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Mixed-quantum-state detection with inconclusive results
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We consider the problem of designing an optimal quantum detector with a fixed rate of inconclusive results
that maximizes the probability of correct detection, when distinguishing between a collection of mixed quan-
tum states. We show that the design of the optimal detector can be formulated as a semidefinite programming
problem, and derive a set of necessary and sufficient conditions for an optimal measurement. We then develop
a sufficient condition for thecaled inverse measuremeatmaximize the probability of correct detection for
the case in which the rate of inconclusive results exceeds a certain threshold. Using this condition we derive the
optimal measurement for linearly independent pure-state sets, and for mixed-state sets with a broad class of
symmetries. Specifically, we consider geometrically unifqi@&U) state sets and compound geometrically
uniform (CGU) state sets with generators that satisfy a certain constraint. We then show that the optimal
measurements corresponding to GU and CGU state sets with arbitrary generators are also GU and CGU,
respectively, with generators that can be computed very efficiently in polynomial time within any desired
accuracy by solving a reduced size semidefinite programming problem.

DOI: 10.1103/PhysRevA.67.042309 PACS nuntber03.67.Hk

I. INTRODUCTION approach, referred to as unambiguous quantum-state dis-
crimination, combines error-free discrimination with a cer-
Quantum-information theory refers to the distinctive in- tain fraction of inconclusive resul{43—-20. The basic idea,

formation processing properties of quantum systems, whichioneered by Ivanovi€13], is to design a measurement that
arise when information is stored in or retrieved from quan-with probability 8 returns an inconclusive result, but if the
tum states. A fundamental aspect of quantum informatiormeasurement returns an answer, then the answer is correct
theory is that nonorthogonal quantum states cannot be pefith probability 1. In this case, the measurement consists of
fectly distinguished. Therefore, a central problem in quantuny,+ 1 measurement operators correspondingnt® 1 out-
mechanics is to design measurements optimized to distinsgmes, wheren outcomes correspond to detection of each of
guish between a collection of nonorthogonal quantum statege states and the additional outcome corresponds to an in-

V_\:_e con&d_gr f_a _?ui'nturn_{_statg en_stemble cton5|st1|n<g1 of conclusive result. Chefld48] showed that a necessary and
p<03| ve semi de' nite | errlm an Iens||_|_3|/b0ptera ({)(52’ \tfl1 sufficient condition for the existence of unambiguous mea-
=m} on ann-dimensional complex Hilbert-spack, wi surements for distinguishing between a collection of pure

i iliti - <i< . . .
prior prqbabll|tles{p,>0,_1_ i=m}. For ourmeasurement quantum states is that the states are linearly independent pure
we consider general positive operator-valued meagur@h - " .
t'states. Necessary and sufficient conditions on the optimal

consisting of positive semidefinite Hermitian operators tha L o .
g ot p P measurement minimizing the probabiliy of an inconclu-

form a resolution of the identity of. . . g .
Different approaches to distinguish between the density!V® result were derived in Refi20]. The optimal measure-

operatorsp, have emerged. In one approach, the measurenent when d|st|ngu_|sh|ng _between GU and CGU pure-state
ment consists ofn measurement operators which are de-S€ts was also considered in REZ0], and was shown under
signed to maximize the probability of correct detection. Nec-certain conditions to be equal to the equal-probability mea-
essary and sufficient conditons for an optimumSuremen{EPM).
measurement maximizing the probability of correct detection An interesting alternative approach for distinguishing be-
have been developd®-5]. Closed-form analytical expres- tween a collection of quantum-states, first considered by
sions for the optimal measurement have been derived foEhefles and Barnef21] and Zhang, Li, and Gu$22] for
several special cas¢é—11]. In particular, the optimal mea- pure-state ensembles, and then later extended by sEkira
surement for pure and mixed-state ensembles with broadnd Jeek [23] to mixed-state ensembles, is to allow for a
symmetry properties, referred to as geometrically uniformcertain probability of an inconclusive result, and then maxi-
(GU) and compound GUCGU) state sets, are considered in mize the probability of correct detection when a conclusive
Refs.[10,11]. lterative procedures maximizing the probabil- result is obtained. Thus, in this approach, the measurement
ity of correct detection have also been developed for cases iagain consists ofm+1 measurement outcomes. However,
which the optimal measurement cannot be found explicitlynow the outcomes do not necessarily correspond to perfect
[12,5]. detection of each of the states. Indeed, if, for example, the
More recently, a different approach to the problem hagjuantum states are linearly dependent pure states, then per-
emerged, which in some cases may be more useful. Thifect detection of each of the states is not posgib8. None-
theless, by allowing for inconclusive results, a higher prob-
ability of correct detection can be obtained for the case in
*Electronic address: yonina@ee.technion.ac.il which a conclusive result is obtained in comparison with the
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probability of correct detection attainable without inconclu- guishing between GU and CGlpossibly mixed state sets
sive results. with generators that satisfy a certain constraint, under each of

Necessary conditions as well as a set of sufficient condithe three approaches outlined to quantum detection, where in
tions on the optimal measurement operators maximizing théhe last approach we assume tjfaexceeds a given thresh-
probability of correct detection subject to the constraint thapld. Furthermore, as shown in Refd1,20 and in Secs. V
the probability of an inconclusive result is equal to a constanfiNd VI, the optimal measurement operators corresponding to
B were derived in Ref[23], using Lagrange multiplier GU and CGU state sets are also GU and CGU, respectively,
theory. It was also pointed out in RéR3] that obtaining a under each one of_ the three outllr_1ed optimality criteria.
closed form analytical solution to the optimal measurement Before proceeding to the detailed development, we pro-
operators directly from these conditions is a difficult prob-Vide in the following section a statement of our problem.
lem.

In this paper, we extend the results of R&3] in several Il. PROBLEM FORMULATION
ways. First, using principles of duality in vector space opti- . ]
mization, in Sec. Il we show that the conditions derived in Assume that a quantum channel is prepared in a quantum-
Ref. [23] are both necessary and sufficient. We also Sho\,\gatate_drawn from a collgctlon of given sFates r.epresented by
that the Lagrange multipliers can be obtained by solving adensny operatorgp;,1<i<mj} on an n-dimensional com-
reduced size semidefinite programming probfe], which ~ Plex Hilbert spacé. We assume without loss of generality
is a convex optimization problem. By exploiting the many that the eigenvectors @f , 1<i<m, collectively span43] +
well-known algorithms for solving semidefinite programs SO thatm=n. Sincep; is Hermitian and positive semidefi-
[24-27), the optimal measurement can be computed veryite, we can express; as p;=¢;¢; for some matrixe;
efficiently in polynomial time within any desired accuracy. €.9., via the Cholesky or eigendecompositiorppf29]. We
Furthermore, in contrast to the iterative algorithm proposedefer to ¢; as afactor of p; . The choice ofg; is not unique;
in Ref.[23], which is only guaranteed to converge to a localif ¢; is a factor ofp;, then any matrix of the formyp/
optimum, algorithms based on semidefinite programming are= ¢;Q;, where Q; is an arbitrary matrix satisfyin®;Q;*
guaranteed to converge to the global optimum. =1, is also a factor op; .

Second, we derive a general condition in Sec. IV under To detect the state of the system a measurement is con-
which thescaled inverse measuremé8IM) is optimal. This  structed comprisingn+1 measurement operatofsl;,0<i
measurement consists of measurement operators that are pe@m} that satisfy
portional to the reciprocal states associated with the given

state ensemble, and can be regarded as a generalization of [I,=0, O<i<m,
the EPM to linearly dependent pure-state sets and mixed
states. m
Third, we develop the optimal measurement for state sets 2 =1 1)
with broad symmetry properties. Specifically, in Sec. V we =0

consider GU state sets defined over a finite group of unitary

matrices. We obtain a convenient characterization of the SIMeach of the operato;,1<i=<m correspond to detection of
and show that the SIM operators have the same symmetrigie corresponding states,1<i<m, andIl, corresponds to

as the original state set. We then show that for a pure GWn inconclusive result. We seek the measurement operators
state set and for values ¢f exceeding a certain threshold, [1; that maximize the probabilityP, of correct detection,

the SIM is optimal. For a mixed GU state set, under a certaigypject to the constraint that the probabilRy of an incon-
constraint on the generator and for valuesBoéxceeding a clusive result is equal to a constafi 1.

threshold, the SIM is again shown to be optimal. For arbi-  Gijven that the transmitted state g, the probability of
trary values ofg, the optimal measurement operators corre-correctly detecting the state using measurement operators
sponding to a pure or mixed GU state set are shown to be[y;, 1<i<m} is Tr(p;II;) and the probability of a detection

GU with the same generating group. As we show, the gengror js3™ |, Tr(p;I1;). Therefore, the probability of cor-
erators can be computed very efficiently in polynomial timegct detection is given by

within any desired accuracy.
In Sec. VI we consider CGU state s¢&8], in which the m
states are generated by a group of unitary matrices using PDZE P Tr(piIl;), ®)
multiple generators. We obtain a convenient characterization i=1
of the SIM for CGU state sets, and show that the SIM vec-
tors are themselves CGU. Under a certain condition on thWherepi>O is the prior probability ofp; with =;p;=1, and

generators and for values ¢f exceeding a threshold, the the probability of a detection error is given by
SIM is shown to be optimal. Finally we show that for arbi-

trary CGU state sets and for arbitrary values®fthe opti- m o m
mal measurement operators are also CGU, and we propose Pe=> > piTr(pll)). ()
an efficient algorithm for computing the optimal generators. =1 j=1j#i

It is interesting to note that a closed form analytical ex-
pression exists for the optimal measurement when distinThe probability of an inconclusive result is
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P':; piTr(piTle) =Tr(Ally) =B,

4)
where for brevity we denote
m

A= Zl Pip; - 5

Our problem is to find the measurement operafdis,0<i
<m} that maximizePp of Eq. (2) subject to the constraints
(1) and(4).

Note that since Tif;)=1 for all i,

m

Po+Pe+ P.=i§1 piTr(p))=1. (6)

Each of the three approaches to quantum detection outlined

in the introduction correspond to maximizifiy subject to
different constraints or?; and P¢. The standard quantum
detection problem is to maximiz€, subject toP,=0,

which implies thatIl;=0. Therefore, this approach is

equivalent to seekingh measurement operatof$, =0,1<i

<m satisfying=™ ,IT;=1 to maximizeP, or equivalently,

minimize Pg. In unambiguous quantum-state discrimination
the problem is to choosen+1 measurement operators to

PHYSICAL REVIEW A67, 042309 (2003

IIl. CONDITIONS FOR OPTIMALITY

Using Lagrange multipliers, it was shown in Rg23] that

a set of measurement operat{)fg ,0<i=<m} maximizesPp

subject toP, = B for a state sefp;,1<i=<m} with prior prob-
abilities {p;,1<i=<m} if there exists an HermitiaiX and a
constants satisfying

X=pipi, l<i=m, 7)
X=3A, )

such that
(X=pip)I1;=0, 1=i=m, )
(X—8A)T1,=0. (10)

It was also shown that Eq$9) and (10) are necessary con-
ditions for optimality.

In Appendix A we use duality arguments similar to those
used in Ref[5] to show that Eqs.7)—(10) arenecessary and
sufficientconditions for optimality, so that a set of measure-

ment operatordI; maximizesPy subject toP,=g if and

maximize Py, or equivalently minimizeP,, subject toPg  Only if there exists an HermitiaX and a constané satisfy-
=0. As shown in[18], it is not always possible to choose ing Egs.(7)—(10). Furthermore, we show thXtand s can be
measurement operators such tRat=0. For example, if the determined as the solution to the following semidefinite pro-
state ensemble is a pure-state ensemble consisting of densgyamming problem:

operatorsp; of the form p;=|¢;){¢;| for a set of linearly
dependent vectorkp;), then there is no measurement that
will result in Pe=0. Nonetheless, we may seek the measure-
ment operators that minimiZeg, or equivalently, maximize
Pp, subject toP,=p for some<1. By allowing for 8  whereB is the set ofnxXn Hermitian operators an® de-
>0 we can achieve a larger probability of correct detectiomotes the reals, subject to

when a conclusive result is obtained than that which can be
achieved using the standard quantum detection approach in
which we require thaB=0.

Equipped with the standard operations of addition and
multiplication by real numbers, the spaBeof all Hermitian
nxn matrices is am?-dimensionalreal vector space. As
noted in Ref.[23], by choosing an appropriate basis 8y

L . blem
the problem of maximizing®p subject to Egs(1) and (4) P _ i
can be put in the form of aDstandard semidefinite program- Note that the dual problem involves many fewer decision

ming problem, which is a convex optimization problem: forvariables than the primal maximization problem. Specifi-

a detailed treatment of semidefinite programming problem&2lly: in the dual problem we have +1 rea2I decision vari-
see, e.g., Refs[24—27. Recently, methods based on ables while the primal problem has{1)n“ real decision

semidefinite programming have been employed in a variet)‘/a”ables' Therefore, it is advantageous to solvg the dual
of different problems in quantum detection and quantum inProblem and then use Eqe9) and (10) to determine the
formation[5,20,30—35 By exploiting the many well-known optimal measurement operators, ratherA than Asolvmg the pri-
algorithms for solving semidefinite prograf#4], e.g., inte-  mal problem directly. Once we determiXeand 5, the opti-

rior point methods[44] [25,27), the optimal measurement mal measurement operatdig can be computed using Egs.
can be computed very efficiently in polynomial time within (9) and(10), in a similar manner to that described in Réi].

any desired accuracy. We summarize the results of Appendix A in the following

The semidefinite programming formulation can also betheorem:

used to derive necessary and sufficient conditions for opti- Theorem 1 (necessary and sufficient conditionisgt
mality, which we discuss in the following section. {p;,1<i=m} denote a collection of quantum states with

min  {Tr(X)— 6B},
XeB,deR

(11

X=pip;, 1l<sism,
X=6A. (12

The problem of Eqs(11) and(12) is referred to as thdual
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prior probabilities{p;>0,1<i<m}. Let A denote the set of Py subject toP,= 3. Therefore, using the results in RE5)]

all ordered sets of Hermitian measurement operaldrs we have the following proposition:

={II;}", that satisfyll;=0, S ,IT;=1 and TrATly) =3 Proposition 2.Let {p;,1<i<m} denote a collection of

whereA==" pip;, and letl" denote the set of Hermitian quantum states with prior probabilitigp;,1<i<m}. Then

matricesX and scalarss such thatX=p;p;,1<i=m andX the optimal measurement that maximiz€ subject to

= 5A. Consider the problem max ,J(IT) and the dual prob- P1=8 consists of measurement operatdido,1<i<mj}

lem min 5. T(X,8), where J(IT)=3=M",p,Tr(pIT;) and with rank(lIi)s_rank(gi),ls|sm. In  particular if

T(X,8)=Tr(X)—88. Then {pi:|¢i>(¢i|,1s|<m} is a pure-state quantum ensemble,
(1) For anyX,5el andIle A, T(X,8)=J(I); then the optimal measurement is a pure-state measure-

~ ment consisting of measurement operators of the form

2) there is an optimalll, denotedIl, such thatJ .
@ P (= L)l =T = m o= 1= )l .

=J(I)=J(II) for anyIl e A; As pointed out in Ref[23], obtaining a closed-form ana-
(3) there are an optimaX and &, denotedX and 8, such lytical expression for the optimal measurement operators di-

that T=T(X,8)<T(X,d) for anyX,5eT"; rectly from the necessary and sufficient conditions for opti-
@) T=3: mality of Theorem 1 is a difficult problem. Since Edl) is

(5) necessary and sufficient conditions on the optimala (convey semld_ef_lmte programm|n@24_,25,21 problem,
~ ) there are very efficient methods for solving E#yl). In par-
measurement operatoll are that there exists, 51’ such . . 5 . P
that ticular, the optimal matrixX and optimal scalap minimiz-
ing Tr(X) — 88 subject to Eq(12) can be computed in Mat-
lab using the linear matrix inequalittMI) Toolbox (see
Refs.[5,20] for further details.
A A suboptimal measurement that has been suggested as a
(X=6A)11,=0; detection measurement for unambiguous quantum-state dis-
) N - o - crimination between linearly independent pure quantum-
(6) given X and 6, necessary and sufficient conditions on gtates is the EPM18-20, in which the measurement vec-

(X—pip)I1;=0, 1<i=m,

the optimal measurement operatdfs are tors are proportional to the reciprocal states associated with
R . the states to be distinguished. Specifically, the EPM corre-
(X=pip)I;=0, 1<ism, sponding to a set of state vectdf#;),1<i<m} that collec-
tively span with prior probabilities{p;,1<i<m} consists
(X— 3A)ﬁozo_ of the measurement vectofg;,1<i<m}, where[20]
In Ref.[5] the authors consider the standard quantum de- pi= NG(WW*) "y 1<i<m. (14

tection problem of choosingn measurement operators ) )

{II;,1<i<m} to maximize P, subject toP,=0, and de- nge|¢i>=\/ﬁ¢i, W is the matrix of columng;), {\;,1

velop a set of necessary and sufficient conditions for opti-<'$n} deno?e' the elgenvalues o and)‘”.: min\;. A

mality on the measurement operators. Specifically, using afeneral condition under which the EPM is optimal for unam-

approach similar to that used in Appendix A they show that Figuous quantum-state dlscrlmlnatlon-betwe-en I|near_ly inde-
- . - pendent pure quantum-states so that it maximigsubject

set .Of measurement operatdtﬁi,1§| =mj 'T‘ax'”_"“zeSPD to Pe=0 was derived in Ref220]. It was also shown that for

subject toP, =0 for a state sefp;,1<i=<mj} with prior prob- 5 tate sets and for CGU state sets with generators satis-

abilities {p;,1<i=<mj if there exists an HermitiaX satisfy-  fying a certain constraint, the EPM maximizeg subject to

Ing Pe=0.
- ) In the following section we consider a generalization of
X=pipi, 1lsis=m, the EPM to linearly dependent pure states and mixed states,
R which we refer to as thecaled inverse measuremdiM).
(X=pip)I;=0, 1<i=m. (13)  We then use the necessary and sufficient conditions for opti-

mality of Theorem 1 to derive a general condition under

Furthermore, they show that the conditiofd$) imply that  which the SIM maximize® subject toP,= 3. In analogy
the rank of each optimal measurement operélgdl<i<=m  to the EPM, in Secs. V and VI we show that for GU state sets
is no larger than the rank of the corresponding density opand CGU state sets with generators satisfying a certain con-
erator p;,1<i<m. In particular, if the quantum state en- straint, the SIM maximize® subject toP,= 3 for values
semble is a pure-state ensemble consistingof necessarily of B larger than a threshold, and derive explicit formulas for
independentrank-one density operatoys=|¢;){¢;|, then  the optimal measurement operators.
the optimal measurement maximizifg, subject toP,=0 is
a pure-state measurement consisting of rank-one measure- V. THE SIM AND THE OPTIMAL MEASUREMENT
ment operatorsl; = | u;){ uil.

The conditiong13) for a set of measurement operators to
maximize Pp subject toP,=0 are equivalent to conditions The SIM corresponding to a set of density operafgrs
(7) and (9) on a set of measurement operators to maximize= ¢; ¢;*,1<i<m} with eigenvectors that collectively spat

A. The SIM
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and prior probabilitiegp;,1<i=<m} consists of the measure- B. Optimality of the SIM
ment operator$>; = u;u;" ,0<i<m}, where For linearly independent pure quantum-states it was
U Ly — ALy 1<i=m 1 shown in Ref.[20] that the SIM withy=\,, or equiva-
wi=v ) h=yA T ’ (19 lently the EPM, maximize®y subject toPg=0 for state

and 3o=1-3" uiu* . Here ¥ is the matrix of (block  S€ts with equal prior probabilities and strong symmetry prop-

. erties. The smallest possible probability of an inconclusive
columns ;=+p;¢; and y is chosen suchP,=p and e SRt
=M II;=1. Note that since the eigenvectors of thg} col- result in this case ig=Bnin given by £q.(20). Theorem 3

{ below asserts that for a large class of state sets, including
lectively span, the .columns of thes} also together span those discussed in RdR0], the SIM maximizeP subject
H, soWwV¥* is invertible.

to P,=pB for B=Bmin-
From Eq.(15) From the necessary and sufficient conditions of Theorem
m m 1 it follows that the SIM is optimal if and only if the mea-
Z wipl = yzA‘1< Z byt ) A '=9%A"1 (16)  surement operatoid;= pint 1<i<mandIly=3, defined
=1 =1 by Egs.(15) and (17) satisfy Egs.(9) and (10) for some
so that Hermitian X and constan® satisfying Egs.(7) and (8). A
sufficient condition for optimality of the SIM is given in the
m following theorem, the proof of which is provided in Appen-
So=1-23 minf=1-7y*A"" (17 dix B.
=t Theorem 3 (optimality of the SIM).et {p;= ¢;p* ,1<i
It then follows that the probability of an inconclusive result <M} denote a collection of quantum-states with prior prob-
using the SIM is abilities {p;,1<i<=m}. Let {3;=puiu,1<i=m} with {y;
=yA Yy, 1<i=m} andZ,=1—-=",3; denote the scaled
Pi=Tr(AZo)=Tr(A)—9*Tr(1)=1-ny>.  (18)  inverse measuremerSIM) operators corresponding {a/;
=pi ¢, 1<i=m}, wherey?=(1-p)/n, A=¥¥* and¥
is the matrix with block columnsy;, and letA,=min\;,
where\; are the eigenvalues &. Then the SIM maximizes
(19 Pp subject toP,= 8 for B= Bmin With Bmin=1—n\, if for
each E=i<m,

Therefore to satisfiP, =g,

Inm addLUOQ, from Eq. (:2L7) the SIM ope_rators satisfy (U =g A L= al,
NI =1 if and only if y*<\,, where{\;,1<i<n} denote
the eigenvalues of =W¥W¥* and\,=min\;. From Eq.(19)  wherea is a constant independent iof

it follows that the SIM is defined only for values @f satis- It is interesting to note that the condition of Theorem 3 for
fying the SIM to maximizePp subject toP,= 8 for 8= Bnin IS
identical to the condition given in Theorem 1 of Rgl1] for
A the least-squares measuremé¢h®,34], or the square-root
B=1—n\n= Buin- (200 measuremeni9,35—39, to maximizePp subject toP,=0.

A similar result for the special case in which the density
. . operators p; are rank-one operators of the form,
also not unique. Ifu; are the SIM factprs correspondllng to =|$){( | and the vectorsp,) are linearly independent was
i ihen the S,IM factors corresponding #f = ¢iQ; With  qarived in Ref.[37]. The least-squares measurement is in
QiQi =1 are uj=u;Q;. Therefore, although the SIM fac- general a suboptimal measurement that has been employed
tors are not unique, the SIM operat®s=u;u are unique. as a detection measurement in many applicatises e.g.,
In the case in which the prior probabilities are all equal torefs.[37-39) and has many desirable properties. Its con-
a constanp, struction is relatively simple; it can be determined directly
from the given collection of states; it maximizBs, subject
Y w1 . to P,=0 for pure-state ensemblg3,10] and mixed-state en-
Mi_\/_a(q)q) ) "¢, 1sism, 2D sembles[11] that exhibit certain symmetries; it is “pretty
good” when the states to be distinguished are equally likely
where® is the matrix of(block) columnsd; . and almost orthogon4B5]; and it is asymptotically optimal
The SIM corresponding to a pure-state ensenfigle  [34,36. Although the sufficient conditions given by Theorem
consists of the measurement vectigrg) = yA | 4;), where 3 and Theorem 1 of Ref11] are the same, the optimal
[ = \/m #;). From Eq.(14) it follows that in the special Measurements in both cases are different: the SRM consists
case in which the vectorisp;) are linearly independent and Of m measurement operators; = u;u",1<i<m with mea-
y=1\,, the SIM vectors are equal to the EPM vectors.surement factorg;=(WW¥*) "%;,1<i<m, and the SIM
From Egs.(19) and (20) we then have thaB,, is equal to ~ consists ofm+1 measurement operatoid;= u;u,1<i
the probability of an inconclusive result when using thes<m and Ily=1—-X",II; with measurement factorg;
EPM. =y(TW¥*) 1y, 1<i<m, wherey?=(1-B)/n.

Since the factorg); are not unique, the SIM factojs; are
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We now try to gain some physical insight into the suffi- over a group of unitary matrices and are generated by a
cient condition of Theorem 3. First we note that, as we exsingle generating matrix. We first obtain a convenient char-
pect, the conditiony* A~ 1y;=al does not depend on the acterization of the SIM for GU state sets, and show that
choice of factorsp; . Indeed, if ¢ = ¢;Q; is another factor under a certain constraint on the generator the SIM is opti-
of p; with Q; satisfyingQ;Q; =1, and if W' is the matrix of mal whenB= B,,,. In particular, for(not necessarily inde-
block columnsy = \p; ¢/ = /pi#iQ;, then it is easy to see pendenk pure-state ensembles the SIM is optimal. We then
that (lﬁ{)*(‘l"‘l”*)_llﬁ{Z al if and only if %*A_llﬂi show that for arbitrary GU state sets and arbitrary values of
=al. B, the optimal measurement is also GU, and we develop an

Now, if the statep; = ¢; ¢} is transmitted with prior prob- efficient computational method for finding the optimal gen-
ability p;, then the probability of correctly detecting the state €rators. _ o _
using measurement operators Ei :/.L“U/;k is . Let g:{Ui,1§| $m} be a f|n|t.e grqup om .Unl.tary ma-
PiTr(w? ¥ i) = Tr(w* wip* ;). 1t follows that if the tn_cesUi . That_ is,G contams the |_dent|ty_rrl1atr|k, if G con-
condition for optimality of Theorem 3 is met, then the prob- tainsU;, then it also contains its inversé “=U?, and the
ability of correctly detecting each of the statesusing the ~ ProductU;U; of any two elements of is in G [41].

SIM is the same. A state set generated lfy using a single generating op-

For a pure-state ensemble consisting of density operatogfatorp is a setS={p;=U;pU}" ,U; € G}. The groupg is the
pi=|¢i){#;i| with prior probabilitiesp;, the probability of generating groumf S. Such a state set has strong symmetry
correct detection of thith state is given by u;|;)|?. Since ~ properties and is called GU. For consistency with the sym-
(il = (¢l A~ ;)=0 for any set of weighted vectors metry ofS, we will assume equiprobable prior probabilities
[4), (wil ) is constant for ali if and only if [(u;| ;)% is  onS.
constant for alli. Therefore, we may interpret the condition  If the state se{p;,1<i<m} is GU, then we can always
in Theorem 3 for pure-state ensembles as follows. The SIMhoose factorsp; of p; such that{ ¢;=U;¢,U; e G}, where
is optimal for a set of statelsp;) with prior probabilitiesp; ¢ is a factor ofp, so that the factorg; are also GU with
and for 3= B, if the probability of correctly detecting each generatoré. In the remainder of this section we explicitly
one of the states using the SIM vectors is the same, regar@ssume that the factors are chosen to be GU.
less of the specific state chosen.

For pure-state ensembles with linearly independent state A. Optimality of the SIM for GU States
vectors we have already seen that the SIM with VX, is For a GU state set with equal prior probabilitiesnland
equal to the EPM, and results e=0. Furthermore, for  gonerating groug, dd* commutes with each of the matri-
thls choice of meas_urement vectoPs = 'Bﬂ_“n' whereBin IS cesU, e G [28,11]. ConsequentlyT=(dd*)~ 1 also com-
given by Eq.(_20). SinceP,+ PD+-PE=1, it foIIovys .that the mutes withU; for all i, so that from Eq(21),

EPM, or equivalently the SIM withy= ]\ ,, maximizesPp
from all measurements that resultfy= B,,. We can now wni=L{Td={TU;p=(U;Tp=U;u, 1<i=m, (22
use Theorem 3 to generalize this result to values tifat are

larger thanB,i,. Specifically, we have the following Corol- where{= Jmy and

lary to Theorem 3. w1

Corollary 4. Let {p;=|¢;}{#i|,1<i<m} denote a pure- p=L{(PD*) "¢ (23
state ensemble with linearly independent vectaby and
prior probabilities{p;,1<i<m}. Then the scaled-inverse
measurement maximizeB subject toP,=g for any 8
>Bmin-

Proof. From Theorem 3 the SIM maximizé%, subject to
P,=p for any 8= Bin if (4|(¥W*) ") is independent
of i, where|¢)=\pi|#;) and ¥ is the matrix of columns
|4). Now, if the vectord ¢;) are linearly independent, then 1 1
m=n so thatV is _invertible gnd\lf*_(‘l’\l’*)*l\lle. Since (Uy)put y=—=wp*UrU;p=—=u* ¢, (24)
<¢i|(‘lf\1f*)|zlpi) is the |tq diagonal element of yym yym

* *\— *\ — — H
gll\/l(\ilgq(;p'zimaxlllf., (Wil ™)~y =1 for all i, and t:e where¢ andu are the_: generators of the state_f_actors and the

In the remainder of the paper, we use Theorem 3 to derive'M fgctors, respectively. Thus, the probabmty of. correct
the optimal measurement for mixed afibt necessarily in-  detection of each one of the stagsusing the SIM is the
dependentpure-state sets with certain symmetry properties S2Me, regardless of the state transmitted. This then implies

The symmetry properties we consider are quite general, angom Theorem 3 that for &not necessarily independent
include many cases of practical interest. pure-state GU ensemble the SIM is optimal whe# By,
For a mixed-state ensemble, if the generaposatisfies

It follows that the SIM factoru; are also GU with generat-
ing groupgG and generaton given by Eq.(23). Therefore, to
compute the SIM factors for a GU state set all we need is to
compute the generatqr. The remaining measurement fac-
tors are then obtained by applying the gragipo .

From Eq.(22) we have that

V. GEOMETRICALLY UNIFORM STATE SETS .
P*(PP*) " "p=al (25
In this section we considegeometrically uniform(GU)
[40] state sets in which the density operatprsare defined for somee, then from Theorem 3 the SIM is again optimal.
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|143) |p2)
|p3) |p2)
|p3) |p2)
|pa) |$1)
|pa) |p1)
FIG. 1. Example of a GU state set.
B. Example of a GU state set
. . |pea) p1)
We now consider an example demonstrating the

ideas of the preceding section. Consider the state set
{pi=|di){¢il, 1<i<4} with equal prior probabilities
{pi=l/4,1<i<4}, where {|¢;)=U;|¢),UieG}. Here
G={U;,1<i<4} is an Abelian group of unitary matrices

FIG. 2. Symmetry property of the state vectdes) given by
Eqg. (28) and the scaled-inverse measuremésitM) vectors |u;)
which are given by Eq(31). The state vectors and the SIM vectors
both have the same symmetry properties.

U,=1,, Uzz[l 0}' and the smallest eigenvalue &FV*=(1/4)ddD* is A,
0 -1 =1/4. From Eq.(20) it then follows thatB,,=1/2, so that
the SIM is defined for values @& satisfyingB=1/2. Apply-
-1 0 -1 0 ing the groupg to the generatofu), the SIM vectors are
U3: y U4: ’ (26)
0 -1 0 1
1
and the generating vector is lp)=|m), )=y ﬁ
1[ V3 1
|p)= 5{ e (27
1 1
The matrixU, represents a reflection about theaxis, U lwad=7v| V3|, lwd=7v] 3. (32)
represents a rotation by, and U, represents a reflection 1 1

about they axis. Applying the groupy to the generatofe),

the GU state vectors are Comparing Eq(31) with Eq. (28) it is evident that the

J3 SIM vectors have the same symmetries as the original state
{ } vectors, as illustrated in Fig. 2.
’ The probability of correct detection using the SIM vec-
tors, given that a conclusive result was obtained, is

1
|¢1>:|¢>1 |¢2>:§

1[ -3 1
[b3)=75 1} [ba)=75 1l (28)

_ \/ﬂ .
1 1
m 2 [l g P=l(ul@)P=1-8, p=5. (32

The GU state set of Eq29) is illustrated in Fig. 1.

From Eqg.(22) it follows that the SIM vectors correspond- Since, as we have seen in Sec. V A, for GU pure-state sets
ing to the state set of Fig. 1 are also GU with generatothe SIM maximizesP subject toP,= g for any 8=1/2, it
|w)=2y(dD*) 1 o), whered is the matrix of columns follows that the probability of correct detectid?p, given
|4y andy?=(1— B)/2. HereB= B is the desired rate of that a conclusive result was obtained, using any set of mea-
inconclusive results. Since surement operatokdI;,0<i<m} with P,= B satisfies

(3 0
eor=| (29 Po<1-B, f=

N| -

(33

|u) is given by Recall that the motivation for allowing for inconclusive
results is to be able to increase the probability of correct
1 detection with respect to the probability of correct detection
- attainable wherP,=0. Since the state set of Fig. 1 is GU,
w)=v| V3], 30 the measurement that maximizeg subject toP,=0 is the
-1 least-squares measurement with measurement vegtors
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=(®d*) Y4 ¢,) [10,11]. The vectordy;) are also GU with mo mo
generating grou; and generating vector 2,1 Hi(”ZU]- ;1 I, U}*sujuf =1. (38
_ *\ =12 g\ _ E ! Using the fact thap;=U;pU} for some generatqgs for any
[x)=(@P*)" 1 4) : (34) i
2-1 1<j<m,

The probability of correct detection using the least-squares ~ m R .
measurement vectoty;) is I }):21 Tr(pU7 Ul p U Ui)

1 m m

Po=r 2 [Onld)I?=[(x|$)I?=0.467. (39 =2, Tr(pUE LUy

m

Thus, the largest probability of correct detection attainable _ e

whenP,=0 is equal to 0.467. ‘El Tr(pill;)
If we allow for a probability3=1/2 of inconclusive re-

sults, then from EQq(32) the largest possible probability of =1. (39
correct detection is equal to 1/2 which is larger than 0.467. .
Thus, as we expect, by allowing for a nonzero probability ofFinally for any I<j<m,
an inconclusive result, we can increase the probability of m
correct detection.
( 2 PlH(J)) ( 2 U UipUf U, 1_[r(] s))
i,s=1 i,s=1
C. Optimal measurement for arbitrary GU states m
If the generator¢p does not satisfy Eq(25), or if B =Tr(.2 UipUi*Hk)

< Bmin, then the SIM is no longer guaranteed to be optimal. k=1
Nonetheless, Proposition 5 below asserts that for a GU state m A
set with generat?ng grou@,_ the optimal measurement opera- =Tr( _ E pin) ) (40)
tors that maximizeP subject toP,= g for any 8 are also k=1

GU with generating grougy. As we show, the optimal gen-
erator can be determined efficiently within any desired accuso that from Eq(37), P,({H(')}) P,({l'[,})
racy in polynomial time.

Proposition 5.Let S={p;=U;pU} ,U;eG} be a geo-
metrically uniform(GU) state set with equal prior probabili-
ties on am-dimensional Hilbert space, generated by a finite
groupg of unitary matrices, wherg is an arbitrary generator
and let{Il;,0<i<m} denote the measurement operators that

Since the measurement operatHI%) are optimal for any
j,_it follows immediately that the measurement operators
{IT;=(Um)=. J01<i<m! and To=1-3",II;, are
also optimal. Now, for any £i<m,

— 1 - 1 & -
maximize Pp subject toP,= 3 for any 8<1. Then{II;,1 = Z Uil U7 = kZ U; U LU, Uf
<i<m} are also GU with generating growp =1 -t
Proof. Suppose that the optimal measurement operators 1 m ~ R
that maximize :U'<E kzl U’k*HkUk>Ui*=UiHUi*, (42)
J({Hi}):zfl Tr(pilly), (36) whereﬁz(l/m)EL“:luﬁf{kUk. We therefore conclude that
the optimal measurement operators can always be chosen to
subject to be GU with gengrating 'groug. . |
From Proposition 5 it follows that the optimal measure-
1 ment operators satisfil; = U; 11U ,1<i<m for some gen-
P =1— —Tr( E pill ) B, (37) eratorIl. Thus, to find the optimal measurement operators
ij=1 all we need is to find the generatr. The remaining opera-

tors are obtained by applying the groggo II.

areIl, and letd=J({I1;}). Letr(j,i) be the mapping from Sincep;=U;pUf, Tr(p;Il;)=Tr(pIl), and the problem
IXT to T with Z={1,... m}, defined byr(j,i)=k if (2) reduces to the maximization problem

_— (i)

U; UL U,. Then the rrje.asurementA QperatorH, maxTr(pIl), (42)
=U;IL,; hUF 1<i=m and Hg)zl—Ei”Llﬂi“) for any 1 MeB

<j=<m are also optimal. Indeed, sindé>=0,1<i<m and

. o where B is the set ofnXn Hermitian operators, subject to
M=, 19Y=0,1<i<m and the constraints
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=0, |p22)
m
> UIIU*<I, |$11)
=1
m e |$21)
1-Tr| D U,pUIl| =3. (43)
i=1 Z
The problem of Eqs42) and(43) is a(convex semidefi- . -7
nite programming problem, and therefore the optitlatan R
be computed very efficiently in polynomial time within any -
desired accuracy24,25,21, for example, using the LMI |p12)

toolbox on Matlab. Note that the problem of E¢42) and . .
(43) hasn? real unknowns and 3 constraints, in contrast with ~ FIG. 3. A compound geometrically uniform pure-state set. The
the original maximization problerf®) subject to Eqs(1) and  state setsSi={|¢11),|¢21)} and S;={|¢12).| #22)} are both geo-

(4) which hasm n? real unknowns andh+ 2 constraints. metrically uniform(GU) with the same generating group; both sets
We summarize our results regarding GU state sets in th&'® invariant under a reflection about the dashed line. However, the
following theorem. combined seS={|}11),| 1), P12),| P22} is no longer GU.

Theorem 6 (GU state setd)et S={p;=U,;pU" ,U;e G}

be a geometrically uniforniGU) state set with equal prior condition on the generators and 6% B, we show that
probabilities on am-dimensional Hilbert space, generated the optimal measurement associated with a CGU state set is

by a finite groupG of m unitary matrices, wherp= ¢ ¢* is equal to the SIM. For arbitrary CGU state sets and arbitrary
an arbitrary generator, and Idt be the matrix of columns Values of3 we show that the optimal measurement operators
#,=U, . Then the scaled inverse measurem@&iM) with are CGU, and we derive an efficient computational method

P,=p is given by the measurement operatar; im0 for finding the °|°“m<'?" gen.erators. .
slis/?n wi?h y P itk A CGU state set is defined as a set of density operators

S:{Pik: ¢ik¢i*k,1$i<| NES k$r} such thatpik: U,pkU;k ,
mi=Ujun, 1<i=sm, where the matriceqU;,1<i<I} are unitary and form a
group g, and the operatorfp,1<k<r} are the generators.

where We assume equiprobable prior probabilities&n

If the state sefp;,1<i<I,1<ks=r} is CGU, then we can

p=\my(®d*) g, always choose factorg;, of p;, such that{ ¢ =U; ¢y, 1<i

) . . <lI}, where ¢, is a factor ofpy, so that the factorg;, are
Y =(1-p)/n, andXo=I—-Z{l uiui . The SIM has the gis0 CGU with generatorisp,, 1<k<r?. In the remainder of

following properties. _ ~this section we explicitly assume that the factors are chosen
(1) The measurement operatdts, 1<i<m are GU with {9 pe CGU.

generating grougy; A CGU state set is in general not GU. However, for every
(2) the probability of correctly detecting each of the statesk the matrices{¢;,1<i<I} and the operatorgp;,,1=<i

pi using the SIM is the same; <I} are GU with generating groug.

@) if ¢*(dd*) 'p=al for somea, then the SIM An example of a CGU state set is illustrated in Fig. 3. In
maximizesPp, subject toP, =g for =1—n\, where\,is  this example the state set {i=|du){dul.1=<i,k=2},
the smallest eigenvalue of (@)= ,p;; in particular, if ¢ where{| ¢i ) =U;| ), Ui e G}, G={1,,U} with
=|¢) is a vector so that the state set is a pure-state en-

semble, then the SIM maximizé®, subject toP,= g for 1l 1 3

any B=1—n\,. U= Nt (44)
For an arbitrary generatog the optimal measurement

operatorslI;,1<i=m that maximiz_ePD subject toP,1=8  gnd the generating vectors are

for any 8 are also GU with generating grogpand generator

IT that maximizes TigIl) subject toII=0=" U, ITU} 171 17 1

<I, and TrE,U;pU;I1) =1~ 6. "M:ﬁ At |¢2>:E[_J- (45)

VI. COMPOUND GEOMETRICALLY UNIFORM

STATE SETS The matrixU represents a reflection about the dashed line in

Fig. 3. Thus, the vectofe,,) is obtained by reflecting the
We now consider compound geometrically uniform generatof,,) about this line, and similarly the vectpp,,)

(CGU) [28] state sets which consist of subsets that are GUis obtained by reflecting the generafer,,) about this line.

As we show, the SIM operators are also CGU so that they As can be seen from the figure, the state set is not GU. In

can be computed using setof generators. Under a certain particular, there is no isometry that transfor,;;) into
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|12 while leaving the set invariant. However, the séts

={|¢11).1d20} and S,={|#15).,|b22)} are both GU with

generating group.

A. Optimality of the SIM for CGU state sets

With @ denoting the matrix ofblock) columns ¢;,, it
was shown in Refd.11,2§ that ®d*, and consequently
=(dd*)"1, commutes with each of the matricék e G.
Thus, the SIM operators ar®; = ui i, 1<si<l1sksr
with

Lik= LT hix={TUi = U uy, (46)
where¢=y4/Ir and
= LT = yIr (P D*) ~Lepy . (47)

Therefore, the SIM factors are also CGU with generating

groupg and generatorg, given by Eq.(47). To compute the
SIM factors all we need is to compute the generatogs

PHYSICAL REVIEW A 67, 042309 (2003

From Eq.(51) it follows that the generatorg, are GU with
generating grou@={V,,1<k=<r} and generatoj. Then

for all k,

By b= 1 VEVp=p* ¢. (52

If in addition,

p* p=yd*Tp=al (53)

for somea, then combining Eqs(48), (52), and (53) with
Theorem 3 we conclude that the SIM is optimal. In particu-
lar, for a pure-state ensemblg} ¢ is a scalar so that Eqg.
(53) is always satisfied. Therefore, for a pure CGU state set
with commuting GU generators, the SIM maximiZ&s sub-

ject toP,= B for 8= Bmin-

C. Optimal measurement for arbitrary CGU states

If the generators¢, do not satisfy EQ.(49), or if 8
< Bmin, then the SIM is no longer guaranteed to be optimal.

The remaining measurement factors are then obtained by amonethe|eSS, in a manner similar to that of Sec. V C' we

plying the groupg to each of the generators.
From Eq.(46),

RikPik= ri Ui Ui = i b, (48
so that from Theorem 3 the SIM is optimal if
pi b= IrgiTh=al, 1<ksr (49

for some constand.

B. CGU state sets with GU generators

A special class of CGU state setsG@&U state sets with
GU generatorsin which the generatorgp,= ¢y oy , 1<k

<r} and the factorsp, are themselves GU. Specifically,

{¢=Vio} for some generatorp, where the matrices
{V\,1<k=r} are unitary, and form a grou@.

Suppose thal); andV, commute up to a phase factor for

all i andk so thatU;V,=V,U;el?0-K where (i k) is an
arbitrary phase function that may depend on the indicexl

k. In this case we say th& and Q@ commute up to a phase

factor and that the corresponding state s&t@U with com-
muting GU generatorgIn the special case in which=0 so

that U;V, =V, U; for all i ,k, the resulting state set is GU

[28]). Then for alli,k, ®d* commutes withU;V, [11], and
the SIM factorsu;, are given by

pik= LT = LTU NV =U; Ve, (50)

whereu = {T¢ and{= y\Ir. Thus even though the state set
is not in general GU, the SIM factors can be computed using

a single generator.
Alternatively, we can expresg;, as wix=U;uy, Where
the generatorg, are given by

= Vit (51

show that the optimal measurement operators that maximize
Pp subject toP,= B8 are CGU with generating grou. The
corresponding generators can be computed very efficiently in
polynomial time within any desired accuracy.

Proposition 7.Let S={py=U;p U ,1<i<l,1<ks=r}
be a compound geometrically unifor(@GU) state set with
equal prior probabilities on an-dimensional Hilbert space,
generated by a finite group of unitary matrices and genera-
torspy and let{Il;,,1<i=<,1<k<r} andIl, denote the mea-
surement operators that maximigg, subject toP,= 4 for
any B8<1. Then{II,l<i<I,1<k<r} are also CGU with
generating grouy;.

Proof. The proof is analogous to the proof of Proposition
5 and is given in Appendix C. |

From Proposition 7 it follows that the optimal measure-
ment operators satisfyI; = U 11, U} 1<i<l|,1<k=r for
some generatorH,1<k=r. Thus, to find the optimal mea-
surement operators all we need is to find the optimal genera-
tors I, 1<k=<r. The remaining operators are obtained by
applying the group to each of the generators.

Since pik=Uip U, Tr(pilli) =Tr(p,lly), and the
problem(2) reduces to the maximization problem

r

max
MMyeB k=

) Tr(pilLy), (54)

subject to the constraints

IM=0, 1=<ks=r,

| r
> > UILUr<I,
=1 &

|
1— }Tr > (55)
r i=1

r
> Uip Uil | =
K21

042309-10



MIXED-QUANTUM-STATE DETECTION WITH . .. PHYSICAL REVIEW A67, 042309 (2003

The problem of Eqs(54) and(55) is a(convex semidefi- VII. CONCLUSION
nite programming problem, and therefore the optimal gen-
eratorsIl, can be computed very efficiently in polynomial
time within any desired accurady4,25,21, for example,
using the LMI toolbox on Matlab. Note that the problem o
Egs. (54) and (55) hasrn? real unknowns and +2 con-
straints, in contrast with the original maximizatié®) sub-
ject to Egs.(1) and (4) which haslrn? real unknowns and
Ir +2 constraints.

We summarize our results regarding CGU state sets in th
following theorem.

Theorem 8 (CGU state setshet S={p;=U;p U ,1
<i=<l|,1<k<r} be a compound geometrically uniform
(CGU) state set with equal prior probabiliies on an

In this paper, we considered the optimal measurement op-
erators that maximize the probability of correct detection
fgiven a fixed probability3 of an inconclusive result, when
distinguishing between a collection ofixedquantum states.
We first derived a set of necessary and sufficient conditions
for optimality by exploiting principles of duality theory in
vector space optimization. Using these conditions, we de-
rived a general condition under which the SIM is optimal.
{Ve then considered state sets with a broad class of symmetry
properties for which the SIM is optimal. Specifically, we
showed that for GU state sets and for CGU state sets with
generators that satisfy certain constraints and for valugs of
. . . - exceeding a threshold, the SIM is optimal. We also showed
n-dimensional Hilbert space generated b,}’ afinite groul  yhat for arbitrary GU and CGU state sets and for arbitrary
unitary matrices and generatofp = ¢ipic . 1<sk=<r}, and  \51ues of 8, the optimal measurement operators have the
let ® be the matrix of columng; =U;¢,. Then the scaled game symmetries as the original state sets. Therefore, to
inverse measureme(BIM) with P, =g is given by the mea-  compute the optimal measurement operators, we need only

surement operators; = wiui, 1<i=<l.1<ks<r andXo=I o compute the corresponding generators. As we showed, the
— 2 ki With generators can be computed very efficiently in polynomial
time within any desired accuracy by solving a semidefinite
Mik=Ujux, programming problem.
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(1) The measurement operatars,,1<i<I|,1<k<r are
CGU with generating groug;

(2) the probability of correctly detecting each of the states
¢ for fixed k using the SIM is the same;

APPENDIX A: NECESSARY AND SUFFICIENT
CONDITIONS FOR OPTIMALITY

Q) if ¢y (PD*) " ¢py=al for somea and for I<k=r, Denote byA the set of all ordered sets
then the SIM maximize® subject toP,=8 with =1
—n\, where\,, is the smallest eigenvalue of (4)X; ypi . I={I1;}2,,I1;e B

If in addition the generatorsp, =V, ¢,1<k<r} are geo-

metrically uniform withU;V,=V,U;e/?0:X for all i k, then  satisfying Eq.(1) and (4) with 8<1, and defineJ(II)
(1) pie=U,V,u Where u=\rTy(®d*) 14 so that the =Z{L1piTr(p;IL;). Then our problem is

SIM operators are CGU with geometrically uniform genera-

tors; maxJ(II). (A1)
(2) the probability of correctly detecting each of the states fred

¢‘k(;s'£gq§2?q)s(lpl\ﬂ)'§fgisjm%r some «. then the SIM We refer to this problem as the primal problem, and to any

maximizesPp subject toP,= 4 with 8=1—n\,. In par- ITe A as a primal feasible point. The optimal valueJgiI)

ticular, if ¢=|¢) is a vector so that the state set is a pure-S denoted by. . » _
state ensemble, then the SIM maximiZeg subject toP, _ To derive necessary and sufficient cond|t|on_s for optimal-
=B with B=1—n\,,. ity, we now formulate aﬂual problemwhose optimal value
For arbitrary CGU state sets the optimal measurement ogserves as a certificate fdr As described in Ref5], a gen-
eratorsf[ik,lsisl,lsksr that maximizeP, subject to €ral method for deriving a dual problem is to invoke the
P,= g for any 8 are CGU with generating groug and separating hyperplane theord@2], which states that two

generatordl, that maximizeS!_, Tr(p,I1,) subject to disjoint convex .set$45] can always be separated py a hy-
perplane. We will take one convex set to be the point 0, and

then carefully construct another convex set that does not con-
tain 0, and that captures the equality constraints in the primal
problem and the fact that for any primal feasible point, the

value of the primal function is no larger than the optimal

| ) value. The dual variables will then emerge from the param-
Tr(Zi=1Zy =1 VipUill)) =r(1-8). eters of the separating hyperplane.

szo,lgkﬁr, Ei’kUinU}k$|,

and
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In our problem we have two equality constraints, whereT(X,8)=Tr(X)— 8B, Eq. (A6) implies thatX=p;p;

M I;=1 and Tr(AIlg)= 8 and we know that=J(II).

Our constructed convex set will accordingly consist of ma-

trices of the form—1+X™ IT;, wherell; e B andII;=0,
scalars of the formB—Tr(Ally), and scalars of the form

for 1<i=<m, and Eq.(A7) implies thatX= SA.
Let I' be the set oiXe B, e R satisfyingX=p;p;,1=<i
<m andX=SA. Then for anyX,6eI’, Il A, we have

~ m
—J(II), wherer >J. We thus consider the real vector space

() P T(x,5>—J<H>=Tr(21 Hi<X—pipi>)
L=BXRXR={(Sx,y): SeB, x,yeR}, a

+Tr(ITo(X—8A))=0.  (A9)

whereR denotes the reals, with inner product defined by
Since XeT', from Egs. (A8) and (A9) we conclude that
T(X,8)=1.

Thus we have proven that the dual problem associated
with Eq. (Al) is

(W,z2,1),(S,X,¥))=Tr(W9S + zx+ty. (A2)

We then define the subsét of £ as points of the form

m m
Q= —1+> II;,B—Tr(Ally),r — >, p;Tr(I;p)) |, min  {Tr(X)— B}, (A10)
i=0 i=1 XeB,6eR
(A3)
A subject to
wherell; e B,I1;=0r e R andr>J. .
It is easily verified that) is convex, and @ Q. There- X=pipi, 1sism,
fore, by the separating hyperplane theorem, there exists a
y parating nyperp X=6A (A11)

nonzero vector Z,a,b) e £ such that((Z,a,b),(Q,c,d))

=0 forall (Q,c,d)e®, ie., Furthermore, we have shown that there exists an optimal

m X,8eT and an optimal valud =T(X,d) such thaflT =J.
Tr(Z =1 +i§0 IT; | |+ b(8—Tr(AlLy)) Let II; denote the optimal measurement operators. Then
. combining Eq.(A9) with T=J, we conclude that
+a r—Z,l piTr(Hipi)>>O (Ad) (X—pipi)ﬁi:(), 1<i<m,

for all II; € B andr e R such thatll;=0, r>1J. (X—5M)IT,=0.
As we now show, the hyperplane parametersa(b) R R

have to satisfy certain constraints, which lead to the formuOnce we find the optimaX and & that minimize the dual
lation of the dual problem. Specifically, E¢GA4) with IT, problem Eq.(A10), the constraints EqA12) are necessary
=0, r—J implies and sufficient conditions on the optimal measurement opera-
torsIl; . We have already seen that these conditions are nec-
essary. To show that they are sufficient, we note that if a set
of feasible measurement operatdis satisfies(A12), then

=M Tr(I(X—pipi))=0 and T((X—5A)II5)=0 so that

from (A9), J(IT)=T(X,8)=J.

(A12)

al=Tr(Z)—bp. (A5)
Similarly, Eq. (A4) with r=J+1, II;=0 for j#i, II;
=t|x)(x| for one value Ei<m, wherefx) e C"is fixed and
t— +oo yields (x|Z—ap;p;|x)=0. Since|x) andi are arbi-

trary, this implies APPENDIX B: PROOF OF THEOREM 3

Z=apip;, 1lsism. (AB) In this appendix we prove Theorem 3. Specifically, we
show that for a set of statgs= ¢;¢; with prior probabili-
ties p;, if (Uy)uf¢gi=al,l<ism, where pu;
=y(WW¥*) Lyi=yA 1y, are the SIM factors andy,

=pi¢;, then there exists an Hermitiahand a constand

With r=J3+1, TI;=0 for j#0, To=t|x)(x|, where|x)
eC is fixed andt— +, (A4) yields (x|Z—bA|x)=0,
which implies

Z7=DbA. (A7) such that
s <i<
With I1,=0,0<i<m, r— +x, Eq.(A4) impliesa=0. If a X=gyi,  Isi=m, B
=0, then Eq.(A5) yields Tr(Z)<bB<b and (A7) yields X= SA (B2)
Tr(Z)=b. Therefore we conclude tha>0, and defineX '
=Zla, 5=bl/a. Then Eq.(A5) implies that (X= ) i =0, 1<i=m, (B3)
T(X,8)<J, (A8) (X—6A)(1—vy?A~ 1 =0. (B4)
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Let X=aA and 6= «a. Then Eqs(B2) and (B4) are im- . Lo ~
mediately  satisfied.  Next, since al=y¢*A 1y J({Hi(l‘()})=_z > Tr(p U UGIT, U Uy)
* A-12A =12y, it follows that =kt

al=A"Y2yx A2, (B5)

|
52 Z PkU Hskus)
Multiplying both sides of Eq(B5) by AY2 we have |

aA= gt (B6) =2 2 Tr(piITi) = J. (C4)
which verifies that the condition®1) are satisfied. Finally,
Finally,
| r | r
(X_lﬁi‘ﬁi*)/bi:a’}’AA_llﬂi_aWﬂi:Ou (87) Tr( E E pikl:[gt))ZTr< E E UTUIPkUTUJﬁSt)
i,s=1 k,it=1 i,s=1 k,¢t=1

so that the conditionéB3) are also satisfied.

APPENDIX C: PROOF OF PROPOSITION 7 =1 Kt=1
Suppose that the optimal measurement operators that ' r .
maximize =Tr pillst |, (CH)
i,s=1 k,¢t=1
| r A -~
so that from Eq(C2), P,({ITVV) =P, ({I1,.}).
D=3 3 Tripudlie), cy HED, P =PtTud).
=1k=1 Since the measurement operatHri% are optimal for any
_ j,_it follows immediately that the measurement operators
subject to (M= (NS 1<i<1 1<k<r} andTlp=1—3; II;,
| } are also optimal. Now, for any<ti<|,1<k=r,
{Hlk}) 1__Tr( E: SE: pIkHjS) B, (C2 — 1 l R 1 R

are 11, and letd=J({I1,}). Let r(j,i) be the mapping
from IXZ to Z with Z={1, ... |}, defined byr(j,i)=s if
UFU;=Us. Then the measurement operatorH ()
=U;lL g, hUj for any 1<j<I are also optimal. Indeed,
since 1 =0,1<i<l,1<k=r and 3|_,3}_,IT,<I, O{
=0,l=<i=<l,1sk=r and

1 . .
—ui(l—g1 u;nskus)ui*zuinkui*, (C6)

wherell, = (1)L U*TIgUs.

We therefore conclude that the optimal measurement op-
erators can always be chosen to be CGU with the same gen-
erating groupG as the original state set. Thus, to find the
optimal measurement operators all we need is to find the

optimal generators{f[k,ls k<r}. The remaining operators
are obtained by applying the grogpto each of the genera-

Zlé n{=u (Zlé‘,rl)u <uUr=1. (C3

Using the fact thap;,=U;p, U} for some generators,, tors.
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