling
scheme. This minimal distortion provides a lower bound on
the distortion achieved by any A/D conversion scheme with
uniform sampling. In this sense, the distortion-rate sampling
frequency function associated with our model quantifies the
excess distortion incurred when source encoding is based on
the information in any uniform sub-Nyquist sampling scheme
of a Gaussian stationary source in lieu of the full source
information about the analog source.

It is important to emphasize that in the model in Fig. 1 and
throughout the paper, the bitrate R is fixed and represents the
number of bits per time unit rather then the number of bits per
sample. In particular, this model does not capture memory and
quantization constraints of the samples at the encoder. This
means that for any fixed R, minimal distortion is achieved
by taking fy greater than or equal to fyy,, the Nyquist fre-
quency of X (-), such that X (-) can be reconstructed from the
samples Y[-] with zero error. In particular, our model shows
no benefit for oversampling schemes, in agreement with the
observations in [6] and [7]. In practice, memory and compu-
tational constraints may preclude the encoder from processing
information at high sampling rates or high quantizer resolution.
Our setting provides a distortion-rate bound regardless of the
actual implementation of the ADC, which may be a sampler
followed by a scalar quantizer as in pulse code modulation or
with a feedback loop as in Sigma-Delta modulation [8]. Such
constraints on the encoder (not included in our model) lead to
an interesting trade-off between sampling frequency and the
number of bits per sample, which is investigated in [9].

A. Related Work

Shannon derived the quadratic DRF of a Gaussian ban-
dlimited white-noise source [10, Th. 22]. Shannon’s expres-
sion was extended to continuous-time Gaussian stationary
sources with arbitrary PSD by Kolmogorov in [11], now
known as the Shannon-Kolmogorov-Pinsker (SKP) reverse
waterfilling expression [12]. Gelfand and Iaglom [13] used the
Karhunen-Loéve expansion of the source over a finite time
interval to map the continuous-time problem back to a
discrete-time problem, and in this way provided a first source
coding theorem for second order continuous-time station-
ary processes under quadratic distortion. A source coding

theorem for a more general class of continuous-time
sources was later proved by Berger [14]. In addition to
these source coding theorems Berger [1, Sec. 4.5.3] also
suggested an approach to source coding based on mapping
the continuous-time waveform to its discrete-time represen-
tation by sampling at increasingly high rates. Berger did
not resolved various technical difficulties that arise in this
approach, such as the convergence of mutual information and
error in vector quantization as the sampling rate increases.
Pinsker showed that the mutual information between a pair
of continuous-time Gaussian stationary processes can be
approximated by the mutual information of their values over
finite sets [15]. Although this result settles some of the
difficulties with the sampling approach to continuous-time
source coding, Pinsker did not discuss it in the context of
source coding theory. The sampling approach to continuous-
time source coding was only recently settled in [16] by
studying the behavior of a vector quantizer as the sam-
pling frequency approaches infinity. In view of these papers,
it is quite remarkable that SKP reverse waterfilling provides
the minimal distortion theoretically achievable in any digital
representation of a continuous-time source, regardless of the
way the time index is discretized or the specific mapping of
the analog waveform to a finite alphabet set.

Since in our model the encoder needs to deliver infor-
mation about the source but cannot observe it directly, the
problem of characterizing the DRF falls within the regime
of indirect or remote source coding problems [1, Sec. 3.5].
Indirect source coding problems were first introduced by
Dobrushin and Tsybakov in [4], where a closed form expres-
sion was derived in the case where the observable process
and the source are jointly Gaussian and stationary. We refer
to this setting as the stationary Gaussian indirect source
coding problem. This setting is a special case of our model
when the sampled process can be fully reconstructed from its
samples, which happens for example when X () is bandlimited
and sampled above its Nyquist frequency. In their work,
Dobrushin and Tsybakov implicitly showed that quadratic
indirect source coding can be separated into two independent
problems: minimal mean squared error (MMSE) estimation
and standard (direct) source coding. A single shot version
of this separation was investigated by Wolf and Ziv in [17].
An additional analysis of this separation result was given by
Witsenhausen in [18], who viewed it as a special case of
a reduced distortion measure which holds in indirect source
coding under any fidelity criterion. These results are discussed
in detail in Section V.

The other branch of the diagram in Fig. 2 is obtained if we
relax the rate constraint in the model in Fig. 1. The distortion
at a given sampling frequency is then simply the MMSE
in estimating X (-) from its noisy sub-Nyquist samples Y[-].
An expression for this MMSE as well as a description of
the optimal pre-sampling filter that minimizes it were derived
in [19] for single branch sampling. See also [5] and [20]
for a simple derivation. In particular, the MMSE expres-
sion establishes the sufficiency of uniform sampling above
the Nyquist frequency for perfect reconstruction of random
stationary signals, a fact which was first noted in [21].
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A necessary and sufficient sampling rate for perfect stable
reconstruction of a sampled signal is the Lebesgue measure
of the support of its spectrum, or the spectral occupancy of
the signal. This condition was derived by Landau [22], which
in fact considered the more general setting of non-uniform
sampling [23], although without a pre-sampling operation.
Nevertheless, it follows from [24] that the spectral occupancy,
now termed the Landau rate,' is the minimal sampling fre-
quency that allows zero MSE under uniform sampling even
when linear pre-processing is allowed. One way to achieve
zero error at the Landau rate is by employing multi-branch
sampling, in which the input is passed through P independent
branches of linear filters and uniform samplers. This sampling
strategy was proposed by Papoulis in [25]. The MMSE in
multi-branch sampling, as well as the optimal pre-sampling
filters that minimize it, were implicitly derived in [26].
It was shown there that the optimal pre-sampling filters that
maximize the capacity of a channel with sampling at the
receiver are the same filters that minimize the MMSE in
sub-Nyquist sampling. These optimal pre-sampling filters are
designed to select a set of frequency bands with maximal
signal to noise ration (SNR) while preventing aliasing in each
sampling branch. This is an extension of a characterization of
the optimal pre-sampling filter in single branch sampling given
in [19]. These results on the MMSE in sub-Nyquist sampling
will be discussed in more detail in Section IV.

B. Main Contributions

The main result of this paper is a closed form expression for
the function D (fy, R) which represents the minimal quadratic
distortion achieved in the reconstruction of any continuous
time Gaussian stationary processes from its rate R uniform
noisy samples at frequency fs. This is shown to be given by a
parametric reverse waterfilling expression, which in the case
of single branch sampling takes the form

fs

1 2 ~
R(;,0) = 3 / . log" [Sxir(1)/0]df,

(1a)

Is

D(f,, R) :“)%‘/,Z Bar(H) —0] df. (b

where the function §X|y (f) is defined in terms of the sampling
frequency fy, the pre-sampling filter H(f), the PSD of the
source Sx(f) and the PSD of the noise S,(f). The proof
of (1) relies on an extension of the stationary Gaussian indirect
source coding problem considered by Dobrushin and Tsybakov
to vector-valued processes, which is given by Theorem 14.
The result of Dobrushin and Tsybakov was obtained for the
case where the source and the observable process are jointly
Gaussian and stationary. In our setting the observable discrete
time process Y[-] and the analog processes X(-) are still
jointly Gaussian, but the optimal reconstruction process under
quadratic distortion, {E [X (¢) |Y[-]], t € R}, is in general not
a stationary process. An easy way to see this is to consider the
estimation error at the sampling times ¢t € Z/ f; in the noiseless

1Although denoted the Nyquist rate by Landau himself in [22].

case 7(-) = 0, which must vanish, while the estimation error
at any t ¢ Z/fs is not necessarily zero. In Section VI we
present a way to overcome this difficulty. The idea is to use
time discretization, after which we can identify a vector-valued
process jointly stationary with the samples Y[-] which contains
the same information as the discretized version of X (-). The
result is the indirect DRF at any given sampling frequency
in a discrete-time version of our problem, which converges
to D (fy, R) under mild conditions.

In practice, the system designer may choose the parameters
of the sampling mechanism to achieve minimal reconstruction
error for a given sampling frequency f; and source coding
rate R. This suggests that for a given source statistic and a
sampling frequency fs, an optimal choice of the pre-sampling
filters can further reduce the distortion for a given source
coding rate. In the single branch setting, this optimization
is carried out in Subsection VI-F and leads to the function
D* (fy, R), which gives a lower bound on D(f;, R) and is
only a function of the source and noise PSDs. The optimal
pre-sampling filter H (f) is shown to pass only one frequency
in each discrete aliasing set f + f;Z and suppress the rest.
In other words, minimal distortion is achieved by eliminating
aliasing.

We later extend our results to systems with P € N sampling
branches where the samples are represented by a vector-
valued process Y[-]. We derive expressions for D(P, fs, R)
and D*(P, f;, R), which denote the DRF with average sam-
pling frequency f; and the DRF under optimal pre-sampling
filtering, respectively. As the number of sampling branches P
goes to infinity, D*(P, f;, R) is shown to converge (but not
monotonically, see Fig. 18) to a smaller value DT( fs, R),
which essentially describes the minimal distortion achiev-
able under any uniform sampling scheme. The functions
D*(P, f;, R) and D'(f;, R) depend only on the statistics of
the source and the noise. In particular, if the noise is zero, then
D* (P, f;, R) and D' (f;, R) describe a fundamental trade-off
in signal processing and information theory associated with
any Gaussian stationary source.

Our main result (1) shows that the function D( Jf& ,R) is
obtained by reverse watetfilling over the function Sx|y(f)
that was initially introduced to calculate the MMSE in
sub-Nyquist sampling in [5] and [19], denoted by
mmsex |y (fs). As a result, the optimal pre-sampling filter
that minimize D(f;, R) is the same optimal pre-sampling
filter that minimizes mmsex y(f;). In Section IV we prove
this result using an approach based on a decomposition of the
signal to its polyphase components. We also define the notion
of an aliasing-free set, and use it to describe the optimal
pre-sampling filter. This approach allows us to derive the
MMSE in sub-Nyquist sampling using multi-branch uniform
sampling with the number of branches going to infinity. This
polyphase approach to deriving the MMSE also inspires the
derivation of our main result (1). We note that the fact that the
function Sx|y(f) is used in computing both mmsex,y (fy)
and D(f, R) is not related to recent results on the relation
between mutual information and MMSE estimation [27].
Indeed, no information measure over a Gaussian channel is
explicitly considered in our setting.
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C. Organization

The rest of the paper is organized as follows: the combined
sampling and source-coding problem is presented in Section II.
An overview of the main results in a simplified version of the
problem is given in Section III. Sections IV and V are dedi-
cated to the special cases of sub-Nyquist sampling (R — 00)
and indirect source coding (fs > fwnyq), as shown in the
respective branches in the diagram of Fig. 2. In Section VI we
prove our main results for single branch sampling, which is
extended to multi-branch sampling in Section VII. Concluding
remarks are given in Section VIIIL.

Throughout this paper, we use round brackets and square
brackets to distinguish between continuous-time and discrete-
time processes. Vectors and matrices are denoted by bold
letters. In addition, we use the word ‘rate’ to indicate
information rate rather than sampling rate, and use ‘sampling
frequency’ for the latter. In some cases it is more convenient
to measure the information rate in bits per sample, which is
given by R £ R/f;.

II. PROBLEM STATEMENT

The system model for our combined sampling and
source coding problem is depicted in Fig. 1. The source
X() = {X (@), t €R} is a real Gaussian stationary process
with variance 0)2( = ffooo Sx (f)df < oo, and power spectral

density (PSD)

Sx (f) 2 /OO E[X(r+7)X ()] e 2" dr.

The noise 7(-) is a real Gaussian stationary process indepen-
dent of the source with PSD S,(f). The sampler receives
the noisy source as an input, and produces a discrete time
process Y[-] at a rate of f; samples per time unit. The
process Y[-] is in general a complex vector-valued process
since pre-sampling operations that result in a complex valued
process are allowed in the sampler. The encoder represents the
samples Y[-] in an average rate of no more than R bits per time
unit. Assuming the noise is additive and independent poses no
limitation on the generality. Indeed, for any jointly stationary
and Gaussian process pairs X (-) and Z(-), this relationship
can be created via a linear transformation, which can be seen
as part of the sampler structure. When the optimal sampling
structure in this case is considered, the results can be adjusted
by a straightforward reweighing of the PSDs of Z(-) and #(-)
according to the frequency response of this transformation.

The main problem we consider is as follows: given a
sampling scheme with sampling frequency f;, what is the
minimal expected quadratic distortion that can be attained
between X (-) and X (-) over all encoder-decoder pairs with
code-rate that does not exceed R bits per time unit, as T goes
to infinity?

Classical results in rate-distortion theory [4], [15], [28]
imply that this problem has the informational rate-distortion
characterization depicted in Fig. 3, where the optimization over
all encoding-decoding pairs is replaced by an optimization
over the test channel P)?\Y of limited information rate.

Specifically, for a finite T > 0, denote by X7(-) the
restriction of the process X(-) to the interval [—T,T].

=
—
N

sampler

Ja

\ 4
O
Y

X() -

Fig. 3. Rate-distortion representation.

Similarly denote by Yr[-] the restriction of the process Y[-]
obtained by sampling X7 (-). The fidelity criterion is defined
by the squared error between the original source and its
reconstruction )A((-) = {)A((t), t € R}, namely

dr (), x()) 2 12() — xOIIF 2)

where [|x(-)|l7 is the L, norm of the signal x(-) over the
interval [—T, T], defined by

1 T
2 A 2
. = — t))-dt.
lx I T /_T (x(0)
Define the function

Dr 2 inf Edr(X(-),X) 3)
v 5%

where the infimum is taken over all mappings from
Y7[-] to X(-) such that the mutual information rate

(VL RO) & LI L RO)

is limited to R bits per time unit. The indirect distortion-
rate function (iDRF) of X (-) given Y[-], denoted by Dy\y,
is defined by

D = liminf Dr. 4)

T—o0

Note that the number of samples in the interval [—T, T] and
consequently the number of bits per sample R, is a function of
the specific structure of the sampler which will be defined in
the sequel. For example, for a uniform sampler with spacing
1/f; between samples we have R = R/f;.

Besides the sampling frequency f; and the source coding
rate R, D in (4) depends on the sampling structure. In this
work we restrict ourselves to samplers consisting of a pre-
sampling filtering operation followed by a pointwise sampler.
We focus on two basic structures:

A. Single-Branch Uniform Sampling (Fig. 4-a)

H is an LTI system with frequency response H (f) which
serves as a pre-sampling filter. This means that the input to the
pointwise sampler Z(-) = {Z(t), t € R} and X (-) are jointly
Gaussian and stationary with joint spectral density

Sxz(f) = /

—00

o0

E[X(t +1)Z()]e ™ dr = Sy (/) H*(f).
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Fig. 4. Two sampling schemes. (a) Single-branch sampler. (b) Multi-branch
sampler.

Although we allow an arbitrary noise PSD S,,(f), in order for
the uniform sampling operation to be well defined we require
that

o o
[ sear= [ seaninPaf <o )
—00 —00
In (5) and henceforth we denote Sx.,(f) 2 Sx(f) +
Sy (f), which is justified since X (-) and #(-) are independent
processes. We sample Z(-) uniformly at times %, resulting in
the discrete time process

Yinl=Z (i) ne L.
I
Recall that the spectral density of Y[-] is given by

Sy (%) = D E[Y[n]Y[n + k] e %7
keZ
=D Sz (fi(¢p—k).
keZ

We denote by D(f;, R) the iDRF (4) using uniform
single-branch sampling at frequency f.

B. Multi-Branch or Filter-Bank Uniform Sampling (Fig. 4-b)

For each p =1,..., P, Z,(-) is the output of the LTI sys-
tem H, whose input is the source X (-). The sequence Y)[-] is
obtained by uniformly sampling Z, () at frequency f;/P, i.e.

nP

Yonl=2z(—), p=1,...,P.
pln] (ﬁ) P

The output of the sampler is the vector Y[] =
(Yl[-], e, Yp[-]). Since each one of the P branches produces
samples at rate f;/P, the sampling frequency of the system
is f;. The iDRF (4) of X (-) given the vector process Y[-] will
be denoted D(f;, R).

The parameters of the two sampling schemes above are
the average sampling frequency f; and the pre-sampling fil-
ters H(f) or H{(f), ..., Hp(f). Given an average sampling

mmsex‘y(fv)

.lossy compression error

D preserved spectrum

12

Tnval2

Fig. 5. Reverse waterfilling interpretation of (6): The function D(fs, R) is
given by the sum of the sampling error mmsey |y (fs) and the lossy com-

pression error ff%?z min {Sx |y (f), 0} df. The function > 7 Sx (f — fsk)
is the aliased PSD, which represents the full energy of the original signal
within the band (— fs/2, fs/2). The part of the energy recovered by the
MMSE estimator is Sx|y (f)-

frequency f; and a source coding rate R, we also consider the
following question: what are the optimal pre-sampling filters
that minimize D(P, f;, R)? The value of D(P, f;, R) under
an optimal choice of the pre-sampling filters is denoted by
D*(P, f;, R), and is only a function of f;, R, P and the
source and noise statistics. We also determine the behavior of
D*(P, f;, R) as the number of branches P goes to infinity.

III. OVERVIEW OF THE MAIN RESULTS

In this section we provide an overview of the main results
under the simplified assumptions of a single branch sampler
P =1 and no noise #7(-) = 0.

Our first main result in Theorem 21 implies that under these
assumptions, the function D(fs, R) is given by the following
parametric form

Is

1 2 _
R(0) = 5 [ " log" [Sxir()/0]df.

Is

D(f0) = mmsexy () + [ min (S ().0)df. (©)

2
where

Swez 1H (f — £k Sx (f — fik)?
Sien |H (f — £l Sx (f — fik)

Sxiy(f) = @)

and
mmsex)y (fs) é/ [Sx(f) — EX\Y(f)] df, (8)

is the MMSE in estimating X () from its uniform samples Y[-].
The parametric solution (6) has the reverse waterfilling inter-
pretation described in Fig. 5. Note that the function D(f;, R)
converges to mmsexy(f;) as R — oo, and to the DRF
of X(-) as f; exceeds the Nyquist frequency of X(-). This
agrees with the diagram in Fig. 2.

Next, we turn to find an expression for the optimal pre-
sampling filter H*(f) that minimizes the function D(f;, R).
Since H(f) appears in both nominator and denominator
of (7), its magnitude has no effect on the distortion and



406 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 62, NO. 1, JANUARY 2016

mmse}*qy(fs)

.lossy compression error

Dpreserved spectrum

£/2

fNyq/z

Fig. 6. Reverse waterfilling interpretation of (9): The function D*(f, R) of
a unimodal Sy (f) and zero noise is given by the sum of the sampling error

mmse}lY(fs) and the lossy compression error fj?/zz min {Sx (f),0}df.

all that matters is whether H(f) is zero (in which case we
interpret (7) as zero) or not. Proposition 27 implies that
H*(f) is an anti-aliasing filter that passes the frequency
bands with the highest SNR (and in the non-noisy case with
highest energy), and suppresses the rest to prevent aliasing.
We intuitively explain this result through Example 6. In the
special case where Sx(f) is unimodal in the sense that it
is non-increasing for f > 0, H*(f) is a simple low-pass
filter with cut-off frequency f;/2. The iDRF in this setting is
given as:

Is

1 2
R(0) = 5 /_  log" [Sx(/)/01df,

Is
2

D" (£.0) = mmseiy () + [ miniSx(/).00df. (9)

2
where

~ g
mmssiy ()2 [ sx(dr - [ sx(nar.
o0 -5
Fig. 6 provides an intuitive interpretation of (9) as a sum
of two terms: the error due to sampling and the error due
to lossy compression. The situation in the general case in
which Sx(f) is not unimodal is less intuitive: it is generally
impossible to define a single pre-sampling filter that passes
the frequencies with the maximal SNR and simultaneously
eliminates aliasing. In such cases, it is useful to consider
multi-branch sampling with a set of optimal pre-sampling
filters. The expression for the corresponding iDRFs in
multi-branch sampling and the iDRF under an optimal choice
of such filters is given in Section VII.

Since the iDRF (4) is always bounded from below by the
MMSE in estimating X () from Y[-], we devote the following
section to discuss the behavior the MMSE in sub-Nyquist
sampling and the optimal choice of the pre-sampling filter
that minimizes this error.

IV. MMSE IN SUB-NYQUIST SAMPLING OF A
GAUSSIAN STATIONARY PROCESS

In this section we consider the right side of the diagram
in Fig. 2, obtained from the general sampling and source
coding problem of Fig. 3 with no rate constraint on the

nl’] sampler
| L
X(:) ~(+) > S
R() - MMSE |
D estimator |

Fig. 7. System model for MMSE reconstruction under sub-Nyquist sampling.

source encoder. This leaves us with the system model in Fig. 7,
in which the problem we consider is to find the MMSE in
estimating the source X (-) from samples Y[-] which we denote
as mmsexy(fs):

mmsexy(f;) £ lim E|X() - XOl7,  (10)
T—o0

where X (1) £ E[X(1)|Y[-]], ¢ € R, is the MMSE estimator
of X(-) from its sub-Nyquist samples Y[-]. In addition, we
are interested in the optimal pre-sampling filter that minimizes
the MMSE for a given input signal and sampling frequency.
A single branch version of this problem without the pre-
sampling filter can be found in [5]. The pre-sampling filter and
its optimization is included in [19], where a similar setting
was considered with applications in pulse-code modulation.
The multi-branch case was solved in [26, Prop. 3], but the
expression for the optimal pre-sampling filters was not explicit
and relayed on a different proof. The main contribution of this
section is a new way to prove these result, which is based on
a polyphase decomposition of the source. The new proves of
the above results provided here will be useful in proving our
main results in Section VI.

MMSE via Polyphase Components: Since the instantaneous
estimation error X (f) — X (7) is periodic in ¢ hence uniformly
bounded, (10) can be written as

T
mmseyxy(f;) = lim L/ E[(X(t)—f((t))z} dt

T—oo 2T T
1 N 2
Lt SAC AN
0 N>oo2N +1 h—_n Is Ss
1
- / mmsex iy (fi)dA. (an
0

where the process Xa[-] is the A polyphase component
of X (-) [29], defined by

X aln] éx(”+A), nez,
Js
and Xa[n] 2 E[Xa[n]|Y[]]. In (11) we also denoted
N

2
mmsex v = 2N1+1 2 E[(X(n;A)_X(n;A)) }
e N s K

Since Xa[-] and Y[:] are jointly Gaussian and stationary,
mmsey, |y can be evaluated using linear estimation tech-
niques. For the single branch sampler of Fig. 4(a), this leads to

(12)
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Proposition 1: Consider the model of Fig. 7 where we
use the single branch sampler of Fig. 4(a). The MMSE in
estimating X (-) from Y[-] is given by

Is

mmsexw(fs):rf?(—/js Sxy (f)df, (13)
where 0)2( =E (X (1))? and
~ S2(f — fsk) IH(f — fik)|?
Sxir(f) 2 D kez Sx(f — f5k) [H(f — fsk) (14)

Sker Sxq(f = K H(f = fik)1>
Proof: This result obtained by evaluating (11). Details can

be found in Appendix A. O
Note that since the denominator in (14) is periodic in f
with period f;, (13) can be written as

mmseyy (fs)
_ azx_y o S (HOIH ()
X o Xker Sxan(f — LRIH(f — f5k)
Sx(OIH(f)?

/_oo x(f)( ZkEZSXH(f—fsk)IH(f—fsk)P) 1
(15)

e

This shows that the expression for mmseyxy(fs) in
Proposition 1 is equivalent to the [5, eq. 10]. The alternate
proof of this proposition given here using the new expression
for the MMSE given in (11) provides a new interpretation of
the function §X|y( f) as the average of spectral densities of
estimators of the stationary polyphase components of X (),
namely

_ 1
SX|Y(f)=/O fsSx iy (f/fs)dA. (16)

A. An Optimal Pre-Sampling Filter

We now consider the pre-sampling filter H as part of
the system design and ask what is the optimal pre-sampling
filter H* that minimizes (13); as is apparent from (13), this
problem is equivalent to finding the filter that maximizes
Sxjy(f) for every frequency f e (—fs/2, fs/2) indepen-
dently, i.e. we are looking to determine

S () £ sup S (1)

_ qup ke Sy~ SR IHY ~ LIS,
H ZkeZ Sxn(f = fsk) |H(f = fsb)P?
in the domain (— f;/2, fs/2). Note that scaling H (f) has an
equal effect on the nominator and denominator in (17) and
hence the optimal H (f) can only be specified by its support,
i.e., those frequencies which are not blocked by the filter.
In what follows we will describe H*(f) by defining a set
of frequencies F* of minimal Lebesgue measure such that

/ 53 if = / Sx(f = fsk)
F* SXJrn(f) —ﬁ keZ Sx+;7(f fsk)
Since the integrand in the right hand side (RHS) of (18)
is periodic in f with period f;, excluding a set of
Lebesgue measure zero, the set F* will not contain two

xS ar (18)
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frequencies f1, f> € R that differ by an integer multiple of f;
due to its minimality. This property will be given the following
name:

Definition 2 (Aliasing-Free Set): A measurable set F C R
is said to be aliasing-free with respect to the sampling fre-
quency fs if, for almost* all pairs fi, f» € F, it holds that
=2 & Z={fk, k € Z}.

The aliasing-free property imposes the following restriction
on the Lebesgue measure of a bounded set:

Proposition 3: Let F be an aliasing-free set with respect
to fs. If F is bounded, then the Lebesgue measure of F does
not exceed fs.

Proof: By the aliasing-free property, for any n € Z \ {0}
the intersection of F and F*+nf; is empty. It follows that for
all N eN, u (UN AF* + fsn}) Nu(F*). Now assume F*
is bounded by the interval (—M, M) for some M > 0. Then
UN_ {F* + fyn} is bounded by the interval (—M, M + Nf;).
It follows that

p(FY) _ Nu(FY) _ p(GL, (F 4 nfih) _2M + Nf
s Nfs N f - Nfi
Letting N — oo, we conclude that u(F*) < f;. g

We denote by A F(f;) the collection of all bounded aliasing
free sets with respect to f;. Note that a process whose spec-
trum’s support is contained in A F(fy) admits no aliasing when
uniformly sampled at frequency f;, i.e, such a process can be
reconstructed with probability one from its non-noisy uniform
samples at frequency f; [30]. As the following theorem shows,
the optimal pre-sampling filter is characterized by an aliasing-
free set with an additional maximality property.

Theorem 4: For a fixed fs, the optimal pre-sampling
filter H*(f) that maximizes Ex‘y(f), fe(=fs/2, fs/2) and
minimizes mmsex\y (fs) is given by

1 feF

19
0 otherwise, (19)

H*(f)Z[

§2( .
where F* = F*(fs, Sxin{})) € AF (fs) satisfies

Sx(f) / S3(/f)
—=———df.
fosep = e s
The optimal MMSE for sampling at frequency f; is
S3(f)
* SX+;1(f)

(20)

daf, 21

mmsek,y (f) = 0§ —/F
2 _ 2
where oy = E (X (1))~
Proof: See Appendix A-B. O
Remarks:

(i) The proof also shows that
S3 (/)

/F* Sx+5(f) Sy (N = /

;(\Y(f)df’

2By almost any we mean for all but a set of Lebesgue measure zero.
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Joint MMSE estimation from a linear combination.

Fig. 8.

where

s S2f =i
Sirl) =sup g R
i.e.

fs

2 2
mmsey y (fs) = ok —/ .

2

Sk (f)df.
(i1) Since the SNR at each spectral line f cannot be changed
by H (f), the filter H*(f) can be specified only in terms
of its support, i.e. in (19) we may replace 1 by any
non-zero value, which can vary with f.

Theorem 4 motivates the following definition:

Definition 5: For a given spectral density S(f) and a
sampling frequency fs, an aliasing free set F* € AF(fy) that
satisfies

/ S()df = sup / S(F)df
F* FeAF(fy)JF

is called a maximal aliasing-free set with respect to f; and the
spectral density S(f). Such a set will be denoted by F* (fs, S).

Roughly speaking, the maximal aliasing free set
F*(fs, S) can be constructed by going over all frequencies
f € (—=fs/2, fs/2), and including in F* (f;, S) the frequency
f* € R such that S(f*) is maximal among all S(f),
f € f*— fsZ. Since the estimator is aware of the PSD of
the source, in order to estimate X (-) it needs only collect
energy and avoid aliasing so that the signal can be uniquely
identified. The question is whether there is an interesting
interplay between collecting energy and preventing aliasing.
Theorem 4 says that the optimal pre-sampling filter prefers to
eliminate aliasing on the price of completely suppressing the
energy of weaker bands. An intuition for this result is given
through the following example.

Example 6 (Joint MMSE Estimation): Consider the setting
in Fig. 8 where Uy and U be two independent Gaussian
random variables with variances Cy, and Cy, respectively.
We are interested in MMSE estimation of U = (U1, U) from
a noisy linear combination of their sum V = h1(U; + 1) +
ho(Ux 4+ &), where hi,hoy € R and &,& are another
two Gaussian random variables with variances Cg and Cg,
respectively, independent of Uy and U and independent of

each other. We have

1
mmsey|y = 3 (mmsey,|v + mmsey,|v)
22 22
h]CU1 + thU2

= - Cy, +Cy, — .
2( 1 ’ h%(CUl +C51)+h%(CU2 +C§z))
(22)

The optimal choice of the coefficients vector h = (h1, h2) that
minimizes (22) is
o o
Uy )
(C’ 0) Cuy, +C¢ > Cuy,+C¢,
2 C2
Uz
Cy,+C¢s,°

0,¢) 20 <
’ CUlJngl

2
where ¢ is any constant different from zero. If % =
2
C2+—Ué€,2, then any non-trivial linear combination results in the

same estimation error.

This example can be generalized to a countable num-
ber of random variables U = (Uj, Ua,...) and respective
noise sequence ¢ = (&1,¢,...) such that V = Z?il h;

(Ui + &) < oo with probability one. The optimal coefficient

vector h = (hy, ha,...) that minimizes mmsey)v is the
indicator for the maximum among
(o
Y i=1,2,...L
Cy, + Cg

In the context of the expression for the optimal pre-sampling
filter (19), each frequency f in the support of Sx(f) can
be seen as an independent component of the process X (-)
with spectrum ~ 1 ¢4 A7) Sx (f) (see for example the deriva-
tion of the SKP reverse waterfilling in [12]). For a given
f e (—fs/2, fs/2), the analogue for the vector U in our case
are the components of the source process that corresponds
to the frequencies f — f;Z, which are folded and summed
together due to aliasing: each set of the form f — f;Z
corresponds to a linear combination of a countable num-
ber of independent Gaussian random variables attenuated by
the coefficients {H (f — fsk), k € Z}. The optimal choice of
coefficients that minimizes the MMSE in joint estimation of
all source components are tlzlos/e that pass only the spectral
component with maximal % among all f' € f — fZ,
and suppress the rest. This means that under the MSE criterion,
the optimal choice is to eliminate aliasing at the price of losing
all information contained in spectral components other than the
maximal one.

An example of a maximal aliasing-free set for a specific
PSD appears in Fig. 9. The MMSE with the optimal pre-
sampling filter and with an all-pass filter are shown in Fig. 10.

It also follows from Theorem 4 and Proposition 3 that a
lower bound on mmse}ly( fs) can be obtained by integrating

2
over a set of Lebesgue measure f; with maximal Sf(}i—ifj)f) (that

is, without the aliasing-free property). This leads to

S3(f)
2 "d
/F f

(23)
Sx+n

mmsey y (fs) > o5 — sup
u(F)<fs



mmse’y Y(ﬂ) = 0A48:

P=1

mmse;,‘y(fs) = 024:

mmse v (fs) = 0.42:

mmse}w(ﬂ) = 0.24:

mmsey v (fs) = 0.41:

mmsek v (fs) = (].38:

Fig. 9. Maximal aliasing-free sets with respect to the PSD S}z((f)/SX+’7(f)
and sampling frequencies fs = fnyq/4 (left) and fs = fynyg/2 (right),
for 1,2 and 3 sampling branches. The first, second and third maximal
aliasing-free set is given by the frequencies below the blue, green and red
areas, respectively. The sets below the total colored area all have Lebesgue
measure fs. Assuming Sy (f) = 0, the white area bounded by the PSD equals
mmse}lY( fs). The ratio of this area to the total area bounded by the PSD

is specified in each case. From Theorem 10, the case P — oo corresponds
to the set .Z#* that achieves the RHS of (29).

(the supremum is taken over all measurable subsets of R
with Lebesgue measure not exceeding fi). A special case in
which the bound (23) is achieved is described in the following
example.

Example 27 (Unimodal PSD): In the special case where the
. Sx(f)
function Sxr ()

increasing for f > 0, the associated maximal aliasing-free
set is the interval (— fs /2, fs/2) and the optimal pre-sampling
filter is a lowpass with cutoff frequency fs/2. Theorem 4 then
implies that

is unimodal in the sense that it is non-

L
2§

mmsey,y (f;) = o5 — / R

— L Sx+4(f)

Since Sx(f) is symmetric and non-increasing for f > 0,

mmsegﬂy(fs) in (11) achieves the bound (23).

In contrast to the case described in Example 7, the bound
in (23) cannot be achieved by a single sampling branch in
general. It can, however, be approached by increasing the
number of sampling branches, as will be discussed in the
following two subsections.

df. (24)

KIPNIS et al.: DISTORTION RATE FUNCTION OF SUB-NYQUIST SAMPLED GAUSSIAN SOURCES 409

Sx(f)

MSE

Fig. 10. The MMSE as a function of the sampling frequency fs in single
branch sampling, with an optimal pre-sampling filter and an all-pass filter.
The function Sg(( £)/Sx+4(f) is given in the small frame. For the case
Js = fNyq/3. the support of the optimal pre-sampling filter associated with
this spectral density and sampling frequency is given by the shaded area.

B. Multi-Branch Sampling

We now extend Propositions 1 and 4 to the case of multi-
branch sampling. The system model is given by Fig. 7 with
the sampler of Fig. 4(b).

Theorem 8 (MMSE in Multi-Branch Sampling): For each
p=1,...,P, let Zy(:) be the process obtained by passing
a Gaussian stationary source X (-) corrupted by a stationary
Gaussian noise n(-) through an LTI system H,(f). Let Yp[],
be the samples of the process Z ,(-) at frequency fs/P, namely

Yplnl=Z@P/fs) =hp()* (X()+n()) P/fs), neL.
The MMSE in estimating X (-) from the samples Y[-] =
(Yl []9 B YP[])! is given by

Is

mmsexy(f,) = o — / LBy dn 05

-2

Here 0)2( =E (X)) §X\Y(f) is the P x P matrix defined
by

1
—5%

Sxir(f) 2 85 (HK(HSy2 (1), 26)

where the matrices Sy(f), K(f) € CP*P are given by

(8v(n), , = 2 (SxanHiHY (f = b,
’ keZ
and
K()ij = D ASYHIH} (f = fik) .
Proof: See Appen(]iiexZ A. g
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C. Optimal Pre-Sampling Filter Bank

It follows from Theorem 8 that minimizing the MMSE
in multi-branch sampling is equivalent to maximizing the
sum of the eigenvalues of §X|Y( f) of (26) for every
f € (—=fs/2, fs/2). A characterization of the set of
pre-sampling filter that maximizes this sum is given
in [26, Prop. 3]. We will provide here a different proof, which
will be useful in proving a similar result for the general
combined sampling and source coding problem.

Theorem 9: The optimal _pre-sampling filters H(f), ...,
Hp(f) that maximize TrSx|y(f) of (26) and minimize
mmsex |y (fs) of (25) are given by

1 feFs,
0 f¢F;
where the sets F[, ..., F; C R satisfy:

@) F;EAF(fS/P)forallp: 1,...,P
(i) For p =1,

S3(f)
XM g
/Fl* Sx+1(f) /

H;(f)le;(f)A{ p=1,...,P, (27

Is

= [, sithr.

where
Sx(f —kfs/P)
J
() S TR/
and for p=12,...
S%(f)
J* d
[
where
S (f —kfs/P
S 2 (f —kA/P) |

vet. Sxiq(f —kf/P) BA[Fru-vy )
The resulting MMSE is

2
mmsey (f;) £ ¢ Z /F sii@)
Pk
- / L s e8)
Proof: See Appendix A. o i

Remarks:

(i) The proof implies an even stronger statement than
Theorem 9: the filters H*(f), ..., H3(f) yield a set of
eigenvalues of S XY ( f ) Wthh are uniformly maximal,
in the sense that the i eigenvalue of S x|y (f) is always
smaller than the i™ eigenvalue of SX|Y( f). This is an
important fact that will be used in proving Theorem 30
below.

As in the single-branch case in Theorem 4, the filters
H{(f),..., Hp(f) are specified only in terms of their
support and in (27) we can replace 1 by any non-zero
value which may vary with p and f.

Condition (ii) for the sets F,...,Fj; can be
relaxed in the following sense: if Fl*, ..., Fp satisty
condition (i) and (i), then mmse3 IY( fs) is achieved

(ii)

(iii)

s

/i Nyq

Fig. 11.  MMSE under multi-branch sampling and optimal pre-sampling
filter-bank, for P = 1,2 and 3 and P large enough such that the bound (23)
is attained. The upper dashed line corresponds to P = 1 and no pre-sampling
filtering. The PSD Sy (f) is given in the small frame, where we assumed

Sy (f) =0.

by any pre-sampling filters defined as the indicators of
the sets Fy, ..., F}, in AF(f;/P) for which

P S2(f) S% ),
;/F’ f Z/* SX+71(f)

SX+i7(f )
One possible construction for Fy* ' ., F} is as follows:
over all frequencies — f S < f< ﬁ, for each f denote
by f1(f), ..., fp(f) the P frequer101es that correspond

to the largest values among {%, ke Z} Then

assign each f*( /o F,. * Under this construction, the set
Fy * can be seen as the p M imaximal aliasing free set with

i (8) This is the construction that

(iv)

respect to f5/P and 5

was used in Fig. 9.

Fig. 11 illustrates mmse3 |Y(fs) as a function of f; for

a specific PSD and P = 1,2 and 3. As this figure shows,

increasing the number of sampling branches does not neces-

sarily decrease mmse}lY( fs) and may even increase it for

some® f;. However, we will see below that mmse}lY( fs)
converges to a fixed number as P increases.

D. Increasing the Number of Sampling Branches

The set F* defined in Theorem 4 to describe mmse}l v (fs)
was obtained by imposing two constraints: (1) a measure
constraint u(F*) < fs, which is associated only with the
sampling frequency, and (2) an aliasing-free constraint,
imposed by the sampling structure. Theorem 9 says that in

3Note that if P; and P, are co-primes, then even if P, > Pp, there is no
way to choose the pre-sampling filters for the system with P, branches and
sampling frequency fs/P> at each branch to produce the same output as the
system with P sampling branches and sampling frequency fs/Pj.
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the case of multi-branch sampling, the aliasing-free constraint
can be relaxed to F* = | ;’:1 Fj, where now we only require
that each F; is aliasing-free with respect to f;/P. This
means that F* need not be aliasing-free but its Lebesgue
measure must still not exceed f;. This implies that the lower
bound (23) still holds with multiple sampling branches.
Increasing the number of branches P allows more freedom
in choosing an optimal frequency set F* = 5:1 F;, which
eventually converges to a set #* that achieves the RHS
of (23) as shown in Fig. 9. This means that the RHS of (23)
is achieved with an arbitrarily small gap if we increase the
number of sampling branches, as stated in the next theorem.

Theorem 10: For any f; > 0 and ¢ > 0, there exists P € N
and a set of LTI filters H{(f), ..., Hy(f) such that

) S%(f)
) . —2——df.
mmsex‘y(f) & <oy #(i})lgfx/p SX+17(f) /

Proof: Since any interval of length f; is in AF(fs), it is
enough to show that the set .#* of measure f; that satisfies

2 2
/ SO 4o g / KD 4
7+ Sx+5(f) w(F)<fs JF Sx+(f)

can be approximated by P intervals of measure f;/P (The
set .#* corresponds to the frequencies below the gray area
in the case P — oo in Fig. 9). By the regularity of the
Lebesgue measure, a tight cover of .%* by a finite number of
intervals is possible. These intervals may be split and made
arbitrarily small so that after a finite number of steps we can
eventually have all of them at approximately the same length.
Denote the resulting intervals Iy, ...,Ip. For p=1,..., P,
define the p" filter H;;( f) as the indicator function of the
p™ interval: H(f) =1;,(f) £1(f €1,).

By extending the argument above it is possible to show
that we can pick each one of the sets F; to be symmetric
about the y axis, so that the corresponding filter H;;( f) has
a real impulse response. In fact, the construction described
in Remark (iii) of Theorem 9 yields a symmetric maximal
aliasing free set. 0

Theorem 10 implies that mmse}lY( fs) converges to

2 S)z((f )
_ X af,
i o [ E

as the number of sampling branches P goes to infinity.
Remark: If we take the noise process 7(-) to be zero in (23),
we get

2

v

— sup
u(F)=fs
inf

df.
u(F)<fs /]R\F Sx(1df

This shows that perfect reconstruction (in Ly norm) of X (-) is
not possible unless the support of Sx(f) is contained in a set
of Lebesgue measure not exceeding fs, a fact which agrees
with the well-known condition of Landau for a stable sampling
set of an analytic function [23]. See also [31] for a recent and
a much simpler proof of Landau’s theorem.

o2 /F Sx(f)df

mmsey (fs)

(29)

V. R

U = Fyiu Enc

Dec

Y

Fig. 12. Indirect source coding model.

Theorem 10 shows that uniform multi-branch sampling can
be used to sample at the Landau rate and achieves an arbitrarily
small MMSE by taking enough sampling branches and a
careful selection of the pre-sampling filters. Fig. 11 shows
the optimal MMSE under uniform multi-branch sampling as a
function of the sampling frequency for a specific PSD, which
corresponds to the case P — o0.

V. INDIRECT SOURCE CODING

The main goal of this section is to extend the indirect
source coding problem solved in [4], in which the source and
the observation are two jointly stationary Gaussian processes,
to the case where the source and the observation are two jointly
Gaussian vector-valued processes. By doing so we introduce
concepts and notions which will be useful in the rest of the
paper. We begin by reviewing the problem of indirect source
coding.

In an indirect source coding problem, the encoder needs
to describe the source by observing a different process,
statistically related to the source, rather than the source itself
[1, Sec. 4.5.4]. A general model for indirect source coding is
described by the diagram in Fig. 12, where Py |y represents
a general conditional distribution, or a ‘channel’, between the
source U and the observable process V. It follows from [4]
that the minimal averaged distortion attainable between a
stationary source process U and its reconstruction using
any code of rate R bits per source symbol applied to V, is
described by the indirect distortion- rate function (iDRF) of U
given V. This function is defined as the minimal expected
averaged distortion between any pair of stationary processes
U and U, such that the mutual information rate between
V and U is limited to R bits per source symbol* [32].

We will begin by reviewing basic properties of the iDRF for
the special case of jointly Gaussian source and observations.

A. Quadratic Gaussian Indirect Distortion-Rate

The general quadratic Gaussian settings of the iDRF cor-
responds to the case where the source U and the observable
process V are jointly Gaussian. The definition of the iDRF in
this case is similar to the definition of the function D( f, R) in
Section II, where the minimization in (3) is over all mappings
from U to V such that the mutual information rate between
U and V does not exceed R bits per source symbol. In the
discrete-time version of this problem, we replace the distortion
in (2) with the distortion

N

> (xln] - 1),

n=—N

1

dy (x[-, X[-]) = INTF1

(30)

4This is in agreement with the notation introduced in Section II, i.e., R is
measured by bits per time unit when the source is in continuous-time.
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In order to get some insight into the nature of indirect source
coding in Gaussian settings and the corresponding iDREF, it is
instructive to start with a simple example.

Example 11: Consider two correlated sequences of i.i.d
zero mean and jointly Gaussian random variables U and V
with variances Cy, Cy, and covariance Cyy. As shown
in [17], the iDRF function of the source sequence U given the
observed sequence V, under a quadratic distortion measure,
is given by

C2
DUlV (R) =Cy — (1 — 272R> —uv
Cy

= mmseyy +2 R cyy, (31)

where mmsey |y = Cy — Cyv is the MMSE in estimating

Cy, . . .
U from V and Cyyy = CLVV is the variance of the estimator
E[U|V]. The equivalent rate-distortion function is

Cyly

|
Hog 5=-%W_— Cy > D > mmsey,y,
Ryv(D) = [8 & D-mmsegy U vv

D> Cy.

(32)

Equation (31) can be intuitively interpreted as an extension
of the regular DRF of a Gaussian ii.d source Dy(R) =
272RCy to the case where the information about the source
is not entirely available at the encoder. Since Cy|y < Cy, the
slope of Dy v (R) is more moderate than that of Dy (R), which
confirms the intuition that an increment in the bit-rate when
describing noisy measurements is less effective in reducing
distortion as the intensity of the noise increases.

If we denote & = D — mmsey,y, then (31) and (32) are
equivalent to

D(9) = mmsey|y + min {Cy|v, 0}

= Cy — [Cuy — 9]+, (33a)
where
1 Cuv
R©O) = — log™ [ ===
©) 5 log ( 7 ) (33b)

i.e, we express the iDRF Dy v (R), or the equivalent rate-
distortion Ry v (D), through a joint dependency of D and R
on the parameter 6.

The relation between V and V under optimal quantization
can also be described by the ‘backward’ Gaussian channel

Cvu A
Cy V=V+¢
where & is a zero-mean Gaussian random variable inde-
pendent of V with variance min {CUW, 9}. The random
variable ¢ can be understood as the part of the observable
process that is lost due to lossy compression discounted by
the factor Cyy/Cy. Since CC—VVUV =E[U|V], it also suggests
that an optimal source code can be achieved by two separate
steps:
(1) Obtain an MMSE estimate of the source U given the
observed variable V.
(il) Apply an optimal direct source code to the MMSE
estimator E [U|V].
Although in this example the parametric representation (33)
is redundant, we shall see below that this representation, the

(34)

backward Gaussian channel (34) and the decomposition of
distortion into an MMSE part plus the regular DRF of the
estimator are repeating motifs in quadratic Gaussian indirect
source coding problems.

Next, we consider an indirect source coding problem in
the more general case where the source and the observable
process are jointly Gaussian and stationary. This problem can
be obtained from our general model in Fig. 3 if we assume
that the process Z(-) in Fig. 4 can be recovered from its
samples Y[-] with zero error. In this case, the iDRF of X (-)
given Y[-] reduces to the iDRF of X (-) given Z(-), which we
denote as Dyx|z(R). An expression for Dx|z(R) was found
by Dubroshin and Tsybakov in [4].

Theorem 12 (Dobrushin and Tsybakov [4]): Let X(-)
and Z(-) be two jointly stationary Gaussian stochastic
processes with spectral densities Sx(f), Sz(f), and joint
spectral density Sxz(f). The indirect distortion-rate function
of X(-) given Z() is

1 o
RO) =5 [ tog* [Sxz(/)/6]dr,

(35a)

]

min {SX‘Z(f), 9} df

Dxz () = mmsey|z +/

(35b)

— o2 / [Sx12(f) — 0] df.

where
s ISxz(NP _ SN IHAP
Sz(f)  Sxiq(NIH)P

is the spectral density of the MMSE estimator of X (-) from
Z(), [x]* = max {x, 0}, and

Sx1z(f) (36)

mMmsexz = / T EX@©) —EXO1ZO) dr

- / (Sx(f) — Sx1z(f)) df

—00
is the MMSE.
Remarks:
(i) In (36) and in similar expressions henceforth, we inter-
pret fractions as zero if both numerator and denominator
are zero, i.e. (36) can be read as

SYOIHPP Sk

Sxn(DHPE Sxn(f)
where Lguppg (f) is the indicator function of the support
of H(f).
Expressions of the form (35) are still correct if the
spectral density Sx|z(f) includes Dirac delta functions.
This is because the Lebesgue integral is not affected
by infinite values on a set of measure zero. This is
in accordance with the fact that periodic components
can be determined for all times by specifying only their
magnitude and phase, which requires zero information
rate.
(iii) The discrete-time counterpart of (35) is

1suppH (f) s

(ii)

1
R() = %/21 log™ [sz(ez”""’)e‘l]dqﬁ, (37a)
)
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estimation error

. lossy compression error

D preserved spectrum

Fig. 13. Reverse waterfilling interpretation for (35): Water is being poured
into the area bounded by the graph of Sx|z(f) up to level 6. The rate is
determined by integration over the preserved part through (35a). The distortion
in (35b) is the result of integrating over two parts: (i) Sx (f)—Sx|z(f), which
results in the MMSE of estimating X (-) from Z(-), (ii) min {Sx|z(f),6},
which is the error due to lossy compression.

and
1

D (0) = mmsey|z +/21 min {9, SX|Z(e2”i¢)}d¢

(S]]

1
=g — /21 [Sxz(e*™ %) —6]"dp,  (37b)
2
where the distortion between X[-] and its reconstruction
sequence X[] is defined by the limit over .

Equation (35) defines the function Dx|z(R) through a joint
dependency of Dx|z and R on the parameter 8. The distortion
is the sum of the MMSE in estimating X(-) from Z(-),
plus a second term which has a water-filling interpreta-
tion. This is illustrated in Fig. 13. This expression gen-
eralizes the celebrated Shannon-Kolmogorov-Pinsker (SKP)
reverse waterfilling expression for a single stationary Gaussian
source [11], [12].

In analogy with (34), the solution (35) implies the
following backward Gaussian channel to describe the
relation between the observable process Z(-) to its
quantized version Z (-) under the optimal lossy compression
scheme:

{axiz* Z} (t) = Z(t) + &), 1 eR,

where £(-) is a noise process independent of Z(-) with
spectral density S¢(f) = min{Sx|z(f), 0}, and gx|z(¢) is the
impulse response of the Wiener filter in estimating X (-) from
Sx2(f)

Sz(f) -~

(38)

Z(-) with corresponding frequency response Q(f) =
The spectral counterpart of (38) is

Sx1z(f) = S5 (f) + min {Sx|z(f), 0}.

This decomposition of Sx|z(f) is seen in Fig. 13, where
S5(f) corresponds to the preserved part of the spectrum,
and min {S x1z(f), 9} corresponds to the error due to lossy
compression.

B. Separation Principle

Example 11 and Theorem 12 suggest a general struc-
ture for the solution of indirect source coding problems

under quadratic distortion. The following proposition follows
from the proof in [4], where a separate proof is given
in [17].

Proposition 13: Let U and V be any pair of vector valued
random processes. The iDRF of U given V under quadratic
distortion can be written as

Dy (R) = mmseyv + Dguv; (R), (39)
where Dy vi(R) is the (direct) distortion-rate function of the
estimator E [U|V].

This proposition is valid under both discrete and con-
tinuous time indices, and therefore the time index was
suppressed.

We can now revisit Example 11 and Theorem 12 to observe
that both are consequences of Proposition 13.

Going back to our general sampling model of Fig. 3, we
can use Proposition 13 to write

D (fs, R) = mmseyxy(fs) + Dg(R),
where the process X (+) is defined by
X() £{EIX () Y[, 1 € R}

This shows that the solution to our combined sampling
and source coding problem is a sum of two terms. The
first term is the MMSE in sub-Nyquist sampling already
given by Theorem 8. The second term is the DRF of the
process X(-). Since X(-) is not stationary, we currently do
not have the means to find its DRF. In fact, the DRF of X )
is obtained as a special case of our main result in Section VI
below.

C. Vector-Valued Sources

We now derive the counterpart of (37) for vector-
valued processes. We recall that for the Gaussian stationary
source X[-], the counterpart of the SKP reverse water-filling
was given in [33, egs. (20) and (21)], as

M 1
R®©) = Z/zl %log"' [z,- (sx)e—l]d¢, (40a)
i=1"Y "2

1 &
Dx () = MZ/  min {2; (Sx),0}dp,  (40b)
i=1" "2

where 11 (Sx), ..., Am (Sx) are the eigenvalues of the spectral
density matrix Sx (¢2*'?) at frequency ¢. Combining (40) with
the separation principle allows us to extend Theorem 12 to
Gaussian vector processes.

Theorem 14: Let X[-] = (X1[],...,Xm[-]) be an M
dimensional vector-valued Gaussian stationary process, and
let Y[-] be another vector valued process such that X[-]
and Y[-] are jointly Gaussian and stationary. The indirect
distortion-rate function of X[-] given Y[-] under quadratic
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distortion is given by

R©®) = Z/l L log” [2i (Sxv)0~"]dg,
D () =mmseX‘Y+—Z / min {4; (Sxy), 0} d¢

:_/ |

1%/

i=1

Tr Sx 2’”’¢’) dé

) —0]" dg,

i (Sxy)

where 11 (SX|Y) s AM (Sx
SX\Y(@ZIi(’b) A Sxy (€2Ei¢)S§1 (e2ni¢)S§Y (62Ei¢),

which is the spectral density matrix of the MMSE estimator
of X[-] from Y[-]. Here mmsex\y is defined as

|Y) are the eigenvalues of

1
1 2 . .
mmsex|y = M/ 1 Tr (Sx(ezmqb) _ SX|Y(€27”¢)) deo
-2

1
= o Z mmsex; v,
i=1

where mmsey, y is the MMSE in estimating the i™ coordinate
of X[-] from Y[-].
Proof: This is an immediate consequence of

Proposition 13 and Equations (40a) and (40b). [l

D. Lower Bound on the DRF of Vector Sources

Throughout this subsection we suppress the time index and
allow the processes considered to have either continuous or
discrete time indices. We also use R to represents either bits
per time unit or bits per symbol, according to the time index.

In Section IV we exploited the fact that the polyphase com-
ponents X A[-] defined in (12) and the process Y[-] are jointly
Gaussian to compute the MMSE of X () given Y[-]. This was
possible since the overall MMSE is given by averaging the
MMSE in estimating each one of the polyphase components
XaAl-]over 0 < A < 1, as expressed by (11). Unfortunately,
the iDRF does not satisfy such an averaging property in
general. Instead, we have the following proposition, which
holds for any source distribution and distortion measure.

Proposition 15 (Average Distortion Bound): Let X and 'Y
be two vector-valued processes. The iDRF of X given Y, under
a single-letter distortion measure d, satisfies

M
1
Dxjy (R) = » -21 Dy, 1y (R),
=

(41)

where X = (X1, ... Xu), and Dxjy (R) is defined using the
distortion measure d(X,X) = % Zfil d(X;, X;).
Proof: The distortion at each coordinate m = 1,..., M

obtained by an optimal code of rate R that was designed to
minimize the distortion averaged over all coordinates cannot
be smaller than the distortion of the optimal rate-R code
designed specifically for the m™ coordinate. 0

Note that Dxjy (c0) = mmsex)y = %Zlﬂil Dx;y(o0)
and Dxy(0) = 0 = & >¥, Dy, v(0), i.e. the bound is
always tight for R =0 and R — oo.

The proof of Proposition 15 implies that equality in the
bound (41) is achieved when the optimal indirect rate-R code
for the vector process X induces an indirect optimal rate-R
code for each one of the coordinates. This is the case if the
M optimal indirect rate-R codes for each coordinate are all
functions of a single indirect rate-R code. Indeed, the bound
is tight when R — oo since any code essentially describes
E[X(-)|Y[-]], which is a sufficient statistic for the MMSE
reconstruction problem. Another case of equality is described
in the following example.

Example 16 (i.i.d Vector Source): Let U = (Uy,...,Uy)
and V = (Vq,...,Vp) be two i.i.d jointly Gaussian vector
sources with covariance matrices Cy, Cy, and Cyy. In order

to find the iDRF of U,, given V, form = 1,..., M, we use
Proposition 13 to obtain
Dymv(R) = mmseq, v +272*Cy,,|v.

Here we relied on the fact that the distortion-rate function of
the Gaussian random i.i.d source E[U,,|V] is 2’2RCU,,,|V =
272RCy, v Cy ' C) y. The bound (41) implies

M
1 _2R
Dyv(R) > i Zl (mmsey,,\v +27%Cy,,v)
m=

1 or
= mmseyv + MZ Tr Cypv
1 PAM
= mmsey|v + —2 2R Z CUIV) 42)
m=1
where P A M = min{P, M} is the maximal rank of the
matrix Cy)y.

We now compare (42) to the true value of the iDRF
of U given V, which is obtained using Theorem 14,

PAM

z log™

R(O) = i (Cuw) /6),

PAM

1
Dy (0) = mmseyyy + - ; min {%; (Cuv) , 0}.

(43)

From (42) and (43) we conclude the following eigenvalue
inequality, valid for any R > O:

PAM PAM
> min{2; (Cuy).0} =228 D" 4 (Cuy), (44
i=1 m=1
where
| PaM
R(O) = Z log* (2 (Cuyv) /6).
If P = 1, then CU|V has a single non-zero eigenvalue

and equality holds in (44). As will be seen by the next
example, equality in (41) when the observable process is
one-dimensional is indeed special to the i.i.d case. The next
example will also be used later to prove a lower bound for the
combined sampling and source coding problem in Theorem 19.
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Example 17 (Vector Stationary Source): Let X[n] =
(X1[nl, ..., Xumn)), n € Z, be a Gaussian stationary vector
source and let Y[-] be a one-dimensional process jointly
Gaussian and stationary with X[-]. From Theorem 14, it
follows that the iDRF of X[-] given Y[-] is

1 M
1 2. Ti
Dx‘y(e) = mmseX|y+M/lmm{ E Sxm\y(ez ¢),9}d¢,
2

m=1

1 3 M .
RO) = 3 [ ) log™ [Z Sx,, v (¢27?) /0} dé.

m=1

Here we used the fact that the rank of Sx|y (ez”i¢) is at most
one, and thus the sum of the eigenvalues of Sx|y (e2”i¢) equals
its trace, which is given by Z,A,;]:l SXolY (ez”i¢). Considering
the m™ coordinate of X[-] separately, the iDRF of X (-] given
Y[]is

1

Dx, v (6) = mmsex,,y +/2l min {Sx,, v (7'%), 0} dg,

-2

where

R(Oy) = % / %1 logt [Sxm|y(e2”i¢) /em]d¢.

-2

Since mmsexyy = 4 >w_, mmsey,y, the bound (41)
implies
LM

/71 Z min {Sxm|y(62”i¢), Hm(R)} d¢

2 m=1

1 M
< /2I min { > Sx, v (e7779), e(R)} de.

2 m=1

VI. INDIRECT DRF UNDER SUB-NYQUIST SAMPLING

In this section we solve our main source coding problem
for the case of single branch sampling. Specifically, we
derive a closed form expression for the function D (fs, R)
defined in (4) and for its minimal value over all pre-sampling
filters H(f).

From the definition of D (f;, R) in Section II we can
already deduce the following facts about D(f;, R):

Proposition 18: Consider the combined sampling and
source coding problem of Section II. The function D(fs, R)
satisfies:

(i) Forall fy >0 and R >0,

D(fs, R) = Dxz(R),
where Dyx\z(R) was defined in (35). In addition,

D(fs, R) > mmseXIY(fs);

where mmsex\y(fs) is the MMSE in reconstruct-
ing X(-) from the uniform samples Y[-] given in
Proposition 1.

If the process Z (-) has almost surely Riemann integrable
realizations, then the reconstruction error of Z(-) from
Y[-] can be made arbitrarily small by sampling at a high

(i)

enough frequency.’ It follows that as fs goes to infinity,
D (fs, R) converges to Dx|z (R). In particular, if Z(-)
is bandlimited, then D (fy, R) = Dxz (R) for any f;
above the Nyquist frequency of Z(-).

(iii) For a fixed fy > 0, D(fs,R) is a monotone
non-increasing function of R which converges to
mmsex |y (fs) as R goes to infinity. It is not necessarily
non-increasing in f; since mmsexy(fy) is not neces-
sarily non-increasing in f.

A. Lower Bound

Note that (i) in Proposition 18 implies that the manifold
defined by D (f5, R) in the three dimensional space ( f;, R, D)
is bounded from below by the two cylinders mmsexy (f;) and
Dx|z(R) (and from above by the plane D = 0)2(). A tighter
lower bound is obtained using Proposition 15.

Theorem 19: Consider the combined sampling and source
coding problem of Fig. 1 with the single branch sampler
of Fig. 4-(a). We have the following bound of the indirect
distortion-rate of X (-) given Y[-]:

D (fs, R) = mmsex y(fs)

A oL
+/ /2I min {Sx, v (e279), 0s}dpd A, (45)
0 J—5

where

Sx a1y (€¥9)
 Siien Sxz (£ — ) Sk, (fi(¢ — 1)) €271 DA
- >z 52 (@ — k) :

and for each 0 < A < 1, O satisfies

R:mﬁzé/@%ﬂhm@h%wﬂw.

Proof: For a given finite set of points Aq,... Ay in [0, 1)
define the vector valued process

XMnl = (Xa,[nl, ..., Xaylnl), neZ,

where for m =1, ..., M, the discrete-time process Xx,[-] is
defined in (12). By Proposition 15 we have

i} . i}
Dxmy(R) > i Z Dx,, v (R). (46)

m=1

It follows from the proof of Proposition 1 that for all
m = 1,...,M, Xa,[] and Y[-] are jointly Gaussian and
stationary, with Sx, |y (62”i¢) given by (62). Applying the
discrete-time version of Theorem 12, i.e. (37), the iDRF of
X, [-] given Y[] is

1
- 2 .
Dx,,, 1y (R)=mmsex, |y +/ min {Sx,,, v ("), 04, }d¢.
-2

(47)

SNote that Z(-) does not need to be bandlimited. The only assumption
on Z(-) is finite variance, i.e. Sz (f) is in L.
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where for a fixed R, Oa,, satisfies

1

R(Oa,) = / 21 log" [Sx,, v (¢27%) /04, |ds.

2

Dx, (R) is a continuous function of A and hence integrable
with respect to it. As the number of points M goes to infinity
with vanishing division parameter max,£m, ‘Aml — A, |,
the RHS of (46) converges to the integral of (47) over the
interval (0, 1). The RHS of (46) converges to Dx‘y(lé) =
D(fs, R) by a similar argument that is used in the proof of
Theorem 21 to follows. Using (11), (45) follows. U

B. Discrete-Time Sampling

We first solve the discrete-time counterpart of our main
source coding problem. Here the underlying process is X[-]
and we observe a factor M down-sampled version of the dis-
crete time process Z[-], which is jointly Gaussian and jointly
stationary with X[-]. Note that unlike what was discussed
in Section V, the source process and the observable process
are no longer jointly stationary.

Theorem 20 (Single Branch Decimation):  Let X[-]
and Z[-] be two jointly Gaussian stationary processes. Given
M € N, define the process Y[-] by Y [n] = Z[Mn], for all
n € Z. The indirect distortion-rate function of X[-] given Y[-],
under the quadratic distortion (V-A), is given by

R©O) = %/% log™ [JM(e2”f¢)9—1]d¢>,

[N

1

D (0) = mmseyx |y (M) +/2

-2
1
2
_ 2
_UX_/

1
2

min { /s (¢¥71%), 0} d¢p

[JM (627ri¢) _ 9]+d¢,

where

(2
M—1 2ri &
o 1 0 [Sxz ()|

s ()

and mmsey |y (M) is defined by

Tur ( ezms)

e

N

> EIX[n] - E XY

N
N—oo =+ p—N

M1
1
= o7 2 EX [0l —EX[nlY[DP.
=0
Proof: Whilrfl: the details can be found in Appendix B, an
outline of the proof is as follows: given M € N, define the

vector-valued process XM[.] by

XMn) & (X[Mn], X[Mn+11,...,X[Mn+M—1]), neZ.

The process XM[.] is a stacked version of X[-] over M-length
blocks, and hence shares the same iDRF given Y[-]. Since
X[-] and Y[-] are jointly Gaussian and stationary, the result
follows by applying Theorem 14. (]

C. Single Branch Sampling

We are now ready to solve our combined sampling and
source coding problem introduced in Section II. Note that here
we go back to the model of Fig. 3 with the single branch
sampler of Fig. 4(a).

Theorem 21 (Single Branch Sampling): Let X (-) and Z(-)
be two jointly Gaussian stationary stochastic processes with
almost surely Riemann integrable realizations and L1 PSDs
Sx (f), Sz (f) and Sxz (f). Let Y[-] be the discrete time
process defined by Y [n]l = Z(n/f;), where f; > 0.
The indirect distortion-rate function of X(-) given Y[-],
is given by

Is

1 2 -
RU0) =5 [ tog" [Sur(no]ar. (480)
Is
D (f;,0) = mmsex|y(fs)+/fs min {Sxy (f),0}df
ITS ) 2
=% - / [Sar(n—o]"dr, (48b)
where 0)2( = E(X(t))z,
~ S — k)12
S (f) = 2 xez 1Sxz (f = f5k)l 49)

Dkez Sz (f — fsk)
and

Is

mmseyy (£ = of — [ S (1df.

Proof: see Appendix C. The basic idea of the proof is to
approximate the continuous time processes X (-) and Z(-) by
discrete time processes, and take the limit in the solution to
the discrete problem given by Theorem 20. g

D. Discussion

We see that for a given sampling frequency f;, the
optimal solution has a similar form as in the stationary
case (35) and Theorem 12, where the function §X|y( )
takes the role of Sx|z (f). That is, the minimal distortion
is obtained by a MMSE term plus a term determined
by reverse waterfilling over the function Sxy(f).
By writing

Is

mmsexy (f;) = 0§ — /TIS Sxiy (f)df

Is
B [Ls (Z Sx(f = fsk) = 3'XY(f))df,

2 \keZ

we see that (48) has a waterfilling interpretation similar
to Fig. 13, which is given by Fig. 14.

Comparing equations (48b) and (39), we have the following
interpretation of the second term in (48b):

Proposition 22: The (direct) distortion-rate function of the
non-stationary process X(-) = {E[X@)|Y[]],t R} is
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Fig. 14.

Waterfilling interpretation of (48). The function D(fs, R) is the
sum of the MMSE and the lossy compression error.

given by
fs

RO =3 [ 1o [Suv(no]ar.

Is
2

D;((H):/_ﬁ

2

where §X|y(f) is defined by (49).

The process X () is in fact a cyclo-stationary process.
A deeper treatment of the DRF of such processes is provided
in [34], where the idea behind the proof of Theorem 21
is extended to derive a general form for the DRF of such
processes.

The function §X‘y( f) depends on the sampling frequency,
the filter H(f) and the spectral densities Sx (f) and S,(f),
but is independent of R. If we fix R and consider a change in
Sx)y (f) such that

min {§x|y(f)a 6} af,

Is
~ 2 ~
Cxyy é/ . Sxiy(Hdf
2

is increased, then from (48a) we see that 6 also increases
to maintain the same fixed rate R. On the other hand, the
expression for D (f, R) in (48b) exhibits a negative linear
dependency on Cx|y. In this interplay between the two terms
in (48b), the negative linear dependency in Sx|y (f) is stronger
then a logarithmic dependency of 6 in Cx|y and the distortion
reduces with an increment in C x|y. The exact behavior is
obtained by taking the functional derivative of D (fs, R) with
respect to Sx|y(f) at the point f € (—f;/2, fs/2), which is
non-positive. A simple analogue for that dependency can be
seen in Example 11, where the distortion in (31) is a non-
increasing function of Cy|y.

We summarize the above in the following proposition:

Proposition 23: For a fixed R > 0, minimizing D (f;, R)
is equivalent to maximizing

Js

[ * Sxw(ar,

where Sxy (f) is defined by (49).
This says that a larger Sx|y(f) accounts for more infor-
mation available about the source through the samples Y[-],

and motivates us to bound §x|y( f). Since gx\y( f) can be
written as

> ke Sx1z (f — fsk) Sz (f — fsk)
ZkeZ Sz (f - fsk) ’

. fs  fs
the following holds for almost every f € (—7, 7),

Sxiy (f) =

Sxir (f) < Sl}:P Sx1z (f — fsk)

— Sx(f = [RIH(f = fik)?
k Sx+n(f — OIH(f = fsk)I?
— wup Sx(f — f5k)
K Sxin(f — fsk)’
with equality if and only if for each k € Z, either
Sx1z (f — fsk) = sup; Sxjz (f — fsk) or Sz (f — fsk) = 0.
Thus, we have the following proposition.
Proposition 24: For all f; > 0 and R > 0, the indirect
distortion-rate function of X (-) given Y[-] satisfies

D (fs, R) = D* (fs, B),

where D* (fy, R) is the distortion-rate function of the
Gaussian stationary process with PSD
SI(f—fik
s [om U e (<£.4),
R otherwise.

Note that the last expression is independent of the pre-
sampling filter H (f). Therefore, Proposition 24 describes a
lower bound which depends only on the statistics of the
source and the noise. We will see in Theorem 29 below that
D* (fs, R) is attainable for any given f; if we are allowed to
choose the pre-sampling filter H (f).

It is interesting to observe how Theorem 21 agrees with
the properties of D(f;, R) in the two special cases illustrated
in Fig. 2.

(i) For f; above the Nyquist frequency of Z(-),

Sz (f — fsk) = 0 for any k # 0. In this case the
conditions for equality in (50) hold and

~ S3(f — fik) S3(f)

3 _ X _ _°x ,
X =S = B~ Sxan()

which means that (48) is equivalent to (35).

(ii) If we take R to infinity, then 8 goes to zero and (48b)
reduces to (13).

In view of the above we see that Theorem 21 subsumes the
two classical problems of finding mmsex,y (fy) and Dx|z(R).

(50)

E. Examples

In Examples 25 and 26 below we derive a single letter
expression for the function D (f;, R) under a given PSD
Sx(f), zero noise S;(f) = 0 and unit pre-sampling filter
|H(f)| =1, i.e. when Sx(f) = Sz(f).

Example 25 (Rectangular Spectrum): Let the spectrum of
the source X (-) be

0_2
sw =W,
0  otherwise,

Sx(f)=[
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Fig. 15. Distortion as a function of sampling frequency fs and source coding
rate R = 1[bit/sec] for a process with rectangular PSD and bandwidth 0.5.
The lower curve corresponds to zero noise and the upper curve corresponds
to Sy(f) = 0.28x(f), where |[H(f)| = 1 in both cases. The dashed line
represents the iDRF of the source given the pre-sampled process Z(-), which
coincides with D(f, R) for f; above the Nyquist frequency.

for some W > 0 and ¢ > 0. In addition, assume that
the noise is constant over the band |f| < W with intensity
03 = y710)2( =y '62/(2W), where y > 0 can be seen as
the SNR. For all frequencies f € (— fs/2, f5/2),

Siez Sk (f —fik) _ o? [% Il < W,

Sxiy (f) = SierSxin (f—fik) 2w o |f1= W

By Theorem 21 we have

2
L log swoasy) 0= %(1+V_1) <<,

2
R(fs,0)=1Wlog leﬂ) 05(%(1—{—)/‘1)<1<A

= 3w
0 otherwise,
and
[1- AT +% & < min { it 1]
D(fs,ﬁ)zaz 2w o2 g2 = 2W(+y)’ |
1 otherwise.

This can be written in a single expression as

—2R
1_fs+fs Y27 L<1,
D(fp, Ry=0%1 2V 2Wib v (51)
Tyt v aw = 1.

Expression (51) has a very intuitive structure: for frequencies
below the Nyquist frequency of the signal, the distortion as
a function of the rate increases by a constant factor due to
the error as a result of non-optimal sampling. This factor
completely vanishes for f; greater than the Nyquist frequency
of the signal, in which case D (f;, R) equals the iDRF of the
process X (-) given Z(-) = X(-) + 5(-), which by Theorem 12
equals

2R _ 0_2+i2—R/W_
I+y 14y
This is depicted in Fig. 15 for y =5 and y — oo.

Dx|z(R) = mmsex|z+Cx|z
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Sx (f)

2
f Landau

Fig. 16. The function D (fs, R) at two values of R for the process with
spectrum given in the small frame. Unlike in this example, single branch
uniform sampling in general does not achieve D(R) for fs < fnyq-

Example 26: The following example shows that the
distortion-rate function is not necessarily monotonically
decreasing in the sampling frequency. Here Sx (f) has the
band-pass structure

2
2 1<|fl<2,

(52)
0 otherwise,

Sx (f) = {
and we assume zero noise, i.e. Sx(f) = Sz(f). We agaigz
obtain that for any f € (= f;/2, fs/2), Sxy(f) is either %
or 0. Thus, in order to find D (fs, R), all we need to know are

for which values of f € (—fs/2, fs/2) the function §x|y(f)
vanishes. This leads to

2~k 4 < f,
1—M(1_2*/ffz 3<f <4
2 — N )
ey _ 2R
-5 (-2w5) 2= <3,
D(f,,R) = r
(s B) =0 1—(fs—1)(1—2 ./sR—u) 15< f, <2,
R
1—2—f) (1-2*@) 4/3 < f, <15,
2R
1—%(1—2‘/7) 0< f, <4/3,

which is depicted in Fig. 16 for two different values of R.

F. Optimal Pre-Sampling Filter

An optimization similar to the one carried out in
Subsection IV-A over the pre-sampling filter H(f) can be
performed over the function Sx|y (f) in order to minimize the
function D(f, R). By Proposition 23, minimizing distortion
for a given f; and R is equivalent to maximizing §x|y( f)
for every f € (—fs/2, fs/2) separately. But recall that the
optimal pre-sampling filter H*(f) that maximizes §x|y( )
was already given in Theorem 4 in terms of the maximal

2
S)S(i i{}) This leads us to the

aliasing free set associated with
following conclusion:
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Proposition 27: Given f; > 0, the optimal pre-sampling
filter H*(f) that minimizes D(fs, R), for all R > 0, is
given by
1 feF
0 otherwise,

H*(f)=[

where F* € AF(fs) and satisfies
S3(f — fik)

53 (/)
/F* Sx+4(f) “f = /,, P Sx+:7(f fsk)

The maximal value of S x|y (f) obtained this way is
Sx(f = fik)
SX+71 (f — fsk)’

and the distortion-rate functton at a given sampling frequency
is given by

<« a4

Sy (f) =su

Is

RO =5 [ e[Sy (r0]ar

1 f)

Z 1 X

2 /F % [sm(f)
Is

D" (fu0) =i - [ | [Suwr) -] ar

2 +
=05 — / Sxi(f) -0 df.
| Sxq(f)

Proof: From Theorem 4 we conclude that the filter H*(f)
that maximizes Sx|y(f) is given by the indicator function of
the maximal aliasing free set F*. Moreover, with this optimal
filter, (48) reduces to (53). [l

We emphasize that even in the absence of noise, the
filter H*(f) still plays a crucial role in reducing distortion by
preventing aliasing as described in Subsection IV-A. Fig. 17
illustrates the effect of the optimal pre-sampling filter on the
function D(fs, R).

} df, (53a)

(53b)

VII. MULTI-BRANCH SAMPLING

We now generalize our analysis to the case where the sam-
pling operation can be described by a multi-branch sampler
as given in Fig. 4(b). Similar to the case of single branch
sampling, we first consider the discrete-time counterpart and
use it to derive our main result.

A. Multi-Branch Decimation

In the discrete-time counterpart of the combined sampling
and source coding problem with multi-branch sampling, the
source is the discrete-time process X[-] and the sampling
operation at each branch is replaced by decimation by a
factor PM, where P € N is the number of sampling branches
and M € N is the average number of time units at which Y[-]
samples X[-].

Theorem 28 (Discrete-Time Multi-Branch Sampling): For
M € Nand p =1,...,P, let Yp[-] be a decimation by a
factor of PM of the process Z -], namely,

= (Zi[PMn],...,Zp[PMn]),

o

= » /i
fNyq

Fig. 17. The functions D*(fs, R) and D(f, R) at two fixed values of R.

The plain and dashed curves were obtained using the optimal pre-sampling
filter (H(f) = H*(f)) and without (|H (f)| = 1), respectively, for the same
source statistic with S, (f) =0 and Sx (f) as given in the small frame.

where X[-] and Z (-] are jointly Gaussian stationary processes
with spectral densities

SZp (82ni¢>) _ SX+ mgb ‘H 277.'l¢)’
and
SXZP (6277.'I¢) =9

The iDRF of the process X[-] given Y[-] = (Y1[-], ...,
is

" (e2ni¢)H; (627”'43).

Yp[]),

T (@) ag

R(P,M,0) = = Z/ log*

D(P,M,0) = mmseyx|y

P .1
3 [ i (2 0 (7). 0,
p=1""2

2/

where 11 (Ju (627”'4’)) =
values of the P x P matrix

JM(ezmqs) A SY—%*(ezms)KM(ezniqb)SY z( 27”(,25).

Here Sy (e2”i¢) is the PSD matrix of the process Y[-] and is
given by

(71)) - 0]" dg,
P (Inm (ez”i¢’)) are the eigen-

(54)

(SY(62”i¢)) s L 5 $z,2; (ehib;)
ij MP = e
| MP-l

~MP Z {Sx4yHH,}} (ezni%)’
r=0
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1 . . ,
arlzd Sy (ez’”¢) is such that Sy (62”’¢) = SY% (ez’”¢)
S? (ez”i¢). The (i, j)" entry of the P x P matrix Ky (62”i¢)
is given by

1 MP—1 5
2 i =T
IEE Z(‘; {S3H7H;) (207,
r=l

Remark: The case where the matrix Sy(e?*'?) is not
invertible for some ¢ € (—%, %) corresponds to linear depen-
dency between the spectral components of the vector Y[-].
In this case, we can apply the theorem to the process Y'[-]
which is obtained from Y[-] by removing linearly dependent
components.

Proof: The proof is a multi-dimensional extension of
the proof of Theorem 20. Details are provided
in Appendix D. O

(Ku); ; (€277) &

B. Main Result: Multi-Branch Sampling

Theorem 29 (Filter-Bank Sampling): For each p =
1,..., P, let Z,(-) be the process obtained by passing a
Gaussian stationary source X (-) corrupted by a Gaussian
stationary noise y(-) through an LTI system Hp. Let Yp[-], be
the samples of the process Z,(-) at frequency f;/P, namely

Yplnl = Z,(nP/fs) = hpx(X +n)(nP/fs),

The indirect distortion-rate function of X(-) given
Y[] = (Yl[]5 R YP[])) is given by

p=1,...,P.

1 & s -
R(0) = EZ/A log™ [2p (Sxix(f)) —0]df  (55a)
p=1""72
D(fs,0) = mmsexy(fs)

P % B
+Z/ ,, min {Ap(Sxiy())).0}df,
=177

e
=0} — Z/ . L2 Bxie () — 0] df, (55b)
p=1""72

where 14 (§X|Y(f)) <..<Jlp (§X|Y(f)) are the eigenvalues
of the P x P matrix

Sxiv(f) = 877 (HK(DSY (),

and the (i, j)" entry of the matrices Sy(f), K(f) € CF*P
are given by

Sv)ij () = D _{Sxig HiHI}(f — fk),
keZ

and
K j(f) =D _{SxHH}}(f — fik).

Proof: A full prokoechan be found in Appendix E. The
idea is similar to the proof of Theorem 21: approximate the
continuous time processes X (-) and Z(-) by discrete time
processes, then take the limit in the discrete counterpart of
the problem given by Theorem 28. 0

C. Optimal Pre-Sampling Filter Bank

A similar analysis as in the case of single branch sampling
will show that for a fixed R, the~ distortion is a non-increasing
function of the eigenvalues of Sx|y (f). This implies that the
optimal pre-sampling filters H(f), ..., Hp(f) that minimize
the distortion for a given R and f; are the same filters that
minimize the MMSE in the estimation of X(-) from the
samples Y[-] = (Y1[], ..., Yp[-]) at sampling frequency f;,
given in Theorem 9. Therefore, the following theorem applies:

Theorem 30: Given fs > 0, the optimal pre-sampling filters
H{(f),..., Hp(f) that minimize D(P, f;, R), for all R > 0,
are given by

1 feF3,
0 f¢FL
where FY, ..., F} satisfy conditions (i) and (ii) in Theorem 9.

The minimal distortion-rate function obtained this way is
given by

\ _ix s
R (P,fs,H)_EPZ_;/;log [m—e}df (57a)

D* (P’ fsag) = mmse;{‘Y(fS)
P 2
| Sx ()
2 790 d >
+p=1/ﬁmm[sx+’7(f) } !

P 2 +
=0} — / Sy ol ar 57
X pz_‘; ;|:Sx+n(f) o7
Proof: The filters H(f), ..., Hp(f) given by Theorem 9
maximize the eigenvalues of the matrix gx‘y( f) of (26) for
every f € (—fs/2, fs/2). Since D (P, fs, R) is monotone
non-increasing in these eigenvalues, H;'(f), ..., Hp(f) also
minimize D (P, f;, R). For this choice of H((f), ..., Hp(f),
(55) reduces to (57). O

H;(f)z[ p=1,...,P, (56)

D. Increasing the Number of Sampling Branches

We have seen in Theorem 10 that minimizing the MMSE
in sub-Nyquist sampling at frequency f; is equivalent to
choosing a set of frequencies .#* with u(%#*) < f; such
that

5% S3
[ B0 [ SO

7+ Sx44(f) w(B)<f JF Sx+9(f)
As in the case of Subsection IV-D we see that for a given

R and f;, by multi-branch uniform sampling we cannot
achieve distortion lower than

df. (58)

S%(f)

+
-0 df, (59
SX+;1(f) :| f ( )

Dy (fs, R©)) £ o3 —/ [
F
where 6 is determined by

_ + S¥(f) 4
R = /y* log [75)””(]()9 j| df. (60)
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This is because Proposition 23 asserts that in a parametric
reverse water-filling representation of the form (57),
an increment in

S3(f)
X g
/U,P1 Zy SX+i7(f) !

reduces distortion. But for any P, u (U =1 F *) < fs so
we conclude that D! % ( fs, R) < D*(P, f;, R). The following
theorem shows that DX (fs, R) can be achieved using enough
sampling branches.

Theorem 31: For any f; > 0 and ¢ > 0, there exists P € N
and a set of LTI filters H{(f), ..., Hy(f) such that using P
uniform sampling branches we have

_ / % (f)
g+ | Sx +n (f )
where 0 is determined by
R = / log™* df,
7 |:SX +i7(f ) :|
and F* is defined by (58).
Proof: In Theorem 10 we found a set of pre-sampling
filters H{(f),..., Hp(f) such that

+
D*(P, f;,R) —¢ <oy —9} df, (6la)

X(f) (61b)

S2
mmSe%Y(fs) —é&< 0-)2( /a"* SX+;(1{}) i

Since

s2
mmseky (f;) = ox — Z/ Sx+i{})

P HE(f) = IF;(f), we conclude that

2 2
L 5o o= [ st
p=1 F; X+n F* OX+n
By Proposition 23, maximizing Zp 1 Sxi ({}) minimizes the
distortion, so the distortion D} (P, f;, R) "obtained by using
H{(f),..., Hp(f) is arbitrarily close to D;(fs, R). O
An immediate corollary of Theorems 31 and 30 is

lim D*(P, fi, R) = D} (fs, R),
P—o00

where for p =1, ...

where DT (f;, R) is defined in (59). The function D; (fs, R)
is plotted in Fig. 18 as a function of f; for two values
of R.

E. Discussion

The function D}L(( fs, R) is monotone in f; by its
definition (59), which is in contrast to D(P, fs;, R) and
D*(P, fs, R) that are not guaranteed to be monotone in fs
as the example in Fig. 18 shows. Fig. 18 also suggests that
multi-branch sampling can significantly reduce distortion for
a given sampling frequency f; and source coding rate R
over single-branch sampling. Moreover, Theorem 31 shows
that multi-branch sampling can achieve the bound D; (fs, R)
with a sufficiently large number of sampling branches.

Sx (f)

/i Nyq

Fig. 18.  D*(P, fs, R) as a function of f; for P = 1,2,3 and two fixed
values of the source coding rate R. The spectrum of the source is given in
the small frame.

Since having fewer branches is more appealing from a prac-
tical point of view, it is sometimes desired to use alternative
sampling techniques yielding the same performance as uni-
form multi-branch sampling with less sampling branches. For
example, it was noted in [24] that a system with a large number
of uniform sampling branches can be replaced by a system
with fewer branches with a different sampling frequency at
each branch, or by a single branch sampler with modulation.
Fig. 18 also raises the possibility of reducing the sampling
frequency without significantly affecting performance, as the
function D*(P, fs, R) for P > 1 approximately achieves the
asymptotic value of D*(fyyq, R) at fs ~ fnyg/3.

VIII. CONCLUSIONS AND FUTURE WORK

We considered a combined sampling and source coding
problem, and derived an expression for the indirect distortion-
rate function D(f;, R) of a continuous-time stationary
Gaussian process corrupted by noise, given the uniform
samples of this process obtained by single branch sampling
and multi-branch sampling. By doing so we have generalized
and unified the Shannon-Whittaker-Kotelnikov sampling
theorem and Shannon’s rate-distortion theory for the
important case of Gaussian stationary processes. An optimal
design of the sampling structure that minimizes the distortion
for a given sampling frequency f; and any source coding
rate R is shown to be the same as the sampling structure that
minimizes the MMSE of signal reconstruction under regular
sub-Nyquist sampling, i.e., without the bitrate constrained
on the samples. This optimal sampling structure extracts the
frequency components with the highest SNR. The function
D* (fy, R) associated with the optimal sampling structure is
expressed only in terms of the spectral density of the source
and the noise. It therefore describes a fundamental trade-off
in information theory and signal processing associated with
any Gaussian stationary source.
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Since the optimal design of the sampling structure that
leads to D*(fs, R) is tailored for a specific source statistic,
it would be interesting to obtain a more universal sampling
system which gives optimal performance in the case where the
source statistic is unknown and taken from a family of possible
distributions. For example, one may consider a ‘minmax’
distortion approach which can be seen as the source coding
dual of the channel coding problem considered in [35]. This
extension will incorporate signals with an unknown possibly
sparse spectral support into our combined sampling and source
coding setting.

The functions D(fy, R) and D*(fs, R) fully describe the
amount of information lost in uniform sampling of an analog
stationary Gaussian process, in the sense that any sampling and
quantization scheme with the same constraining parameters
must result in a worse distortion in reconstruction. A com-
parison between the distortion obtained by existing analog
to digital conversion (ADC) techniques and the information
theoretic bound D*(fy, R) can motivate the search for new
ADC schemes or establish the optimality of existing ones.
More generally, the combined source coding and sampling
problem considered in this work can be seen as a source
coding problem in which a constraint on the code to be a
function of samples of the analog source at frequency fs is
imposed. In practical ADC implementation other restrictions
such as limited memory at the encoder and causality may
apply. In order to understand the information theoretic bounds
on such systems, it would be beneficial to extend our model
to incorporate such restrictions. In particular, it is interesting
to understand which restrictions lead to a non-trivial trade-
off between the average number of bits per second used
to represent the process and the sampling frequency of the
system.

APPENDIX

In this Appendix we prove Propositions 1 and 27 and their
multi-branch counterparts Theorems 8 and 30. For ease of
reading and understanding, we provide different proofs for the
single-branch case and multi-branch case, although the former
is clearly a special case of the latter.

A. Proof of Proposition 1: MMSE in Single Branch
Sub-Nyquist Sampling

The result is obtained by evaluating (11). We first
|Sx,7 (2)

find SXA|Y(62”i¢) = TS ) We have
Sy (€Y =" Sx 1y (fs(¢ — k) | H (fs(p — ),
keZ
S,y (€27i9) = E[X("‘H"‘A)Z(i)] oxilp
X7 (€7) ,ZZ 2 VAN
=D Sx (fi(p — k) H* (fs(p — k)) ¥4,
keZ

where we used the fact that the spectral density of the
polyphase component X s [-] equals

Sx, (€779) =" Sx (fo(p — k)) 27 KA?,

keZ

This leads to

Sy (62ni¢>)
_ Zk,meZ SxH* (fs(¢ — k)) SxH (fs(¢ _ m)) e2milk—m)A
- Sz S (@ —K) -

Sx v (%) =

(62)
Integrating (62) over A from 0 to 1 gives

>wez S% (fs(p — k) |H (fi (¢ — k))I?
ZkeZ SX+17 (fs (¢ - k)) |H (fs (¢ - k))|2 .

Substituting (63) into (11) and changing the integration vari-
able from ¢ to f/f; leads to (13).

(63)

B. Proof of Theorem 27: Optimal Pre-Sampling
Filter in Single-Branch Sampling

Sinc~e gx\y( f) = 0, we can maximize the integral

over Sx|y(f) by maximizing the latter for every f in
];5,%) For a given f, denote hy = |H (f — fik)|%,
Sx+q(f — fik) =

xi = Sy (f—fik) and y =
Sx (f — fsk) + S, (f — fsk). We arrive at the following
optimization problem

> kez, Xihi

2 ke Ykhi
subject to hy >0, k € Z.

maximize

Because the objective function is homogeneous in
h=(..,h_1,ho,hy,...), the last problem is equivalent to

maximize Zxkhk
keZ
subject to iy >0, keZ,

D i =1.

keZ
The optimal value of this problem is maxj ’;—: i.e. the maximal
ratio over all pairs x; and yi. The optimal h is the indicator
for the optimal ratio:

Xk
. 1k € argmax; 3,
0 otherwise.

If there is more than one k that maximizes ’;—:,
arbitrarily decide on one of them.
Going back to our standard notations, we see that for almost

every [ € (—7‘, %), the optimal §x|y(f) is given by

then we can

Sy — e ST~ I
Sxir (f)" (f) = max Sxtn (f — fsk)’

and the optimal H (f) is such that |H (f — fsk)> is
non-zero for the particular k& that achieves this maximum.

This also implies that F*, the support of H*(f), satisfies
properties (i) and (ii) in Definition 2.
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C. Proof of Theorem 8: MMSE in Multi-Branch
Sub-Nyquist Sampling

As in the proof of Theorem 1 in the previous subsection,
the result is obtained by evaluating

1
mmsex .y (fs) = 0% — /2l /01 SxaY (ez”i¢)dAd¢. (64)
Since 2
Cx,vlk] = E[Xa[n+k]IY"[n]] = (Cx,v,[k], ..., Cx,vplk]),
we get

Sx, ¥ (€)= (Sxam (€779), .., Sxavp (¢717)).

Using Xa[n] =X (”J}SA), for each p=1,..., P, we have

SXAYP (62ni¢) — ZE [X (M) Z, (£)1| o 2mild
< 7 7

=D Sx (fs (b — k) Hjy (f; (¢ — k) > KA.

keZ

In addition, the (p, )™ entry of the P x P matrix Sy (62ni¢>)
is given by

sy (eW)}W = > {SxeqHyH} (f; (¢ = K)),

keZ
where we have used the shortened notation

{S152}(x) £ S1(x)S2(x)

for two functions S; and S, with the same domain. It follows
that

Sxa \Y(62m¢) = {SXAYS;IS%Y} (eZEi¢)

can also be written as

, 1 1 .
Sxaly(¢7?) =Tr HSYz*S;}AYSXAYSYz (™), (65)

1 .
where Sy (e*™#) is the P x P matrix satisfying
S;%* (e2ni¢) S;% (e2ni¢) _ S;l (ezmqs).
The (p, r)™ entry of 8%y (e*™19) Sx .y (€>*?) is given by
(StavSxar),,, (27)
= > {sxH;} (g — kp ik

keZ
x > {SxH} (fi(¢ — D) e >4
leZ
= > [(SxH(fs (6 — ) Sx S (@ — D)e?™ 26D,
k€7

which leads to

1 .
/0 {Sj;(AYSXAY}p,r(ezmd))dA = Z {SiH;Hr}(fS(gb — k).

keZ

From this we conclude that integrating (65) with respect to A
from O to 1 results in

Tr [sYé*f(sY%] (%),

where I_((ez” i) is the P x P matrix given by

Ky (e2) = > {SYH H.} (fi($ — b)).
keZ

The proof is completed by changing the integration variable
in (64) from ¢ to f = ¢fs, so Sy (62’”¢) and K (62’”¢) are
replaced by Sy(f) and K(f), respectively.

D. Proof of Theorem 9: Optimal Filter-Bank
in Multi-Branch Sampling

Let H(f) € CZ*? be the matrix with P columns of infinite
length defined by

Hl(f_zfs) H2(f_2fs) HP(f_Zfs)
Hl(f_fs) HZ(f_fs) HP(f_fs)
H(f)=| Hi()) Ha(f) Hp(f)
Hi(f+ f)  H(f+f) Hp(f + f)
Hl(f"f'zfs) H2(f+2fs) HP(f+2fs)

In addition, denote by S(f) € RZ*Z and S,(f) € RZ*xZ
the infinite diagonal matrices with diagonal elements
{Sx(f = fsk), keZ} and  {Sxi,(f — f5k), k € Z},
respectively. With this notation we can write

1

2

Sxiv(f) = (H'S,H) " H*S?H (H*S,H) %,

where we suppressed the dependency on f in order to
keep notation neat. Denote by H*(f) the matrix H(f)
that corresponds to the filters H*(f),..., H*(f) that sat-
isfy conditions (i) and (ii) in Theorem 9. By part (iii)
of the remark at the end of Theorem 9, the structure of
H*(f) can be described as follows: each column has a
single non-zero entry, such that the first column indicates the
Sx(f—fsk)
SX+)7(f7fsk) ’
of S(f)S;l(f)S(f). The second column corresponds to the
Sx(f—fsk)
Sx+q(f—fsk)>
all P columns of H*(f). This means that §}|Y(f) isaPxP
diagonal matrix whose non-zero entries are the P largest
2 '~

[% ke Z], ie, 4y (sgw(f)) _
Jy(f), forall p=1,..., P.

It is left to establish the optimality of this choice of
pre-sampling filters. Since the rank of ’va‘y( f) is at most P,
in order to complete the proof it is enough to show that for
any H(f), the P eigenvalues of the corresponding Sx|y(f)
are smaller then the P largest eigenvalues of S(f)S,; LHS(f)
compared by their respective order. Since the matrix entries of
the diagonal matrices S(f) and S, (f) are positive, the eigen-
values of Sx|y(f) are identical to the P non-zero eigenvalues
of the matrix

largest among ke Z], which is the diagonal

second largest entry of [ ke Z], and so on for

values among

SH (H*S,H) ' H*S.
It is enough to prove that the matrix

SS; 'S — SH (H*S,H) ' H*S,



424 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 62, NO. 1, JANUARY 2016

is positive.® This is equivalent to

a*SS,'Sa — a*SH (H*S,H) ' H*Sa* >0,  (66)
_1
for any sequence a € £, (C). By factoring out SS,, 2 from both
sides, (66) reduces to
1 _ 1
a*a —a*SH (H'S,H) ' H'SZa > 0. 67)
The Cauchy-Schwartz inequality implies that
1 _ 1?2
(a*s,%H (H*S,H) ' H*S? a)
1 _ Ll _ 1
< a*a x a*S;H (H*S,H) ' H*S;SH (H*S,H) ' H'*S]a
1 _ 1
= a*a (a*s,%H (H*S,H) ' H*S? a). (68)

1 1
Dividing (68) by (a*S,%H (H*S,H) "' H*S2 a) leads to (67).

APPENDIX B
PROOF OF THEOREM 20: DISTORTION-RATE
FUNCTION IN DISCRETE-TIME SAMPLING

Note that X[-] and Y[-] are in general not jointly stationary
for M > 1, and we cannot use the discrete-time version of
Theorem 12 in (37) as is. Instead we proceed as follows: For
a given M € N, define the vector-valued process XM [.] by

XM[n] = (X[Mn], X[Mn + 11, ..., X[Mn + M — 1)),

and denote by XnA;I[-] its m™ coordinate, m = 0,...,M—1.
For each r,m =0,...,M — 1 and n, k € Z, the covariance

between XM [n] and XM[k] is given by
Cxuxmlk] = E[ X, [n + k1X Y [n]*] = Cx[Mk +m —r].

This shows that Y[-] = h[-] * X(/)W [-] is jointly stationary with
the processes XM

By properties of multi-rate signal processing (see for exam-
ple [36]),

SY(ezﬂi¢) — i Z SZ(ezn;i‘/’;l’" ,

ZCX [Mk +r — s] e 27iké

keZ
M—1

1 o ¢);m L p—m
M Ze2nt(r $) 57 Sx(ezm "

),

and
SxMy(ezﬂ:i¢) — zcxyy [k] 6727rik¢>

r

In the sense that it defines a positive linear operator on the Hilbert
space {3 (C). The linear algebra notation we use here is consistent with the
theory of positive operators on Hilbert spaces.

from which we can form the M x 1 matrix
i
SX()V’ y(e™ ‘)
SXMY (62m¢>) — :
2wi¢p

Sxlg_r €™

The spectral density of the MMSE estimator of X[-] from Y:]

equals SxyS;IS§Y (e27”¢), which is a matrix of rank one.

Denote its non-zero eigenvalue by Jy (e27”¢), which is given

by the trace:

Iy (6275i¢)
=Tr SXMYS;IS§MY(e2”i¢)

‘ o ISy (%)

_MZ ZmO

1 0 SXZ( 27(1 )S* (27(1‘/’ I) 7271'1;””/‘;1

S Sz (e )
_ S sk (e )
S S ()

By Theorem 14, the iDRF of XM given Y[-] is

R(@):;/j

1
1 [2
Dxum |y (0) = mmsexwm |y + M/i

2

tog* [ Jus (e7¢)0 " | dp, (69)

(S]]

min { /3y (¢*714), 0} d.

(69b)
Note that
N
2
mmsexjy = lim - ,,_Z,:N]E(X [n] — E[X [n]1Y[]])
M 2
>R (X~ E XM 1))
1 r;,:
= M P mmsey,, |y
= mm SexM‘Y.

Since XM[.] is a stacked version of X[-], both processes
share the same indirect rate-distortion function given Y[-].
Thus, the result is obtained by substituting mmsexwmy and
Jy (€*) in (69).

APPENDIX C
PROOF OF THEOREM 21: DISTORTION-RATE
FUNCTION IN SINGLE BRANCH SAMPLING

For each M = 1,2,... define XM[.] and ZM[-] to be
the processes obtained by uniformly sampling X (-) and Z(-)

at frequency f;M, ie. XM[n] = X( n ) and ZM[n] =

M
Z ( 7 M) The spectral density of XM[.] is

Sym (€2717) = M, D Sx (Mf; (¢ — k).

keZ
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Using similar considerations as in the proof of Theorem 20,
we see that XM[.] and ZM[.] are jointly stationary processes
with cross correlation function

k
Cxmzm [k] = Cxz (W),

and cross spectral density

Sxmzu (e7'0) = Mf, D Sxz (Mfs (¢ — k).

keZ

Note that Y[-] is a factor-M down-sampled version of zZM1,
and the indirect rate-distortion function of X™[.] given Y[-]
is obtained by Theorem 20 as follows:

1
_1 2 + 1 27rz¢
_z/élog |:MJ (e™)6~ i|d¢

1

Dywyy (0) = mmsey,y (M) Jr/_zl min {JM (e2”f¢),0} dé

2
1
=0k — /2l [JM(e2”f¢) —9]+d¢.
—2

Since the sampling operation preserves the L, norm of
the signal, we have a)sz = ("x In our case JM( 2’”¢) i
obtained by substituting the spectral densities Sym zm (62’”¢)
and S u (e*™9),

Rymy (0) (70)

(71)

2m""’”
JM( 2nt¢) 1 z ‘SXMZM( )‘
M Z I (eznﬂ’*T’”)
m=0 2ZM
> o |2 kez Sxz (fiM (p—m — Mk))|
Zn"f& vez Sz (fsM (¢ — m — Mk))
(72)

We now take the limit M — oo in (70) and (71). Under the
assumption of Riemann integrability, the distortion between
almost any sample path of X (-) and any reasonable reconstruc-
tion of it from XM[-] (e.g., sample and hold) will converge
to zero. It follows that the distortion in reconstructing X M
form Y [-] must also converge to the distortion in reconstructing
X () from Y[-], and the indirect distortion-rate function of X )
given Y[-] is obtained by this limit. For a detailed explanation
on the converges of the DRF of a sampled source to the DRF
of the continuous-time version we refer to [16]. Thus, all that
remains is to show that

3 . 3 5
Jim [y =5 / s = / ,Sords
73
Denote
g(f) = ZZ]sxz(f fml,
hp) 2 %Sz(f fim,

and
M—1 2
gu(f) 2 DD Sxz(f — fum — Mk))
m=0 lkeZ

M—
Z D Sialf = fsm=MK) D" Sxz(f — fy(m—MKk)).

m=0 keZ 1EZ

Note that since Sz(f) and |Sxz(f)|>/Sz(f) are L;(R)
functions, g(f), h(f) and g™ (f) are almost surely bounded
periodic functions. Since the denominator in (72) reduces to
> ez 5z (fs (¢ —n)), (73) can be written as

lim/ gM(fs¢) g(fs¢)
o |y hCr)

d¢ = /, e Y

Since the function i (f) is periodic with period f;, we can
write the RHS of (74) as

gu(fs9) , Sxz (fs(¢ —m + Mk))
/_% e 0 / ZO Lez JEUS @ —m + M)
XZ (fs(p —m + Mk))
de.
EZ: @ —m + MR) } i
(75)
Denoting
_ Sxz (#fy)
f1(¢)_ h(gzﬁfs)’
and f2(¢) = f] (@), (74) follows from the following lemma:

Lemma 32: Let fi(p) and fa(p) be two complex valued
bounded functions such that ffooo |f,-(go)|2dgo <oo, i =1,2.
Then for any f; > 0,

/ ZZﬂ (¢ +m+kM)D " fo(p+m+IM)dg (76)

2 m=0 keZ leZ

converges to

S A@G-m fab-mdg, ()

"2 neZ

as M goes to infinity.
Proof of Lemma 32: Equation (76) can be written as

/ sz1¢+m+kM)f2(¢+m+kM)d¢> (78)

2m OkeZ
+ [ S Gt M) G+ 1) 6. ()
3 =0 kAl

Since the term (78) is identical to (77), all that is left is to
show that (79) vanishes as M — oo. Take M large enough
such that

L. s OP A <2 =12
R\[— ==
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We can assume this M is even without losing generality.

By a change of variables (79) can be written as

k+#l
We split the indices in the last sum into three disjoint sets:
D) ={k,l € Z\{0, -1}, k # 1},
M+1

’”+1f1(¢+ +"M)f2(<o+ +1M)d¢
M+l
<Z/
M-H
+Z/
: /R\[wﬂlzﬂﬂfl(gon do

2 2
of DR
2

where (a) is due to the triangle inequality and since
< \a|2;|b\2 <

do

h (§0+—+kM)

do

/2 (¢+—+1M)

1)

fz (9)d¢

for any two complex numbers a, b, |ab|
lal? + [b]*.
2) k=0,1=-—1,
M+1
2 M M d
L file + 2 fale 5 )
/" M LAY
= _Tﬂfl (ﬂ—l-? 12 9= )de
a M
+/ h fa\e——5)de
\//M+1 1t <0+ d(”\//M_fz ¢——)d¢
M+1
\// It ¢+ dco\// 15 (ﬂ—?)dcﬂ
i e D
2(¢p)d % TPV
s s, RO [ 205 ) o
< el fillz + el f2ll2, (82)
where (a) follows from the Cauchy-Schwartz inequality.
3) k = —1,1 = 0, using the same arguments as in the
previous case,
M1
M d
/M+|f1( )fz(w-;) p
< e(lfillz + l1/2l2) - (83)
From (81), (82) and (83), the sum (80) can be bounded by
2¢ (Il fill2 + L f2ll2) + 2%,
which can be made as close to zero as required. Since (74)
follows from (75) and Lemma 32, the proof is complete.

APPENDIX D
PROOF OF THEOREM 28: DISCRETE
MULTI-BRANCH SAMPLING

Z/M-H fl( ) +kM) fz( T +IM) dg. (80) Similar to the proof of Theorem 20, the iDRF of

X[-] given Y[-] coincides with the iDRF of the vector-valued
process XPM[.] defined by

XMP

= (X[PMn], X[PMn +1],... X[PMn+PM—1]).

For a given M € N. X””[.] is a stationary Gaussian process
with PSD matrix

MP—1
Z 2wi(r—s) s S Sy ( 2m‘ﬁ4;’)
m=0

1

(Sx);.s (ehid)) =P

The processes Y[-] and XPM[.] are jointly Gaussian and
stationary with a PM x P cross PSD whose (m + 1, p)®
entry is given by

(ezms) _ SX};M v, (ezms)

= > E[X[PMk + m]
keZ
1 & 2rim& 2mi
- e PMS Xz, ( PM),
PM s

(SXPMY)m,p
Zp [0]] e—27l’ ipk

where we denoted by XM the m'™ coordinate of X”¥[.]. The
PSD of the MMSE estlmator of XPM[.] from Y[-] is given by

Sxri |y (ez’”'ﬁb) - {SXMstgls;}MPY} (i), (34)

Since only the non-zero eigenvalues of Sxrmy (62”i¢) con-
tribute to the distortion in (40b), we are interested in the non-
zero eigenvalues of (84). These are identical to the non-zero
eigenvalues of

_1 .
HSYZ SXPMYSXPMYSY2 ] (62El¢)9 (85)

1, 1 . ,
where {SYz*SYZ] (62’”‘/’) = S;l (627”‘1’). The (p, ¢)™ entry

of the P x P matrix {S;’}PMYSXPMY} (62”i¢) is given by

PM—1PM-1
Z Z e 27rthMS (27”PM)
(PM)2 r=0
PM—1 .
% Z ezmlpMS (2ni¢;,;M)
k=0
1 PM—1 e o
- (PM)? z SXZP(eznlW)SXZq(eZMW)
=0
U

> {SyH;H ) (),
r=0

~ (PM)?

which is the matrix Ky (ez”i¢) defined in Theorem 28.
Applying Theorem 14 with the eigenvalues of (85) completes
the proof.
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APPENDIX E
PROOF OF THEOREM 29: DISTORTION-RATE
FUNCTION IN MULTI-BRANCH SAMPLING

For M € N, define X™[-] and Zg’[[-], p=1,...,P to be
the processes obtained by uniformly sampling X (-) and Z,(-)

at frequency fyMP, i.e. XMnl =X (fsl’(/lp) and Zg’[[n] =
Z(fMP) We have

Sym (7)) = MPf; D" Sx (MPfs (¢ — k),
keZ
and
Sz (') = MP£ > {Sx |Hy [} (MPS, (¢~ ).
keZ

In addition, X™[.] and Z 2’1 [] are jointly stationary processes
with cross spectral densities

MP-1

27i $—m
SZ[Q”Z;"I (e 71'l¢) = MPf:g Z ZSZer (fs (W —k)),
m=0 keZ
forall p,r=1,..., P, and
. MP—1
SXMZ% (6271'1¢) = MPfs Z ZSXZP (fs (— — k))
m=0 keZ

Since Yp[:] is a factor M down-sampled version of Zg’[[-],
the indirect distortion-rate function of XM[.] given
= (Y1[],..., Yp[-]) was found in Theorem 28 to be

Z / log* [, (T )0~ ]ag,

(86)

RleY(P M 0

DleY(P M 0 = O'XM Z/ J (6277.'1¢)) ] ¢,
(87)
where

JM( 271'l¢>) _ SY KMS ( 271'l¢>)

Sy(e**%) is the spectral density matrix of the process Y[-]
with (p, r)™ entry

) MP—1 e
(SY(627”¢))1” = Z SZMZM ( 2nitp )

MP—1

=f D D Sz,2 (fi(p —m— MPk))
m=0 keZ

= fi D> Sz,2, (fi (¢ —n)
nez

= £ D _{SxiyHpH} (fp — fin)
nez

= (8v) @f) (88)

and

MP—1

Ky = g 2 (SripHi} (€75
m=0
MP—1

> {Sxm 2 S 7 } (e i )

m=0

MP—1
=2 [Z Sxz, (fs (p —m — kM P))

keZ

1
~ (Mpy?

m=0

x> Syz (fi (@ —m— lMP))}. (89)

IeZ

The idea now is that under the assumption of Riemann
integrability, the distortion between almost any sample path
of X(-) and any reasonable reconstruction of it from XM[.]
will converge to zero as M — oo. It follows that the distortion
in reconstructing X [.] form \A([~] must also converges to the
distortion in reconstructing X (-) from Y[-], and the indirect
distortion-rate function of X (-) given Y[-] is obtained by this
limit. That is, we are looking to evaluate (86) and (87) in the
limit M — oo.

First note that

2
P

= [" MPRY Sk (iMP (¢ — k) do

- 2 keZ

_ 1 Sx(f)df = o2,

Sxm (e¥™9)dgp

In addition, by a change of the integration variable from f to
¢ = f/fs, we can write (55) as

R(P, f;,0) = fsz / log" [2,(J (™)) /0]d¢  (90a)

»(JE™9))—0] dg,  (90D)

D(P, f,.0) = 0} — Z/

where in ¢ € (—3, 1), the matrix J(e2*'?) is given by

Je2mity — S;%*(eznw)l-((eszgb)s;% (2%,

and K(e271¢) fSZK( fs¢). It follows that in order to
complete the proof, it is enough to show that the eigenvalues
of Jy(e*™'?) seen as Ly (—1, 3) functions in ¢ converge to
the eigenvalues of J(e2*i?). Since

_1 I T | _ .
ISy 2*KuSy 2 =Sy 2*KSy 2|2 < ISyl 'l i Ku —K]J2,

it is enough to prove convergence in L (—%, %) for each entry,

i.e. that

pr (E719) = (K),  (¢317)|
; ®),
Ty ISy (¢27i%) |1

dg =0 (91)

M—oo J_1
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for all p,r =1,..., P. Since
K),, () = £2(K),., (/i)
= 123 [k} (@ - p),

keZ
(91) follows by applying Lemma 32 to (89) with
Sxz, (fs#)
filp) = —L——,
ISy (e27i¢) |2
Skz, (fs®)
flp) =
ISy (e27i¢) |12
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