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Task-Based Quantization for Channel Estimation
in RIS Empowered MmWave Systems
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Abstract—In this paper, we investigate channel estimation for
reconfigurable intelligent surface (RIS) empowered millimeter-
wave (mmWave) multi-user single-input multiple-output commu-
nication systems using low-resolution quantization. Due to the
high cost and power consumption of analog-to-digital converters
(ADCs) in large antenna arrays and for wide signal bandwidths,
designing mmWave systems with low-resolution ADCs is benefi-
cial. To tackle this issue, we propose a channel estimation design
using task-based quantization that considers the underlying
hybrid analog and digital architecture in order to improve the
system performance under finite bit-resolution constraints. Our
goal is to accomplish a channel estimation task that minimizes the
mean squared error distortion between the true and estimated
channel. We develop two types of channel estimators: a cascaded
channel estimator for an RIS with purely passive elements, and
an estimator for the separate RIS-related channels that leverages
additional information from a few semi-passive elements at the
RIS capable of processing the received signals with radio fre-
quency chains. Numerical results demonstrate that the proposed
channel estimation designs exploiting task-based quantization
outperform purely digital methods and can effectively approach
the performance of a system with unlimited resolution ADCs.
Furthermore, the proposed channel estimators are shown to be
superior to baselines with small training overhead.

Index Terms—Reconfigurable intelligent surface (RIS), chan-
nel estimation, task-based quantization, multi-user single-input
multiple-output (MU-SIMO).

I. INTRODUCTION

In millimeter-wave (mmWave) communication systems op-
erating at high carrier frequencies ranging from 30-300 GHz,
the availability of large bandwidths allows for high data
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rates, thereby supporting various requirements anticipated
for future wireless communications [1]. However, high fre-
quency propagation leads to significant path-loss and strong
directivity, making the signals vulnerable to blockages. To
tackle these issues,metasurface-based technologies, such as
reconfigurable intelligent surfaces (RISs), which are planar
metamaterial structures consisting of low-cost passive scatter-
ing elements [2]–[5], and reconfigurable holographic surfaces
(RHSs), which operate as reconfigurable antenna arrays at
a base station (BS) with a reduced number of radio fre-
quency (RF) chains to enhance cost and energy efficiency
[6], [7], have emerged as promising solutions for beyond-
5G communications. In the case of RIS, the propagation
environment can be adaptively adjusted in beneficial ways
by intelligently modifying its reflection properties [2]–[5].
For instance, an RIS can effectively construct a virtual line-
of-sight link between a BS and user equipment (UE) that
would otherwise be blocked, thus enhancing mmWave system
coverage despite the presence of obstacles [2], [4].

To fully leverage the benefits of an RIS, it is necessary to
acquire accurate channel state information (CSI) at the BS
or UE. However, an RIS typically lacks baseband processing
capability as it comprises purely passive elements without RF
chains, making CSI acquisition for the RIS-related channels
inherently difficult. To tackle this challenge, most existing
works propose estimating the cascaded UE-RIS-BS channel,
which is generally sufficient when designing the RIS phase
shifts for data transmission [8]–[11]. However, in some appli-
cations such as those involving UE localization, obtaining CSI
for the individual BS-RIS and RIS-UE channels is necessary
[12]–[14]. To address this issue, some existing works have
suggested integrating the RIS with a few semi-passive ele-
ments equipped with their own RF chain and analog-to-digital
converters (ADCs), enabling the reception and processing of
training signals [15]–[19].

Prior work on channel estimation for both types of RIS has
mostly assumed infinite resolution ADCs at the BS or RIS.
In practical applications, developing systems that operate with
low-resolution ADCs helps mitigate the overall cost and power
consumption, particularly in mmWave massive multiple-input
multiple-output (MIMO) systems that employ large antenna
arrays and high bandwidths. Prior work that has considered
low-resolution ADCs for this problem includes [20], which
developed a bilinear generalized approximate message pass-
ing (BiG-AMP) approach for cascaded channel estimation
in single-user multiple-input single-output systems. In [21],
a leakage structure orthogonal matching pursuit (LS-OMP)
algorithm was proposed to estimate the cascaded channel
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taking into account leakage caused by grid mismatch. Also,
[22] proposed a Bayesian estimator to estimate the separate
RIS channels for multi-user single-input multiple-output (MU-
SIMO) systems, exploiting additional information from semi-
passive elements equipped with low-resolution ADCs. In [23],
a generalized multiple measurement vector (GMMV) problem
and matrix completion were used to estimate the individual
RIS channels, and a hierarchical message passing-based al-
gorithm was proposed based on AMP-like approximations.
However, in mmWave systems, deploying large antenna arrays
at the BS still results in significant overhead in terms of the
total number of quantized bits that must be processed during
the channel estimation phase. Our goal in this work is to
design a channel estimator using low-resolution ADCs that
achieves high estimation accuracy with a minimal number of
quantization bits at the receiver.

Among the various quantization strategies that have been
proposed, [24]–[28] have shown that co-designing the quan-
tizer together with a hybrid analog and digital architecture
can dramatically improve the performance. In conventional
“task-ignorant” systems where the quantizer is designed solely
to discretize the measurements, the desired task (recovering
the transmitted signal vector) is performed separately in the
digital domain. On the other hand, task-based quantization
captures lower-dimensional information from signals in the
analog domain based on the specific system task, allowing
for a reduction in the overall number of bits required to ac-
complish the task, thereby minimizing the power consumption
and memory requirements. Task-based quantization has been
applied in various applications such as channel estimation
[24], [25], [28], quadratic function recovery [27], MIMO
radar [29], and dual functional radar and communication sys-
tems [30]. However, prior work has not addressed task-based
quantization in RIS-aided communication systems, except for
our preliminary work in [31] which only addressed cascaded
channel estimation.

In this paper, motivated by the success of task-based quan-
tization over conventional all-digital approaches independent
of the task [24]–[28], we apply task-based quantization to the
problem of channel estimation for RIS-empowered MU-SIMO
systems, where identical scalar ADCs are used to mitigate
hardware cost and energy limitations. Specifically, we consider
two approaches: 1) cascaded channel estimation for cases
involving an RIS with purely passive elements, and 2) separate
estimation of the RIS channels by exploiting an RIS with
a few semi-passive elements connected with low-resolution
ADCs that provide additional local information. Note that
deploying low-resolution ADCs for the semi-passive elements
of an RIS is consistent with the goal that such surfaces operate
with minimal additional cost and power consumption. For
both channel estimation approaches, the goal is to minimize
the mean squared error (MSE) in estimating the channel for
a hybrid analog and digital architecture by proper choice
of the analog and digital combining matrices and the ADC
quantization range or support. Our main contributions are as
follows:
• For an RIS equipped with purely passive elements, we

first propose a cascaded channel estimation framework

using task-based quantization to minimize the total num-
ber of quantization bits at the BS while employing
low-resolution ADCs. Combining the mmWave channel
structure with task-based quantization, we demonstrate
that, under typical mmWave system conditions, the di-
mensionality of the BS observations in the analog domain
can be significantly reduced, depending on the number of
propagation paths that comprise the RIS-related channels.
Due to the limited RF scattering in mmWave bands, the
number of propagation paths is limited, which enables
the proposed channel estimator to achieve a significant
reduction in the total number of quantization bits at the
BS compared to task-ignorant approaches.

• For an RIS with semi-passive elements, we propose a
two-stage estimator of the RIS channel components using
task-based quantization that first estimates the UE-RIS
channels based on observations from the semi-passive
elements of the RIS, and subsequently estimates the BS-
RIS channel using the UE-RIS channel estimate and
observations at the BS. This estimator is the first to con-
sider low-resolution quantization at both the BS and the
semi-passive elements of the RIS. We also demonstrate
that the total number of quantization bits required to
estimate the individual channel components at the BS can
be further reduced compared to the proposed cascaded
channel estimator.

• Our numerical results verify that, in terms of channel es-
timation accuracy, the proposed cascaded channel estima-
tor closely approaches the performance of the minimum
MSE (MMSE) estimator without quantization [32], and
outperforms a purely digital approach assuming identical
bit-resolution ADCs in which a task-ignorant MMSE es-
timator based on [24] is applied to the quantized measure-
ments. Subsequently, we demonstrate that the proposed
channel estimator for the separate RIS channels shows
performance comparable to an MMSE estimator without
quantization even with a small number of semi-passive
elements. Finally, we show that the proposed channel
estimators outperform baseline approaches including the
methods of [20], [22] that use low-resolution ADCs
without task-based quantization, achieving a significant
reduction in the total number of quantization bits and a
small training overhead.

The rest of the paper is organized as follows. Section II
presents the system model for the assumed RIS-aided MU-
SIMO system. In Section III, the problem formulations for
obtaining the cascaded and separate channel estimates are
investigated. The basic concept of task-based quantization is
explained in Section IV, and the proposed channel estimators
based on task-based quantization are developed in Sections
V and VI. Numerical results for the proposed approaches are
provided in Section VII, and we conclude the paper in Section
VIII.

Notation: Lower- and upper-case boldface letters represent
column vectors and matrices, respectively. The conjugate,
transpose, and conjugate transpose of a matrix A are denoted
by A∗, AT, and AH, respectively. For a square matrix A,
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TABLE I: Summary of notation used in the paper.

Notation Description

N Number of BS antennas
L = LhLv Number of total RIS elements
Lh, Lv Number of horizontal and vertical elements of RIS
Lp, La Number of passive and semi-passive RIS elements
K Number of UEs

Tp = Tτ Number of total time slots for pilot training
T Number of subblocks in Tp
τ Number of time slots in each subblock
Pk Transmit power at the k-th UE
MRB Number of propagation paths in the RIS-BS channel
MUR,k Number of propagation paths in the k-th UE-RIS channel

G Uplink channel from the RIS to the BS
fk Uplink channel from the k-th UE to the RIS
F Uplink channel from the UEs to the RIS
C Cascaded channel between the BS and the UEs
θθθ[t] Vector of RIS reflection coefficients

ΩΩΩ, ΩΩΩc Index vectors of semi-passive and passive RIS elements
s[t] Vector of passive RIS reflection coefficients

y[t], z[t] Received signals at the BS and semi-passive elements
πz Quantized signals at the semi-passive RIS elements
xk[t] Transmit signal from the k-th UE

nB[t],nR[t] AWGN noise at the BS and RIS
Qν̃(·) Scalar ADC with resolution log2 ν̃ bits
γc, γg ADC thresholds for C and G

Bc,Bg Analog combining matrices for C and G

Dc,Df ,Dg Digital processing matrices for C, F, and G

Gc, Gg Number of scalar ADCs for C and G

πc,πg Outputs of scalar ADCs for C and G

tr(A) and A−1 are respectively the trace and inverse of
A. The quantities [A]i,: and [A]i,j denote the i-th row and
the (i, j)-th entry of matrix A, respectively. The operator
vec(A) denotes the vectorization of matrix A, and unvec(a)
denotes the inverse operation. The notation diag(a) represents
a diagonal matrix whose diagonal elements correspond to
the entries of the vector a, and blkdiag(·) denotes a block-
diagonal matrix with blocks defined by the argument. The
`p-norm of a vector a and the Frobenius-norm of a matrix
A are respectively denoted by ‖a‖p and ‖A‖F. A circularly
symmetric complex Gaussian distribution with mean vector
µµµ and covariance matrix K is represented using CN (µµµ,K).
The quantities 000m, 1m, and Im represent the m× 1 all-zeros
vector, the m × 1 all-ones vector, and the m × m identity
matrix, respectively. The expressions |a|, ∠a, Re(a), and
Im(a) represent the magnitude, angle, real part, and imaginary
part of a complex number a, respectively. The expression a+

denotes max(a, 0) for a real number a. The Hadamard prod-
uct, Kronecker product, and Khatri-Rao product of matrices A
and B are denoted as A�B, A⊗B, and A�B, respectively.
For convenience, we summarize the notation that will be used
throughout the paper in Table I.

II. SYSTEM MODEL

A. Signal model

We investigate an uplink RIS-aided MU-SIMO scenario as
illustrated in Fig. 1, where a BS with N antennas in a uniform

Fig. 1: An example of an uplink RIS-aided mmWave MU-
SIMO system with semi-passive elements. There are N BS
antennas, K UEs with a single antenna, and L total RIS ele-
ments.

linear array (ULA) communicates with K single-antenna UEs.
We assume a mmWave setting with large N , so the BS adopts
both hybrid analog and digital beamforming together with low-
resolution ADCs to reduce the required cost and power con-
sumption. A single RIS composed of a uniform planar array
(UPA) with L = LhLv elements is present, where Lh and Lv

denote the number of horizontal rows and vertical columns,
respectively. The configuration of the RIS is under the control
of the BS via a low-rate network connection. Among the L RIS
elements, Lp passive elements reflect the incoming signals,
while La = L − Lp � L semi-passive elements operate
in sensing mode during the channel estimation phase and in
reflecting mode during the data transmission phase1. Since the
RIS is intended to be a low-power device, the baseband outputs
of the semi-passive elements are sampled with low-resolution
ADCs [18], [22]. In general, the goal is to use as few semi-
passive elements as possible to minimize the additional cost
and power consumption at the RIS.

As in [18], [34], [35], the channels between the BS and
UEs are assumed to be entirely blocked. Based on a block
fading channel model, we assume that the BS-RIS and RIS-
UE channels are constant during Tp time slots. To indicate how
the RIS is partitioned into semi-passive and passive elements,
let ΩΩΩ ∈ {0, 1}L and ΩΩΩc = 1L−ΩΩΩ denote the index vectors of
the semi-passive and the passive elements, respectively, such
that ‖ΩΩΩ‖0 = La. Focusing on uplink transmissions, the signal
received at the BS prior to the hybrid analog/digital combining
is given by

y[t] =

K∑
k=1

Gdiag(ΩΩΩc � θθθ[t]︸ ︷︷ ︸
=s[t]

)fkxk[t] + nB[t], (1)

where xk[t] ∈ C is the transmit signal from the k-th UE
satisfying E[|xk[t]|2] ≤ Pk, and nB[t] ∼ CN (000N , σ

2
BIN )

is additive white Gaussian noise (AWGN) at the BS with
variance σ2

B. The uplink channel from the RIS to the BS is

1A semi-passive RIS element is equipped with a sensor implemented with
a low cost receive RF chain, allowing it to process the received signal
[18], [33]. In the sensing mode, the reflecting element is turned off, and
the sensor is activated to receive pilot signals. In the reflection mode, the
sensor is deactivated, and the reflecting element is turned on, operating like
a conventional passive RIS element.
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denoted by G ∈ CN×L, and the uplink channel from the k-th
UE to the RIS is represented by fk ∈ CL×1. The vector of RIS
reflection coefficients is θθθ[t] = [θ1[t], · · · , θL[t]]T ∈ CL×1,
with reflection amplitudes |θ`[t]| = 1 and phase shifts ∠θ`[t] ∈
[0, 2π). The model for the hybrid beamforming and low-
resolution quantization of y[t] will be discussed in Sections IV
and V. Note that, although we assume a narrowband channel
model throughout this paper, the proposed channel estimators
are also applicable without loss of generality to wideband
systems employing orthogonal frequency division multiplexing
(OFDM), since each subcarrier typically experiences a narrow-
band channel.

If the RIS is equipped with a few semi-passive elements, it
is possible to estimate the individual RIS channels. In this
case, the RIS sends the locally sampled information from
these elements to the BS. The signal received at time t by the
semi-passive RIS elements prior to quantization is denoted by
z[t] = ΩΩΩ � (Fx[t] + nR[t]), with F = [f1, · · · , fK ] ∈ CL×K ,
x[t] = [x1[t], · · · , xK [t]]T ∈ CK×1, and where nR[t] ∼
CN (000L, σ

2
RIL) represents AWGN at the RIS with variance

σ2
R. Stacking these signals over the Tp time slots leads to

Z = [z[1], · · · , z[Tp]]

= Ω̄ΩΩ� (FXI + NR), (2)

where Ω̄ΩΩ = ΩΩΩ ⊗ 1T
Tp
∈ CL×Tp , XI = [x[1], · · · , x[Tp]] ∈

CK×Tp , and NR = [nR[1], · · · ,nR[Tp]] ∈ CL×Tp . Both the
real and imaginary parts of each element in Z are quantized
using identical low-resolution ADCs. Denoting the vectorized
representation of (2) as z = vec(Z), the quantized version of
z is denoted by πz, which is forwarded to the BS. The i-th
element of πz is given by

πz,i =

{
Qν̃(zi) if [vec(Ω̄ΩΩ)]i = 1

0 if [vec(Ω̄ΩΩ)]i = 0,
(3)

where Qν̃(·) denotes the ADC quantization operation with
log2 ν̃ bits of resolution, applied separately to the real and
imaginary parts. The specific ADC model will be discussed in
Section IV-A.

Remark: As described in (1) and (2), we consider a model
in which the location of the semi-passive elements is fixed.
This is different from the model in [22], [23], where a
switching network between the RF chains and RIS elements
is introduced to allow the selection of semi-passive elements
to change at each time instant and improve channel estimation
performance. However, such a network requires analog con-
nections from the RF chains to all RIS elements via switches,
which would be difficult to implement in practice, especially
for a large RIS. As will be shown in Section VII-C, the
proposed individual channel estimator based on task-based
quantization without the switching network achieves superior
channel estimation performance compared to [22], [23].

B. Channel model

To properly describe the mmWave channels, we adopt a
geometric model [18], [36], [37] due to the limited scattering

environment in mmWave bands. The channel G from the RIS
to the BS is then represented by

G =

√
NL

MRB

MRB∑
m=1

αRB,maB(φm)aH
R(θAzi

RB,m, θ
Ele
RB,m), (4)

where MRB denotes the number of propagation paths between
the BS and RIS, and αRB,m ∼ CN (0, σ2

RB) is the complex
gain of the m-th path, which is independent and identically
distributed (i.i.d.) with variance σ2

RB that depends on the
path-loss. The array steering vectors at the BS and RIS are
expressed as aB(·) ∈ CN×1 and aR(·) ∈ CL×1, respectively,
and aB(φm) is represented by

aB(φm) =
1√
N

[1, ejωm , · · · , ej(N−1)ωm ]T, (5)

where φm is the angle of arrival (AoA) of the m-th path and
ωm = 2πdB sin(φm)/λc represents the spatial frequency with
carrier wavelength λc and BS antenna spacing dB. The steering
vector at the RIS is

aR(θAzi
RB,m, θ

Ele
RB,m) = aR,v(ψm)⊗ aR,h(ϕm), (6)

where θAzi
RB,m and θEle

RB,m are the azimuth and elevation angles
of departure (AoD) of the m-th path, respectively. The RIS
steering vectors along the vertical and horizontal directions
are respectively given by

aR,v(ψm) =
1√
Lv

[
1, ejψm , · · · , ej(Lv−1)ψm

]T
aR,h(ϕm) =

1√
Lh

[
1, ejϕm , · · · , ej(Lh−1)ϕm

]T
, (7)

where ψm = 2πdR,v sin(θEle
RB,m)/λc is the spatial frequency

along the vertical direction with vertical spacing dR,v, and
ϕm = 2πdR,h cos(θEle

RB,m) sin(θAzi
RB,m)/λc is the horizontal

spatial frequency with horizontal spacing dR,h. For simplicity,
we reformulate G in (4) as

G = AB,RB diag(αRB)AH
R,RB, (8)

where AB,RB = [aB(φ1), · · · ,aB(φMRB
)] ∈ CN×MRB ,

AR,RB = [aR(θAzi
RB,1, θ

Ele
RB,1), · · · ,aR(θAzi

RB,MRB
, θEle

RB,MRB
)] ∈

CL×MRB , and αRB =
√

NL
MRB

[αRB,1, · · · , αRB,MRB ]T ∈
CMRB×1.

Similarly, the channel fk from the k-th UE to the RIS is
expressed as

fk =

√
L

MUR,k

MUR,k∑
m=1

αUR,k,maR(θAzi
UR,k,m, θ

Ele
UR,k,m), (9)

where MUR,k is the number of propagation paths for this chan-
nel, αUR,k,m ∼ CN (0, σ2

UR,k) is the i.i.d. complex gain of the
m-th path with variance σ2

UR,k, and the RIS steering vector
aR(θAzi

UR,k,m, θ
Ele
UR,k,m) is defined similarly to (6) with azimuth

and elevation AoAs θAzi
UR,k,m and θEle

UR,k,m, respectively. Based
on (9), fk can be reformulated as

fk = AR,UR,kαUR,k, (10)

where AR,UR,k = [aR(θAzi
UR,k,1, θ

Ele
UR,k,1), · · · ,aR(θAzi

UR,k,MUR,k
,

θEle
UR,k,MUR,k

)] ∈ CL×MUR,k , and αUR,k =
√

L
MUR,k

[αUR,k,1,

· · · , αUR,k,MUR,k
]T ∈ CMUR,k×1.
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Fig. 2: The uplink time-domain transmission design for esti-
mating the cascaded channel.

III. PROBLEM FORMULATION

In the following, we will consider two types of channel esti-
mation problems for the above RIS-aided system: 1) Cascaded
channel estimation and 2) Individual RIS channel estimation.
The first problem is encountered in scenarios where all RIS
elements are purely passive, and no information is available
at the RIS from the training signals. Cascaded channel CSI is
generally sufficient in many situations such as BS transceiver
design, but there are applications where knowledge of the
individual RIS channels is necessary [12]–[14]. One approach
for separately estimating the BS-RIS and RIS-UE channels
involves the use of semi-passive elements at the RIS that can
receive and process the training data to eliminate ambiguities
normally present in the cascaded channel.

A. Cascaded channel estimation

In this case, we assume the RIS consists of purely passive
elements, i.e., Lp = L and ΩΩΩ = 000L. The uplink signal
design used to estimate the cascaded channel is depicted
in Fig. 2, where a block of length Tp is composed of T
subblocks of τ time slots each. Within each subblock, the
RIS configuration remains unchanged, and all UEs transmit
the same pilot sequences in each of the T subblocks. The
RIS passive reflection vector and the transmit signal from the
k-th UE in the u-th time slot of the t-th subblock are then
respectively given by

s[t, u] = s[t], 1 ≤ u ≤ τ,
xk[t, u] = xk[u], 1 ≤ t ≤ T, ∀k = 1, · · · ,K. (11)

Based on (1) and (11), the signal received at the BS in the
u-th time slot of the t-th subblock, y[t, u] = y[(t− 1)τ + u],
is expressed as

y[t, u] =

K∑
k=1

Gdiag(s[t])fkxk[u] + nB[t, u]

= Gdiag(s[t])Fx[u] + nB[t, u]. (12)

The observation matrix at the BS is obtained by stacking (12)
over τ time slots for the t-th subblock:

Y[t] = [y[t, 1], · · · ,y[t, τ ]]

= G diag(s[t])FXC + NB[t], (13)

where XC = [x[1], · · · , x[τ ]] ∈ CK×τ , and
NB[t] = [nB[t, 1], · · · ,nB[t, τ ]] ∈ CN×τ . Using the

identities vec(M1M2M3) = (MT
3 ⊗ M1)vec(M2) and

vec(M1 diag(m)M2) = (MT
2 �M1)m, Y[t] in (13) can be

vectorized as

vec(Y[t]) = (XT
C ⊗ IN )(FT �G)s[t] + vec(NB[t]). (14)

Finally, the complete set of BS observations over all T
subblocks in (14) is collected in the matrix Y ∈ CNτ×T :

Y = [vec(Y[1]), · · · , vec(Y[T ])]

= (XT
C ⊗ IN )(FT �G)S + NB, (15)

where S = [s[1], · · · , s[T ]] ∈ CL×T , and NB =
[vec(NB[1]), · · · , vec(NB[T ])] ∈ CNτ×T .

From (15), let C = FT�G be the cascaded channel between
the BS and the UEs. Using the identity vec(M1M2M3) =
(MT

3 ⊗M1)vec(M2), the received signals at the BS in (15)
can be vectorized as

vec(Y) = (ST ⊗XT
C ⊗ IN )vec(C) + vec(NB)

= S̄c + nB

, y, (16)

where S̄ = (ST⊗XT
C⊗IN ), c = vec(C), and nB = vec(NB).

Our objective is to design a channel estimator for c from
low-resolution quantized observations of y using a hybrid
analog and digital architecture at the BS. Specifically, let Bc ∈
CGc×NTτ be an analog combining matrix that projects y onto
a lower-dimensional space CGc×1 for which Gc ≤ NTτ ,
and let Dc ∈ CNKL×Gc be a digital processing matrix that
reconstructs c. Our approach presented in Section IV will
employ task-based quantization with the goal of minimizing
the following MSE distortion between the true and estimated
channel:

min
Bc,Dc,γc

E
[
‖c− ĉ‖22

]
, (17)

where ĉ is the estimate of c, and γc is the support for the ADC.

B. Estimation of individual RIS channels

When an RIS consists entirely of passive elements, it is
not possible to extract the individual CSI components of the
BS-RIS and RIS-UE channels from the cascaded channels
without additional information. This is due to the inherent
ambiguity in the cascaded channel, since Gdiag(fk) =
(GΛΛΛ)(ΛΛΛ−1 diag(fk)) for any invertible diagonal matrix ΛΛΛ [9].
To address this ambiguity, we exploit the availability of a few
semi-passive elements in the RIS. Here, our goal is to estimate
{G, F} from low-resolution quantized observations of {Y,
Z}, employing a task-based approach that minimizes the MSE
channel estimation error for both G and F.

Since the signals forwarded from the RIS to the BS are
already quantized and only bear information about the RIS-UE
link, jointly estimating both the RIS-UE and BS-RIS channels
is a challenging task. For this reasons, we formulate a two-
stage channel estimation approach, where in Stage I the RIS-
UE channel F is estimated based on the quantized observations
from the semi-passive RIS elements, and in Stage II the BS-
RIS channel G is determined using the quantized observations
at the BS and the estimate of F obtained in Stage I. Since the
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signals received by the semi-passive elements are independent
of the RIS phase shifts, we will assume τ = 1 in this case
such that Tp = T , and each UE transmits a different pilot
symbol in each subblock.

1) Stage I: In this stage, our goal is to design an estimator
for F based on the quantized observations at the semi-passive
elements πz. Note that, consistent with the low cost and
low power design of the RIS, we assume it has no analog
combining capability. Consequently, the optimization problem
involves designing only a digital processing matrix at the BS
Df ∈ CKL×LT , as follows:

min
Df

E[‖f − f̂‖22], (18)

where f̂ is the estimate of f = vec(F).
2) Stage II: In this stage, the goal is to estimate G based

on the quantized version of Y and the estimate F̂ obtained in
Stage I. Stacking the received signal vectors at the BS over
the T subblocks, the overall measurement matrix in (15) can
be equivalently written as

Y = [y[1], · · · ,y[T ]]

= G(S� FXI) + NB, (19)

where NB = [nB[1], · · · ,nB[T ]] ∈ CN×T . Denoting X̄I =
(S � FXI), the observations at the BS in (19) can be
vectorized as

vec(Y) =
(
X̄T

I ⊗ IN
)

vec(G) + vec(NB)

= Wyg + nB

, y, (20)

where Wy =
(
X̄T

I ⊗ IN
)
, g = vec(G), and nB = vec(NB).

In this case, given y and f̂ , we aim to jointly design an analog
combining matrix Bg ∈ CGg×NT for which Gg ≤ NT , a
digital processing matrix Dg ∈ CNL×Gg , and the support for
the ADC γg to minimize the MSE distortion between g and the
estimate ĝ. The optimization problem is formulated assuming
f is known and is given by

min
Bg,Dg,γg

E
[
‖g − ĝ‖22

∣∣ f ]. (21)

IV. TASK-BASED QUANTIZATION

The goal of task-based quantization [24]–[28] is to jointly
design the hybrid analog and digital combining matrices and
the quantization to minimize the MSE distortion between the
true and estimated channel. We focus on a system operating
with identical scalar ADCs, referred to as a hardware-limited
task-based quantizer [24], since a corresponding vector quan-
tizer, despite its superior performance, would be computation-
ally infeasible in practice for a large array. In the following,
we will first explain the basic idea of the hardware-limited
task-based quantizer and establish a theoretical basis for the
proposed channel estimation design.

Fig. 3: An example of a hardware-limited task-based quanti-
zation system.

A. Hardware-limited task-based quantizer

Fig. 3 depicts a general hardware-limited task-based quan-
tization system, where r ∈ CR×1 denotes the task vector we
aim to recover, u ∈ CU×1 is the measurement vector, and the
statistical relationship between r and u is represented by the
conditional probability fu|r. First, a pre-quantization mapping
ha(·) carried out in the analog domain projects u onto a lower-
dimensional space CG×1 for which G ≤ U . Subsequently,
each component of ha(u) ∈ CG×1 is quantized element-wise
using identical scalar ADCs. Due to their useful statistical
properties, the ADCs are modeled as non-subtractive uniform
dithered quantizers [38], which facilitates a tractable analysis
for the channel estimator design to be presented later.2

We define ν̃ = bν 1
2G c, where log2 ν is the total number of

quantization bits sampled by the system at any given time
instant, and the individual ADC resolution is thus log2 ν̃
bits. The ADC with dithering is modeled by the operation
Qν̃(Ig) = q(Re(Ig +βg)) + j · q(Im(Ig +βg)), g = 1, · · · , G.
Note that there are 2G ADCs to separately quantize the real
and imaginary parts of Ig . Here, {β1, · · · , βG} represent i.i.d.
dither signals whose real and imaginary parts are uniformly
distributed over [−∆/2,∆/2] for quantization step size ∆ =
2γ
ν̃ and mutually independent inputs, and q(·) is defined as

q(I) =


−γ + ∆

(
`+ 1

2

)
I − ` ·∆ + γ ∈ [0,∆],

` ∈ {0, · · · , ν̃ − 1},
sign(I)

(
γ − ∆

2

)
|I| > γ,

(22)

where γ is the support for the ADC. To guarantee that the
inputs of the ADC in (22) fall within the range [−γ, γ]
with high probability, γ is designed as some multiple η of
the maximum standard deviation of the inputs. Finally, a
post-quantization mapping hd(·) carried out in the digital
domain reconstructs r based on the G outputs of the identical
scalar ADCs. Denoting the g-th output of the scalar ADC as
πg = Qν̃([ha(u)]g), r is reconstructed as r̂ = hd(π) ∈ CR×1,
where π = [π1, · · · , πG]T ∈ CG×1.

We focus on the problem of recovering a zero-mean random
vector r from a zero-mean random measurement vector u,
where all entries in both r and u have finite variances. We use
MSE distortion as the task recovery error, aiming to design ha,

2Assuming a non-overloaded quantizer, the output of a uniform scalar
ADC modeled by dithering can be equivalently described as the sum of the
input and uncorrelated quantization noise. However, this characteristic can be
approximately achieved in systems where dithering is not used for various
types of inputs, such as Gaussian signals [39]. The impact of dithering will
be investigated in Section VII-A.
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hd, and γ to minimize the MSE between r and its estimate r̂.
This leads to the following optimization problem:

min
ha,hd,,γ

E
[
‖r− r̂‖22

]
(a)
= E

[
‖r− r̃‖22

]
+ min
ha,hd,γ

E
[
‖r̃− r̂‖22

]
, (23)

where r̃ = E[r|u] is the MMSE estimate of r based on u, and
(a) follows from the orthogonality principle stating that the
MMSE estimate is uncorrelated with the estimation error [40].
The first term in (23) is independent of the quantizer design,
indicating the irreducible estimation error of r solely based
on u. This implies that the optimization problem boils down
to minimizing the second term, which represents the minimal
distortion in quantizing the MMSE estimate of r [24], [41],
and this term would only be zero when the designed quantizer
exactly recovers the MMSE estimate. We will assume linear
mappings for both ha(·) and hd(·), i.e., ha(u) = Bu with the
analog combining matrix B ∈ CG×U and hd(π) = Dπ with
the digital processing matrix D ∈ CR×G.

B. Task-ignorant quantizer

While task-based quantization systems are designed to
minimize the MSE between r and r̂, the ADCs in task-
ignorant systems are designed to simply reconstruct the given
observation u independently of the desired task, and the
desired vector r is recovered from the quantized data by
applying the MMSE estimator.

V. CASCADED CHANNEL ESTIMATION

In this section, we develop a cascaded channel estimator
based on hardware-limited task-based quantization under finite
bit-resolution constraints. Based on (23), the optimization
problem formulated in (17) boils down to

min
Bc,Dc,γc

E
[
‖c̃− ĉ‖22

]
, (24)

where c̃ = E[c|y] is the MMSE estimate of c given y.
To solve (24), analyzing the MMSE estimate c̃ is necessary.

To facilitate the analysis, we provide the following lemma to
reformulate c.

Lemma 1. The vectorized cascaded channel c can be ex-
pressed as

c = ((AT
R,UR �AH

R,RB)T � ÃB,RB)(αUR ⊗αRB)

, Wcαc, (25)

where AR,UR = [AR,UR,1, · · · ,AR,UR,K ], ÃB,RB =
blkdiag(1T

MUR,1
, · · · ,1T

MUR,K
) ⊗ AB,RB, αT

UR =

[αT
UR,1, · · · ,αT

UR,K ], Wc = (AT
R,UR � AH

R,RB)T � ÃB,RB,
and αc = αUR ⊗αRB.

Proof. See Appendix A.

Note that in general, the AoAs/AoDs in Wc change much
more slowly than the complex channel gains in αc, and it can
be assumed that Wc remains fixed across multiple channel
coherence blocks [36], [42]. Based on this, we can assume that
Wc is deterministic, and thus the distribution of c is based

Fig. 4: Architecture for cascaded channel estimation using
hardware-limited task-based quantization.

on a linear transformation of the random vector αc by Wc.
Note that each element in αc is the product of independent
complex channel gains that follow a zero-mean Gaussian
distribution. In [43], it is shown that if x1 ∼ CN (0, σ2

1) and
x2 ∼ CN (0, σ2

2), then the mean and variance of the product
y = x1x2 are zero and σ2

1σ
2
2 , respectively. In our analysis

below, we will approximate y as a complex Gaussian random
variable with this mean and variance. Based on this result,
αc approximately follows the following complex Gaussian
distribution: αc ∼ CN (000MRBMUR

,ΣΣΣαc ), where MUR =∑K
k=1MUR,k, and ΣΣΣαc = blkdiag(σ̄2

RBσ̄
2
UR,1IMRBMUR,1

,

· · · , σ̄2
RBσ̄

2
UR,KIMRBMUR,K

) with σ̄2
RB = NL

MRB
σ2

RB and
σ̄2

UR,k = L
MUR,k

σ2
UR,k denoting the variances of the elements

in αRB and αUR,k, respectively. This means that c ∼
CN (000NKL,ΣΣΣc) approximately holds, where ΣΣΣc = E[ccH] =
WcΣΣΣαcW

H
c . Thus, the relationship between c̃ and y is linear,

i.e., c̃ can be represented by c̃ = ΓΓΓcy, where ΓΓΓc is given by

ΓΓΓc = E
[
cyH

] (
E
[
yyH

])−1

= ΣΣΣcS̄
H
(
S̄ΣΣΣcS̄

H + σ2
BINTτ

)−1
. (26)

Based on the above discussions, we develop here a
hardware-limited task-based quantization approach for esti-
mating c to minimize the MSE in (24). Denoting log2 νc as
the total number of quantization bits used to estimate c, the
resolution of the ADCs that separately quantize the real and
imaginary parts of each element in Bcy is ν̃c = bν

1
2Gc
c c. First,

the digital processing matrix that minimizes the MSE in (24)
for a given analog combining matrix is found via the following
lemma.

Lemma 2. For any analog combining matrix Bc, the digital
processing matrix that minimizes the MSE in (24) is

Do
c(Bc) = ΓΓΓcΣΣΣyB

H
c

(
BcΣΣΣyB

H
c +

4γ2
c

3ν̃2
c

IGc

)−1

, (27)

and the resulting minimum MSE distortion is given by

min
Dc

E
[
‖c̃− ĉ‖22

]
= tr

(
ΓΓΓcΣΣΣyΓΓΓH

c

)
− tr

(
ΓΓΓcΣΣΣyB

H
c

(
BcΣΣΣyB

H
c +

4γ2
c

3ν̃2
c

IGc

)−1

BcΣΣΣyΓΓΓH
c

)
,

(28)

where ΣΣΣy = E[yyH].

Proof. The proof is based on Lemma 1 in [24], and details
are provided in Appendix B.
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Using the results of Lemma 2, the following proposition
characterizes the analog combining matrix that minimizes the
MSE distortion in (28).

Proposition 1. The optimal analog combining matrix that
minimizes the MSE in (28) is given by Bo

c = UcΛΛΛcV
H
c ΣΣΣ
− 1

2
y ,

where:

1) Vc ∈ CNTτ×NTτ is the matrix of right singular vectors
of Γ̃ΓΓc , ΓΓΓcΣΣΣ

1
2
y .

2) ΛΛΛc ∈ CGc×NTτ is a diagonal matrix with diagonal
entries given by

([ΛΛΛc]g,g)
2 =

4κc
3ν̃2

c ·Gc

(
ζc · λΓ̃ΓΓc,g

− 1
)+

, (29)

where κc = η2
c

(
1− 2η2c

3ν̃2
c

)−1

, ηc represents a design
parameter to guarantee that the inputs to the ADCs
fall within the desired dynamic range, {λ

Γ̃ΓΓc,g
} are the

singular values of Γ̃ΓΓc arranged in descending order, and
ζc is chosen to satisfy

4κc
3ν̃2

c ·Gc

Gc∑
g=1

(
ζc · λΓ̃ΓΓc,g

− 1
)+

= 1. (30)

3) Uc ∈ CGc×Gc is a unitary matrix that forces
UcΛΛΛcΛΛΛ

H
c U

H
c to have identical diagonal entries.

4) The resulting support of the ADCs is γc =
√

κc

Gc
.

Proof. The proof is based on Theorem 1 in [24], and details
are provided in Appendix C.

The unitary matrix Uc in Proposition 1 can be computed
using Algorithm 2.2 in [44], which guarantees that each ADC
input has an identical variance and allows for the same quan-
tization rule to be applied to each channel. By employing ΛΛΛc,
it is possible to balance the estimation and quantization errors
by suppressing the less significant singular values {λ

Γ̃ΓΓc,g
},

following the water-filling type formula specified in (29).
Note that, as shown in Lemma 2 and Proposition 1, the

quantizer in the proposed channel estimator is jointly de-
signed with both the analog combining matrix and the digital
processing matrix to minimize the channel estimation error.
In contrast, the performance metric for designing a standard
task-ignorant quantizer is solely the accuracy of the digital
representation with respect to its input. This implies that the
proposed task-specific estimator design can achieve superior
performance compared to task-ignorant designs, even under
the same per-ADC bit resolution constraints.

The overall proposed cascaded channel estimation design
is depicted in Fig. 4, where the g-th element of Bcy is
quantized using the low-resolution ADC discussed in Section
IV-A, and the output of the scalar ADC is denoted by
πc,g , Qν̃c([Bcy]g). Subsequently, c is reconstructed as
ĉ = Dcπc, where πc = [πc,1, · · · , πc,Gc ]T ∈ CGc×1. Based
on the estimate ĉ, the cascaded channel for the k-th UE,
Ck = G diag(fk), is reconstructed as

Ĉk = [Ĉ](k−1)N+1:kN,: , (31)

where Ĉ = unvec(ĉ). Note that in order to minimize the
MSE, the output dimension of the analog combining matrix
Gc should not be larger than the rank of the covariance matrix
of c̃, according to Corollary 1 in [24], and the optimal Gc is
equivalent to the number of non-zero singular values {λ

Γ̃ΓΓc,g
}.

This implies that, based on (26), the choice of Gc heavily
depends on the rank of ΣΣΣc, which is determined by the rank
of Wc in (25) since ΣΣΣαc is a full rank matrix. For further
analysis, we provide the following lemma regarding the rank
of Wc.

Lemma 3. If the following conditions are satisfied, Wc has
full column rank MRBMUR:

1) L ≥MRBMUR,
2) θAzi

UR,k,ik
6= θAzi

RB,j , θ
Ele
UR,k,ik

6= θEle
RB,j , ∀k ∈ {1, · · ·K},

∀ik ∈ {1, · · · ,MUR,k}, ∀j = {1, · · · ,MRB}.

Proof. See Appendix D.

In mmWave systems that employ an RIS, the RIS should
have a large number of elements to overcome the multiplica-
tive path-loss, and thus since the number of propagation paths
for the RIS-related channels is limited, the first condition
will generally be satisfied. Furthermore, the AoAs/AoDs of
different propagation paths can be treated as independent
continuous random variables, from which the second condition
for Lemma 3 is satisfied with probability one [35], [45], [46].

Based on the above discussion, in large-scale systems where
L is sufficiently large, the rank of the covariance matrix of
c̃ depends on the rank of Wc and is upper bounded by
MRBMUR for proper design of the UE pilot sequence XC

and the passive RIS reflection coefficients S, which defines
ΓΓΓc in (26). To investigate the number of training time slots
required to achieve rank(ΓΓΓc) = MRBMUR, we provide the
following lemma.

Lemma 4. If the conditions in Lemma 3 hold and both S and
XC have their maximum ranks with τ ≥ K, the necessary
conditions for rank(ΓΓΓc) = MRBMUR are given by

1) NTτ ≥MRBMUR,
2) KT ≥MUR.

Proof. See Appendix E.

We can see that the first condition in Lemma 4 is easily
satisfied when the number of BS antennas is large. The second
condition indicates it is sufficient that T be at least the average
number of propagation paths in the UE-RIS links, which is
usually small in mmWave systems. Consequently, unlike task-
ignorant systems, the analog combining matrix derived from
Proposition 1 can reduce the dimensionality of the observation
vector y at the BS from NTτ to MRBMUR with a small
training overhead, which significantly reduces quantization
error when the total number of quantization bits at the BS
is highly limited.

In Proposition 1, the matrix Bc linearly combines the
elements of the vector y consisting of received signals at the
BS over multiple time instances during the channel estimation
phase. In [47] it was shown that it is feasible to combine
signals received over multiple time instances in the analog
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domain using the concept of virtual channel extension, in
which an analog combining matrix for multiple time instances
is constructed by sequentially reusing a simple hardware
architecture that generates an analog combining matrix. Fur-
thermore, hardware prototypes for analog combining with
dynamic weights have been demonstrated in [48], [49]. In [48],
dynamically adjustable complex gains were implemented us-
ing highly reconfigurable noise-canceling constant-Gm vector
modulators, while in [49] analog vector multipliers were used
to control the gain and phase of the analog signals.

Finally, we analyze the computational complexity required
to implement the proposed cascaded channel estimator dis-
cussed thus far. To simplify the analysis, we assume Tp �
L and Gc = MRBMUR � NTp. To compute ΓΓΓc, the
dominant complexity comes from the matrix multiplications
involved and is given by O(N3K2L2Tp). The complexity
required to compute the analog combining matrix Bc based
on Proposition 1 is O(N3KLT 2

p ). Computing the digital
processing matrix Dc in Lemma 2 requires a complexity of
O(N3KLT 2

p ). Note that, the remaining operations including
matrix-vector multiplications to obtain ĉ based on Bc and
Dc have negligible computational complexity. Thus, the total
complexity of the proposed cascaded channel estimator is
O(N3K2L2Tp).

VI. INDIVIDUAL RIS CHANNEL ESTIMATION

In this section, we design an estimator for the individual
RIS-related channels using hardware-limited task-based quan-
tization, where information from the semi-passive elements
of the RIS is utilized, and low-resolution ADCs are present
at both the BS and the RIS. As discussed in Section III-B,
we apply task-based quantization to the two-stage estimation
problem, where in Stage I the RIS-UE channel F is estimated
based on the quantized observations from the semi-passive RIS
elements, and in Stage II the BS-RIS channel G is estimated
using the quantized observations at the BS and the estimate
of F obtained in Stage I.

A. Stage I: Estimation of F

We first develop a channel estimator for F based on
quantized observations at the semi-passive elements equipped
with low-resolution ADCs. To facilitate the analysis, we use
a pseudo-measurement model as in [22], where a statistically
equivalent expression for Z in (2) is given by

Ẑ = [ẑ[1], · · · , ẑ[T ]]

= Ω̄ΩΩ� FXI + NR. (32)

In (32), Ẑ contains the same information about F as Z for
the semi-passive elements, and no information about F at
the passive element locations. This implies that the quantized
values of Ẑ corresponding to the zeros of Ω̄ΩΩ can be chosen
arbitrarily from among the possible ADC outputs. The vector-
ized representation of Ẑ is given by

vec(Ẑ) = diag(vec(Ω̄ΩΩ))(XT
I ⊗ IL)vec(F) + vec(NR)

= Wẑf + nR

, ẑ, (33)

where Wẑ = diag(vec(Ω̄ΩΩ))(XT
I ⊗IL), f = vec(F), and nR =

vec(NR).
Our goal is to design an estimator of f from ẑ by minimizing

the MSE distortion under finite bit-resolution constraints using
hardware-limited task-based quantization. While in principle
an analog combining matrix such as that in Proposition 1 could
be implemented at the RIS to obtain an accurate estimate of
f as discussed in Section III-B, we assume that no analog
processing is performed at the RIS to maintain the low cost
and power consumption of the RIS. Mathematically this is
equivalent to setting the RIS analog combiner as ILT . In
this case, the optimization problem boils down to solely
designing a digital processing matrix Df under finite bit-
resolution constraints, leading to the following optimization
problem based on the result in (23):

min
Df

E[‖f̃ − f̂‖22], (34)

where f̃ = E[f |ẑ] is the MMSE estimate of f given ẑ. Note
that the digital processing matrix Df found in (34) is applied
at the BS after the RIS forwards πz to the BS.

From (10), with fixed AR,UR,k, fk is a linear transfor-
mation of the random vector αUR,k by AR,UR,k, and thus
is distributed as f ∼ CN (000KL,ΣΣΣf ) with covariance matrix
ΣΣΣf = blkdiag (σ̄2

UR,1AR,UR,1A
H
R,UR,1, · · · , σ̄2

UR,KAR,UR,K

AH
R,UR,K). This suggests that the MMSE estimate f̃ is linear

in ẑ, i.e., f̃ = ΓΓΓf ẑ, where

ΓΓΓf = E[f ẑH](E[ẑẑH])−1

= ΣΣΣfW
H
ẑ (WẑΣΣΣfW

H
ẑ + σ2

RILT )−1. (35)

Assume that each low-resolution ADC at the RIS has
resolution ν̃f = bν

1
2La

f c, where log2 νf represents the total
number of quantization bits available at the RIS, of which
each RIS ADC produces log2 ν̃f bits. The digital processing
matrix minimizing the MSE distortion in (34) for this case is
characterized by the following corollary:

Corollary 1. Assuming no analog combining at the RIS, the
digital processing matrix which minimizes the MSE in (34) is
given by

Do
f (ILT ) = ΓΓΓfΣΣΣẑ

(
ΣΣΣẑ +

4κfσ
2
ẑ,max

3ν̃2
f

ILT

)−1

, (36)

where κf = η2
f

(
1− 2η2f

3ν̃2
f

)−1

with ηf defined similarly to (29),
ΣΣΣẑ = E[ẑẑH], and σ2

ẑ,max = maxi=1,··· ,LT [ΣΣΣẑ]i,i.

Proof. The proof follows directly from Lemma 2.

The overall estimation process for f is depicted in Fig. 5,
where f̂ = Dfπz and F̂ = unvec(f̂). Note that when the
AoAs in the UE-RIS channels are distinct and XI has its
maximum rank, it can be shown that the necessary condition
for rank(ΓΓΓf ) = MUR is LaT ≥MUR.
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Fig. 5: Architecture for estimating the individual RIS channels
using hardware-limited task-based quantization.

B. Stage II: Estimation of G

In Stage II we estimate G based on the quantized version
of Y and the estimate F̂ obtained in Stage I, where the
optimization problem in (21) is reformulated based on the
result in (23):

min
Bg,Dg,γg

E
[
‖g̃ − ĝ‖22

∣∣ f ], (37)

where g̃ = E[g|y, f ] is the MMSE estimate of g given y and f .
From (8), g can be represented as g = (A∗R,RB�AB,RB)αRB,
implying that with fixed AR,RB and AB,RB, g is distributed
as g ∼ CN (000NL,ΣΣΣg), with covariance ΣΣΣg = σ̄2

RB(A∗R,RB �
AB,RB)(A∗R,RB � AB,RB)H. This implies that, given f , g̃ is
linear in y and can be represented as g̃ = ΓΓΓg|fy, where

ΓΓΓg|f = E[gyH|f ](E[yyH|f ])−1

= ΣΣΣgW
H
y (WyΣΣΣgW

H
y + σ2

BINT )−1. (38)

Assuming a total of log2 νg quantization bits available at
the BS to estimate g, the resolution of the individual ADCs

is given by ν̃g = bν
1

2Gg
g c bits. Based on (38), the optimal Bg,

Dg, and γg that minimize the MSE in (37) can be derived
using the results from Proposition 1 and Lemma 2. Following
Lemma 3, it is straightforward to verify that A∗R,RB�AB,RB in
ΣΣΣg has full column rank MRB when N ≥MRB, implying that
the analog combining matrix Bg can reduce the dimensionality
of the observations at the BS from NT to MRB, given proper
designs of XI and S. Furthermore, using an approach similar
to that in Lemma 4, it can be shown that a necessary condition
for rank(ΓΓΓg|f ) = MRB is NT ≥ MRB, and this condition
can be satisfied even with T = 1 when N is large. This
implies that, in large-scale systems, the RIS-BS channel can be
accurately estimated with extremely small training overhead,
while simultaneously achieving a significant reduction in the
total number of quantization bits at the BS compared to task-
ignorant estimators.

In large-scale systems, where a large number of BS antennas
and RIS elements are deployed, the number of scalar ADCs
required at the BS for the proposed algorithm to estimate
the individual channels is MUR times less than the number
required by the proposed cascaded channel estimator in Sec-
tion V. This is a significant reduction, illustrating the clear
advantage of the proposed individual channel estimator when
a few semi-passive elements are available at the RIS.

The architecture for estimating g is depicted in Fig. 5, where
ΓΓΓg|f in (38) is constructed using F̂ obtained from Stage I. The
estimate of g is given by ĝ = Dgπg, where the g-th element in
πg = [πg,1, · · · , πg,Gg ]T ∈ CGg×1 is πg,g , Qν̃g([Bgy]g),
and G can be reconstructed as Ĝ = unvec(ĝ).

The discussion above has assumed that the BS knows the
AoAs/AoDs for the RIS-related channels since, as discussed
in Section V, these angles change relatively slowly. If the
angles are unknown, they can be estimated given data from
the semi-passive elements at the RIS using various techniques
such as compressed sensing (CS) [15] or the method in [18].
In Section VII-C, we will compare the performance for cases
where the angles must be estimated.

To analyze the computational complexity of the proposed
individual channel estimator, we make assumptions similar to
those used in the analysis of the proposed cascaded channel
estimator, namely that T � L and Gg � NT . In Stage
I, the complexity required to compute ΓΓΓf is O(KL3T 2 +
K2L3T + L3T 3), while computing the digital processing
matrix Df based on Corollary 1 requires a complexity of
O(KL3T 2 + L3T 3), implying that the total complexity of
Stage I is O(KL3T 2 + K2L3T + L3T 3). In Stage II, com-
puting ΓΓΓg|f requires a complexity of O(N3L2T ). Computing
the analog combining and digital processing matrices has
complexity O(N3LT 2) and O(N3LT 2), respectively, which
leads to a total complexity for Stage II of O(N3L2T ). Thus,
the total computational complexity of the proposed individual
channel estimator is O(KL3T 2 +K2L3T +L3T 3 +N3L2T ).

VII. NUMERICAL RESULTS

In this section, we investigate the performance of the
proposed channel estimators based on hardware-limited task-
based quantization. We assume a system with uplink carrier
frequency fc = 24 GHz, N = 16 antennas at the BS,
L = 100 elements at the RIS with Lh = Lv = 10, and
K = 3 UEs transmitting uncorrelated Gaussian signals. The
BS and RIS are located at (0 m, 0 m) and (20 m, 10
m), respectively, and the UEs are distributed around a circle
centered at (40 m, 0 m) with radius 5 m. The following system
parameters are set based on the Dense Urban-eMBB scenario
specified in ITU-R M.2412-0 [50]. The UE transmit power
is Pk = 23 dBm,∀k = 1, · · · ,K. Assuming a noise spectral
density N0 = -174 dBm/Hz, bandwidth W = 80 MHz, and
noise figure NF = 7 dB, the noise variances at the BS and RIS
are σ2

B = σ2
R = W ×N0 ×NF. Considering the line-of-sight

dominant environments in mmWave bands, we set the the path-
loss model as PL = 31.4+20 log10(r) dB, where r represents
the distance of the link in meters [22]. The antenna spacing
at the BS and RIS is dB = dR,v = dR,h = λc

2 , where λc

is the wavelength corresponding to fc. For cascaded channel
estimation, the number of time slots for each subblock is set
to τ = K. The output dimensions of the analog combining
matrices for cascaded and individual channel estimation are set
to Gc = MRBMUR and Gg = MRB, respectively. Each RIS
reflection coefficient in S is randomly selected from the binary
set {−1, 1} to account for the hardware limitations of the RIS.
Unless otherwise specified, the number of propagation paths
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Fig. 6: NMSE performance comparison for cascaded channel
estimation versus total number of quantization bits.

in the channel model is MRB = MUR,1 = · · · = MUR,K = 4
considering the limited number of clusters in mmWave bands
[51], and the number of subblocks for pilot training is T = 5.

A. Cascaded channel estimation performance

In this section, we evaluate the performance of the proposed
cascaded channel estimator compared to the following base-
line schemes:
• No quantization [32]: The MMSE estimate c̃ = ΓΓΓcy is

applied without quantization. This estimate characterizes
the minimum possible MSE distortion.

• Digital only: In this approach, the MMSE estimator ΓΓΓc

is applied to the quantized observations without analog
combining, i.e., the ADCs operate independently of the
channel estimation task. In particular, the uniform quan-
tizer proposed in [52], [53] with the fixed resolution
bν

1
2NTτ
c c is applied separately to the real and imaginary

parts of each entry in y.
We adopt the normalized MSE (NMSE) to measure the
cascaded channel estimation error, which is defined as

NMSE(C) = E

[
‖C− Ĉ‖2F
‖C‖2F

]
. (39)

Fig. 6 illustrates the NMSE performance versus the total
number of ADC quantization bits at the BS, log2 νc. It is
observed that the NMSE difference between the proposed tech-
nique and the digital-only approach is quite large, suggesting
that incorporating knowledge of the system task in the analog
domain can yield significant performance improvement. This
gain is mainly due to the design of the analog combining
matrix that reduces the dimensionality of the input to the
ADCs, allowing for more accurate quantization even with a
small number of total quantization bits. In particular, when
each ADC uses at least six bits, the quantization error becomes
negligible, and the NMSE of the proposed technique effec-
tively approaches that of the MMSE estimate achievable with
unlimited resolution ADCs. For small log2 νc, the proposed
technique shows improved performance without dithering.
As discussed in Section IV-A, Gaussian signals lead to ap-
proximately uncorrelated quantization noise without dithering
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Fig. 7: NMSE comparison for cascaded channel estimation
versus number of pilot training subblocks.

[39]. Since ADCs with dithering generally produce higher
quantization noise than those without dithering, additional
distortion is introduced to the inputs, resulting in a slight
performance degradation for small log2 νc, as discussed in
[24]. As log2 νc increases, this additional quantization noise
becomes negligible, leading to nearly the same performance
with or without dithering.

Fig. 7 depicts the NMSE performance versus the number
of subblocks T assuming log2 νc = 800. The performance of
the digital-only approach does not appreciably improve with T
since the ADC resolution per time instant decreases due to the
increased dimension of the observation vector y. Conversely,
in the proposed technique, the resolution of each ADC is
identical regardless of T for a fixed log2 νc, resulting in com-
parable performance to the ideal system without quantization
when log2 νc is sufficiently large.

B. Individual RIS channel estimation performance

Next we evaluate the performance achieved by the proposed
two-stage approach for estimating the individual RIS channels.
In this case, we will use the following definitions of NMSE
to quantify the estimation error for the individual channels:

NMSE(F) = E

[
‖F− F̂‖2F
‖F‖2F

]
, (40)

NMSE(G) = E

[
‖G− Ĝ‖2F
‖G‖2F

]
. (41)

As in the previous section, approaches without quantization
are used as the baselines. Specifically, in Stage I the no-
quantization approach utilizes the MMSE estimate f̃ = ΓΓΓfz
without quantization, while in Stage II the MMSE estimate
g̃ = ΓΓΓg|fy is employed without quantization based on perfect
knowledge of F.

In Fig. 8, we evaluate the NMSE performance for estimation
of F versus the ADC resolution log2 ν̃f of the semi-passive
elements, whose locations are randomly chosen and fixed per
iteration. The overall NMSE performance improves with the
number of semi-passive elements La due to the increased num-
ber of observations available for estimation. Since no analog
combining occurs at the RIS, the NMSE of the proposed
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Fig. 8: NMSE comparison of the RIS-UE link channel esti-
mates versus the number of quantization bits at each semi-
passive element.

technique is unable in these cases to achieve performance
similar to the solution without quantization. Nevertheless,
when La = 8 and log2 ν̃f = 6, the NMSE of the proposed
technique is approximately -30 dB, indicating that the channel
is estimated with high accuracy.

In Fig. 9, we investigate the NMSE performance for esti-
mation of G versus the number of quantization bits log2 νg at
the BS. When applying the proposed technique, the estimates
of F obtained from Stage I based on different La and log2 ν̃f
are employed. We see that the NMSE without quantization
increases slightly with La due to the reduced number of
observations obtained through the passive elements. Unlike
Stage I for estimating F, the BS employs analog combining,
resulting in a reduced NMSE difference between the perfor-
mance of the proposed technique and that achievable without
quantization when log2 νg is sufficiently large. Despite its sub-
optimal performance in estimating F as seen in Fig. 8, the
NMSE of the proposed technique for estimating G effectively
approaches the no-quantization lower bound based on perfect
knowledge of F when at least a 4-bit ADC is employed
at each semi-passive RIS element, even for small La. This
demonstrates that quality of the F estimate obtained by the
proposed technique is sufficient to match the performance of
systems using unlimited resolution ADCs, even with only a
small number of semi-passive elements.

We investigate the NMSE performance of the proposed
cascaded and individual channel estimators versus the number
of time slots Tp in Fig. 10. In this case, the BS requires
a total of log2 νc = 576 quantization bits for the cascaded
channel estimator and log2 νg = 48 bits for the individual
channel estimator, while each semi-passive element employs
log2 ν̃f = 4 bits. For individually estimated RIS channels, the
cascaded channel estimate is constructed from the individual
estimates. For small La, the proposed cascaded channel esti-
mate outperforms the one formed from the individual estimates
since the limited number of observations at the semi-passive
elements degrades the estimation performance. However, when
at least La = 6 semi-passive elements are employed, the
proposed individual channel estimator achieves performance
superior to the cascaded channel estimate, with a significant
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Fig. 9: NMSE comparison of the BS-RIS channel estimate
versus number of quantization bits at the BS.
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Fig. 10: NMSE comparison for cascaded channel estimation
versus number of time slots.

reduction in the total number of quantization bits at the BS.

C. Performance with estimated angles

The examples thus far have assumed that the BS has perfect
knowledge of the AoAs/AoDs for the RIS-related channels
since these angles vary relatively slowly compared to the
complex channel gains, implying that they can be accurately
estimated. Here we consider a scenario where these angles
need to be estimated to demonstrate the robustness of the
systems based on cascaded and individual channel estimation.
We will consider the following baseline approaches:
• LS: The well-known least squares (LS) estimator is ap-

plied to quantized observations at the BS to estimate the
cascaded channel without the RIS semi-passive elements.

• DS-OMP [11]: This approach employs the double-
structured OMP (DS-OMP) algorithm to estimate the
cascaded channel leveraging the fact that the BS-RIS
link channel is shared across the cascaded channels of all
UEs. In this approach, the BS is equipped with infinite
resolution ADCs without the RIS semi-passive elements.

• LS-OMP [21]: This approach uses the LS-OMP algo-
rithm for cascaded channel estimation with low-resolution
ADCs at the BS without the RIS semi-passive elements,
taking into account the potential leakage caused by grid
mismatch.
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Fig. 11: NMSE comparison of cascaded channel estimates
versus number of time slots with estimated angles.

• BiG-AMP [20]: This approach uses bilinear matrix com-
pletion to estimate the cascaded channel with low-
resolution ADCs at the BS using known prior distribu-
tions, implemented with a modified BiG-AMP algorithm
without the RIS semi-passive elements.

• ESPRIT-LS [18]: This approach uses the signals received
by the semi-passive elements to estimate the angles
related to the BS-RIS and RIS-UE channels using the
estimation of signal parameter via rotational invariance
technique (ESPRIT). The complex channel gains are
subsequently estimated using LS. We assume that the
semi-passive elements are arranged as a

√
La ×

√
La

block at the bottom corner of the RIS.
• VI-SBL [22]: This approach employs variational infer-

ence (VI) in the sparse Bayesian learning (SBL) frame-
work to approximate the posterior distribution of the
channel based on received signals at both the BS and
the RIS semi-passive elements.

• GMMV-AMP [23]: This approach solves a CS-based
GMMV problem together with matrix completion based
on a system with RIS semi-passive elements equipped
with low-resolution ADCs. It is implemented via a hier-
archical message passing algorithm based on AMP-like
approximations.

In the proposed technique, denoted as ESPRIT-hardware-
limited, the AoAs/AoDs for all links are estimated using
the ESPRIT-based approach, and subsequently the proposed
hardware-limited task-based quantization algorithm is applied
to reconstruct the channels using these estimates. Note that
in VI-SBL and GMMV-AMP, the BS is assumed to have
unlimited resolution ADCs, and the locations of the semi-
passive elements are randomly chosen at each time instance.

Fig. 11 plots the NMSE of the cascaded channel estimates
versus the number of time slots Tp = T assuming a single
UE, La = 9, MRB = 1, MUR = 2, log2 νc = 24
bits, log2 νg = 12 bits, and log2 ν̃f = 6 bits. For the
LS, LS-OMP, and BiG-AMP approaches, 6-bit ADCs are
employed at the BS. In the proposed channel estimators, the
AoAs/AoDs are estimated during TESPRIT = 100 time slots,
and task-based quantization is applied at the BS during the
remaining time slots. While the estimates of the number of
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Fig. 12: NMSE comparison for cascaded channel estimates
versus per-ADC bit resolution with estimated angles.

propagation paths for the RIS-related channels may differ
from the ground truth, if the estimates match the ground
truth, the number of quantization bits per ADC at the BS
is six bits for the proposed channel estimators, the same as
for the baseline algorithms. From Fig. 11, we see that the
proposed channel estimators achieve the lowest NMSE of all
the considered approaches including the CS-based algorithms
with a small training overhead and a significant reduction in
the total number of quantization bits at the BS, demonstrating
the advantages of task-based quantization over conventional
approaches. Since the algorithm in [18] uses the results of
the eigenvalue decomposition of a sample covariance ma-
trix, quantization effects resulting from using low-resolution
ADCs degrade the accuracy of the angle estimates, making
the performance of ESPRIT-based approaches, including the
proposed channel estimators, relatively stable compared to
other algorithms as T increases. However, the performance
gap between the proposed channel estimators and ESPRIT-
LS clearly shows the advantage of task-based quantization. In
particular, the proposed estimators provide more accurate esti-
mates of the complex path gains compared to ESPRIT-LS even
for small T . BiG-AMP, VI-SBL, and GMMV-AMP focus on
approximating the posterior distributions of the channels rather
than specific channel parameters such as the AoAs/AoDs. Thus
these approaches will require a larger number of observations
to accurately estimate the channels. The performance of DS-
OMP and LS-OMP is inferior to some of the baselines since
the cascaded channel gains are not Gaussian distributed, and
grid mismatch becomes more severe for these algorithms in
large-scale systems. Note that, as discussed in Sections V and
VI, although the proposed channel estimators have relatively
high computational complexity, they require a very small
total number of quantization bits, which highlights their clear
advantages over task-ignorant approaches.

In Fig. 12, we investigate algorithm performance versus
the per-ADC bit resolution B used to estimate the cascaded
channel, where La = 9, MRB = 1, MUR = 2, T = 105, and
for the proposed channel estimators, log2 νc = 2MRBMURB
bits for the cascaded channel estimator and log2 νg = 2MRBB
bits for the individual channel case. This implies that when
the number of propagation paths is accurately estimated, the
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per-ADC bit resolution is the same for all approaches, except
for VI-SBL and GMMV-AMP which use infinite-resolution
ADCs at the BS. We can see that when B is at least five
bits, the proposed channel estimators again show the lowest
NMSE, achieved with significantly fewer total quantization
bits at the BS.

VIII. CONCLUSION

In this paper, we developed channel estimators for RIS-
aided mmWave MU-SIMO systems using hardware-limited
task-based quantization. In the proposed approaches, an ana-
log combining matrix, a digital processing matrix, and the
support for the ADCs are jointly designed to minimize the
MSE distortion of the channel estimate. In one approach,
the cascaded channel is estimated based only on quantized
observations at the BS. In the other, the observations at the BS
are augmented by quantized observations at a few semi-passive
elements at the RIS, and estimates of the individual RIS-
related channels are obtained. Numerical results verify that,
with relatively low-resolution ADCs, the proposed channel
estimators can closely approach the performance of the MMSE
estimate without quantization and outperform a purely digital
approach. Furthermore, the proposed estimators are shown to
outperform baseline approaches with a low training overhead
in scenarios requiring angle estimates at the RIS.

APPENDIX

A. Proof of Lemma 1

From (15), the cascaded channel is C = FT � G, and
F can be reformulated as F = [f1, · · · , fK ] = AR,URΛΛΛUR,
where ΛΛΛUR = blkdiag(αUR,1, · · · ,αUR,K). Based on the
expressions (8) and (10), C can be rewritten as

C = (ΛΛΛT
URA

T
R,UR) � (AB,RB diag(αRB)AH

R,RB)

(a)
= (ΛΛΛT

UR ⊗AB,RB diag(αRB))(AT
R,UR �AH

R,RB)

(b)
=(IK ⊗AB,RB)(ΛΛΛT

UR ⊗ diag(αRB))(AT
R,UR �AH

R,RB),
(42)

where (a) and (b) follow from the identities M1M2 �
M3M4 = (M1 ⊗M3)(M2 �M4) and M1M2 ⊗M3M4 =
(M1 ⊗ M3)(M2 ⊗ M4), respectively. Using the identity
vec(M1M2M3) = (MT

3 ⊗M1)vec(M2), C in (42) can be
vectorized as

c = ((AT
R,UR �AH

R,RB)T ⊗ (IK ⊗AB,RB))

· vec(ΛΛΛT
UR ⊗ diag(αRB))

= ((AT
R,UR �AH

R,RB)T � ÃB,RB)(αUR ⊗αRB), (43)

which completes the proof.

B. Proof of Lemma 2

In the considered system for hardware-limited task-based
quantization, the scalar ADCs are modeled as non-subtractive
uniform dithered quantizers, where the dithered signals are
uniformly distributed over (−∆/2,∆/2]. Assuming that the
inputs to the ADCs lie within their dynamic range with

probability one, the outputs of the ADCs can be expressed
as Bcy + e, where e denotes the quantization noise. Based
on the results in [38], it is clear that e is uncorrelated with
Bcy, and the real and imaginary parts of each entry of e are
independent and have zero-mean and variance ∆2

6 . Thus, given
Bc, the optimal approach for estimating ĉ is the linear MMSE
estimator of c̃ = ΓΓΓcy from Bcy + e, given by

Do
c(Bc) = E[c̃(Bcy + e)H] · (E[(Bcy + e)(Bcy + e)H])−1

= E[ΓΓΓcy(Bcy)H] · (E[(Bcy)(Bcy)H] + E[eeH])−1

(a)
= ΓΓΓcΣΣΣyB

H
c

(
BcΣΣΣyB

H
c +

4γ2
c

3ν̃2
c

IGc

)−1

, (44)

where (a) follows from ∆ = 2γc
ν̃c

. The resulting MSE in (28)
can be computed based on the result in (44), which completes
the proof.

C. Proof of Proposition 1

Based on the discussion in Section IV-A, we first define the
ADC threshold γc, which is taken to be a multiple ηc of the
maximum standard deviation of its input, given by

γ2
c = η2

c max
g=1,··· ,Gc

E
[
|[Bcy]g + βg|2

]
= η2

c max
g=1,··· ,Gc

E
[
|[Bcy]g|2

]
+ η2

c

2γ2
c

3ν̃c
= κc max

g=1,··· ,Gc

E
[
|[Bcy]g|2

]
, (45)

where βg is the dither signal, which is independent of y and

has variance ∆2

6 =
2γ2

c

3ν̃c
[38], and κc = η2

c

(
1− 2η2c

3ν̃c

)−1

. Us-
ing (45), given an analog combining matrix Bc, the achievable
MSE defined in (28) can be rewritten as

MSE(Bc) = tr

(
ΓΓΓcΣΣΣyΓΓΓH

c −ΓΓΓcΣΣΣyB
H
c

(
BcΣΣΣyB

H
c

+
4κ2

c

3ν̃2
c

max
g=1,··· ,Gc

E
[
|[Bcy]g|2

]
IGc

)−1

BcΣΣΣyΓΓΓH
c

)
. (46)

To simplify (46), we use the result in Lemma C.1 from
[24], which states that for any Bc, there exists a unitary
matrix Uc ∈ CGc×Gc such that MSE(Bc) ≥ MSE(UcBc).
Furthermore, using Corollary 2.4 from [44], we have

min
Uc

max
g=1,··· ,Gc

[
UcBcΣΣΣyB

H
c U

H
c

]
g,g

=
1

Gc
tr
(
BcΣΣΣyB

H
c

)
,

(47)

where the Uc that achieves this minimum value can be derived
using Algorithm 2.2 in [44]. Combining the results from (46)
and (47), and defining B̃c = BcΣΣΣ

1
2
y and Γ̃ΓΓc = ΓΓΓcΣΣΣ

1
2
y , the MSE

minimization problem in (46) simplifies to

max
B̃c

tr

(
Γ̃ΓΓcB̃

H
c

(
B̃cB̃

H
c +

4κc
3ν̃cGc

tr(B̃cB̃
H
c )IGc

)−1

× B̃cΓ̃ΓΓ
H

c

)
. (48)

To proceed further, we use the fact that the MSE in (48)
remains unchanged when B̃c is replaced with αUB̃c, where
U is a unitary matrix and α > 0, allowing us to set
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tr(B̃cB̃
H
c ) = 1. Letting B̃c = ΛΛΛcV

H
c with diagonal matrix

ΛΛΛc ∈ CGc×NTτ and unitary matrix Vc ∈ CNTτ×NTτ , the
problem in (48) can be reformulated as

max
ΛΛΛc,Vc

tr

(
Γ̃ΓΓ

H

c Γ̃ΓΓcVcΛΛΛ
H
c

(
ΛΛΛcΛΛΛ

H
c +

4κc
3ν̃cGc

IGc

)−1

ΛΛΛcV
H
c

)
s.t. tr

(
ΛΛΛcΛΛΛ

H
c

)
= 1. (49)

Finally, let Λ̃ΛΛc = ΛΛΛH
c

(
ΛΛΛcΛΛΛ

H
c + 4κc

3ν̃cGc
IGc

)−1

ΛΛΛc, which is
a diagonal matrix. Based on Theorem II.1 in [54], it can be
shown that the optimal Vc for the problem in (49) is the matrix
of right singular vectors corresponding to Λ̃ΛΛc when its entries
are arranged in descending order. Based on this result, it is
clear that the objective function in (49) is concave with respect
to {([ΛΛΛc]g,g)

2}Gc
g=1, and the resulting solution satisfying the

Karush–Kuhn–Tucker (KKT) conditions leads to the expres-
sion given in (29), where we implicitly assume NTτ > Gc.
Additional details can be found in [24]. Thus, combining the
results discussed so far, the optimal analog combining matrix
minimizing the MSE is given by Bo

c = UcΛΛΛcV
H
c ΣΣΣ
− 1

2
y , and the

corresponding ADC threshold is γ2
c = κc

Gc
tr
(
ΛΛΛcΛΛΛ

H
c

)
= κc

Gc
,

which completes the proof.

D. Proof of Lemma 3

To analyze the rank of Wc = (AT
R,UR �AH

R,RB)T �ÃB,RB,
we first investigate the rank of (AT

R,UR �AH
R,RB)T, which is

the cascaded array response matrix at the RIS [9], [55], whose
s-th column is given by[

(AT
R,UR �AH

R,RB)s,:
]T

= [aT
R(θAzi

UR,k,ik
, θEle

UR,k,ik
) � aH

R(θAzi
RB,j , θ

Ele
RB,j)]

T

= aR(θAzi
UR,k,ik

− θAzi
RB,j , θ

Ele
UR,k,ik

− θEle
RB,j), (50)

where ik = i −
∑k−1
r=1 MUR,r with i = d s

MRB
e when i is

within the range
∑k−1
r=1 MUR,r < i ≤

∑k
r=1MUR,r, and j =

((s−1) mod MRB)+1. From (50), when the second condition
in Lemma 3 is satisfied, all columns in (AT

R,UR � AH
R,RB)T

are linearly independent, implying that (AT
R,UR � AH

R,RB)T

has full column rank MRBMUR when L ≥ MRBMUR. To
proceed further, we introduce the following lemma regarding
the rank of a Khatri-Rao product.

Lemma 5. If rank((AT
R,UR � AH

R,RB)T) + rank(ÃB,RB) ≥
MRBMUR + 1, Wc has full column rank MRBMUR.

Proof. The proof is based on Lemma 1 in [56].

From Lemma 5, since rank(ÃB,RB) ≥ 1 always holds as
long as it is not an all-zero matrix, Wc has full column rank
MRBMUR when (AT

R,UR � AH
R,RB)T is a full column rank

matrix, which completes the proof.

E. Proof of Lemma 4

Under the considered conditions, the rank of ΓΓΓc in (26)
depends on the rank of E[cyH], which is upper bounded

by min(MRBMUR, rank(S̄Wc)). Defining Ac = (AT
R,UR �

AH
R,RB)T, S̄Wc can be reformulated as

S̄Wc = (ST ⊗XT
C ⊗ IN )(Ac � ÃB,RB)

= (STAc) � ((XT
C ⊗ IN )ÃB,RB). (51)

Let R = (XT
C⊗IN )ÃB,RB. Now, to derive the tightest condi-

tions for T , we consider the case where T ≤ MRBMUR and
KMRB ≤ Nτ , leading to rank(SAc) = T and rank(R) =
KMRB. The rank of S̄Wc is then upper bounded by

rank(S̄Wc)

= rank(((STAc) �R)H((STAc) �R))

(a)
= rank((STAc)H(STAc))� (RHR))

(b)

≤ KTMRB, (52)

where (a) holds due to (M1 � M2)H(M1 � M2) =
(MH

1 M1) � (MH
2 M2), and (b) follows from rank(M1 �

M2) ≤ rank(M1) · rank(M2). From (52), it is clear that
rank(S̄Wc) ≤ min(KTMRB, NTτ,MRBMUR). Thus, the
necessary conditions for ΓΓΓc to have its maximum rank are: 1)
NTτ ≥ MRBMUR, and 2) KT ≥ MUR, which completes
the proof.
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