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Near-Field Source Localization in 3-D Using Two
Parallel Centrally Symmetric Unfold Coprime Array
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Abstract— Most near-field (NF) localization algorithms cannot
deal with the underdetermined case, while those which can
are computationally expensive due to employment of fourth-
order cumulants. In this work, a low-complexity solution is
provided for underdetermined three-dimensional (3-D) NF local-
ization, by employing second-order statistics with a tailored array
configuration named two parallel centrally symmetric unfold
coprime (TPSC) array. Its implementation can be divided into
three stages. Firstly, the proposed algorithm constructs two
cross-correlation matrices based on the received array data,
which eliminates the non-linear range-related information of NF
signals. Secondly, covariance and vectorization operations are
applied to these two cross-correlation matrices to form a virtual
array with extended aperture. Finally, the two-dimensional (2-D)
angle parameters are estimated by the sparse and parametric
approach (SPA) and a phase retrieval operation, and then the
one-dimensional (1-D) range parameter is achieved by the multi-
ple signal classification (MUSIC) algorithm. One specific feature
is that the estimated angle and range parameters are matched
automatically. An analysis of the properties of the TPSC array
is provided, and an optimal parameter configuration is derived,
given that the total number of array elements is fixed. Simulation
results demonstrate that the designed TPSC array can achieve
underdetermined 3-D NF localization, and deliver enhanced esti-
mation capabilities, surpassing those of established algorithms.
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I. INTRODUCTION

SOURCE localization, a significant topic in array signal
processing, has been extensively studied across various

applications, including radar, sonar, and wireless communi-
cations [1], [2], [3], [4], [5], [6]. According to the distance
between the target signal and the array [7], [8], source localiza-
tion can be divided into far-field (FF) source localization and
near-field (NF) source localization. When the distance between
the source and the array is sufficiently large, resulting in the
source being situated within the FF region, the propagation
delays of the FF sources are characterized by the direction-of-
arrival (DOA) parameter. When the sources are situated close
to the array and reside within the NF region, the impinging
signals behave as spherical waves. Consequently, the NF
signals are characterized by two distinct parameters: DOA
and range, which renders many FF localization techniques
inapplicable to NF.

With advancements in wireless communication systems,
particularly the increasing array aperture, NF signal processing
has garnered substantial attention due to its ability to provide
more accurate channel models. Consequently, numerous new
techniques related to NF localization have been developed,
such as NF beam training [9], [10] and NF channel esti-
mation [11], [12], [13]. These advancements underscore the
significance of NF signal processing. One approach to increase
the array aperture is the utilization of sparse linear arrays
(SLAs) for NF source localization [14], [15], [16], [17], [18],
[19], [20], [21]. Compared to uniform linear arrays (ULAs),
SLAs [22], [23], [24], [25], [26], [27] offer a larger physical
aperture and more degrees of freedom (DOFs) for a given
number of elements, and therefore play an essential role for
underdetermined direction of arrival estimation.

For SLA-based NF source localization in [14], an algorithm
based on a sparse symmetric array is presented, leveraging a
hybrid-order multiple signal classification (MUSIC) algorithm
to process the cumulant matrix obtained from the array, and
thereby estimating the required angle and range parameters.
With partial knowledge of calibration sources, an iterative
self-calibration algorithm is introduced in [15], facilitating
concurrent estimation of gain and phase error parameters,
as well as source parameters. In [16], a parameter estima-
tion method for NF sources using symmetric nested array
(SNA) is suggested, where the application of fourth-order
cumulants in the received data allows the SNA to form at
least 4N + 4MN − 2M − 3 continuous segments with only
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2M +2N−1 sensors (M and N are integers, with N > 1 and
M > 0). Based on a symmetric linear array in [17], oblique
projection techniques are applied to separate NF sources from
mixed near and FF sources. Atomic norm minimization is
then used for angle parameter estimation, followed by range
parameter estimation using a one-dimensional (1-D) search
method. In [18], a convolutional neural network (CNN) is
proposed to transform the received data from time domain
to frequency domain, employing CNN and autoencoder to
separate and locate the mixed sources. A symmetric displaced
coprime array (SDCA) is employed in [19], composed of
three SLAs, with the same number of array elements, which
can provide a larger array aperture and a wider range of
continuous segments than SNA in [16]. In [20], angle and
range parameters are estimated through spatial smoothing
and the MUSIC algorithm, utilizing a symmetric extended
nested array (SENA) built upon the foundation developed from
the compressed symmetric nested array (CSNA). With the
optimization of array configuration parameters, SENA exhibits
larger physical aperture, longer continuous segments, and
better estimation performance than existing symmetric sparse
arrays. Also based on SLA, a NF source localization algorithm
is introduced in [21], leveraging the structure of a coprime
array. The method first constructs an off-grid model which
solely contains angle parameter, and subsequently, an iterative
approach is employed for estimating the 1-D angle parameter,
which are then substituted into the range parameter model for
iteratively estimating the range parameter.

Although the above algorithms based on SLA yield excel-
lent performance in parameter estimation, they are limited
to two-dimensional (2-D) parameter estimation for the NF
signals case, namely, the 1-D azimuth and range. In practice,
it is often desirable to locate NF targets in three-dimensional
(3-D) space with planar arrays, which involves estimating
azimuth, elevation, and range parameters, thereby posing a
more intricate challenge in parameter pairing.

To enable 3-D parameter estimation for NF signals, various
arrays have been proposed, such as cross arrays, uniform
circular arrays, and rectangular arrays. As a representative
example, a gridless NF source localization algorithm is pro-
posed based on a cross array in [28], which constructs a
sparse model to transform the parameter estimation problem
into a semi-positive definite programming (SDP) problem.
In [29], a uniform circular array is suggested utilizing a
joint phase interferometer and the MUSIC algorithm. A NF
source localization algorithm for uniform rectangular array
(URA) or centrally symmetric sparse rectangular array (SRA)
is developed in [30] which utilizes fourth-order cumulants
to convert the angle estimation problem into a low-rank
reconstruction problem, and achieve range estimation using
a 1-D MUSIC algorithm. Similar to [28], cross array is also
used in [31] for NF source localization, yet without resorting
to the Fresnel approximation. Accounting for disparate prop-
agation attenuation across sensors, the algorithm constructs a
third-order parallel factor (PARAFAC) data model, and then
the parameters are estimated through trilinear decomposition
and a least squares method.

In recent study of nonuniform cross arrays, fourth-order
cumulants matrices and vectorization operations are employed
in [32], effectively achieving underdetermined estimation for

2-D angle and range parameters of NF sources. Although
the aforementioned algorithms are capable of achieving NF
source localization, they cannot work in the underdetermined
case (except for Ref. [32]). Research into underdetermined
estimation algorithms for array processing is instrumental in
reducing the cost associated with a large number of array
elements.

In summary, existing NF algorithms can be categorized into
three types: the first type ( [14], [15], [16], [17], [18], [19],
[20], [21]) offers high accuracy in parameter estimation but is
limited to the 2-D plane scene; the second type ( [28], [28],
[29], [30], [31]) achieves 3-D parameter estimation but lacks
the capability for underdetermined estimation; the third type
( [32]), though capable of underdetermined estimation, relies
on fourth-order cumulants, resulting in high computational
complexity. These challenges underscore the pressing need
for low-complexity solutions for underdetermined 3-D NF
estimation.

In this paper, we propose an algorithm based on a two
parallel centrally symmetric unfold coprime (TPSC) array
for underdetermined localization of NF sources. Based on
the special array structure, the proposed algorithm eliminates
the non-linear range-related information in the phase part
of the steering matrix by constructing two cross-correlation
matrices. Subsequently, it enlarges the array aperture through
covariance and vectorization operations. Finally, the NF sig-
nals’ 3-D parameters are estimated using the sparse and
parametric approach (SPA) [33] and the 1-D MUSIC
algorithm.

The main contributions of this paper are as follows:
1) A TPSC array is proposed, which unfolds the coprime

array and introduces central symmetry, facilitating elimina-
tion of the nonlinear range-related information inherent in
the phase component of the steering matrix for NF signals.
An analysis of the TPSC array’s properties is provided, fol-
lowed by proposition of the optimal parameter configuration
for the proposed TPSC array.

2) The cross-correlation calculation is utilized to construct
two matrices followed by vectorization, which expands the
virtual array aperture, enhancing the parameter estimation per-
formance. Simulation results show the proposed algorithm’s
superiority in terms of estimation accuracy, underdetermined
and mixed source estimation abilities.

Notations: (·)∗, (·)T, (·)†, and (·)H respectively denote
the operations of conjugation, transpose, pseudo-inverse,
and conjugate transpose; E{·} represents the mathemati-
cal expectation; ⊙ denotes the Khatri-Rao product; vec(·)
represents vectorization; diag(·) stands for diagonalization;
undiag(·) represents diagonal extraction; angle(·) gives the
the phase/angle of a complex number, and tr(·) represents the
trace of a matrix.

II. PROPOSED TPSC ARRAY

Consider an NF scenario in which K narrowband NF
sources are uniquely described by the 3-D parameters: azimuth
φk, elevation θk, and range rk, as shown in Fig. 1, where
k = 1, 2, · · · , K. The xoy plane of the coordinate system is
populated with sensors, where the sensor at origin is set as the
reference. The unit length along all axes within the coordinate
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Fig. 1. The two parallel centrally symmetric unfold coprime array structure.

system is defined as d, where d = λ/4 and λ represents the
signal wavelength. Specifically, for a sensor located at (m, n)
in the xoy plane, the received signal is modeled as follows

xm,n(t) =
K∑

k=1

sk(t)ejτm,n(k) + vm,n(t) (1)

where sk(t) is the NF signals and vm,n(t) denotes the additive
white Gaussian noise. The k-th signal’s path delay with respect
to the sensor located at (m, n) is τm,n(k), which can be
expressed as

τm,n(k) =
2π

λ
[rm,n(k)− rk] (2)

where rm,n(k) is the range from the sensor located at (m, n)
to the k-th signal and rk is the range from coordinate origin
to the k-th signal. By geometric principles as (3), shown at
the bottom of the page.

Applying the Fresnel approximation [34], [35], [36] to
rm,n(k) and substituting it into (2), we obtain the following
expression

τm,n(k) ≈ ωkxm + ϕkxm2 + ωkyn + ϕkyn2 + µk (4)

where

ωkx =
−2πdsinθkcosφk

λ
=
−2πdcosαk

λ
(5)

ϕkx =
πd2(1− sin2θkcos2φk)

λrk
=

πd2sin2αk

λrk
(6)

ωky =
−2πdsinθksinφk

λ
=
−2πdcosβk

λ
(7)

ϕky =
πd2(1− sin2θksin2φk)

λrk
=

πd2sin2βk

λrk
(8)

µk =
−πd2sin2θksin2φk

λrk
=
−2πd2cosαkcosβk

λrk
. (9)

In (5)-(9), we transform the challenge of solving for angles
θk and φk into angles αk and βk. Consequently, (1) can be
reformulated as

xm,n(t)

=
K∑

k=1

sk(t)ej[ωkxm+ϕkxm2+ωkyn+ϕkyn2+µk] + vm,n(t).

(10)

As indicated by (10), the 3-D parameter estimation problem
is fundamentally nonlinear, arising from the exponential term
involving range-related nonlinear information such as ϕkx and
ϕky . To counteract this challenge, we design the TPSC array
and apply cross-correlation calculations to the received data,
effectively eliminating the undesirable nonlinear components.

The TPSC model consists of two subarrays and one sensor
set at origin, where subarray 1 and subarray 2 have identical
configurations and exhibit centrosymmetry about the origin.
Each subarray consists of two ULAs, denoted as ULA 1 and
ULA 2. The number of elements in ULA 1 and ULA 2 are
M1 and M2, respectively, where M1 and M2 are coprime
integers with M1 > M2. ULA 1 and ULA 2 share elements on
the x-axis. The received data can be respectively represented
as

x1(t) = A1(α, β, r)s(t) + n1(t) t∈[L] (11)
x2(t) = A2(α, β, r)s(t) + n2(t) t∈[L] (12)

x3(t) =
K∑

k=1

sk(t) + n3(t) t∈[L] (13)

where t is the snapshot index and
L is the number of snapshots. Here,
x1(t) = [x1,1(t), x1,2(t), · · · , x1,(M1+M2−1)(t)]T,
x2(t) = [x2,1(t), x2,2(t), · · · , x2,(M1+M2−1)(t)]T, and
x3(t) is the received data of the element at the origin, with
x1,a(t) and x2,b(t) denoting the received data of the ath
element in subarray 1 and the bth element in subarray 2
(a, b∈[1, M1 + M2 − 1]), respectively. A1(α, β, r) =
[a1(α1, β1, r1),a1(α2, β2, r2), · · · ,a1(αK , βK , rK)] ∈
C(M1+M2−1)×K , A2(α, β, r) = [a2(α1, β1, r1),a2(α2, β2,
r2), · · · ,a2(αK , βK , rK)] ∈ C(M1+M2−1)×K are the
steering matrices of the subarrays with each element in the
corresponding column being a1m(αk, βk, rk) = e−jτ1m,k ,
a2n(αk, βk, rk) = e−jτ2n,k , where 1 ⩽ m, n ⩽ (M1+M2−1),
and τ1m,k and τ2n,k respectively represent the propagation
delays associated with the mth element in subarray 1 and nth
element in subarray 2. s(t) = [s1(t), s2(t), · · · , sK(t)]T is
the signal vector, and n1(t), n2(t), n3(t) denote the additive
white Gaussian noise of the corresponding subarrays. For
convenience, the steering matrices of subarrays 1 and 2 are
simplified into A1 and A2.

Define Ω1 = [Ω1,1, Ω1,2, · · · , Ω1,(M1+M2−1)] and Ω2 =
[Ω2,1, Ω2,2, · · · , Ω2,(M1+M2−1)] as the sets of y-coordinate
values of all elements in subarray 1 and subarray 2, respec-
tively, where (0.5, Ω1,a, 0) and (−0.5, Ω2,b, 0) denote the
coordinate of the ath element in subarray 1 and the bth
element in subarray 2 (a, b∈[1, M1 + M2 − 1]). Due to the
centrosymmetric property of subarray 1 and subarray 2 with
respect to the origin, we have Ω1,a = −Ω2,b, where a + b =
M1 + M2.

Considering the kth column of A1 and A2, we have

a1(αk, βk, rk)

=
[
e−j[0.5ωkx+0.52ϕkx+Ω1,1ωky+Ω2

1,1ϕky+0.5Ω1,1µk],

rm,n(k) =
√

(rksinθkcosφk −md)2 + (rksinθksinφk − nd)2 + (rksinθk)2 (3)
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Fig. 2. The simplified flowchart of the proposed algorithm.

e−j[0.5ωkx+0.52ϕkx+Ω1,2ωky+Ω2
1,2ϕky+0.5Ω1,2µk],

· · · , e−j[0.5ωkx+0.52ϕkx+Ω1,P ωky+Ω2
1,P ϕky+0.5Ω1,P µk]

]
,

(14)

and

a2(αk, βk, rk)

=
[
e−j[−0.5ωkx+0.52ϕkx+Ω2,1ωky+Ω2

2,1ϕky−0.5Ω2,1µk],

e−j[−0.5ωkx+0.52ϕkx+Ω2,2ωky+Ω2
2,2ϕky−0.5Ω2,2µk],

· · · , e−j[−0.5ωkx+0.52ϕkx+Ω2,P ωky+Ω2
2,P ϕky−0.5Ω2,P µk]

]
,

(15)

where the parameter P in Ω1,P and Ω2,P is equal to M1 +
M2 − 1, ωkx = −2πd cos(αk)/λ, ϕkx = πd2 sin2(αk)/λrk,
ωky = −2πd cos(βk)/λ, ϕky = πd2 sin2(βk)/λrk, and µk =
−2πd2 cos(αk) cos(βk)/λrk.

As the range parameter is taken to +∞, the steering vector
of the NF model in (14) and (15) will degenerate to that of the
FF one, in which the proposed method can still work, as shown
in Sec. V-F.

III. THE PROPOSED ALGORITHM

This section presents an algorithmic flow where, starting
from the data in (11), (12) and (13), cross-correlation matrices
in (30) and (31) are constructed, which serve to form virtual
FF data in (36) and (37), respectively. Then, SPA is used for
sparse recovery in (39) to determine the angle βk, followed
by phase retrieval to obtain the angle αk. Finally, the MUSIC
algorithm is applied to (49) to estimate the range rk. The
proposed algorithm is illustrated in the flowchart shown in
Fig. 2, providing a clear visualization of its procedural steps.

A. Construction of Cross-Correlation Matrices

In this part, we construct two cross-correlation matrices
using the data received by subarray 1 and subarray 2. The
expressions for two collections of spatial-domain correlations
at lag τ are given as

rx2,l,x1,G−l
(τ) = E

{
x2,l(t + τ)x∗1,G−l(t)

}
=

K∑
k=1

rsk(τ)ej(ωkx−2Ω2,lωky) (16)

rx1,l,x2,G−l
(τ) = E

{
x1,l(t + τ)x∗2,G−l(t)

}
=

K∑
k=1

rsk(τ)ej(−ωkx−2Ω1,lωky) (17)

where G = M1 + M2, and rsk(τ) = E
{
sk(t + τ)s∗k(t)

}
,

l = 1, 2, · · · , (M1 + M2 − 1), τ∈N , with N representing
the number of pseudo snapshots. Arranging rx2,l,x1,G

(τ) and
rx1,l,x2,G

(τ) according to l allows the creation of two column
vectors, denoted as r1(τ) and r2(τ):

r1(τ) = [rx2,1,x1,G−1(τ), rx2,2,x1,G−2(τ),

· · · , rx2,G−1,x1,1(τ)]T (18)
r2(τ) = [rx1,1,x2,G−1(τ), rx1,2,x2,G−2(τ),

· · · , rx1,G−1,x2,1(τ)]T (19)

Next, r1(τ) and r2(τ) can be written as

r1(τ) = B1Φrs(τ) (20)
r2(τ) = B2Φ∗rs(τ) (21)

where

B1 =
[
b1(ω1y),b1(ω2y), · · · ,b1(ωKy)

]
(22)

B2 =
[
b2(ω1y),b2(ω2y), · · · ,b2(ωKy)

]
(23)

b1(ωky) =
[
e−2jΩ2,1ωky , e−2jΩ2,2ωky ,

· · · , e−2jΩ2,(M1+M2−1)ωky
]T

(24)

b2(ωky) =
[
e−2jΩ1,1ωky , e−2jΩ1,2ωky ,

· · · , e−2jΩ1,(M1+M2−1)ωky
]T

(25)

Φ = diag([ejω1x , ejω2x , · · · , ejωKx ]) (26)

rs(τ) = [rs1(τ), rs2(τ), · · · , rsK(τ)]T (27)

where B1 and B2 are both (M1 + M2 − 1)×K matrices.
By collecting N pseudo snapshots, we have

R1 = [r1(1), r1(2), · · · , r1(N)] (28)
R2 = [r2(1), r2(2), · · · , r2(N)], (29)

with

R1 = B1ΦRs (30)
R2 = B2Φ∗Rs (31)

and R1 and R2 are (M1 + M2 − 1)×N matrices, and Rs =
[rs(1), rs(2), · · · , rs(N)].

B. Construction of Virtual Far-Field Data

This section focuses on constructing virtual far-field data
in (36), (37) and (38), which enable forming a sparse recovery
problem and a phase retrieval formulation for the subsequent
estimates of the angle βk and αk in part C of Sec. III,
respectively.
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First, we construct two covariance matrices as follows

R11 = E
{
R1RH

1

}
= E

{
B1ΦRsRH

s Φ∗BH
1

}
= B1RssBH

1 (32)

R12 = E
{
R1RH

2

}
= E

{
B1ΦRsRH

s ΦBH
2

}
= B1Φ2RssBH

2 (33)

where Φ2 is the square of matrix Φ, and Rss = E
{
RsRH

s

}
=

diag([σ2
1 , σ2

2 , · · · , σ2
K ]) is a diagonal matrix. The kth diagonal

element of Rss is the power of the kth incident source.
Second, by vectorizing R11 and R12, we have

r̃11 = vec(R11)
= (B∗

1 ⊙B1)undiag(Rss)

= B̃11undiag(Rss) (34)
r̃12 = vec(R12)

= (B∗
2 ⊙B1)undiag(Φ2)

= B̃21undiag(Φ2Rss) (35)

where B̃11 = [b̃11(ω1y), b̃11(ω2y), · · · , b̃11(ωKy)]
with b̃11(ωky) = b∗1(ωky) ⊙ b1(ωky), and B̃21 =
[b̃21(ω1y), b̃21(ω2y), · · · , b̃21(ωKy)] with b̃21(ωky) =
b∗2(ωky)⊙b1(ωky). However, the column vectors r̃11 and r̃12

contain numerous redundant elements, necessitating a process
of redundancy removal and reordering, after which we have

r11 = B11undiag(Rss) (36)

r12 = B21undiag(Φ2Rss) (37)

where B11 = [b11(ω1y),b11(ω2y), · · · ,b11(ωKy)] with
b11(ωky) = [e−2jΩ3,1ωky , e−2jΩ3,2ωky , · · · , e−2jΩ3,n1ωky ]T,
and B21 = [b21(ω1y),b21(ω2y), · · · ,b21(ωKy)] with
b21(ωky) = [e−2jΩ4,1ωky , e−2jΩ4,2ωky , · · · , e−2jΩ4,n2ωky ]T;
Ω3,n1 and Ω4,n2 represent the y-coordinate value of the n1th
element in the virtual array 1 and the n2th element in the
virtual array 2.

The covariance matrix of r11 can be calculated as follows

R = E
{
r11rH

11

}
= ΓTΓH. (38)

Here T = E{BΛBH} is the Toeplitz matrix, where
B = [b(ω1y),b(ω2y), · · · ,b(ωKy)] with b(ωky) =
[e−2j(−2M1M2+M1+M2)ωky , e−2j(−2M1M2+M1+M2+1)ωky ,
· · · , e−2j(2M1M2−M1−M2)ωky ]T, Λ = undiag(Rss) ∗
undiag(Rss)H, Γ is an H×F selection matrix, H is the
number of elements in the virtual array 1, and F = (4M1M2−
2M1 − 2M2 + 1).

C. Estimation of αk and βk

We now employ SPA1 [33] to solve the sparse recovery
of (39), obtaining the angle βk, and subsequently apply the
phase retrieval operation to determine the angle αk.

In order to estimate βk, SPA is used to recover the Toeplitz
matrix T in (38) as follows

min
x,T

x + tr[ΓTΓH]

1SPA performs parameter estimation in the continuous range based on the
well-established covariance fitting criterion and convex optimization, which is
suitable for uniform linear and sparse redundant arrays across varying snapshot
conditions.

s.t.
[

x rH
11

r11 ΓTΓH

]
≥ 0. (39)

After obtaining Toeplitz matrix T through the SDP solver,
ωky can be obtained through root-MUSIC [37]. Then, βk can
be derived via the following expression

βk = arccos
( λωky

−2πd

)
. (40)

Leveraging the estimated values of βk, we construct matrix
B21 based on the formulation of vector b21(ωky). Then,
applying the pseudo-inverse of B21 to (37), undiag(Φ2Rss)
is obtained as bellow

undiag(Φ2Rss) = (B21)†r12. (41)

According to (26), it follows that ωkx can be derived from
the estimated matrix Φ. Similar to (40), αk is derived by

αk = arccos (
angle(undiag(Φ2Rss)k)/2

−2πd/λ
). (42)

It is noteworthy that, owing to the phase retrieval operation,
automatic pairing between angles α and β is achieved.

D. Estimation of rk

In this section, we perform cross-correlation calculation
between the data in (11)-(12) and that from the coordinate
system’s origin in (13), followed by applying the MUSIC
algorithm to ultimately derive the range rk.

First, we concatenate all elements in subarray 1 and subar-
ray 2 to obtain x(t)

x(t) =
[
x1(t)
x2(t)

]
=

[
A1

A2

]
s(t) +

[
n1(t)
n2(t)

]
= As(t) + n(t)

(43)

where A is the steering matrix for x(t), and n(t) denotes the
additive white Gaussian noise vector of the combined array.

Second, the two types of cross-correlation matrices of x(t)
and the sensor set at origin are constructed as follows

rz(τ) = E
{
x(t + τ)xH

3 (t)
}

= Azrs(τ) (44)

rz(−τ) = E
{
x(t)xH

3 (t + τ)
}

= Azrs(−τ) (45)

where x3 = [x3(t), x3(t), · · · , x3(t)]T is a (2M1 + 2M2 −
2)×1 vector. Given rs(τ) = r∗s(−τ), r∗z(−τ) can be expressed
as follows

r∗z(−τ) = (Azrs(−τ))∗

= A∗
zrs(τ). (46)

Then, by cascading rz(τ) and r∗z(−τ), we have

rz(τ) =
[

rz(τ)
r∗z(−τ)

]
=

[
Az

A∗
z

]
rs(τ) = Azrs(τ) (47)

where Az is the steering matrix for rz(τ). Similar to (28)
and (29), with N pseudo snapshots, we have

Rz = [rz(1), rz(2), · · · , rz(N)]

= AzRs(τ) (48)
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TABLE I
ALGORITHM SUMMARY

where Rs(τ) = [rs(1), rs(2), · · · , rs(N)]. By constructing
matrix Az based on estimated 2-D angle parameters and the
variable rk, and then applying the MUSIC algorithm to Rz ,
the estimation of range parameter is achieved.

The proposed algorithm is summarized in TABLE I.

E. Complexity Analysis
In this part, the complexity of the proposed algorithm and

the comparison algorithms is analyzed. Complexity analysis
involves considering following aspects: 1) the construction of
the virtual array; 2) computation of the covariance matrix; 3)
Eigenvalue Decomposition (EVD); 4) spectral peak search; 5)
the optimization process. Here, define the search interval of α
as ∆θα, the search interval of β as ∆θβ , and the search interval
of r as ∆r. Let Ran = 2D2/λ− 0.62

√
D3/λ represents the

search range, where D represents array aperture, and DoF
represents the degrees of freedom of the virtual array. L
represents the number of snapshots, and Mx and My represent
the number of elements along the x and y coordinates in each
algorithm. Then, the complexity of all algorithms is shown in
TABLE II.

F. Discussion
1) Chen’s method [32] and Challa’s method [38], along with

the proposed method all belong to the class of spatial-temporal
based NF localization methods. Here we provide the advan-
tages and disadvantages of these three methods. On the
one hand, although insensitive to noise, both the compared
methods in [32] and [38] resort to fourth-order cumulants to
eliminate the range-related quadratic term, while the proposed
exploits second-order statistics, which incurs a lower com-
putational complexity to realize 3-D NF localization given a
significantly increased number of snapshots, as illustrated in
Sec. V-E. On the other hand, under the same number of phys-
ical elements, the parameter estimation performance of the
proposed algorithm is comparable to that of Chen’s method;
however, it significantly outperforms Challa’s algorithm, offer-
ing the ability to perform underdetermined mixed source
parameter estimation.

2) In this paper, we employ a sparse recovery method named
SPA [33] to estimate the angle β, the angle α is achieved
by a phase retrieval operation, and the range r using the
1-D MUSIC method. The reason is that in (36) and (37),

TABLE II
ALGORITHM COMPLEXITY

the vectorized data r11 is a single snapshot, behaving like
a coherent data model that cannot directly use the MUSIC
algorithm without de-correlation operation. On the contrary,
SPA is robust to the coherent signal model, and adopted for
the estimate of angle β. For the estimate of angle α, we use a
phase retrieval operation, which is for the purpose of simplicity
and convenience. To estimate the range r, we resort to the
original multiple numbers of data of the TPSC array along
with its conjugate data, and MUSIC is used which not only
offers faster computation but also provides higher precision in
the estimated parameters. However, it is possible to solve for r
using the l1 norm in sparse recovery, which may achieve good
estimation performance by reasonable selection of experiential
regularization parameters.

3) Subspace or sparse based direction-finding methods
based on covariance matrices require those matrices to be
calculated in a statistical sense. Considering that the actual
number of received data snapshots is finite, in this paper we
use maximum likelihood estimation to obtain the second-order
statistics based covariance matrix R with (38) in the time
averaged sense. A higher number of snapshots enhance the
precision of the estimated covariance matrix, thereby improv-
ing the accuracy of subsequent parameter estimation, while
a lower number of snapshots may result in less accurate
parameter estimates.

IV. ANALYSIS OF TPSC ARRAY PERFORMANCE

In order to show the enhanced parameter estimation perfor-
mance using the designed TPSC array, we will analyze some
properties of the TPSC array.

A. Properties of Virtual Array

According to Sec. III-B, two virtual arrays are generated.
We only address virtual array 1 in this part. Therefore, any
further mention of virtual array in this section will be in
reference to virtual array 1.

Proposition 1: The virtual array is symmetric about the
origin, with range [−(2M1M2−M1−M2), (2M1M2−M1−
M2)].

Proof: Based on the array model in Fig. 1, since subarray
1 and subarray 2 exhibit centrosymmetry about the origin,
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taking subarray 1 as an example, subarray 1 consists of two
ULAs, i.e.,

S1 = {m1M2,−(M1 − 1)⩽m1⩽0} (49)
S2 = {m2M1, 0⩽m2⩽(M2 − 1)} (50)

where S1 and S2 respectively represent the y-coordinate sets
of all elements in ULA 1 and ULA 2 of subarray 1, M1 >
M2. Therefore, the y-coordinate values set of all elements in
subarray 1 can be expressed as

S = S1∪S2. (51)

Here, we take into account the scope of virtual arrays across
various combination scenarios. Assume that lc = s1 − s2,
where lc denotes the y-coordinate values of the elements in the
virtual array, s1, s2∈S. The various cases can be summarized
as follows.

1) s1, s2∈S1: define s1 = m1aM2 and s2 = m1bM2, where
m1a, m1b∈[−(M1 − 1), 0], and it can be deduced that

lc = s1 − s2 = (m1a −m1b)M2. (52)

Evidently, the range of m1a−m1b is [−(M1− 1), (M1− 1)],
and thereby the virtual array is symmetric about the origin. Let
L1 denotes the set of y-coordinate values of the virtual array
elements in this case. The range of L1 is [−(M1−1)M2, (M1−
1)M2].

2) s1∈S1, s2∈S2: we have

lc = s1 − s2 = m1M2 −m2M1. (53)

3) s1∈S2, s2∈S1: we have

lc = s1 − s2 = m2M1 −m1M2. (54)

By analyzing the expressions derived from (53) and (54),
it becomes evident that the L2 formed by these two cases is
symmetric about the origin. The range of L2 is [−(2M1M2−
M1 −M2), (2M1M2 −M1 −M2)].

4) s1, s2∈S2: define s1 = m2aM1 and s2 = m2bM1, where
m2a, m2b∈[0, (M2 − 1)], and we have

lc = s1 − s2 = (m2a −m2b)M1. (55)

In this case, the expression for the y-coordinate values of the
virtual array elements is given by (m2a−m2b)M1. Given that
m2a−m2b is symmetric about the origin, and M1 is a constant,
the virtual array is symmetric about the origin. Let L3 denotes
the set of y-coordinate values of the virtual array elements in
this case. The range of L3 is [−(M2 − 1)M1, (M2 − 1)M1].

To summarize, the set of virtual array elements is L =
L1∪L2∪L3. Thus, the virtual array retains symmetry about
the origin across all cases, and the range of the virtual array
is [−(2M1M2 −M1 −M2), (2M1M2 −M1 −M2)].

Proposition 2: Redundant elements2 are present within the
virtual array.

Proof: The collection of y-coordinate values of actual
array elements is denoted as S. The crux of the issue lies
in demonstrating whether there are any redundant elements
derived from the difference between s11 and s12, where
s11, s12∈S.

2The term ‘redundant elements’ refers to cases where, in the difference
co-array, multiple elements may occupy the same coordinate, resulting in
unnecessary duplication.

The y-coordinate values of the array elements in the resul-
tant set are

lc = s11 − s12 (56)

where lc represents the y-coordinate value of the element in
the resultant set.

It can be inferred that there exists a case where s11 =
−(M1 − 1)M2 and s12 = −(M1 − 1)M2, resulting in lc = 0.
Similarly, when s11 = (M2 − 1)M1 and s12 = (M2 − 1)M1,
lc = 0 as well. Consequently, the combination of two sets of
S introduces redundancy.

B. Design of M1 and M2

Based on the model described in Sec. II, the total number
of elements in the TPSC array is Q = 2(M1 + M2) − 1.
According to Proposition 1, the range of the virtual array is
[−(2M1M2 − M1 − M2), (2M1M2 − M1 − M2)], and ξ =
(2M1M2 −M1 −M2). Therefore, when the total number of
elements in the TPSC array is fixed, changing M1 and M2 can
alter the aperture of the virtual array. Through the following
analysis, we determine the configuration of M1 and M2 for
maximizing the aperture of the virtual array.

Since the total number of elements in the TPSC array is
a constant Q = 2(M1 + M2) − 1, w = M1 + M2 is also a
constant. Substituting w into the expression of ξ, we have

ξ = 2M1(w −M1)−M1 − (w −M1)

= −2(M1 −
w

2
)2 +

w2

2
− w. (57)

The quadratic function ξ reaches its maximum value at
M1 = w/2, but due to the unknown parity of w, further
discussion is necessary.

1) If w is odd, one of M1 and M2 is odd while the other
is even, then the maximum value of ξ is attained at M1 =
(w + 1)/2, with M2 = (w − 1)/2. Utilizing an expression
involving Q to represent M1 and M2 leads to the derivation
of M1 = (Q + 3)/4 and M2 = (Q − 1)/4. In this case, the
aperture of the virtual array is

D = 2ξ =
Q2 − 2Q− 7

4
. (58)

2) If w is even and w/2 is odd, and both M1 and M2 are
odd, it can be inferred that the maximum value of ξ is attained
at M1 = (w + 4)/2, with M2 = (w − 4)/2. Utilizing an
expression involving Q to represent M1 and M2 leads to the
derivation of M1 = (Q + 9)/4 and M2 = (Q− 7)/4. In this
case, the aperture of the virtual array is as follows

D = 2ξ =
Q2 − 2Q− 67

4
. (59)

3) If both w and w/2 are even, and both M1 and M2 are
odd, then the maximum value of ξ is attained at M1 = (w +
2)/2, with M2 = (w−2)/2. Utilizing an expression involving
Q to represent M1 and M2 leads to the derivation of M1 =
(Q + 5)/4 and M2 = (Q− 3)/4. In this case, the aperture of
the virtual array is

D = 2ξ =
Q2 − 2Q− 19

4
. (60)
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Fig. 3. An array example with Q = 13.

Fig. 4. RMSE versus SNR.

TABLE III
OPTIMAL PARAMETER CONFIGURATION FOR TPSC ARRAY

The recommended optimal parameter configuration is
detailed in TABLE III. To illustrate the idea of Sec. IV-B,
an example is provided in Fig. 3, consisting of a total of
Q = 13 elements with M1 = 4 and M2 = 3.

V. SIMULATION RESULTS

In this section, performance of the proposed algorithm based
on the TPSC array is demonstrated and compared with Wu’s
algorithm [28], Challa’s algorithm [38], TSMUSIC [39], and
Chen’s algorithm [32] as well as the Cramér-Rao lower bound
(CRLB) derived in [32]. The impinging non-Gaussian source
signals are modelled as ejφt , where φt is uniformly distributed
in [0, 2π]. In the simulations, all sources’ power is set to 1.
The root mean square error (RMSE) for parameter estimation
is defined as follows

RMSE =

√√√√ 1
McK

Mc∑
i=1

K∑
j=1

(
x̂

(i)
j − xj

)2
(61)

where Mc is the number of Monte Carlo runs, K is the number
of sources, x̂

(i)
j denotes the estimation of the jth signal source

during the ith run, and xj is the actual value of the jth NF
source.

A. RMSE Versus SNR
Fig. 4 shows the RMSE curve versus SNR for different

algorithms. The 3-D parameters of the two NF sources are

(55◦, 70◦, 1.8λ) and (120◦, 117◦, 2.3λ). The total number of
elements of all algorithms is set to 9. TSMUSIC and Wu’s
algorithm both adopt a symmetric ULA with 3 elements on
the x-axis and 7 elements on the y-axis, and Chen’s algorithm
sets 7 elements on the y-axis with M1 = 3 and M2 = 2, and
3 elements on the x-axis, while for the proposed, we set M1 =
3 and M2 = 2. Given that Challa’s algorithm requires an even
number of elements along both axes, the simulation has been
configured with 4 elements on the x-axis and 6 elements on
the y-axis. The total number of snapshots is 1000, while the
number of pseudo snapshots of the proposed algorithm, Chen’s
algorithm, and Challa’s algorithm is set to 50. The SNR ranges
from 0 to 25dB. The number of Monte Carlo trials is 500.

As illustrated in Fig. 4, the proposed algorithm significantly
outperforms the comparison algorithms for angle α, owing to
the greater number of virtual elements generated along the x-
axis. While for angle β, the proposed algorithm is only slightly
behind Chen’s algorithm due to its virtual array aperture along
the y-axis being (4M1M2− 2M1− 2M2), marginally smaller
than the virtual array aperture (4M1M2 − 4M2) along the
y-axis produced by Chen’s algorithm. For the range parameter,
the proposed algorithm is better than Wu’s algorithm, Challa’s
algorithm and TSMUSIC, and similar to Chen’s algorithm,
as both the proposed algorithm and Chen’s algorithm employ
the 1-D MUSIC algorithm to determine the range parameter,
leading to comparable estimation performance.

B. RMSE Versus Number of Snapshots
All configurations remain the same as those in Sec. V-A,

except for the number of snapshots and SNR. The SNR
is set to 5dB, while the number of snapshots varies
from 200 to 5000. As depicted in Fig. 5, the proposed
algorithm demonstrates superior result for angle α; however,
its angle β result is slightly worse than Chen’s algorithm, while
for range parameter it closely aligns with Chen’s algorithm.
Notably, the RMSE of the 3-D parameters decreases with
an increasing number of snapshots, eventually reaching a flat
state.
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Fig. 5. RMSE versus number of snapshots.

Fig. 6. RMSE versus range separation.

Fig. 7. Locations of the 20 estimated NF sources.

Fig. 8. Runtime comparison.

C. RMSE Versus Range Separation

In this part, we investigate the impact of range separation
on the performance. The parameters are the same as in Sec.
V-A except for the range parameter and SNR. The SNR is

Fig. 9. Parameters estimation in mixed-source scenarios.

set to 5dB, and the first range parameter is set as 1.8λ.
Initially, the second range parameter is identical to the first,
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Fig. 10. RMSE versus number of pseudo snapshots.

and the range separation ∆λ of the second source varies from
0 to 1λ. As shown in Fig. 6, the estimation performance
for 2-D angle parameters is minimally influenced by range
separation, while the range parameter estimation result gets
worse with increasing range separation. The reason is that,
with the increase of range separation, the second range gets
closer to that of an FF source, affecting the accuracy in range
estimation.

D. Underdetermined Case

In this part, the underdetermined case is considered
with 20 NF signals incident on the array, characterized
by (51◦, 112◦, 3.7λ), (66◦, 77◦, 6.7λ), (56◦, 117◦, 7.1λ),
(96◦, 42◦, 5.6λ), (113◦, 90◦, 7.9λ), (83◦, 139◦, 3.0λ),
(60◦, 29◦, 3.1λ), (105◦, 154◦, 1.5λ), (147◦, 14◦, 5.7λ),
(61◦, 63◦, 2.6λ), (134◦, 48◦, 3.3λ), (78◦, 59◦, 1.2λ),
(109◦, 68◦, 1.9λ), (118◦, 107◦, 7.6λ), (47◦, 92◦, 4.1λ),
(78◦, 94◦, 2.6λ), (137◦, 134◦, 1.6λ), (141◦, 65◦, 6.7λ),
(35◦, 125◦, 3.9λ), (37◦, 156◦, 6.0λ). The TPSC array
comprises a total of 17 elements with M1 = 5 and M2 = 4.
The SNR is set to 30dB. The number of snapshots is
5000 with the number of pseudo snapshots being 100. The
number of Monte Carlo trials is 100. The results are shown
in Fig. 7. It can be observed that all 20 NF sources have
been distinguished successfully, showing that the proposed
algorithm remains effective in underdetermined case.

E. Runtime Comparison

In this part, the runtime of each algorithm is compared. The
simulation parameters are set the same as in Sec. V-B, except
for the number of snapshots which varies from 1000 to 18600.
The result is shown in Fig. 8. It can be observed that the run-
time of the proposed algorithm is lower than Wu’s algorithm
and Chen’s algorithm. When the number of snapshots is under
6000, the proposed algorithm takes longer time to run than
TSMUSIC; however, as the number of snapshots increases
beyond 6000, it achieves better runtime performance. This is
because TSMUSIC avoids the time-consuming SPA used in
our method, making it faster when the number of snapshots
is small. However, as the number of snapshots increases, its
reliance on fourth-order cumulants slows TSMUSIC down,
causing it to perform worse than the proposed algorithm.
Although Challa’s algorithm is faster for a smaller number of
snapshots, its runtime performance declines as the number of
snapshots increases significantly, due to higher complexity of

the fourth-order cumulants calculation, which results in longer
runtime and ultimately approaches the runtime of the proposed
algorithm.

F. Mixed Source Scenario
Considering the scenario with mixed NF and FF signals,

where all other parameters are the same as those in
Sec. V-D except for the signal type. There are 12 NF
signals and 5 FF signals, with their parameters given by
(149◦, 149◦, 0.4λ), (139◦, 139◦, 0.8λ), (130◦, 130◦, 1.2λ),
(123◦, 123◦, 1.6λ), (115◦, 115◦, 2.0λ), (109◦, 109◦, 2.4λ),
(102◦, 102◦, 2.8λ), (96◦, 96◦, 3.2λ), (90◦, 90◦, 3.6λ),
(84◦, 84◦, 4.0λ), (78◦, 78◦, 4.4λ), (71◦, 71◦, 4.8λ), (31◦, 31◦),
(41◦, 41◦), (50◦, 50◦), (57◦, 57◦), and (65◦, 65◦). The results
shown in Fig. 9(a) indicate that the angle parameters of
all signals are accurately estimated and matched, and all
NF signals are localized successfully in Fig. 9(b), thereby
demonstrating the proposed algorithm’s viability in the
mixed-source scenario.

G. RMSE Versus Number of Pseudo Snapshots
Finally, we investigate the impact of the number of pseudo

snapshots on the performance, where we only consider the
delay-based localization methods [32], [38]. All configurations
remain the same as those in Sec. V-A, except for the number of
pseudo snapshots and SNR. The SNR is set to 5dB, while the
number of pseudo snapshots varies from 40 to 80. As shown
in Fig. 10, the parameter estimation performance by all the
compared methods is barely affected by the varying number
of pseudo snapshots.

VI. CONCLUSION

In this paper, a 3-D parameter estimation algorithm has
been proposed for NF sources based on a newly constructed
TPSC array. Firstly, leveraging the central symmetry of
subarray 1 and subarray 2, two cross-correlation matrices
are constructed. Subsequently, by subjecting these matrices
to covariance calculation and vectorization, it facilitates the
virtual FF transformation of array data, and expanding the
virtual array aperture. Following this, 2-D angle estimation is
achieved using SPA and a phase retrieval operation. Finally,
the range parameter is estimated utilizing the 1-D MUSIC
algorithm. Simulation results have demonstrated that the
proposed algorithm significantly outperforms the comparison
algorithms in terms of estimation accuracy and it can also
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effectively deal with underdetermined and mixed-source sce-
narios.
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