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Abstract—Extremely large antenna arrays (ELAA) are re-
garded as a promising technology for supporting sixth-generation
(6G) networks. However, the large number of antennas sig-
nificantly increases the computational complexity in precoding
design, even for linearly regularized zero-forcing (RZF) precod-
ing. To address this issue, a series of low-complexity iterative
precoding are investigated. The main idea of these methods is
to avoid matrix inversion of RZF precoding. Specifically, RZF
precoding is equivalent to a system of linear equations that
can be solved by fast iterative algorithms, such as random
Kaczmarz (RK) algorithm. Yet, the performance of RK-based
precoding algorithm is limited by the energy distributions of
multiple users, which restricts its application in ELAA-assisted
systems. To accelerate the RK-based precoding, we introduce the
greedy random Kaczmarz (GRK)-based precoding by using the
greedy criterion-based selection strategy. To further reduce the
complexity of the GRK-based precoding, we propose a visibility
region (VR)-based orthogonal GRK (VR-OGRK) precoding that
leverages near-field spatial non-stationarity, which is character-
ized by the concept of VR. Next, by utilizing the information from
multiple hyperplanes in each iteration, we extend the GRK-based
precoding to the aggregation hyperplane Kaczmarz (AHK)-based
pecoding algorithm, which further enhances the convergence
rate. Building upon the AHK algorithm, we propose a VR-based
orthogonal AHK (VR-OAHK) precoding to further reduce the
computational complexity. Furthermore, the proposed iterative
precoding algorithms are proven to converge to RZF globally at
an exponential rate. Simulation results show that the proposed
algorithms achieve faster convergence and lower computational
complexity than benchmark algorithms, and yield very similar
performance to the RZF precoding.

Index Terms—Near-field communication, extremely large-scale
antenna array, spatial non-stationarity, Kaczmarz algorithm.

I. INTRODUCTION

S IXTH-generation (6G) wireless communication networks
are expected to offer much higher data rates and nearly

ubiquitous coverage compared to fifth-generation (5G) wire-
less communication networks [1]–[4]. To meet these growing
demands, several emerging technologies have been investi-
gated, including millimeter-wave communication [5], [6], tera-
hertz communication [7], [8], reconfigurable intelligent surface
(RIS) [9]–[11], and extremely large antenna arrays (ELAA)
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[12], [13]. Among these technologies, ELAA has recently
garnered rapidly growing interest [14], [15]. By assembling
a large number of antennas, ELAA achieves a high beam gain
to compensate for the path loss associated with high signal
frequency. Furthermore, with its large physical dimension,
ELAA is expected to be integrated into large structures, such
as shopping malls, smart factories, and high-speed rail stations,
simultaneously supporting high-speed data transmission for a
large number of devices [16].

The spectral efficiency of ELAA-assisted communications
in hotspot scenarios with dense users could be limited if
severe multiuser interference is not well tackled. In conven-
tional massive MIMO systems, linear precoding schemes, such
as zero-forcing (ZF) precoding and regularized zero-forcing
precoding (RZF), are widely utilized [17], [18]. Due to the
matrix inversion and the calculation of Gram matrix, the
computational complexity of such linear precoding schemes
is on the order of O(NtK

2 +K3), where Nt and K denote
the number of antennas and users, respectively. Therefore, for
ELAA-supported hotspot scenarios with very large number of
Nt and K, even linear precoding could result in a prohibitive
computational burden. To reduce the computational complex-
ity, several low-complexity precoding algorithms have been
proposed [19]–[24]. The main objective of these algorithms is
to approximate matrix inversion in RZF precoding, achieving a
balance between performance and computational complexity.

The low-complexity algorithms can be classified into two
categories: truncated polynomial expansion (TPE) algorithms
and iterative algorithms. In the former, the matrix inversion is
approximated by summing a limited series of matrix multipli-
cations. For example, in [19] and [20], the Neumann Series
expansion was utilized to approximate the matrix inversion
in RZF precoding. However, even with this algorithm, the
series of matrix multiplications still incur relatively high
computational complexity. In contrast, low-complexity itera-
tive precoding algorithms are promising due to their faster
convergence rate than TPE. Specifically, the iterative algo-
rithms first transforms the RZF precoding design problem into
solving a system of linear equations. Then, a series of iterative
methods for solving systems of linear equations is applied to
achieve low-complexity precoding designs, including the ran-
dom Kaczmarz (RK) algorithm [21], the Jacobi iteration [22],
the Richardson iteration [23], and the Gauss Seidel iteration
[24]. The RK algorithm is widely used to solve large systems
of linear equations due to its simplicity of application and fast
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convergence, making it particularly suitable for ELAA-assisted
systems. The main idea of the RK algorithm is to project the
solution for the current iteration onto the hyperplane defined
by the selected equation [25]. Based on [25], the authors of
[21] proposed the RK algorithm-based precoding algorithm
to effectively reduce the computational complexity where, in
each iteration, one of the systems of equations is selected
based on a pre-defined probability distribution depending on
the energy of the equation.

The performance of the RK-based precoding algorithm in
[21] is limited in the following two cases: (1) the channel
vector energies of the users are similar, and (2) when users
are located at the edge of the cell, the low-energy users will be
selected with small probability [26]–[28]. In addition, due to
the large number of antennas and users in the ELAA-assisted
multiuser system, it is essential to further improve conver-
gence rate of existing RK algorithms and further reduce the
computational complexity in the precoding design. Hence, we
focus on designing low-complexity and fast-converging RK-
based precoding algorithms, making it feasible and promising
for ELAA-assisted multiuser systems.

Besides, compared with existing RK-based precoding al-
gorithms, another difference that should be considered is the
near-field spatial non-stationarity introduced by ELAA. The
Rayleigh distance, defined as 2D2

λ , indicates the boundary
between the near-field and far-field regions, where D and λ
represent the array aperture and carrier wavelength, respec-
tively. The large array aperture of ELAA will significantly
enlarge the Rayleigh distance, extending it from a few meters
to several hundred meters. Consequently, for ELAA-assisted
communication systems, near-field spherical wave channel
models should be considered instead of far-field planar wave
channel models [29]–[31]. Due to the propagation property
of near-field spherical wave, different parts of ELAA may
have different views of the propagation environment, which is
called the spatial non-stationarity [32]. Specifically, the signal
power received by the user may be primarily contributed by a
portion of ELAA, termed as visibility region (VR), while the
contribution of signal strength from other parts of the ELAA
could be marginal due to attenuation and obstacles. In [33],
an RK-based uplink detection algorithm was investigated with
VR. The authors of [34] analyzed the interference between
subarrays by considering spatial non-stationarity and proposed
an RK-based precoding design algorithm. However, existing
works mainly focused on the impact of VR on channel mod-
eling, overlooking the potential of leveraging VR information
to reduce computational complexity in precoding design.

To overcome the limitations of the existing RK-based
precoding and further reduce the computational complexity,
we explore a low-complexity near-field precoding design for
multiuser ELAA-based systems. The main contributions of this
paper are summarized as follows:

• To overcome existing limitations and accelerate con-
vergence of the RK-based precoding, we introduce the
greedy random Kaczmarz (GRK)-based precoding, which
selects hyperplane with larger residual instead of that with
larger energy in each iteration. Next, to further reduce
the computational complexity of computing the residuals

in each iteration, we propose a VR-based orthogonal
greedy random Kaczmarz (VR-OGRK)-based precoding
by utilizing the spatial non-stationarity introduced by
ELAA. Specifically, non-overlapping VRs ensure channel
vector orthogonality between users, which significantly
reduces the number of residuals computations per itera-
tion. Furthermore, we show that the VR-OGRK algorithm
converges globally at an exponential rate in terms of the
normalized mean squared error (NMSE).

• Subsequently, by introducing the concept of an aggre-
gation hyperplane, we extend GRK-based precoding to
aggregation hyperplane Kaczmarz (AHK)-based precod-
ing. In each iteration, the AHK algorithm utilizes infor-
mation from multiple hyperplanes, rather than relying
on a single hyperplane, thereby effectively accelerates
the convergence rate. Then, we derive that when the
AHK algorithm is applied to an orthogonal set, which
contains the hyperplanes that are orthogonal to each other,
it benefits from both a fast convergence rate and the
potential for parallel computation. To further reduce the
complexity, we propose a VR-based orthogonal AHK
(VR-OAHK) algorithm. Specifically, we partition the
users into orthogonal and non-orthogonal sets based on
an undirected graph derived from VRs of users. In each
iteration, the AHK algorithm is applied sequentially to
the orthogonal set and non-orthogonal set. Besides, it is
proved that the VR-OAHK algorithm converges globally
at an exponential rate.

• Simulation results are provided to demonstrate the ef-
fectiveness of the proposed low-complexity algorithms.
It is shown that the performances of the algorithms are
close to that of RZF precoding, while the computational
complexity is significantly reduced compared to existing
RK-based precoding design.

The remainder of this paper is organized as follows. In
Section II, we introduce the system model with spatial non-
stationarity, and formulate the precoding design problem.
In Section III, we briefly introduce an existing RK-based
precoding algorithm. In Section IV, by exploiting the features
of VR information, we propose the VR-OGRK-based pre-
coding and demonstrate its globally exponential convergence.
We then propose the VR-OAHK-based precoding in Section
V and prove its globally exponential convergence. Section
VI presents the computational complexity analysis for the
proposed algorithms. Finally, Sections VII and VIII present
simulation results and conclusions, respectively.

Notations: In this paper, scalars, vectors, and matrices are
represented by lowercase, bold lowercase, and bold uppercase
letters, respectively. The identity matrix and the all-zero vector
are denoted by I and 0, respectively. A complex matrix of
dimensions M × N is denoted as CM×N . The operation
of expectation is represented by E(·). The function diag(·)
denotes the diagonalization operation. The absolute value and
the real part of a complex number a are denoted by |a|
and Re(a), respectively. The Euclidean norm of a vector a
is represented as ∥a∥2. For a matrix A, Tr(A) refers to its
trace, and ∥A∥F represents its Frobenius norm. The Hadamard
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Fig. 1. ELAA-based near-field multiuser system with spatial
non-stationarities.

product of two matrices A and B is expressed as A⊙B. A
vector following a normal distribution with zero mean and
unit covariance matrix is denoted as CN (0, I). The conjugate,
transpose, and Hermitian operations are represented by (·)∗,
(·)T, and (·)H, respectively.

II. SYSTEM MODEL

We consider a downlink ELAA-based near-field multiuser
system, as illustrated in Fig. 1. In this system, the ELAA with
an Nt-antenna uniform linear array (ULA) simultaneously
serves K (K < Nt) single-antenna users. The antenna spacing
of the ELAA is denoted by d = λ

2 = c
2f , where λ, f , and c

are the carrier wavelength, frequency, and the speed of light,
respectively. For tractability, we set the center of the ELAA
as the origin with the n-th antenna located at (nd, 0), where
n = −Nt−1

2 , · · · , Nt−1
2 .

A. Near-Field Channel Model with Spatial Non-Stationarity
Due to the large aperture of the antenna array, we assume

that all users and scatterers are distributed within the near-
field region of the ELAA. Consequently, the conventional far-
field planar wave approximation is no longer valid, and a
channel model based on spherical waves should be used to
accurately capture the wireless propagation characteristics in
the near field. The near-field channel between user k and the
base station (BS) is modeled as [29]

h̄k =

√
Nt

Lk
(βk,1a(θk,1,dk,1) +

Lk∑
l=2

βk,la(θk,l,dk,l)), (1)

where θk,l, dk,l = [d
(−Nt−1

2 )

k,l , · · · ,d(0)
k,l , · · · ,d

(
Nt−1

2 )

k,l ]T ∈
CNt×1, and Lk denotes the angle of arrival (AoA) of the
l-th path, the vector containing distances between the l-th
scatterer (user) and all antennas at BS, and the number of
paths within the channel of user k, respectively. For ease
of representation, the first path (l = 1) represents the line-
of-sight (LoS) path. The path of 2 ≤ l ≤ Lk is the
non-LoS path contributed by the l-th scatterer of user k,
whose location is denoted by (d

(0)
k,l cosθk,l,d

(0)
k,l sinθk,l), where

k = 1, · · · ,K. Based on the law of cosines, the distance
between the l-th scatterer and the n-th antenna is calculated
as d

(n)
k,l =

√
(d

(0)
k,l )

2 + n2d2 − 2ndd
(0)
k,l cosθk,l. The near-field

array response vector a(θk,l,dk,l) ∈ CNt×1 is expressed as

a(θk,l,dk,l) =
1√
Nt

[e−j 2π
λ (dk,l

(−Nt−1
2

)−d
(0)
k,l), · · · ,

e−j 2π
λ (dk,l

(
Nt−1

2
)−d

(0)
k,l)]T. (2)

In addition to the near-field spherical wave effect, the ELAA
introduces spatial non-stationarities, making users receive sig-
nals only from a small portion of the whole antenna array
[16]. This phenomenon is characterized by VR, as illustrated
in Fig. 1. Specifically, the spatial non-stationarity of the ELAA
is mainly attributed to the following two reasons: 1. the large
physical size of the entire array causes the channel amplitude
to vary across the array and therefore the majority of the signal
power is contributed by proximity subarrays; 2. depending on
the location and shape of obstacles between the ELAA and the
user, significant portions of the antenna array may be affected
by blockage, forming different VRs for different users [35],
[36]. Considering the spatial non-stationarity effect in the near
field, the channel between ELAA and user k is rewritten as

hk = h̄k ⊙ uk, (3)

where uk ∈ CNt×1 denotes the indicator vector of array VR,
which is defined as follows:

[uk]n =

{
1, n ∈ Γk,

0, n /∈ Γk,
(4)

where Γk represents the set of the indices of antennas that are
visible to user k.

Based on the experimental measurements in [35], the whole
array of ELAA can be evenly divided into several subarrays,
each exhibiting spatial stationarity. Thus, in this paper, we
assume that the whole array is divided into S subarrays.
Specifically, each subarray possesses Nt

S antennas, which is
assumed to be an integer. Therefore, the VR indicator vector
(4) can be rewritten with respect to subarrays as

[uk] (s−1)Nt
S +1:

sNt
S

=

{
1Nt

S
, if s ∈ Mk,

0Nt
S
, else,

(5)

where Mk denotes the set of the indices of subarrays that are
visible to user k.
B. Signal Transmission Model

The signal received at user k is represented as

yk =
√
ρhH

k Fs+ nk =
√
ρhH

k

K∑
k=1

fksk + nk, (6)

where F = [f1, · · · , fk, · · · , fK ] ∈ CNt×K represents the
digital precoding matrix. s = [s1, · · · , sK ]T ∈ CK×1 denotes
the transmitted symbol satisfying E[ssH] = IK . ρ represents
the average transmitted signal power and nk represents thermal
noise at the user, which follows a complex Gaussian distribu-
tion CN (0, σ2) with σ2 denoting the noise power. The spectral
efficiency (bit/s/Hz) of user k is then calculated as

Rk = log2

(
1 +

ρ|hH
k fk|2

ρ
∑K

i=1,i̸=k |hH
k fi|2 + σ2

)
. (7)

C. Problem Formulation

We consider the problem of designing the precoding matrix
F to maximize the sum spectral efficiency (7), which is
formulated as
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max
F

K∑
k=1

Rk (8a)

s.t. ∥F∥2F ≤ 1, (8b)

where constraint (8b) denotes the power budget of the BS.
Linear precoding designs, such as ZF and RZF, have been

widely utilized to address (8), since they are effective with
low complexity in conventional massive MIMO systems. The
main idea of ZF is to project the precoding vector of user k
onto the null space of the remaining users’ channels, ensuring
that the transmitted signal to the target user is free from inter-
ference from other users. RZF offers a compromise between
interference suppression and noise enhancement. Specifically,
the precoding matrix is computed as

FRZF = βH(HHH+ ξIK)−1, (9)

where β, ξ = 1
SNR = σ2

ρ denote the power normalized
factor for meeting power constraint (8b) and the regularization
factor, respectively. H = [h1, · · · ,hK ] ∈ CNt×K denotes
the channel matrix of all users. Note that as ξ → ∞,
RZF precoding reduces to maximum ratio combining (MRC)
scheme. Conversely, when ξ = 0, RZF precoding simplifies
to ZF precoding.

However, due to matrix inversion, the computational com-
plexity of the RZF precoding is O(NtK

2 + K3), which
increases with the number of antennas and users. Thus, con-
sidering ELAA-assisted hotspot areas with dense users, the
computational complexity associated with the RZF precoding
could be prohibitive, which limits the practical implementation
of ELAA. To address this challenge, a series of iterative-based
precoding methods are investigated [21]–[24]. Among them,
the RK-based precoding is widely used due to its simplicity
of application and fast convergence. Thus, in this paper, we
first briefly introduce the RK-based precoding algorithm and
analyze the limitations of the RK-based precoding algorithm
in later sections.

III. LOW-COMPLEXITY RANDOM KACZMARZ
ALGORITHM-BASED PRECODING DESIGN

In this section, we present RK-based precoding algorithm
[21], [34] as a benchmark. Subsequently, we analyze the
limitations of existing RK-based precoding algorithm.
A. Principle of Random Kaczmarz (RK) Algorithm

The Kaczmarz algorithm is an iterative method suitable for
solving large systems of linear equations [25], [33]. Specif-
ically, given a system of linear equations Ax = b, where
A = [aH1 ; · · · ;aHM ] ∈ CM×N , x ∈ CN×1, and b ∈ CM×1. At
the t-th iteration, the i-th equation aHi x

t = bi is selected and
the solution for the next iteration x(t+1) is updated as [25]

x(t+1) = x(t) +
bi − aHi x

(t)

∥aHi ∥22
ai. (10)

From (10), the main idea of the RK algorithm is to project xt

onto the hyperplane defined by the selected equation aHi x
t =

bi. At each iteration, the RK algorithm selects the hyperplane
based on the pre-determined probability distribution. The pre-
determined probability distribution, often referred to as the

selection strategy, is typically defined as pi =
∥aH

i ∥2
2

∥A∥2
F

(energy
criterion) or pi =

1
M (uniform criterion), ∀i ∈ [1,M ], where

pi denotes the probability of selecting the i-th row of the
systems of linear euqations.

B. Random Kaczmarz (RK)-based precoding design

By appling the RZF precoding (9), the received signal of
all users is represented as follows:

y = HHFRZFs+ n =βHHH(HHH+ ξIK)−1s+ n

=βHHHv + n, (11)

where v = (HHH+ ξIK)−1s ∈ CK×1 denotes the auxiliary
vector. Subsequently, the acquisition of auxiliary vector v =
(HHH + ξIK)−1s is readily transformed into an equivalent
least square problem, as described by the following theorem.

Theorem 1: The auxiliary vector v = (HHH + ξIK)−1s
can be obtained from an equivalent least square problem

v = argmin
v

∥Gv − g∥22, (12)

where G = [H;
√
ξIK ] ∈ C(Nt+K)×K , g = [0Nt

; s√
ξ
] ∈

C(Nt+K)×1.
Proof: See Appendix A. ■

According to (11) and (12), if we get v, the precoded
signal can be easily obtained by Hv = Fs. Thus, RZF
precoding (9) is equivalent to finding v in the least square
problem of (12). If g lies in the range space spanned by G,
Problem (12) can be further reformulated as a system of linear
equations, i.e., Gv = g, which can be effectively solved by
the RK algorithm as we discussed in Section III. A. However,
this system of linear equations is inconsistent unless s = 0.
This inconsistency makes it challenging to obtain an accurate
solution for v. In other words, the system of linear equations
Gv = g may not have a solution.

To tackle this issue, the inconsistency in the systems of
linear equations needs to be removed [37]. Specifically, we
first decompose g as follows

g = w +ψ, (13)

with w ∈ R(G),ψ ∈ R(G)⊥ = K(GH), where R(·),
R(·)⊥ and K(·) represents the range space, the orthogonal
complementary space of the range space, and the kernel space.
Thus, if we can accurately estimate w from g, the solution of
the system of linear equations Gv = w can be approximated
as the solution of Problem (12). To accurately estimate w, we
establish a system of linear equations as follows

GHw = GH(g −ψ) = GHg = s. (14)

By using the RK algorithm to solve the system of linear
equations GHw = s, we obtain the estimated value w. Note
that, w lies in the space spanned by the columns of G, as
indicated by (10). Next, the consistent over-determined system
of linear equations is formulated as

Gv = w. (15)

Finally, we obtain the value of v by solving this equation.
Based on the above analysis, the solution of the least square



5

Algorithm 1 RK-based precoding algorithm

1: Input: H, Nt,K, ξ, the tolerance error ϵ.
2: Initialize V = 0K×K , t = 0;
3: Initialize mk = 0, qk = 0,∀k ∈ [1,K];
4: Calculate and store ∥hi∥22 + ξ;
5: while NMSE ≥ ϵ do
6: Run the RK algorithm K times:
7: Pick the i-th row HH based on the pre-determined

probability distribution;
8: Calculate [r

(t)
k ]i = [ek]i − hH

i m
(t)
k − ξ[qk]

(t)
i ;

9: Calculate [γ
(t)
k ]i = [r

(t)
k ]i/(∥hH

i ∥22 + ξ);
10: Update m

(t+1)
k = m

(t)
k + [γ

(t)
k ]ihi;

11: Update [qk]
(t+1)
i = [qk]

(t)
i + [γ

(t)
k ]i;

12: t = t+ 1;
13: end while
14: V = [q1, · · · ,qK ], Calculate F as (17);
15: Output: F, T = t.

problem (12) can be obtained in two steps. Specifically, in Step
1, we solving the system of linear equation (14) by using the
RK algorithm to get the estimated value w. In Step 2, after
obtaining w, the system of linear euqations (15) is also solved
by using RK algorithm. Furthermore, we can conclude the
following remarks.

Remark 1: We first define the estimated value
w ∈ C(Nt+K)×1 as [m;

√
ξq], where vector q is of length

K. Due to the special structure of G, we have

Gv = [H;
√
ξIK ]v = [Hv;

√
ξv]. (16)

Thus, the estimated solution of v is readily determined by
extracting the scaled last K elements of w, i.e., q, rather than
solving the system of linear equations (15).

Remark 2: In the downlink precoding design, the objective
is to compute FRZF. However, due to the relationship Hv =
FRZFs, we can only obtain the product FRZFs, given solution
v. Therefore, to derive the precoding FRZF, we propose to
use the parallel RK algorithm as introduced in [21], [33].
Specifically, we run the RK algorithm in parallel K times by
setting sk = ek ∈ CK×1, where ek denotes the k-th canonical
basis. Then, the precoding matrix can then be computed as

FRZF = H× [v1, · · · ,vK ] = HV. (17)

Based on the above discussions, the RK-based precoding
algorithm is detailed in Algorithm 1, which reduces the
computational complexity of RZF from O(NtK

2 + K3) to
O(TNt). In Algorithm 1, we apply the RK algorithm to (14),
i.e., GHw = s. Then, v is updated based on Remark 1.
Specifically, Steps 8 and 9 are to calculate the update weights,
which is defined as bi−aH

i x(t)

∥ai∥2
2

in (10). In Steps 10 and 11, the
value of solution w = [m;

√
ξq] is updated according to (10).

C. Limitations of the RK-based Precoding Algorithm

As shown in Algorithm 1, the pre-determined probability
distribution of the RK algorithm determines which hyperplane
is selected at each iteration. Thus, the convergence rate is

mainly depending on the design of the pre-determined prob-
ability distribution. The existing RK-based precoding algo-
rithms [21], [34] usually utilize the energy criterion-based
selection strategy, which has a faster convergence rate than
uniform criterion-based selection strategy [25]. Specifically,
as discussed in Section III. B, the RK algorithm is applied
to solve the system of linear equations GHw = s. Recall
that G = [H;

√
ξIK ], the physical significance of the RK-

based precoding algorithm is that the hyperplane defined in
terms of the user channel vector is selected at each iteration
based on the selection strategy. Thus, existing RK-based
precoding algorithms select the high-energy user with a higher
probability in each iteration.

However, the performance of existing RK-based precoding
algorithms utilizing energy criterion-based selection strategy is
limited in the following two cases: (1) when users are located
at the edge of the cell, and (2) the channel vector energies of
the users are similar. For the first case, the RK-based precoding
algorithm always selects users with higher energy and users
with lower-energy are difficult to be selected. For the second
case, the energy criterion will degenerate into a uniform
criterion. In both of the above scenarios, the convergence
speed of the RK-based precoding algorithm is drastically
reduced. Both of the above cases are common in the ELAA-
assisted hotspot scenarios in future 6G networks. Furthermore,
existing RK-based precoding algorithms do not consider near-
field spatial non-stationarity introduced by ELAA. According
to (3) and (5), the channel vectors of users have a large
number of zero elements. By fully exploiting the near-field
non-stationrity, the complexity of RK-based precoding can
be further reduced. Thus, to overcome these limitations and
further reduce the computational complexity, we propose low-
complexity iterative precoding algorithms.

IV. VR-BASED ORTHOGONAL GREEDY RANDOM
KACZMARZ ALGORITHM

In this section, we first introduce the greedy random
Kaczmarz (GRK)-based precoding algorithm by designing
the greed criterion-based selection strategy. Subsequently, to
further reduce the computational complexity and exploit the
spatial non-stationarity, we propose the VR-based Orthogonal
GRK (VR-OGRK) algorithm and provide the convergence
analysis of the proposed algorithm.

A. Greedy Random Kaczmarz (GRK)-based precoding

As discussed in Section III. C, the energy criterion-based
selection strategy is not applicable to the RK-based precoding
algorithm. Therefore, we introduce the greedy random Kacz-
marz (GRK)-based precoding algorithm by using the greedy
criterion-based selection strategy. Specifically, Different from
existing RK-based precoding, the GRK-based precoding algo-
rithm employs a selection strategy that prioritizes the i-th row
with larger residual, i.e., with larger ri = bi − aHi x

(t) [38],
[39]. The greedy selection strategy of GRK-based precoding
is defined as

pi =
|ri|2

∥r∥22
, (18)

where r = [r1; · · · , ri, · · · ; rM ] denotes the residual vector.
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Algorithm 2 VR-OGRK-based precoding algorithm

1: Input: H, Hs, Nt, K, ξ, Xk, Mk, Qs, error threshold ϵ.

2: Repeat Algorithm 1 Steps 2-4;
3: Initialize the residuals rk = ek, ∀k ∈ [1,K]
4: Calculate the probability vector [pk]i =

|[rk]i|2/∥rK∥22, ∀i, k ∈ [1,K];
5: Construct h̃k = [hk]Γk

;
6: while NMSE ≥ ϵ do
7: Run VR-OGRK algorithm K times:
8: [r

(t)
k ]X

i(t−1)
= [ek]X

i(t−1)
− h̃H

X
i(t−1)

m
(t)
k −

ξ[q
(t)
k ]X

i(t−1)
;

9: Update the probability vector as Step 4;
10: Pick the i(t)-th row HH according to pk;
11: Repeat Algorithm 1 Steps 8-12;
12: end while
13: V = [q1, · · · ,qK ], Calculate F as (20);
14: Output: F, T = t.

The GRK-based precoding effectively overcomes the lim-
itations of existing RK-based precoding and accelerate the
convergence. However, the GRK-based precoding algorithm
introduces additional complexity in calculating all residuals r
at each iteration. To further reduce the complexity, we propose
the VR-based orthogonal GRK (VR-OGRK)-based precoding
algorithm by using the spatial non-stationarity.
B. VR-based Orthogonal GRK (VR-OGRK)-based precoding

To effectively exploit the spatial non-stationary brought by
the ELAA-assisted system, we introduce the following lemma.

Lemma 1: If the VRs of user i and user j do not overlap,
the channels between the two users are mutually orthogonal,
i.e. hH

i hj = 0, if Mi ∩Mj = ∅.
Proof: This can be readily proved by calculating the inner

product of the two users’ channel vectors. ■
Based on Lemma 1, we establish a non-orthogonal set

Xk corresponding to user k, where the elements of this set
represent the indices of users whose VRs overlap with that of
user k. For the system of linear equations GHw = s, the k-th
row of GH can be expressed as [hk,

√
ξek]. Thus, if VRs of

user i and user j do not overlap, the i-th row and the j-th row
of GH are also mutually orthogonal. Theorem 2 elaborates
how to apply the orthogonality in Kaczmarz algorithm.

Theorem 2: Consider the linear equations Ax = b, solved
by the Kaczmarz algorithm. At the t-th iteration, if the i-th
row of A is selected, the residuals corresponding to the rows
that are orthogonal to the i-th row will remain unchanged, i.e.,

r
(t+1)
j = r

(t)
j , if aHj ai = 0, (19)

where r
(t)
j = bj − aHj x

(t) denotes the residual corresponding
to the j-th row at the i-th iteration.

Proof: See Appendix B. ■
According to Lemma 1 and Theorem 2, when selecting the

k-th row of GH, only the residuals associated with the rows
in the non-orthogonal set Xk are affected.

After building the set Xk based on VR information, we can
only update the residuals corresponding to the rows whose

indices are in Xk, rather than all rows in each iteration. This
method effectively reduces the complexity of the GRK-based
precoding algorithm. Furthermore, the operation aHi x incurs
a computational cost of O(Nt), which brings the primary
computation burden at each iteration. Due to the presence of
spatial non-stationarity, we leverage the VR information of
users to further reduce the computational cost in this operation.
Specifically, we construct the effective channel h̃k = [hk]Γk

∈
C|Γk|×1. Thus, the complexity of the original operation is
further reduced to O(|Γ|), assuming that |Γk| = |Γ| for all
users, which simplifies the analysis.

In Step 14 of Algorithm 1, the computational cost of
F = HV scales on the order of O(NtK

2). However, existing
literature usually ignored the complexity introduced by this
term, which leads to significant computational burden in
precoding design. Therefore, we will again leverage the VR
information to further reduce the complexity in this step.

We first define Hs ∈ C
Nt
S ×K and Qs as the channel matrix

between the s-th subarray and users and the set of indices
of users whose VRs include the s-th subarray, respectively.
Then, based on the VR information Qs, we construct the
equivalent matrix [V]Qs ∈ C|Qs|×K and [Hs]Qs ∈ C

Nt
S ×|Qs|.

The precoding matrix is further calculated as

F = [[H1]Q1
[V]Q1

; · · · ; [HS ]QS
[V]QS

]. (20)

For analytical tractability, we assume that |Qs| = |Q| for
all subarrays. Then, it is observed that the complexity of
calculating F based on (20) is reduced from O(NtK

2) to
O(Nt|Q|K), which is beneficial for ELAA systems.

Based on the above discussions, the overall VR-OGRK-
based precoding is detailed in Algorithm 2. In each iteration,
a row is randomly selected based on the selection strategy
determined by the relative value of residual, as described in
Step 4. The residuals corresponding to the rows whose indices
are in Xk are updated, as shown in Step 8.
C. Convergence Analysis

For the subsequent convergence analysis, we first present
the following lemma:

Lemma 2: In the VR-OGRK algorithm, given a system of
linear equations Ax = b, where A ∈ CM×N , x ∈ CN×1, the
vector (x(t+1)−x(t)) is perpendicular to the vector (x(t+1)−
x∗), i.e.

(x(t+1) − x∗)H(x(t+1) − x(t)) = 0, (21)

where x∗ denotes the optimal solution of the system.
Proof: According to (10), we have

(x(t+1) − x(t)) =
bi − aHi x

(t)

∥aHi ∥22
ai. (22)

From (22), the vector (x(t+1) − x(t)) lies in the subspace
spanned by ai. Thus, to demonstrate the relationship in (21),
we need to prove aHi (x

(t+1)−x∗) = 0, as demonstrated below:

aHi (x
(t+1) − x∗) = aHi (x

(t) − x∗ +
bi − aHi x

(t)

∥aHi ∥22
ai)

= aHi x
(t) − aHi x

∗ + bi − aHi x
(t) = 0, (23)

which completes the proof of Lemma 2. ■
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Based on Lemma 2, we obtain the following relationship
by using the Pythagorean theorem

∥x(t+1) − x∗∥22 = ∥x(t) − x∗∥22 − ∥x(t+1) − xt∥22. (24)

Based on (24), we derive the following theorem to prove the
convergence of our proposed algorithm.

Theorem 3: The VR-OGRK algorithm converges as

∥x(t+1) − x∗∥22 ≤ ηt∥x(0) − x∗∥22, (25)

with global convergence rate of

η = 1− κ2(A)

∥A∥F
< 1, (26)

where κ(A) = min
x−x∗∈R(AH)

∥A(x−x∗)∥2

∥x−x∗∥2
.

Proof: First, according to (24), we have

E[∥x(t+1) − x∗∥22] = ∥x(t) − x∗∥22 − E[∥x(t+1) − x(t)∥22]

= ∥x(t) − x∗∥22 −
M∑
i=1

|ri|2

∥r(t)∥22
|bi − aHi x

(t)|2

∥ai∥22

= ∥x(t) − x∗∥22 −
1

∥r(t)∥22

M∑
i=1

|ri|4

∥ai∥22

≤ ∥x(t) − x∗∥22 −
1

∥r(t)∥22

∑M
i=1 |ri|4∑M
i=1 ∥ai∥22

= ∥x(t) − x∗∥22 −
∥r(t)∥22∑M
i=1 ∥ai∥22

= ∥x(t) − x∗∥22 −
∥A(x(t) − x∗)∥22

∥A∥2F

≤ (1− κ2(A)

∥A∥2F
)∥x(t) − x∗∥22, (27)

where κ(A) = min
x−x∗∈R(AH)

∥A(x−x∗)∥2

∥x−x∗∥2
denotes the minimum

singular value. Define η = κ2(A)
∥A∥2

F
≤ 1, which represents the

global convergence rate.
Hence, the proof of Theorem 3 is completed. ■

V. VR-BASED ORTHOGONAL AGGREGATION HYPERPLANE
KACZMARZ ALGORITHM

We extend the GRK-based precoding to the aggregation
hyperplane Kaczmarz (AHK)-based precoding by exploiting
the information from multiple hyperplanes in each iteration.
To further reduce computational complexity, we exploit VR
information to propose the VR-based orthogonal aggregation
hyperplane Kaczmarz (VR-OAHK)-based precoding and ana-
lyze its convergence.
A. Aggregation Hyperplane Kaczmarz-based Precoding

As discussed in Section IV, at the t-th iteration of the VR-
OGRK algorithm, if the i-th row of matrix A is selected, the
solution of the (t+ 1)-th iteration is updated as follows

x(t+1) = x(t) +
bi − aHi x

(t)

∥aHi ∥22
ai = x(t) +

r
(t)
i

∥aHi ∥22
ai. (28)

Thus, at each iteration, the solution of the next iteration x(t+1)

is updated by projecting the current solution x(t) into the

selected hyperplane, which is defined by aHi x = bi. This
means that we only use the information from one hyperplane
at each iteration.

A natural question arises: is it possible to utilize information
from multiple hyperplanes instead of a single hyperplane at
each iteration? If the information from multiple hyperplanes
are jointly utilized, the convergence rate can be further en-
hanced. Inspired by the surrogate constraint proposed in [40],
[41], which is introduced as a heuristic method to solve integer
programming problems and graph optimization problems, we
next propose an aggregation hyperplane Kaczmarz (AHK) al-
gorithm to jointly use multiple hyperplane. Specifically, AHK
algorithm constructs an aggregation hyperplane by linearly
combining multiple hyperplanes with predefined weights. The
next iteration solution x(t+1) is then updated by projecting
x(t) onto the aggregation hyperplane, which incorporates
information from multiple hyperplanes.

The update criteria of the AHK methods is expressed as

x(t+1) = x(t) +
(φ(t))H(b−Ax(t))

∥AHφ(t)∥22
AHφ(t)

= x(t) +
(φ(t))Hr(t)

∥AHφ(t)∥22
AHφ(t), (29)

where φ denotes the aggregation coefficient vector. Note that,
when φ = ei, where i represents the index of the row which
is selected at the t-th iteration, (29) reduces to the update of
traditional Kaczmarz algorithm.

In (29), the solution of the next iteration x(t+1) is updated
by projecting the current solution x(t) onto the aggregation
hyperplane which is defined by

(φ(t))HAx = (φ(t))Hb. (30)

The aggregation hyperplane retains more information of the
matrix A and vector b compared to GRK algorithm. The
AHK algorithm linearly combines multiple hyperplanes into
an aggregation hyperplane with predefined weights. Thus, at
each iteration, more information from the matrix A and vector
b is utilized to accelerate convergence.

Recall that, in GRK algorithm, the residuals of the current
solution on all hyperplanes, i.e., r(t), are obtained at each
iteration, as shown in Step 8 of Algorithm 2. Thus, the
aggregation coefficient vector φ(t) is defined as

[φ(t)]i =
bi − aHi x

(t)

∥aHi ∥22
,∀i ∈ [1,M ]. (31)

B. VR-based Orthogonal AHK (VR-OAHK)-based Precoding

The AHK-based precoding requires the generation of an
aggregation hyperplane, introducing additional complexity of
O(NtK) at each iteration. While this algorithm can substan-
tially accelerate convergence, it may not result in a significant
reduction in overall complexity. To address this issue, we pro-
pose VR-based orthogonal aggregation hyperplane Kaczmarz
(VR-OAHK) algorithm. Specifically, by fully exploiting the
VR features and further accelerating the convergence, we first
divide K users into two sets: the orthogonal set F and the
non-orthogonal set V . The orthogonal set F consists of users
whose VRs do not overlap, i.e. |Mi ∩Mj | > 0,∀i, j ∈ F ,
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Algorithm 3 VR-OAHK-based precoding algorithm

1: Input: H, Hs, Nt, K, ξ, F , V , Γk, Qs, threshold ϵ.
2: Repeat Algorithm 1 Steps 2-4;
3: Initialize rork = 0K , rnork = 0K ,φor

k = 0K ,φnor
k =

0K , ∀k ∈ [1,K];
4: Construct h̃k = [hk]Γk

;
5: while NMSE ≥ ϵ do
6: Run the VR-OAHK algorithm K times:
7: For orthogonal user group F :
8: [rork

(t)]F = [ek]F − h̃H
Fm

(t)
k − ξ[q

(t)
k ]F ;

9: [φor
k

(t)]i =
[rork

(t)]i
∥hi∥2

2+ξ
,∀i ∈ F ;

10: m
(t+ 1

2 )

k = m
(t)
k +

∑|F|
i∈F [φ

or
k

(t)]ihi;

11: q
(t+ 1

2 )

k = q
(t)
k +φor

k
(t);

12: For non-orthogonal user group V:
13: [rnork

(t)]V = [ek]V − h̃H
Vm

(t+ 1
2 )

k − ξ[q
(t+ 1

2 )

k ]V ;
14: [φnor

k
(t)]i =

[rnor
k

(t)]i
∥hi∥2

2+ξ
,∀i ∈ V;

15: γnor
k

(t) =
(φnor

k
(t))Hrnor

k
(t)

∥Hφnor
k

(t)∥2
2+ξ∥φnor

k
(t)∥2

2
;

16: m
(t+1)
k = m

(t+ 1
2 )

k + γnor
k

(t)Hφnor
k

(t);
17: q

(t+1)
k = q

(t+ 1
2 )

k + γnor
k

(t)φnor
k

(t);
18: t = t+ 1;
19: end while
20: V = [q1, · · · ,qK ], Calculate F as (20);
21: Output: F, T = t.

whereas the opposite holds true for the non-orthogonal set
V . In the following, we prove some promising properties of
the proposed AHK algorithm on the orthogonal set, such
as faster convergence and parallelization features. In each
iteration, we first apply AHK algorithm using information
from the hyperplanes corresponding to F . Subsequently, we
apply AHK algorithm using information from the hyperplanes
corresponding to V .

To utilize the potential of exploiting spatial non-stationarity
in simplifying algorithms, we derive the following theorem.

Theorem 4: Consider using the AHK algorithm to solve
a system of linear equations Ax = b, where A ∈ CM×N ,
x ∈ CN×1. We assume that there exists a set of mutually
orthogonal hyperplanes in the linear system, denoted as F . At
the t-th iteration, if the aggregation hyperplane is generated
by the hyperplanes in F , the updated solution x(t+1) will lie
in the solution space spanned by the hyperpalnes in F , i.e.,

A[F,:]x
(t+1) = bF . (32)

Proof: See Appendix C. ■
According to Theorem 4, if the orthogonal set F can be

established, only one iteration is required to converge to the
solution space spanned by the hyperplanes in F , which fur-
ther accelerates convergence. Furthermore, the orthogonality
among different users in the set F enables parallelization of
the algorithm, as detailed in the following proposition.

Proposition 1: A system of linear equations Ax = b, where
A ∈ CM×N , x ∈ CN×1, is considered to be solved by the
AHK algorithm. We assume that there exists a set of mutually
orthogonal hyperplanes in the linear system, denoted as F . If

the aggregation hyperplane is generated by the hyperplanes in
F , the solution of the next iteration is updated as

x(t+1) = x(t) +

|F|∑
i∈F

[φ(t)]iai. (33)

Proof: See Appendix D. ■
According to (33), the vector [φ(t)]iai,∀i ∈ F , can be inde-

pendently calculated for each hyperplane and then summed to
update the next iteration solution x(t+1). When updating the
solution based on the orthogonal set F , the computation of
the relevant parameters can be divided into multiple subtasks.
Each subtask is then executed in parallel on the multicore CPU
at the BS and therefore greatly reduces the running time.

Next, we focus on how to accurately construct the orthog-
onal set F . Specifically, we propose a graph theory-based
orthogonal set generation algorithm. We first construct an
undirected graph G = (V,E), where V = {v1, · · · , vK}
and E = {(vi, vj)| vi, vj ∈ V } denote the set of vertex
corresponding with K users and the set of edges, respectively.
If (vi, vj) ∈ E, then there exists an edge between the vertices
vi and vj . By utilizing the VR information of different users,
then we establish the edge between two users based on their
VR overlap situations. Specifically, if |Mi ∩Mj | > 0, then
we establish an edge (vi, vj) ∈ E in the graph.

After constructing the VR-based undirected graph, the or-
thogonal set F is regarded as the independent set in the
undirected graph, which ensures that there are no edges
between any two vertices in this set. To enlarge the impact of
the orthogonal set on improving algorithm performance, our
goal is to find as many as possible vertices in the VR-based
graph G = (V,E) to form a maximum independent set. Thus,
we formulate following maximum independent set problem

max |F| (34a)
s.t. F ⊆ V, (34b)

(vi, vj) /∈ E,∀vi, vj ∈ F . (34c)

Problem (34) is a classic problem in graph theory, which
can be effectively addressed with a low-complexity algorithm
with linear complexity O(K) [42]. After constructing the
orthogonal set F , the remaining users can naturally be grouped
into V . Thus, in the VR-OAHK algorithm, the update criteria
at each iteration is

x(t+ 1
2 ) = x(t) +

(φor(t))Hror(t)

∥AHφor(t)∥22
AHφor(t), (35)

x(t+1) = x(t+ 1
2 ) +

(φnor(t))Hrnor(t)

∥AHφnor(t)∥22
AHφnor(t), (36)

where the aggregation coefficient and residual of the orthog-
onal set and non-orthogonal set are respectively defined as

[ror(t)]F = bF −A[F,:]x
(t), (37)

[φor(t)]F =
[ror(t)]i
∥aHi ∥22

,∀i ∈ F , (38)

[rnor(t)]V = bV −A[V,:]x
(t+ 1

2 ), (39)

[φnor(t)]V =
[rnor(t)]i
∥aHi ∥22

,∀i ∈ V. (40)
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TABLE I: Computational Complexity Comparison

Scheme Computational Complexity [FLOPS]
RZF 8K3 + 9K2 + 12NtK2 − 3K

URK 8NtK2 + 4NtK + TURK(16Nt − 4)

SWOR-ERK 8NtK2 + 4NtK +K − 1 + TERK(16Nt +K + 8)

GK 8NtK2 + 4NtK −K + TGK(8Nt(K + 1) +K − 5)

VR-OGRK 8NtK(|Q|+ 1
2
)−K + TOGRK(8|M|(|X |+ 1) +K − 5)

VR-OAHK 8NtK(|Q|+ 1
2
) + TOAHK(8|M|(2|V|+ |F|+ 2) + 24|V|+ 14Nt + 5)

Based on the above discussions, the detailed procedure is
outlined in Algorithm 3.

C. Convergence Analysis

Lemma 3: In the VR-OAHK algorithm, given a system of
linear equations Ax = b, where A ∈ CM×N , x ∈ CN×1, in
each iteration, we have the following relationship:

(x(t+ 1
2 ) − x∗)H(x(t+1) − x(t+ 1

2 )) = 0, (41)

(x(t) − x∗)H(x(t+ 1
2 ) − x(t)) = 0, (42)

where x∗ denotes the optimal solution of the system.
Proof: According to (35) and (36), we have

x(t+1) − x(t+ 1
2 ) =

(φnor(t))Hrnor(t)

∥AHφnor(t)∥22
AHφnor(t), (43)

x(t+ 1
2 ) − x(t) =

(φor(t))Hror(t)

∥AHφor(t)∥22
AHφor(t). (44)

Thus, to demonstrate (41), we need to show that
AHφnor(t)(x(t+ 1

2 ) − x(∗)) = 0, which is proved as

(AHφnor(t))H(x(t+ 1
2 ) − x(∗))

= (φnor(t))HA(x(t) − x∗ +
(φnor(t))Hr(t)

∥AHφnor(t)∥22
AHφnor(t))

= (φnor(t))HAx(t) − (φnor(t))HAx∗ + (φnor(t))Hr(t)

= (φnor(t))H(Ax(t) − b) + (φnor(t))Hr(t) = 0. (45)

Following similar steps with (45) , (44) can be proved,
completing the proof. ■

Based on Lemma 3, we obtain the following relationship
by using the Pythagorean theorem

∥x(t+1) − x∗∥22 = ∥x(t+ 1
2 ) − x∗∥22 − ∥x(t+1) − x(t+ 1

2 )∥22,
(46)

∥x(t+ 1
2 ) − x∗∥22 = ∥x(t) − x∗∥22 − ∥x(t+ 1

2 ) − x(t)∥22. (47)

Theorem 5: The VR-OAHK algorithm converges as

∥x(t+1) − x∗∥22 ≤ α2t∥x(0) − x∗∥22, (47)

with global convergence rate

α = (1− ϑPϑH

ϑϑH
) < 1, (48)

where ϑ = AHΦTAe(t+
1
2 ), P = e(t+1

2
)(e(t+1

2
))H

(e(t+1
2
))He(t+1

2
)
, e(t+

1
2 ) =

x(t+ 1
2 ) − x∗.

Proof: To simplify the analysis, we define x(t)−x∗ = e(t).
Then, according to (46), we have the following relationship

∥e(t+1)∥22 = ∥e(t+ 1
2 )∥22 − ∥x(t+1) − x(t+ 1

2 )∥22

= ∥e(t+ 1
2 )∥22 −

(e(t+
1
2 ))HAHφnor(t)(φnor(t))HAe(t+

1
2 )

∥AHφnor(t)∥22
.

(49)

Define Φ = diag( 1
∥aH

1 ∥2
2
, · · · , 1

∥aH
M∥2

2
) ∈ RM×M . Then, (40)

can be rewritten as

φnor(t) = −ΦAe(t+
1
2 ). (50)

By substituting (50) into (49), ∥e(t+1)∥22 is reformulated as
(51), shown at the bottom of this page, where the parameters
are defined as

ϑ = AHΦTAe(t+
1
2 ), (52)

P =
e(t+

1
2 )(e(t+

1
2 ))H

(e(t+
1
2 ))He(t+

1
2 )
, (53)

where P is a rank-one Hermitian matrix, the eigenvalue of P
is either 0 or 1. Then, according to Rayleigh quotient theorem,
we can obtain the following relationship

0 <
ϑPϑH

ϑϑH
≤ 1, (54)

and the convergence rate α = (1 − ϑPϑH

ϑϑH ) ∈ [0, 1). The
convergence analysis of orthogonal set is similar to the non-
stationary set. Therefore, we have

∥x(t+1) − x∗∥22 ≤ α∥x(t+ 1
2 ) − x∗∥22

≤ α2∥x(t) − x∗∥22 ≤ α2t∥x(0) − x∗∥22, (55)

completing the proof. ■

∥e(t+1)∥22 = ∥e(t+ 1
2 )∥22 −

(e(t+
1
2 ))HAHΦAe(t+

1
2 )Ae(t+

1
2 )(e(t+

1
2 ))HAHΦAe(t+

1
2 )Ae(t+

1
2 )

(e(t+
1
2 ))HAHΦTAAHΦTAe(t+

1
2 )

= (1− ((e(t+
1
2 ))HAHΦAe(t+

1
2 )Ae(t+

1
2 ))2

(e(t+
1
2 ))H(AHΦTA)2e(t+

1
2 )(e(t+

1
2 ))He(t+

1
2 )
)∥e(t+ 1

2 )∥22

= (1− ϑPϑH

ϑϑH
)∥e(t+ 1

2 )∥22, (51)



10

VI. COMPLEXITY ANALYSIS

The detailed computational complexity, expressed in float-
ing point operations (FLOPS) [43], is presented in Table I. In
this table, TURK, TERK, TGK, TOGRK, TOAHK represent
the iteration numbers for the uniform criterion-based RK
algorithm (URK) [21], the energy criterion-based RK algo-
rithm with sampling without replacement technology (SWOR-
ERK) [34], the GK algorithm [44], the VR-OGRK algorithm,
and the VR-OAHK algorithm, respectively. For the sake of
analysis, we assume here, |Γk| = |Γ|, |Xk| = |X |,∀k, and
but the true value of |Γk|, |Xk| will be used in the simulation
section. As shown in Table I, for the proposed VR-OGRK
algorithm in Algorithm 2, the computational complexity of
calculating the precoding matrix F reduces from O(8NtK

2)
to O(8NtK|Q|) and the computational complexity of Step
8 reduces from O(8NtK) to O(8|Γ||X |) at each iteration.
Therefore, our algorithm can work effectively in ELAA-
supported hotspot scenarios. Furthermore, the main advantage
of the two proposed algorithms is the significant reduction in
the number of iterations compared to the traditional Kaczmarz-
type algorithms, which will be shown in the simulation section.

VII. SIMULATION RESULTS

In this section, numerical results are presented to demon-
strate the effectiveness of the proposed VR-OGRK algorithm
and the VR-OAHK algorithm compared to the traditional
Kaczmarz-type algorithm.

A. Simulation Configuration

Without loss of generality, the simulation parameters are
assumed to be Nt = 2000, f = 100 GHz, S = 20, ϵ = 10−6,
Lk = 5. There are K = 30 users randomly distributed within
a range of 1 m to 50 m from the ELAA. SNRk =

ρ∥hk∥2
2

σ2

is defined as the received SNR for user k. For simplicity,
the SNRs of all users are assumed to be equal due to power
control, i.e., SNR = 0 dB. From [45] and [46], the VR set
Mk can be modeled as a Bernoulli distribution. Thus, the
visibility of the s-th subarray for the k-th user is modeled as{

s ∈ Mk,with probability p,

s /∈ Mk,with probability 1− p,
(56)

where p denotes the VR generation probability. From [45]
and [46], we assume p = 0.35. Furthermore, the impact of
this parameter on the proposed algorithm will be discussed in
the simulations.

B. Algorithm Performance Comparison

Fig. 2 compares the convergence behaviors of different
algorithms in terms of NMSE (NMSE = ∥FRZF−F∥F

∥FRZF∥F
)1. As

shown in Fig. 2, the proposed VR-OGRK algorithm exhibits
a faster convergence rate than both the URK and SWOR-
ERK algorithms, while its convergence behavior is similar to
that of the GK algorithm. Furthermore, to achieve the NMSE
of 10−6, the proposed VR-OGRK and VR-OAHK algorithms

1The NMSE value approaches zero, indicating that the sum rate realized
by this scheme is nearly equivalent to that of the RZF scheme.
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Fig. 2. Convergence behaviors of different algorithms.
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Fig. 3. Spectral efficiency versus SNR with T = 15.

require only 27 and 5 iterations, respectively, representing a
significant reduction compared to the SWOR-ERK and URK
algorithms. For the VR-OGRK algorithm, the improvement
of the convergence speed is attributed to its selection strategy,
which ensures that the hyperplane with a large residual error
is chosen at each iteration. Building on this, the proposed VR-
OAHK algorithm further leverages information from multiple
hyperplanes rather than a single hyperplane at each iteration,
resulting in a faster convergence rate.

In Fig. 3, we investigate the spectral efficiency versus SNR.
It is important to note that we assume the iteration number of
T = TURK = TERK = TGK = TOGRK = TOAHK = 15. As
observed from Fig. 3, the spectral efficiency of the proposed
VR-OAHK algorithm is nearly equal to that of the RZF algo-
rithm after a small number of iterations. While the spectral ef-
ficiency of the proposed VR-OGRK algorithm is slightly lower
than that of the VR-OAHK algorithm, it remains significantly
higher than that of the SWOR-ERK and URK algorithms.
This is because the two proposed algorithms have faster
convergence rate by leveraging the VR features. Furthermore,
as SNR increases, traditional Kaczmarz-type algorithms do not
yield satisfactory performance. This is because communication
scenarios with high SNR require higher accuracy in matrix
inversion, and thus the traditional Kaczmarz algorithm requires
an extra number of iterations to approximate the matrix
inversion. Thus, the slower convergence of the traditional
Kaczmarz-type algorithm leads to reduced spectral efficiency
at a fixed number of iterations. Moreover, when the number
of iterations is unrestricted, all algorithms can achieve similar
performance to RZF. However, the slow convergence rate
of the traditional Kaczmarz algorithm results in additional



11

500 1000 1500 2000 2500 3000 3500 4000
80

90

100

110

120

130

140

150

160
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Fig. 5. Computational complexity versus K.

computational overhead, which will be discussed later.
Fig. 4 illustrates the relationship between the spectral effi-

ciency and the number of antenna Nt with a fixed iteration
number of T = 15 across different algorithms. As illustrated
in Fig. 4, the proposed VR-OGRK algorithm and VR-OAHK
algorithm can achieve the spectral efficiency comparable to
the RZF algorithm. Furthermore, as the number of antennas
Nt increases, both proposed algorithms continue to maintain
similar performance to the RZF algorithm. This is because
both the proposed algorithms converge faster than the SWOR-
ERK and URK algorithm. Consequently, with a fixed number
of iterations, the two proposed algorithms exhibit a lower
NMSE, resulting in higher spectral efficiency. Therefore, even
with a larger number of antennas, the two proposed algorithms
can achieve the spectral efficiencies close to that of RZF.

In Fig. 5, we compare the computational complexity of
different algorithms in terms of K. As observed in Fig. 5, the
proposed VR-OGRK algorithm and the proposed VR-OAHK
algorithm have a lower computational complexity than the
traditional Kaczmarz-type algorithms. The complexity of the
GK algorithm exceeds that of the RZF scheme, mainly due
to the additional residual computation during each iteration.
It can be seen that the computational complexity of the
proposed VR-OGRK algorithm increases at a slower rate
as K rises. This is because the complexity with respect to
the number of users in the proposed VR-OGRK algorithm
scales as O(8NtK|Q|), while for the URK and SWOR-
ERK algorithms, it is on the order of O(8NtK

2). Since the
growth of |Q| is less than that of K, the proposed VR-OGRK
algorithm maintains a low computational complexity even with
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Fig. 6. Computational complexity versus Nt.
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Fig. 7. Computational complexity versus p.

a large total number of users. Additionally, the proposed VR-
OAHK algorithm further reduces the computational cost by
decreasing the required number of iterations using information
from multiple hyperplanes in each iteration.

Fig. 6 examines the computational complexity of differ-
ent algorithms in relation to Nt. It can be observed that
the proposed VR-OGRK and VR-OAHK algorithms substan-
tially reduce the computational complexity compared to the
other algorithms. Moreover, as Nt increases, the proposed
algorithms maintain low computational complexities. This is
because the computational complexity of Nt in the VR-
OGRK algorithm is O(T (8|Γ|(|X | + 1))), whereas for the
URK and SWOR-ERK algorithms, it is O(T (16Nt)). Due
to the spatial non-stationarity effect, the increase in |Γ| is
less than that in Nt. Furthermore, by utilizing information
from multiple hyperplanes in each iteration, the proposed VR-
OAHK algorithm achieves a lower computational complexity
than the VR-OGRK algorithm. Thus, as shown in Fig. 3-6, the
two proposed algorithms can achieve satisfactory performance
with low complexity in ELAA systems.

In Fig. 7, we explore the relationship between the com-
putational complexity and the VR generation probability p.
As the value of p increases, the computational complexity
of both the proposed VR-OGRK algorithm and the proposed
VR-OAHK algorithm also increases. A larger p indicates that
the spatial non-stationary effect of the communication system
is less pronounced. Therefore, the computational complexity
reduction achieved by the proposed VR-OGRK algorithm by
utilizing the spatial non-stationary effect will be weakened,
and will eventually degenerate to the performance of standard
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GK algorithm. Fortunately, owing to the fast convergence rate,
the proposed VR-OAHK algorithm substantially reduces the
computational complexity even at high values of p compared
to the SWOR-ERK and URK algorithm. This is because
the proposed VR-OAHK algorithm utilizes information from
multiple hyperplanes, in contrast to the VR-OGRK algorithm
and traditional Kaczmarz-type algorithms, which rely on a sin-
gle hyperplane. Therefore, the proposed VR-OAHK algorithm
possesses promising potentials to enable future ELAA systems
even in case of weak spatial non-stationary effects.

VIII. CONCLUSION

In this paper, we proposed a low-complexity iterative pre-
coding design for near-field multiuser systems. Firstly, we
reformulated the precoding design problem as a least square
problem, which can be addressed by utilizing the iterative
Kaczmarz algorithm. Next, to address the limitations of ex-
isting algorithms and leverage the properties of spatial non-
stationarity, we proposed a VR-OGRK algorithm to enhance
convergence rate and significantly reduce computational com-
plexity. We also proposed a novel VR-OAHK algorithm based
on graph theory and the idea of aggregation hyperplane to
further reduce computational complexity. Furthermore, the two
proposed algorithms were shown to exhibit global exponential
convergence. Simulation results demonstrated the effectiveness
of the two proposed low-complexity algorithms.

APPENDIX A

Consider the following optimization problem

v = argmin
v

f(v) = ∥Gv − g∥22, (57)

where G = [H;
√
ξIK ] ∈ C(Nt+K)×K , g = [0Nt ;

s√
ξ
] ∈

C(Nt×K). Since f(v) is convex with v, by checking the op-
timality condition, the optimal solution of v can be expressed
as

∂f(v)

∂v
= 2GHGv − 2GHg = 0

⇒ v = (HHH+ ξIK)−1s. (58)

Hence, the proof of Theorem 1 is completed.

APPENDIX B

At the t-th iteration, we assume that the i-th row of A, i.e.,
aHi is selected, and then the solution for the next iteration xt+1

is updated as follows

x(t+1) = x(t) +
bi − aHi x

(t)

∥aHi ∥22
ai. (59)

Next, if the j-th row of A, i.e., aHj which is orthogonal to
aHi , i.e., aHj ai = 0, the residual for aHj at the t + 1 iteration
is computed as follows

r
(t+1)
j = bj − aHj x

(t+1)

(b)
= bj − aHj (x

(t) +
bi − aHi x

(t)

∥aHi ∥22
ai)

(c)
= bj − aHj x

(t) = r
(t)
j , (60)

where (b) denotes the update criteria (59), (c) uses the
orthogonal property between ai and aj . Clearly, after selecting
the i-th row of A, only the residuals corresponding to the rows
that are not orthogonal to the i-th row are affected. Hence, the
proof of Theorem 2 is completed.

APPENDIX C

We assume that there exists a set of mutually orthogonal
hyperplanes in the linear system, denoted as F , i.e., aHj ai =
0,∀i, j ∈ F , i ̸= j. At the t-th iteration, the aggregation
hyperplane is generated by the hyperplanes in F , i.e.,

[φ(t)]i =


bi − aHi x

(t)

∥aHi ∥22
, i ∈ F ,

0, i /∈ F .

(61)

Thus, the next iteration solution x(t+1) is calculated as

x(t+1) = x(t) +
(φ(t))Hr(t)

∥AHφ(t)∥22
AHφ(t). (62)

To demonstrate the relationship A[F,:]x
(t+1) = bF , we

need to prove that aHj x
(t+1) = bj ,∀j ∈ F , as demonstrated

below:

aHj x
(t+1) = aHj x

(t) + aHj
(φ(t))Hr(t)

∥AHφ(t)∥22
AHφ(t)

= aHj x
(t) +

(φ(t))Hr(t)

∥AHφ(t)∥22
aHj A

Hφ(t)

= aHj x
(t) +

∑|F|
i∈F [φ

(t)]ir
(t)
i

∥
∑|F|

i∈F [φ
(t)]iai∥22

aHj

|F|∑
i∈F

[φ(t)]iai.

(63)

By using the property of orthogonality, we can establish the
following relationship

aHj x
(t+1) = aHj x

(t) +

∑|F|
i∈F [φ

(t)]ir
(t)
i∑|F|

i∈F ∥[φ(t)]iai∥22
[φ(t)]j∥aj∥22. (64)

Next, by substituting (31) into (64), we can arrive at the
following result

aHj x
(t+1) = aHj x

(t) +

∑|F|
i∈F [φ

(t)]ir
(t)
i∑|F|

i∈F [φ
(t)]ir

(t)
i

[φ(t)]j∥aj∥22

= aHj x
(t) + r

(t)
j

= aHj x
(t) + (bj − aHj x

(t)) = bj . (65)

Hence, the proof of Theorem 4 is completed.

APPENDIX D

We assume that there exists a set of mutually orthogonal
hyperplanes in the linear system, denoted as F , i.e., aHj ai =
0,∀i, j ∈ F , i ̸= j. At the t-th iteration, the aggregation
hyperplane is generated by the hyperplanes in F , i.e.,

[φ(t)]i =


bi − aHi x

(t)

∥aHi ∥22
, i ∈ F ,

0, i /∈ F .

(66)
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Thus, the next iteration solution x(t+1) is calculated as

x(t+1) = x(t) +
(φ(t))Hr(t)

∥AHφ(t)∥22
AHφ(t)

= x(t) +

∑|F|
i∈F [φ

(t)]ir
(t)
i

∥
∑|F|

i∈F [φ
(t)]iai∥22

|F|∑
i∈F

[φ(t)]iai

= x(t) +

∑|F|
i∈F [φ

(t)]ir
(t)
i∑|F|

i∈F [φ
(t)]ir

(t)
i

|F|∑
i∈F

[φ(t)]iai

= x(t) +

|F|∑
i∈F

[φ(t)]iai. (67)

Hence, the proof of Proposition 1 is completed.
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