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Abstract—Channel estimation poses significant challenges in
millimeter-wave massive multiple-input multiple-output systems,
especially when the base station has fewer radio-frequency chains
than antennas. To address this challenge, one promising solution
exploits the beamspace channel sparsity to reconstruct full-
dimensional channels from incomplete measurements. This paper
presents a model-based deep learning method to reconstruct
sparse, as well as approximately sparse, vectors fast and accu-
rately. To implement this method, we propose a trimmed-ridge
regression that transforms the sparse-reconstruction problem
into a least-squares problem regularized by a nonconvex penalty
term, and then derive an iterative solution. We then unfold the
iterations into a deep network that can be implemented in online
applications to realize real-time computations. To this end, an
unfolded trimmed-ridge regression model is constructed using
a structural configuration to reduce computational complexity
and a model ensemble strategy to improve accuracy. Compared
with other state-of-the-art deep learning models, the proposed
learning scheme achieves better accuracy and supports higher
downlink sum rates.

I. INTRODUCTION

Millimeter Wave (mmWave) massive multiple-input
multiple-output (MIMO) has become a key technology in
wireless communications by offering a high data rate and
spectrum efficiency for wide frequency bands and large
antenna arrays [1]. Accurate channel state information
(CSI) is crucial for achieving the expected array gains, as
beamforming relies on CSI to direct narrow beams precisely
towards the intended users [2]. To reduce the hardware and
energy cost, current mmWave massive MIMO systems often
adopt a hybrid analog digital (AD) architecture having a
few radio frequency (RF) chains whose number is less than
the number of antennas [2]. Under such an architecture,
conventional channel estimation schemes can be time-costly
and computational-intensive because they require many pilots
to acquire enough channel observations. On the other hand,
if the number of pilots is insufficient, conventional channel
estimation schemes often fail to estimate channels accurately.
By contrast, beamspace channel estimation methods are
desirable when the angular-domain (beamspace) channels are
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approximately sparse and thus can be reconstructed from a
few pilot observations [3].

Existing beamspace channel estimation approaches can
be categorized into compressive-sensing-based and deep-
learning-based schemes. The compressive-sensing-based tech-
niques regard the pilot training and channel reconstruction
process as a compressive-sensing process and reconstruct
the beamspace channels using compressive-sensing algorithms
[4], [5]. Many compressive-sensing-based channel-estimation
schemes were proposed for beamspace channel estimation in
massive MIMO [6]–[14] and mmWave massive MIMO sys-
tems [15]–[17], including methods developed to reduce feed-
back overhead [8], [10], [13]. Greedy algorithms such as OMP
[18] were used for massive MIMO channel estimation in [11],
[19], [20]. Some OMP variants exploited the common-support
feature between subcarriers or different users [12], [16], [21].
Sparse Bayesian learning (SBL) was explored for massive
MIMO channel estimation and several variants exploited chan-
nel temporary correlations and common-sparsity structures in
different subcarriers [22], [23]. An online Bayesian learning
algorithm was proposed to relieve the computational burden
[24]. The approximate message passing (AMP) algorithm
[25] was also used for massive MIMO channel estimation.
Many of these existing methods rely on the common-support
sparsity structure that exist in different subcarrier channels
or different users’ channels. Their performance degrades in
practice when the assumptions of channel sparsity or common-
support sparsity structure are damaged by power leakage and
beam squint effects [26], [27].

Deep-learning-based schemes are data-driven and establish
models based on empirical experience and then use massive
data to train the model and obtain an approximate solution.
Many deep-learning-based channel estimation schemes have
shown satisfactory performance using general-purpose deep-
network models [28]–[34], including the fully-connected deep
neural network (DNN), the convolutional neural network
(CNN), and the recurrent neural network (RNN). However,
one major shortcoming of the deep-learning-based approach is
its ‘black box’ nature, and as a result, the developed channel-
estimation schemes are difficult to interpret and analyze. Also,
the built models often have large size and require massive
training data and extensive parameter tuning by trial and error.

Model-based deep-learning schemes have drawn increasing
attention because they leverage the well-established theoretical
foundations—such as a proper system model, the known signal
statistics, or existing estimation and detection algorithms—
into designing a more efficient deep-learning network [35],
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[36]. The model-based deep-learning models not only result
in reduced sizes, better interpretation, and smaller training data
sets, they also achieve higher accuracy and faster convergence
[37]. Deep unfolding is one such promising method that trans-
forms a traditional iterative algorithm into a trainable deep-
learning network [38], [39]. Various deep unfolding algorithms
were developed for sparse reconstruction, such as the learned
iterative shrinkage-thresholding algorithm (LISTA) [40] and
the learned denoising-based approximate message passing
network (LDAMP) [41]. Variant algorithms were developed
for CSI acquisition applications, such as the LDAMP and
learned AMP (LAMP) [42] for beamspace channel estimation
[28], [42] and the basis-pursuit autoencoder for pilot matrix
design [43].

This work proposes a deep unfolding algorithm to provide
fast and accurate beamspace channel estimation for mmWave
massive MIMO. The top-ℓK,2 norm [44] is integrated into
deep-unfolding networks to promote reconstruction sparsity
and accuracy. To design such an unfolding network, we first
leverage the top-ℓK,2 norm to derive an exact sparse recon-
struction solution which works perfectly with noiseless mea-
surements and known sparsity level. However, implementing
such an iterative algorithm is challenging in practice because it
has high computational complexity and degraded performance
when the sparsity level is unknown and the measurements are
noisy. To address the challenges in practical implementation,
we use deep unfolding to transfer these iterations into a
more robust and lower-computational learnable algorithm. The
proposed deep unfolding algorithm does not rely on a Gaussian
statistical prior as in SBL algorithms, nor the common-support
structural sparsity assumptions as in block-sparse-recovery
algorithms. Instead, the proposed method treats beamspace
channels as generic sparse vectors with unknown sparsity
levels, and then specifies the top-ℓK,2 norm parameters to
promote different sparsity levels in different models, and
finally leverages model-averaging ensemble to boost the re-
construction accuracy. Our contributions are summarized as
follows:

• The trimmed-ridge regression is proposed to formulate
the sparse-reconstruction problem, leading to more accu-
rate solutions than the Lasso and ridge regression. An
iterative algorithm is derived to reconstruct exact-sparse
samples precisely.

• A deep unfolding network is proposed to improve the
robustness and reduce the computational time in practical
applications. With an interpretable structure of only a
few layers, the constructed deep network can reconstruct
beamspace channels faster and more accurately than the
iteraive algorithms.

• A specific configuration is proposed to reduce computa-
tional complexity without degrading the model-prediction
accuracy. A model ensemble strategy is proposed to
improve model-prediction accuracy. Numerical results
confirm the superior performance of the proposed deep-
learning scheme in terms of both channel-estimation error
and downlink sum rate.

This paper is organized into six sections. Section II formu-

Fig. 1: A mmWave massive MIMO system with a lens
antenna array.

lates the problem of channel estimation in a mmWave massive
MIMO system. Section III introduces the iterative trimmed re-
gression algorithm, which is further expanded upon in Section
IV, where the algorithm evolves into the learned trimmed ridge
regression variant. Section V is dedicated to the exposition of
numerical findings, while Section VI encapsulates conclusions.

II. SYSTEM MODEL

A. Channel Estimation in a MmWave Massive MIMO System

The system model is a mmWave massive MIMO system
operating in time division duplex mode. As in Fig. 1, the
base station (BS) has a lens antenna array with N antennas
and NRF RF chains, where NRF ≪ N . The BS serves
U users and each user has a single antenna. For the up-
link transmission, the model adopts a hybrid combiner as
W = WBBWRF ∈ CNS×N , where WBB ∈ CNS×NRF

is the digital baseband combining matrix, WRF ∈ CNRF×N

is the analog combining matrix, and NS denotes the number
of independent data streams. The model includes the case
where NS = NRF and then sets WBB = INRF

; thus,
the combiner becomes W = WRF ∈ CNRF×N , where the
analog combiner network implements one-bit phase shifters.
To estimate channels for all U users, each user repeatedly
transmits a known pilot sequence pu ∈ CU to the BS across
B time blocks. Without loss of generality, the received pilots
for a user at the mth time block are

rm = Wm

U∑
u=1

hup
T
up

∗
u + nm,u

= Wmhu + nm,u,

(1)

where rm is the pilot observation for the a user at the mth
time block, h is the channel vector, and nm is the effective
noise vector.

For narrowband block fading channels, a spatial-domain
channel can be expressed as [15]

h =

√
NBS

Np

Np∑
l=1

β(l)α(ϕ(l)), (2)

where Np is the number of scattering clusters, l = 1 is the
index for the line-of-sight path, 2 ≤ l ≤ Np is the index for
non-line-of-sight (NLoS) paths, β(l) is the complex path gain,
and α(ϕ(l)) is the array steering vector at the spatial direction
ϕ(l) for the lth path. The array steering vector contains a list of
complex spatial sinusoids representing the relative phase shifts
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of the incident far-field waveform across the array elements.
For an N -element uniform linear array, α(ϕ(l)) is

α(ϕ(l)) =
1√
NBS

[1, e−j2πϕ(l)

, ..., e−j2πϕ(l)(NBS−1)]T , (3)

where ϕ(l) denotes the spatial direction of the lth path and
is related to the physical angle θ(l) by ϕ(l) = d/λ sin θ(l),
where λ is the wavelength, and d is the antenna spacing. For
d = λ/2, we have − 1

2 ≤ ϕ(l) ≤ 1
2 and −π

2 ≤ θ(l) ≤ π
2 . The

physical angle θ(l) for the lth path is assumed to be uniformly
distributed over [−π/2, π/2]. The NLoS path gain β(l) for 2 ≤
l ≤ Np is assumed to follow the standard complex Gaussian
distribution [7], [45].

The spatial channel vector h can be transformed into the
beamspace channel representation hb using a discrete Fourier
transform (DFT) as

hb = Uh, (4)

where the DFT matrix U ∈ CN×N is represented us-
ing a set of orthogonal array steering vectors as U =
[α(ϕ1),α(ϕ2), ...,α(ϕN )]H [46], where ϕi =

1
N (i−N+1

2 ) for
i = 1, 2, ..., N is the virtual spatial direction predefined by the
array having half-wavelength spaced antennas. The beamspace
channel hb is approximately sparse, which means that most of
entries in hb are nearly zeros. Since the lens antenna array can
be designed to approximate an ideal DFT transmission [46],
(1) can be written as

rm = WmUh+ nm

= Wmhb + nm,
(5)

where hb is the beamspace channel.
The pilot observations over B time blocks are

z =

r1
...
rB

 =

W1

...
WB

hb +

n1

...
nB

 . (6)

By denoting W = [WT
1 , ...,W

T
B ]

T and n = [nT
1 , ...,n

T
B ]

T ,
the pilot observation in (6) is compactly expressed as

z = Φhb + n, (7)

where z ∈ CM and M = BNRF is the total number of
measurements. The measurement matrix Φ ∈ CM×N consists
of the analog combiners {Wm ∈ CNRF×N , 1 ≤ m ≤ B},
which are enabled by one-bit phase shifters, and therefore,
entries of Φ can be modeled to follow a Bernoulli distribution
and are randomly selected from {− 1√

M
, 1√

M
}.

The beamspace channel estimation in (7) is equivalent to
the two real-valued equations:

ℜ(z) = Φℜ(hb) + ℜ(n)
ℑ(z) = Φℑ(hb) + ℑ(n).

(8)

We use the vector x to denote an arbitrary real-valued sample,
i.e., x = ℜ(hb) or x = ℑ(hb), and use the vector y to denote
a real-valued measurement vector, i.e., y = ℜ(z) or y = ℑ(z).
The sparse channel reconstruction problem is then expressed
as

y = Φx+ n, (9)

where y ∈ RM , Φ ∈ RM×N , x ∈ RN , n ∈ RM , and M ≪
N . Since x is sparse, we can find it by solving

min
x

∥y −Φx∥22
s.t. ∥x∥0 ≤ K.

(10)

The ℓ0-norm constraint ∥x∥0 ≤ K in (10) results the
problem NP-hard. A maximum a posteriori (MAP) estimator
with a Laplacian prior, which is also known as the Lasso
regression, i.e., min

x
∥y − Φx∥22 + λ1∥x∥1, is a widely-used

approximate to (10). Another approximate solution is the ridge
regression, i.e., min

x

1
2∥y−Φx∥22 + λ2∥x∥22, which is a MAP

estimator with a Gaussian prior but does not provide sparsity
in general. The λ1 and λ2 denote regularization parameters on
the ℓ1- and ℓ2-regularizers λ1∥x∥1 and λ2∥x∥22, respectively.
A proposed solution here is a trimmed ℓ2-norm regularizer to
remove the penalties on a few large-magnitude elements and
promote sparse solutions.

Since the large bandwidth is the main advantage of
mmWave frequency band, it is reasonable to adopt the wide-
band channel model and system model for mmWave massive
MIMO systems [27], [47]. Although this work focuses on
narrowband block-fading channels of massive MIMO, the
proposed algorithms are generic sparse reconstruction algo-
rithms and can conveniently extend to the wideband massive
MIMO channels which have sparse representations in a virtual
angular-delay-Doppler domain.

B. Trimmed-Ridge Regression
The top-ℓK,2 norm permits reformulation of the sparse-

reconstruction problem in (10). The top-ℓK,2 norm 1 is the
square sum of the K elements having the largest magnitudes
in the vector x, i.e., ∥x∥2K,2 := x2

(1) + x2
(2) + · · · + x2

(K),
where x(i) denotes the element whose magnitude is the ith-
largest among the N elements of the vector x, i.e., |x(1)| ≥
|x(2)| ≥ · · · ≥ |x(K)|. Since ∥x∥22 − ∥x∥2K,2 = 0 is equivalent
to ∥x∥0 ≤ K, the sparse reconstruction optimization in (10)
can be rewritten as

min
x

∥y −Φx∥22
s.t. ∥x∥22 − ∥x∥2K,2 = 0.

(11)

Use of a Lagrange multiplier ρ transforms the constrained
optimization (11) into an unconstrained optimization as

min
x

1

2
∥y −Φx∥22 + ρ(∥x∥22 − ∥x∥2K,2) := F (x). (12)

The optimization in (12) is referred to as the trimmed-ridge
regression. This regularizer in (12) helps achieve sparse and
accurate solutions.

III. ITERATIVE TRIMMED-RIDGE REGRESSION
ALGORITHM

This section describes a trimmed-ridge regression algorithm
that uses DC programming to derive an iterative solution. A
discussion on determining the algorithm step size then follows.

1In our prior work [14], the top-(K, 1) norm was proposed to develop
an iterative algorithm for sparse channel reconstruction. However, unfolding
the iterative algorithm that contains top-(K, 1) norm led to unsatisfying
performance.
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A. Deriving an Iteration Solution Using DC Programming

The trimmed-ridge regression (12) is a non-convex opti-
mization. The objective F (x) in (12) can be equivalently
written as

F (x) =
k

2
∥x∥22−

k

2
∥x∥22+

1

2
∥y−Φx∥22+ρ(∥x∥22−∥x∥2K,2),

(13)
where k ≥ 0 is a Lipschitz constant of the least squares
objective 1

2∥y−Φx∥22. We decompose the objective function
F (x) into convex functions f(x) and g(x) 2,

min
x

k

2
∥x∥22 + ρ∥x∥22︸ ︷︷ ︸

f(x)

−
(
k

2
∥x∥22 −

1

2
∥y −Φx∥22 + ρ∥x∥2K,2

)
︸ ︷︷ ︸

g(x)

.

(14)
Next, the solution splits the positive and negative parts

of x by letting u = (x)+ and v = (−x)+, where (x)+
represents the operation of (x)+ = max{0, x} for each
element x in vector x; (−x)+ represents the operation of
(−x)+ = max{0,−x} for each element −x in vector −x.
Hence, u and v are nonnegative vectors. Let z = [uT ,vT ]T ,
A = [Φ,−Φ], and express (14) as

min
z⪰0

k

2
∥z∥22 + ρ∥z∥22︸ ︷︷ ︸

f(z)

−
(
k

2
∥z∥22 −

1

2
∥y −Az∥22 + ρ∥z∥2K,2

)
︸ ︷︷ ︸

g(z)

,

(15)
where z ⪰ 0 represents that z is a non-negative vector. DC
programming solves (15) by repeating the following two steps
until convergence: (a) compute the gradient (or subgradient)
∂g(z(t)) for an arbitrary tth iteration; (b) solve the convex
subproblem min

z⪰0
f(z)− zT∂g(z(t)) to obtain z(t+1). The two

steps specifically are

(a) ∂g(z(t)) = kz(t) − (y −Az(t)) + 2ρz
(t)
K

(b) z(t+1) = argmin
z⪰0

{k
2
∥z∥22 + ρ∥z∥22 − zT∂g(z(t))

}
,

(16)
where z

(t)
K is the half of the gradient of top-ℓK,2 norm while

noting that z(t)K = z(1) + z(2) + · · ·+ z(K), where z(i) denotes
the element whose magnitude is the ith-largest among the
elements of the vector z, i.e., z(1) ≥ z(2) ≥ · · · ≥ z(K).
The step (b) in (16) can be expressed as

min
z⪰0

k + 2ρ

2
∥z− 1

k + 2ρ
∂g(z(t))∥22. (17)

A closed-form solution to (17) is the Euclidean projection of
1

k+2ρ∂g(z
(t)) onto the nonnegative orthant, i.e.,

z∗ =

(
1

k + 2ρ
∂g(z(t))

)
+

, (18)

2The convexity of h(x) can be proved by showing it’s Hessian matrix is
semidefinite, i.e., kI − ΦTΦ ⪰ 0, for k = λmax(ΦTΦ), where λmax(·)
denotes the largest eigenvalue of a matrix [48].

where (·)+ denotes the positive-retaining operation that sets
the negative elements to zeros. The DC programming proce-
dure in (16) reduces to

(a) ∂g(z(t)) = kz(t) − (y −Az(t)) + 2ρz
(t)
K

(b) z(t+1) =

(
1

k + 2ρ
∂g(z(t))

)
+

.
(19)

Thus, (19) is an iterative solution to the trimmed-ridge re-
gression in (12). Algorithm 1 summarizes the iterations in
(19). Since the iterations are derived under a DC programming
framework, Algorithm 1 shares the same global convergence
property as the general DC programming [49].

Algorithm 1 Iterative trimmed-ridge regression (ITRR)
Input: measurements y, matrix A and a small number ϵ
Output: reconstructed x̂
Initialization: u(0), v(0), z(0) ← [(u(0))T , (v(0))T ]T

1: for t = 0, 1, . . . do
2: ∇F (z(t))← AT (y −Az(t)) + 2ρ(z(t) − z

(t)
K )

3: z(t+1) ←
(
z(t) − 1

k+2ρ∇F (z(t))
)
+

4: Check termination condition ∥z(t+1) − z(t)∥2 ≤ ϵ,
return to Step 1 if not satisfied; otherwise, terminate
with z(t+1) = [(u(t+1))T , (v(t+1))T ]T , and return x̂ =
u(t+1) − v(t+1).

5: end for

B. Relaxing Step Sizes

Step 2 and Step 3 in Algorithm 1 can be combined to write
the update for z(t+1) as

z(t+1) =

z(t) − 1

k + 2ρ

(
AT (y −Az(t)) + 2ρ(z(t) − z

(t)
K )

)
︸ ︷︷ ︸

∇F (z(t))


+

.

(20)
We observe that (20) is a gradient-projection descent update
with a step size of 1/(k + 2ρ) by defining F (z(t)) = 1

2∥y −
Az∥22 + ρ(∥z∥22 − ∥z∥2K,2). The fixed step size 1/(k + 2ρ),
which is tied to the Lipschitz constant k, can lead to slow
convergence. This motivates use of an accelerated step size
strategy [50]. The monotonic Barzilai-Borwein (BB) step size
is adopted, where the tth-step update becomes

w(t+1) =
(
z(t) − α(t)∇F (z(t))

)
+
,

z(t+1) = z(t) + β(t)(w(t+1) − z(t)).
(21)

Here α(t) > 0 is the step size for the tth update and β(t) ∈
(0, 1] is the extrapolation parameter that prevents the step size
from being too large to ensure the objective value descends
monotonically. The step size α(t) is explicitly computed by

αt =
∥zt − zt−1∥2

(zt − zt−1)T (F (zt)− F (zt−1))
. (22)

The extrapolation parameter βt is often empirically set as
t/(t + 3) [50]. Due to the nonconvex property of F (z(t)),
the iteration described in (21) lacks a theoretical guarantee
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of convergence to the optimal solution. However, Section V’s
simulations demonstrate that the iterative algorithm with the
BB step sizes achieves a consistently satisfactory level of
reconstruction accuracy.

C. ITRR Performance on Reconstructing a Sparse Sample
This section shows the convergence property and the re-

construction accuracy of the ITRR algorithm when recon-
structing a sparse sample. Simulations artificially produced a
sparse sample, hs with 16 nonzero entries from an arbitrary
beamspace channel vector, by setting all other elements to zero
except for the 16 largest-magnitude entries. The measurements
Φhs were the input to obtain the reconstruction ĥb. Both the
ITRR using a fixed step size and the ITRR using the BB step
size (ITRR-BB) were tested. The Lasso and ridge regressions
were performed to reconstruct the same sparse sample using a
similar iterative algorithm, i.e., the gradient-projection descent
using the BB step size (PGD-BB). Only the results of the real
part of hs will be demonstrated. The results for the imaginary
part are similar, because we treat the real part the imaginary
part of a channel as two independent real-valued vectors as in
(8) and (9).

Figure 2 shows the reconstructions against the true sparse
sample. The ridge regression produces a noisy and inaccurate
reconstruction having the normalized ℓ2-error in the order of
magnitude of −1. The Lasso regression produces a sparse
reconstruction having a normalized ℓ2-error in the order of
magnitude of −6. The proposed ITRR algorithm produces
an exact sparse reconstruction in the order of magnitude of
−30. Both the ITRR and the ITRR-BB algorithms achieved
similar reconstruction results in our numerical experiments.
Optimization theory explains the difference in reconstruction
accuracy: The ℓ1-regularizer encourages sparsity but the same
penalty on all element degrades accuracy. On the contrary, ℓ2-
regularizer discourages sparsity. Since ℓ2-regularizer gradient
is ∇∥x∥22 = 2x, the gradients of small absolute-value ele-
ments are small. Therefore, ℓ2-regularizer yields diminishing
gradients when elements values reduce to nearly zero, thus, the
algorithm is more likely to converge before achieving a sparse
solution. The proposed trimmed-ridge regression removes the
penalties on large-magnitude elements to promote both the
sparsity and accuracy.

Figures 3–5 demonstrate the convergence properties of
the iterative algorithms when constructing the real part of
a sparse sample. Fig. 3 shows the objective values versus
iterations for ITRR and ITRR-BB algorithms. Fig. 4 shows
the normalized ℓ2-error of reconstructions over iterations. The
ITRR and ITRR-BB reached lower reconstruction errors on
the orders of magnitude of −30 and −31, while the Lasso and
ridge regression algorithms achieved errors on the orders of
magnitude of −6 and −1. The objective evolution in Fig. 3 and
the reconstruction error evolution in Fig. 4 together suggest
that using the BB steps size in an ITRR algorithm can ac-
celerate the convergence without degrading the reconstruction
accuracy. Fig. 5 shows the ℓ2-norm values of the reconstruction
vectors versus iterations, where the true ℓ2-norm value is also
plotted for comparison. The reconstructions by the ITRR-
BB, the PGD-BB for Lasso regression, and the ITRR in turn

achieved the optimal ℓ2-norm, whereas the PGD-BB for ridge
regression left a constant gap between the reconstruction ℓ2-
norm and the optimal ℓ2-norm. The ridge regression has an
ℓ2-regularizer that discourages sparsity and thus leads to an
inaccurate reconstruction, while the proposed ITRR and ITRR-
BB algorithm achieves an accurate solution. These results
demonstrate the advantage of using the proposed top-ℓK,2 to
remove the penalties on K large magnitude elements from the
conventional ℓ2-regularizer.

IV. LEARNED TRIMMED-RIDGE REGRESSION ALGORITHM

While the ITRR algorithm offers the potential for direct
beamspace channel estimation, its practical implementation
can pose significant challenges. First, the computational com-
plexity of ITRR increases rapidly with the problem dimen-
sion, i.e., the number of BS antennas of a massive MIMO
system. Second, the regularization parameter ρ and the top-
K parameter ideally should be tuned specifically for each
channel realization, because using a fixed parameter setting
can be suboptimal and consequently result in a degrada-
tion of the reconstruction performance. These two properties,
which are not exclusive to ITRR but are commonly found
in iterative and regularized regression algorithms, can result
in slow convergence, making them unsuitable for real-time
applications. A mmWave massive MIMO system has limited
channel coherence time and thus requires low latency for
channel-estimation algorithms. A deep-learning-based method
is a promising alternative for practical online implementation
due to its non-iterative and the inherent parallel computation
ability. This motivates development of a model-based deep-
learning approach that emulates the proposed ITRR algorithm,
primarily because the ITRR-iteration qualities make it easy
to comprehend, exhibit a straightforward computational struc-
ture, and demonstrate competitive reconstruction accuracy.
The following sections first present the basic deep-network
structure and then propose important configurations to reduce
the computational complexity and a model-ensemble method
to improve the reconstruction accuracy.

A. Unfolding Trimmed-Ridge Regression (UTRR) Structure

As in Fig. 6, the UTRR framework consists of a single-layer
encoder from x to y and a multi-layer decoder from y to x̂.
The encoder y = Φx performs a linear dimension reduction.
The input sparse vector x is projected onto the subspace
spanned by the columns of the measurement matrix Φ to
obtain the compressed measurement vector y. The decoder
plays the role of the sparse reconstruction from y to x̂ in
a feed-forward manner. The decoder is constructed to mimic
the ITRR to obtain the reconstructed x̂. We can interpret the
decoder by three functional parts, including the initializing
layer, the unfolding layers and the output layer.

Initializing layer (y to z(0)): The first two layers can be
understood as the initialization of ITRR, which originates from
the input, i.e., the measurements y and obtain the initialized
positive vector z(0). We first initialize x(0) to be x(0) = ΦTy.
Then, we prepare an equivalent positive initialization vector
z(0) by separating and concatenating the positive and negative
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Fig. 2: Channel magnitudes of a sparse sample hs and the reconstruction ĥs by the ridge regression, Lasso regression and the
proposed ITRR algorithm, wherein the normalized squared ℓ2-error is computed as ∥ℜ(hs)−ℜ(ĥs)∥22/∥ℜ(hs)∥22.
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Fig. 3: Objective evolution when reconstructing the real part
of the sparse sample ℜ(hs).

part of x(0), that is z(0) = [(u(0))T , (v(0))T ]T , where u(0) =
ReLU(x(0)) and v(0) = ReLU(−x(0)).

Unfolding layers (z(1) to z(L)): In unfolding layers, the
iterations of the ITRR algorithm are stacked into multiple
layers of the deep network by treating each iterative update
step as a deep-network layer. The unfolding layers perform
a forward update from z(1) to z(L), which consists of L
structural-identical blocks. Each block is a one-step iteration
of the ITRR algorithm using the BB step-size structure.
However, the proposed algorithm sets the step size α(t) as a
trainable parameter and sets the extrapolation parameter to be
β(t) = 1/2. This setting is equivalent to designing a residual
learning unit [51] within each unfolding layer. The trainable
weights of the tth unfolding layer are in A(t) ∈ RM×2N ,
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Fig. 4: Normalized reconstruction error evolution (i.e.,
∥ ˆℜ(hs) − ℜ(hs)∥22/∥ℜ(hs)∥22)) when reconstructing the real
part of the sparse sample

which is initialized as [Φ, −Φ]. The ReLU activation function
in the unfolding layers is notably equivalent to the projection
operations (·)+ in the ITRR updates.

Output layer (z(L) to x̂): The last layer is the output layer
to obtain the reconstructed vector x̂. Recalling that z(L) =

[z
(L)
1 , ..., z

(L)
2N ]; therefore, we have x̂ = u(L) − v(L), where

u(L) = [z
(L)
1 , ..., z

(L)
N ] and v(L) = [z

(L)
N+1, ..., z

(L)
2N ].

B. Reducing Computational Complexity

The basic UTRR model structure in Fig. 6 helps specify the
configurations in the unfolding layers to reduce computational
complexity and improve model prediction accuracy. A UTRR
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model has multiple identical unfolding layers from z(1) to
z(L), and each layer contains a z

(t)
K term which is the gradient

of the top-ℓK,2 norm ∥z∥2K,2. The z
(t)
K calculation must sort

all elements of the vector z(t). If such sorting operation is
performed on every training sample within each layer, it causes
a high computational complexity. To reduce this computational
complexity, the top-K parameter is set to zero for all the
intermediate layers from z(1) to z(L−1) (except for the last
layer z(L)). Thus, the unfolding iterations for the intermediate
layers simplify to

w(t+1) = ReLU
(
z(t) − α(t)

(
A(t)T (y −A(t)z(t)) + ρz(t)

) )
z(t+1) = (w(t+1) + z(t))/2

(23)
for 0 ≤ t ≤ L − 2. Eq. (23) shows the z

(t)
K term has

been directly removed for the intermediate layers. Thus the
computation of w(t+1) for t ∈ {0, 1, ..., L− 2} can be simply
interpreted as unfolding the projected gradient descent on
traditional ridge regression. This configuration has negligible
impact on the model-prediction performance and can reduce
the computational complexity significantly (as shown in Sec-
tion V-C).

C. Training Procedure
The goal of training a UTRR model is to produce an

output vector x̂ from the noisy measurement vector y such
that x̂ ≈ x, where x represents the true channel vector.
To this end, we should use a supervised learning training
technique and prepare a dataset D = {(x1,y1), ..., (xn,yn)},
where Dy = {y1, ...,yn} include the noisy measurements
and act as the training inputs; Dx = {x1, ...,xn} are the
original channel samples and act as training labels. Given
the dataset, the training process minimizes a loss function by
optimizing the network weights (trainable parameters) using
a backpropagation method. The loss function and trainable
parameters are defined as follows:

Loss function: The loss function is defined by the mean
square error of the reconstruction as

L(x, x̂) = E[∥x− x̂∥22]. (24)

Trainable parameters: The trainable parameters are
{A(t), ρ(t), α(t)} for t ∈ {0, ..., L− 1}. The number of train-
able parameters for a UTRR model would be L(2MN + 2).
Here, A(t) is initialized to [Φ,−Φ], where Φ is the measure-
ment matrix. In this work, we simply initialize the parameter
ρ(t) to 1.0 and initialize the parameter α(t) to 0.1 for all layers
and for all models. Note that those initialization values for
ρ(t) and α(t) may not be the optimal. Tunning techniques for
those hyperparameters to achieve their optimality are out of
the scope of this paper. Practical cross validation strategies
can help to choose proper the initialization values for different
dataset. Given the training dataset, the trainable parameters use
backpropagation to minimize the loss function in (24).

Algorithm 2 summarizes a UTRR model training procedure.
The Step 3 to Step 11 perform forward computations of the
UTRR model, and Step 12 performs the backward propagation
to optimize the network trainable parameters, which can be
performed automatically by deep learning platforms (e.g.,
Tensorflow and Pytorch).

Algorithm 2 UTRR Model Training Procedure
Input: Dataset D = {(x1,y1), ..., (xn,yn)}
Output: Optimized {A(t), ρ(t), α(t)} for t ∈ {0, ..., L−1}
Initialize: Set top-K parameter, initilize trainable param-

eters
1: for epoch = 1, 2, . . . do
2: for batch = 1, 2, . . . do
3: x(0) ← ΦTy
4: z(0) ← [(x(0))T+, (−x(0))T+]

T

5: for t = 0, 1, . . . , L− 1 do
6: ∇F (z(t)) = A(t)T (y−A(t)z(t))+ρ(z(t)−z(t)K )
7: w(t+1) = ReLU

[
z(t) − α(t)∇F (z(t))

]
8: z(t+1) = (w(t+1) + z(t))/2
9: end for

10: For z(L) = [z
(L)
1 , ..., z

(L)
2N ], set u(L) =

[z
(L)
1 , ..., z

(L)
N ],v(L) = [z

(L)
N+1, ..., z

(L)
2N ]

11: x̂← u(L) − v(L)

12: Minimize L in (24) and update parameters
{A(t), ρ(t), α(t)} for t ∈ {0, ..., L− 1}

13: end for
14: end for

D. Model-Averaging Ensemble

The previous sections have explained the model structure
and training procedure for a UTRR model. This section
proposes averaging an ensemble of multiple UTRR models to
improve further the reconstruction accuracy. Model-averaging
ensemble was originally proposed to train multiple models
over smaller-size subsets of data, and then combine the
multiple prediction results as the final prediction result [52].
Nowadays, machine-learning engineers use model-averaging
ensemble to reduce model uncertainty (to reduce prediction
variance without increasing prediction bias) [53], because a
model ensemble often performs better than any individual
model (intuitively, errors from various models are averaged).
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Fig. 6: The model structure of UTRR. BN represents a layer of Batch Normalization.

The simplest ensemble method averages multiple models’ pre-
diction results; alternatively, a weighted-average method can
weigh models unequally according to their performance. The
model weights can be optimized by a basic cross-validation
method or by advanced algorithms. For example, a “meta-
network” can be trained to treat each individual model as a
“neuron” and serve the synaptic weights of the trained network
as the optimized ensemble weight [54]. This work explores
the simplest strategy, i.e., averaging the sum of each model
reconstruction result by using constant and equal weights.
Extending our work to find the optimal model-averaging-
ensemble strategy remains an interesting research direction.

Since multiple diverse models are required to develop a
model-averaging ensemble, we should first prepare several
models that produce reconstructions having small bias and
large variance. The UTRR is readily available to develop
diverse models because the z

(t)
K term in the last unfolding layer

(i.e., t = L− 1) can be assigned with different values on the
top-K parameter. The top-K parameter implies the assumed
sparsity level on the trimmed-ridge regression problem. Then,
multiple UTRR models with different top-K parameters can
be assembled for final reconstruction. Recall that the top-K
parameters are zeroed for the intermediate unfolding layers to
avoid computing the top-ℓK,2 norm derivative term, whereas
the term z

(t)
K in the last unfolding layer (i.e., from z(L−1) to

z(L)) plays an important role in a model-ensemble approach.
In summary, a model-averaging ensemble includes three steps:
1) develop several UTRR models that have different values
of the top-K parameters; 2) train each of the UTRR models
using the same set of training data; 3) reconstruct the unseen
beamspace channel by using each model and average their
reconstructions. Fig. 7 shows the pipeline of using the UTRR
model-averaging ensemble for beamspace channel estimation.
The proposed UTRR is first trained offline to acquire the
optimized model, and the optimized models are ensembled
and implemented online to estimate the beamspace channels in
real time. The third step should perform parallel computations
on all the model reconstructions to avoid extra latency in a
practical implementation.

Fig. 7: Pipeline of using UTRR model-averaging ensemble
for beamspace channel estimation

V. NUMERICAL RESULTS

This section reports the main numerical results relevant to
the proposed algorithms. Simulation setups and performance
metrics will be first discussed. Then, performance of the
ITRR algorithm and the UTRR models will be evaluated
and compared with other methods. Also, this section eval-
uates the UTRR performance enhancement by the proposed
computational-complexity reducing strategy and the model-
averaging ensemble.

A. Simulation Setup

Simulations consider a mmWave massive MIMO system
that has U = 16 single-antenna users and a BS equipped with
N = 256 antennas and NRF = 16 RF chains. To estimate
the channels for all users, each user repeatedly transmits a
pilot sequence having the length of T = 16 over B = 8
blocks. Thus, the BS receives M = 128 measurements for
each user, as described in (7). Note that M = 128 is a
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default setting in our simulation unless explicitly denoting
different values of M . Following these system parameters,
we first use the Saleh-Valenzuela channel model in (2) to
generate the spatial channel samples {h1, ...,hn}, and then
use a DFT in (4) to transform the spatial channel samples into
the beamspace channel samples {hb,1, ...,hb,n}. Each channel
sample is normalized to eliminate the effect of large-scale
fading. The measurements {z1, ..., zn} are produced according
to (7) by zi = Φhb,i+ni for 1 ≤ i ≤ n, where Φ ∈ RM×N is
a random matrix whose entries follow a Bernoulli distribution
and are randomly selected from {− 1√

M
, 1√

M
}, and ni is

a Gaussian noise vector with a zero mean and a variance
that is associated with the channel estimation signal-to-noise
ratio (SNR), which is defined by SNR = E

[
∥Φhb∥2/∥n∥2

]
.

The training dataset, validation dataset and testing dataset
contain 80, 000, 2, 000, and 2, 000 beamspace channels and
measurements.

Experiments trained upon several UTRR models using
different top-K parameters. The models were trained and
evaluated individually, and then the trained models are used
with model-averaging ensemble. In practice, if the sparsity
level is known or estimatable, it is suggested to select dif-
ferent top-K parameters around the known/estimated spar-
sity level. In our simulations, we do not know the sparsity
level of the beamspace channels since all the channels are
approximately sparse instead of exact sparse. We randomly
selected four top-K parameters K ∈ {0, 16, 64, 256} for
four UTRR models. Note that those model selections may
not be the optimal choices. All UTRR models trained in
this paper have 30 unfolding layers with the same training
hyperparameters as follows. The diminishing leaning rates are
adopted in the training process, and the learning rates are set
to be 0.005, 0.001, 0.0005, 0.0002, and 0.0001. The maximum
training epoch is set to be 300. Early stopping is adopted
to avoid overfitting, and the tolerate epoch number is set to
10, which means training stops if the validation error has not
decreased for 10 epoches. The batch size is set to be 128.

Analyses use the normalized mean square error (NMSE)
to evaluate channel estimation accuracy and compute the
downlink sum rate to evaluate the influence of imperfect
channel estimation on the communication-link capacity. The
channel estimation NMSE is defined by E

[
(∥hb−ĥb∥2

2)
hb

]
, where

hb denotes the true beamspace channel and ĥb denotes
the estimated beamspace channel. The downlink sum rate

is E

[
U∑

u=1
log2(1 +

∥hH
b,ufu∥

2∑
i̸=u

∥hH
b,ufi∥2+1/SNRdl

)

]
, where fu denotes

the precoder for the uth user, and SNRdl denotes the downlink
transmit SNR. For the downlink transmission that uses zero-
forcing precoding, the transmission model can be represented
as yu =

√
Puh

T
u fusu + nu, where u = 1, 2, ...U represents

the uth user, The downlink SNR is defined as Pt/σ
2
u, where

the Pt is the transmission power and σ2
u is noise power

spectrum. A zero-forcing precoder is adopted and defined
as F̃ = Ĥb(Ĥ

H
b Ĥb)

−1, where Ĥb is the estimated uplink
channels for U users. The analysis assumes an ideal channel
reciprocity and uses the estimated uplink channels as the
downlink channels without considering a channel-reciprocity

error. For simplicity, the power allocation is not considered
in simulating the sum rates; instead, each user’s precoder
uses matrix normalization to meet a total power constraint,
i.e., fu = f̃u/∥F∥F , where f̃u is the uth column of the
precoder matrix F̃. Performance comparison with the proposed
methods is of two iterative algorithms including the OMP [18]
and AMP [25] algorithms, and three deep-learning methods
including a model-based network GM-LAMP [45], a model-
free CNN-based network [33] and a sparse Bayesian learning
unfolding network SBL-CE-Net [26]. Note that the GM-
LAMP has superior performance than LAMP [45], and LAMP
has superior performance than LISTA [55]. The SBL-CE-Net
method has demonstrated superior performance than a group
of other methods including the MMV-LAMP [56] and the SBL
family [22], [23]. Furthermore, results in [56] and [22] have
already demonstrated significant performance superiority than
some other greedy algorithms such as SOMP, group-LASSO,
and MMV-AMP [26].

B. ITRR and UTRR Performance Evaluations on Reconstruct-
ing Beamspace Channels

In practice, beamspace channels are approximately sparse,
containing most small-valued entries instead of zeros. It is
of interest to examine the ITRR performance on reconstruct-
ing the testing dataset, which contains 2, 000 approximately
beamspace channels, and compare with other widely-used
iterative sparse reconstruction algorithms, including the OMP
[18] and AMP [25] algorithms. Fig. 8 shows the results of
channel estimation NMSE versus SNR. The ITRR algorithm
shows a better accuracy compared with the OMP algorithm
over a wide SNR range, and has similar performance as the
AMP algorithm. Since the AMP and OMP algorithms have
been successfully used in various compressive-sensing tasks,
this result confirms the ITRR algorithm also has an competitive
accuracy and can also be applied in similar applications.
However, it is worth to mention the limitation of ITRR in
the real-time applications that have low latency requirements.
First, the iterative mechanism requires sufficient computation
time to achieve expected accuracy, but additional delay is
undesirable. Second, the top-K parameter as well as the
regularization parameter ρ in an ITRR algorithm needs to
be manually evaluated and selected for better performance.
Ideally, those parameters should be adaptively tuned according
to the real channels to achieve best performance. Certain
model-selection strategies such as cross validation can help to
ensure overall performance for slowing changing environment.
However, it is unrealistic to obtain the K and ρ that are ideal
for all individual channel realizations.

The proposed deep-learning method can overcome the
above limitations. The UTRR models used in our simulation
have only 30 unfolding layers, which is 20 to 100 times less
than the number of ITRR iterations. Moreover, the trained
models can be directly used to reconstruct a batch of channels
simultaneously in parallel without tuning any parameters. For
example, is our simulation, we set the batch size as 128, which
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Fig. 8: Reconstruction NMSE of the iterative algorithms and
the UTRR

means 64 3 users’ channels can be estimated simultaneously at
one-time computation. It is of interest to evaluate the UTRR
performance and compare with the ITRR algorithm over the
same testing dataset. Fig. 8 includes the reconstruction NMSE
by a trained UTRR model, where the top-K parameter of
the model is set to be K = 16. Compared with the iterative
algorithms, the UTRR reduces the NMSE about 5 dB at a low
SNR, about 10 dB at a moderate SNR, and about 15 dB at a
high SNR.

C. UTRR Performance Evaluation on Reducing Computa-
tional Complexity

Section IV-B proposed the strategy of reducing computa-
tional complexity (RCC) for the UTRR model. The com-
putational complexity can be reduced by simply setting the
parameter K = 0 within the intermediate unfolding layers.
This section uses Table I to present the training time and
reconstruction NMSE at SNR = 20 dB for a UTRR model
with the RCC configuration and compare with the results of
the UTRR model without the RCC configuration. In Table I,
the UTRRK=16 without RCC is a UTRR model that contains
30 layers of identical unfolding layers, where each layer has
the top-K parameter as K = 16; the UTRRK=16 with RCC
is a UTRR model that sets the top-K parameter K = 0 for
the 29 layers of intermediate unfolding layers, while the top-
K parameter K = 16 is for the last unfolding layer. The
UTRR model with a RCC and the UTRR model without a
RCC have a similar NMSE but the former only costs about
50% training time 4. Similar results have been observed in
other SNR range and for other UTRR models having different
the top-K parameters. These results support our claim that the
proposed RCC strategy does not degrade the model-prediction
performance but can reduce the training time significantly.

3The number is half of the batch size because we stack the real part
and column part of a beamspace channels in column wise. Therefore, one
beamspace channel is equivalent to two parallel real-valued vectors.

4The training was performed by a Nvidia RTX A6000 GPU.

TABLE I: Comparisons of the training time and recon-
struction errors between a UTRR model with and without
computational-complexity reduction (CCR). Here, the channel
estimation SNR is 20 dB, and the top-K parameter of the
UTRR model is 16.

Models NMSE Training Time
UTRRK=16 w/o CCR −26.78 dB 548 min
UTRRK=16 w/ CCR −26.93 dB 255 min

D. UTRR Performance Evaluation on Model-Averaging En-
semble

Section IV-D proposed the model-averaging ensemble to
improve the reconstruction accuracy. In a model-averaging-
ensemble approach, several UTRR models having different
top-K parameters are trained individually, and then in the
inference phase, channel estimations from different UTRR
models are averaged as a final estimation. Table II lists the
NMSE results for different UTRR models having different
top-K parameters as well as the NMSE results for the final
ensemble model UTRR-E at SNR = 10 dB and SNR = 20
dB. All the UTRR models with different top-K parameters
produced a similar NMSE, but by averaging the predictions
from individual models, the UTRR-E produces a lower NMSE
by around 4 dB. Table III measures the ratio of accurately
reconstructed channels in the testing dataset, where an accurate
reconstruction is counted when its normalized ℓ2 error is below
a threshold, which is set as Th = 0.001 for SNR = 10
dB and Th = 0.0001 for SNR = 20 dB. At both SNRs,
Table III shows the model-averaging ensemble improved the
accurate reconstruction ratio by around 50%. The results of
NMSE and the accurate reconstruction ratio from Table II
and Table III prove that the proposed model-averaging en-
semble can improve the reconstruction accuracy significantly.
Note that assembling multiple models that have the same
the top-K parameter would not produce such improvement.
In practical applications, since the computational complexity
from the summation and average operations are negligible,
the predictions from each trained model can be computed in
parallel to avoid adding additional delays.

E. Performance Comparison for Different Pilot Lengths

The performance of UTRR models for pilot length M = 64
are also added in Table II and Table III to show the pilot
length influence. Table II shows when using the pilot length
of M = 64, the NMSE performance degrades around 5
dB compared with the pilot length M = 128. Table III
shows the model-averaging ensemble improved the accurate
reconstruction ratio by around 50% when M = 128. When
M = 64, the accurate reconstruction ratio improves by 10%–
15% by model-averaging ensemble compared to the results
from each individual model.

Figure 9 compares the NMSE performance for the proposed
approaches for the pilot lengths M = 128 and M = 64.
Iterative aglorithms ITRR and ITRR-BB have similar accuracy
performance, therefore, we only demonstrate ITRR-BB accu-
racy in this figure. It shows that more pilots lead to higher
accuracy for all approaches. Compared with ITRR-BB, the
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TABLE II: Reconstruction NMSEs of different UTRR models and the ensembled model.

SNR
NMSE(dB) Model

UTRRK=0 UTRRK=16 UTRRK=64 UTRRK=256 UTRR-E

M = 128, SNR = 10 dB −18.92 −18.92 −19.00 −18.77 −22.06
M = 128, SNR = 20 dB −26.97 −26.93 −26.73 −26.94 −30.18
M = 64, SNR = 20 dB −21.89 −21.22 −21.72 −21.45 −24.51

TABLE III: The accurate reconstruction ratios of different UTRR models and the ensembled model. Here, an accurate
reconstruction is counted if its normalized ℓ2-error below the threshold Th.

Threshold

Ratio (%) Model
UTRRK=0 UTRRK=16 UTRRK=64 UTRRK=256 UTRR-E

M = 128, Th = 0.01, SNR = 10 dB 39.1 38.65 40.75 34.6 85.15
M = 128, Th = 0.001, SNR = 20 dB 10.85 10.6 8.15 11.75 67.4
M = 64, Th = 0.01, SNR = 20 dB 85.8 81.4 85.2 83.1 95.6
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Fig. 9: Reconstruction NMSEs of deep-learning methods.

unfolded networks UTRR and UTRR-E using the same pilot
length achieved higher accuracy. For UTRR and UTRR-E,
more pilots lead to more noticeable NMSE reduction at high
SNR range between 20–30 dB.

F. Comparisons of UTRR Performance With Other Deep-
Learning Methods

Next, we compare the UTRR-E performance with the GM-
LAMP model [45], the CNN-based model [33], and the SBL-
CE-Net [26]. Fig. 9 plots the channel estimation NMSE over
the SNR in the range of [−10, 25] dB. Compared with the
GM-LAMP and the CNN-based model, the proposed UTRR-
E achieved lower NMSEs for the entire SNR range. The
CNN-based model has a slightly lower NMSE than the GM-
LAMP for the low SNR range of [−10, 5] dB, but at a high
SNR ∈ [10, 25] dB, the NMSE of the CNN-based model
stuck at around −15 dB while other methods start showing
noticeable advantages. For example, at the high SNR = 25
dB, the SBL-CE-Net has the NMSE around −25 dB, the GM-
LAMP achieves the NMSE around −26 dB, and the proposed
UTRR-E achieves the NMSE below −33 dB.

As a widely used metric to evaluate the channel estimation
accuracy, the NMSE itself is insufficient to measure the impact
of imperfect channel estimation on the communication system.
Because the estimated channels from two different channel
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Fig. 10: Reconstruction NMSEs of deep-learning methods.

estimation approaches can have the same NMSE but have
significantly distinct channel realizations. Different channel
realizations having different values in each antenna entry can
lead to different beamforming directions and thus cause a
significantly different impact on the achievable rate of the
massive MIMO system.

Figure 10 plots the sum rate of using the estimated
beamspace channels by the proposed UTRR-E and also plots
the sum rate of using the Gaussian noise-contaminated CSI.
The x-axis is the channel estimation NMSE to ensure the
sum rates are computed at the same NMSE for two types
of imperfect CSI. Large gaps exist between the sum rates of
using the UTRR-E estimated CSI and using the Gaussian noise
contaminated CSI. This result affirms that different channel
estimation schemes can have the same NMSE but have a
significantly different impact on the sum rate. Therefore, the
sum rate is a necessary metric to access the direct impact of
channel estimation schemes on a communication system.

Figure 11 compares the downlink sum rates versus the
transmit SNR for different deep-learning channel-estimation
methods, where the ideal channel reciprocity is assumed and
the uplink channels were estimated at SNR = 15, 0,−10
dB. When the uplink channels are estimated at a high SNR,
the channel estimation errors are small enough. Thus, the
downlink sum rates are dominated by the downlink SNR.
Therefore, all three deep-learning methods show little differ-
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Fig. 12: Downlink Sum rate versus downlink SNR when
uplink channels are estimated at SNR = −10, 0, 15 dB

ence in the sum rates. For example, for the uplink channels
are estimated when the channel estimation SNR is 15 dB,
the average channel estimation errors are −26.39 dB, −20.79
dB, and −15 dB for the UTRR-E, the GM-LAMP and the
CNN-based model, respectively; their sum rates are 143, 138,
and 125 bits/s/Hz for the downlink SNR = 40 dB, while
the sum rate with perfect CSI is 145 bits/s/Hz that only
has little difference with the sum rates using imperfect CSI.
The uplink channel-estimation errors increase when the uplink
SNR decreases, and thus the downlink sum rates degrade more
obviously because of the imperfect CSI. As shown in the
sum-rate curves when the channel estimation SNR = −10
dB, larger gaps exist between the sum rates using imperfect
CSI and the sum rate using perfect CSI. For all the cases
of different channel estimation SNRs, the proposed UTRR-E
model achieved higher sum rate over the entire downlink SNR
range. Fig. 12 shows the impact of the channel estimation SNR
on the downlink sum rate, where the downlink transmit SNR is
SNRdl = 20 dB. When the channel estimation SNR increases,
the sum rates of all three deep-learning methods increase and
gradually approach their maximum sum rates. The optimal
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Fig. 13: Downlink sum rate at SNRdl = 20 dB versus uplink
channel estimation SNR

sum rate with perfect CSI is 43 bits/s/Hz, which is drawn as
a straight line for comparison. The UTRR-E achieves a 41
bits/s/Hz sum rate, which is 95% of the optimal sum rate at
SNR = 0 dB; at SNR = 10 dB, the UTRR-E achieves
the optimal sum rate. For the entire uplink channel estimation
SNR range, the UTRR-E shows higher sum rates than the other
two deep-learning methods. The sum rate results of Fig. 11 and
Fig. 12 conclude that the proposed UTRR models with model-
averaging ensemble can estimate the channels more accurately
and provide higher sum rate than the state-of-the-art other
deep-learning methods.

G. Computational Complexity

The computational complexity of the ITRR algorithm is
O(TMN2), where T represents the number of iterations be-
fore convergence. The forward-pass computational complexity
of a UTRR network is O(LMN2), where L represents the
number of layers of the decoder. Although the computational
complexities of the ITRR and the UTRR decoder appear
similar, the number of layers L is usually much smaller
than the number of iterations I . Additionally, the sorting
operation of finding largest K elements has computational
complexity O(NlogK). ITRR algorithm requires to perform
sorting operation in every iteration while the UTRR with
CRR only requires once in the last layer of the network.
By contrast, the GM-LAMP network are constructed on the
AMP algorithm, the computational complexity of the AMP
algorithm and the GM-LAMP network is the same, i.e.,
O(TMN) [45]. The computational complexity of the CNN-
based model is O(NM) for each fully connected layer and
O(Nk2ΣNre

l=1nl−1nl) for each CNN layer, where k is the
side length of the convolutional filters, nl−1 and nl denote
the numbers of input and output feature maps of the lthe
convolutional layer, 1 ≤ l ≤ Nre [33]; seven CNN layers
were used with the kernel size 3× 3 [33]. The computational
complexity of the OMP algorithm can be represented by
O(SMN) + O(S3M), where S is the sparsity level of the
beamspace channel vector [57]. The computational complexity
for SBL family is O(TMN2). Note that the computational
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complexity is quite high because calculating matrix inverse
is required for two times per iteration, and the computational
complexity for matrix inverse is O(M3). The proposed SBL-
CE-Net introduces extra computational complexity by the 3D
convolutional layers is O(NNFF

3
S), where NF is the number

of filters NF filters and the filter size is FS [26].

VI. CONCLUSION

This paper presented an iterative algorithm, i.e., the ITRR,
and then unfolded it into a deep-learning model, i.e., the
UTRR, for the beamspace channel estimation in mmWave
massive MIMO systems. The ITRR algorithm has interpretable
structure and shows competitive performance, while the prac-
tical implemetation is challenging due to high computational
complexity and suboptimal parameter tunning. By unfolding
the ITRR into a learnable algorithm which can be trained
offline, the UTRR addressed the practical implementation
challenges with faster, more robust and accurate sparse re-
constructions. Furthermore, this paper proposed the model-
averaging ensemble to improve the model prediction accuracy.
Numerical results conclude that the proposed learning scheme
can reconstruct beamspace channels with a higher accuracy
and thus prompts the mmWave massive MIMO system to
achieve larger sum rates. This work demonstrated a complete
design of leveraging traditional model-driven optimizations
to develop a deep-learning method for an applied problem.
The proposed UTRR models can be applied to other sparse
reconstruction applications.
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