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Abstract—Grounded in Bayesian filtering (BF), random matrix-
based extended object tracking (EOT) offers an efficient framework
for the joint estimation of a target’s kinematic state and extension.
However, the performance of these methods is fundamentally
constrained by the first-order Markov assumption, which often
fails to capture the high-order Markovian dynamics prevalent
in real-world scenarios. To overcome this limitation, we introduce
RMMNet, a novel EOT method that integrates a deep memory-
aided recursive neural network filter within a BF framework,
enabling robust tracking of targets that exhibit high-order
Markovian dynamics. Initially, we propose an approximate
model under a high-order Markovian assumption and derive
the implementation of its BF framework. Thereafter, Gaussian
approximation and moment matching are employed to derive the
analytical formulations for the proposed BF framework. Finally,
based on the closed-form formulations, we design the architecture
of RMMNet as an end-to-end trainable recursive neural network-
based filter. Experimental results on both simulated and real-world
data demonstrate that our method outperforms traditional EOT
approaches and other state-of-the-art deep learning methods.

Index Terms—Bayesian filtering, extended object tracking,
random matrix, neural network.

I. INTRODUCTION

ITH the improvement of sensor resolution, such as
Wultra—wideband radar, a target is resolved into multiple
scatterers and occupies multiple resolution cells [1]. Therefore,
it is possible to jointly estimate both the kinematic state and the
extension of the target. This methodology, termed extended object
tracking (EOT), has seen rapid development over the past decade.
It enhances the description of the target by incorporating its size,
shape, and orientation, thus providing a more comprehensive
characterization of the target. Consequently, EOT has found
widespread applications in fields such as autonomous driving [2],
[3]], maritime surveillance [4], and aircraft formation tracking [5].
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Mainstream EOT methods based on the Bayesian filtering (BF)
framework can be categorized into three distinct types: 1) random
matrix models (RMM); 2) random hypersurface models (RHM);
and 3) multiplicative error models (MEM). The RMM-based
approach was first introduced in [6]. The target’s extension is rep-
resented by a symmetric positive definite (SPD) matrix, which can
be equivalently described as an ellipse, and is assumed to obey an
inverse Wishart distribution. Bayesian inference is then employed
to predict and update the probability densities of the state and
the extension jointly. The RHM-based method for EOT was first
introduced in [[7], which assumes the measurement source lies on
a scaled version of the extension boundaries, to develop Gaussian
estimators for EOT with ellipses and free-form star-convex
shapes. To maintain the conjugate Gaussian distribution during
the evolution process, MEM-based methods introduce a multi-
plicative noise term in the measurement process [§|]. Recently, the
MEM-RBPF [9] decouples variables within the extension (i.e.,
orientation and size). It marginalizes the orientation via a particle
filter to achieve accurate estimation with reduced computational
cost. Generally, the MEM-based approaches make each scatterer
equivalent to the centroid position plus the scaled object size.

The aforementioned EOT online optimization methods are
model-based (MB) methods, namely, they all rely on prior
models. Such approaches can theoretically guarantee optimal
filtering accuracy when the prior model accurately matches the
environment. However, the introduction of prior models also
introduces additional parameters, which can result in higher
filtering errors in practical applications due to model mismatch
or parameter mismatch [10]. Furthermore, different EOT methods
focus solely on redefining the measurement process to achieve
better filtering accuracy, while neglecting improvements in the
evolution processes of both state and extension (e.g., prediction
errors caused by the first-order Markov approximation in the evo-
lution process). Additionally, there exists a coupled relationship
between the target’s state and extension in practical scenarios.
To achieve recursive processing, the methods mentioned above
typically decouple the target’s state and extension roughly during
calculations, which significantly limits the accuracy of the filters.

With the rapid development of deep learning in recent years,
an increasing number of deep neural networks (DNNs) have been
proposed for real-world tasks. These data-based (DB) methods are
typically able to capture the rich features and patterns present in
offline data, thereby superseding MB methods in various complex
tasks, such as time series analysis [11]]. Benefiting from the pow-
erful capabilities of recurrent neural network (RNN) architectures
for nonlinear features and the ability to extract temporal contex-
tual information, naive RNN and their derivatives, such as gated
recurrent units (GRU) [[12] and long short-term memory (LSTM)
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networks [[13]], have been widely utilized in target tracking [14].
However, these methods often function as incomprehensible
“black boxes” to users, with their internal mechanisms being dif-
ficult to express analytically, leading to a lack of interpretability.
Moreover, since pure DNNs do not incorporate prior models
into the prediction process, they exhibit a strong dependency
on the quantity of data. Even simple functions are challenging
for DNNSs to learn and understand when data is sparse.

Briefly, the aforementioned challenges in EOT can be sum-
marized in the following two points: 1) Traditional MB EOT
methods often suffer from performance degradation due to model
mismatch in real-world high-order Markovian scenarios and
errors caused by insufficient state-extension decoupling; 2) Purly
DB methods lack physical priors, which can lead to inefficient
convergence and inference, limiting their practical effectiveness.
Inspired by the recent success of hybrid MB-DB algorithms for
point object tracking, e.g., [15]-[20] (see also survey in [21]),
we propose a deep learning-aided Bayesian framework for EOT.
Our approach utilizes DNNs to augment a MB BF, following the
principles of MB deep learning [22]]. This synergy aims to com-
bine the interpretability and structure of the Bayesian framework
with the powerful representation learning capabilities of DNNs.

Specifically, the contributions of this work are as follows:

o We propose a memory mechanism to approximate a high-
order Markovian evolution model as a first-order Markov
model, while decoupling the complex relationship between
the state and extension.

« Based on this approximate model, we develop a memory-
aided BF framework for the joint estimation of memory,
state, and extension.

o We derive closed-form analytical formulations for the
proposed BF framework using Gaussian approximation and
moment matching, enabling efficient recursive computation
while providing accurate estimation.

o We introduce RMMNet, a deep memory-aided recursive
neural network filter for EOT. Derived directly from our
proposed BF framework, RMMNet provides interpretability
while leveraging the learning capabilities of a DNN to
implement the memory mechanism, which enables the
model to capture high-order Markovian dynamics from
historical trajectories.

o Through carefully designed end-to-end self-supervised
training methods, the RMMNet outperforms various
state-of-the-art (SOTA) MB EOT and purely DB methods
in benchmark experiments.

This work focuses on capturing temporal dependencies in
high-order Markovian scenarios while decoupling the kinematic
state and extension. The rest of this paper is organized as follows.
Section [l presents the fundamental theory of RMM approaches
and our novel model for high-order Markovian dynamics. Section
[T derives our EOT algorithm by first approximating the proposed
model as a first-order Markov model, then proving its closed-form
expressions, and introducing RMMNet along with its end-to-end
training approach. Section presents detailed comparative
experimental results. Finally, Section [V| concludes the paper.

Notation: throughout this paper, the superscript (-)T is the
transpose operation; tr(+) and | - | are the trace and determinant
of a matrix, respectively; E(.|.)[-] is the conditional expectation;

(*)kjk—1 and (+)g) are the prediction and posterior of the state
and extension, respectively; d(+) is the dimension of a vector,
or the dimension of a matrix in its flattened form.

II. PROBLEM FORMULATION

Building upon the methodology proposed in [23], in this
section we formulate the RMM-based EOT framework, which
divides the tracking process into two distinct phases of prediction
and update. We first review existing modeling, based on which
we introduce our high-order Markovian representation.

A. Existing Dynamic Model

We consider a single-target tracking scenario within a
two-dimensional plane. At time step k, the kinematic state of
the target’s centroid is a 2dx1 random vector x;, (specifically,
for d=3, the vector encompasses position, velocity, and
acceleration). The target’s extension is a dxd SPD matrix Xy,
which encapsulates its size, shape and orientation. The state
evolution model is constructed as

Xp = fr(Xp—1) + Wi, wi ~N(0,D;, ® Xy), (D

where, fj(-) represents the nominal (non)linear state-transition
function; the process noise wj, assumed to obey an independent
zero-mean Gaussian distribution with covariance of D, ®X,
where “®” is the Kronecker product; Dk:o,%]jk is the covari-
ance matrix of the process noise in the one-dimensional model,
where o2 is the variance of the velocity noise, Dy=(1—e~27/?)
diag([0,0,1]) is the parametric matrix introduced by [6], with
7 stands for the temporal interval between sequential frames.

Notably, in Eq. (I, the covariance of the process noise wy,
is modeled to reflect dependencies on the target’s extension Xj.
This differs from standard Kalman filtering (KF), where the
covariance of process noise is usually a constant SPD matrix
that represents fixed system properties [24].

Furthermore, compared to the standard KF, the state evolution
in Eq. (I) includes additional descriptions of the extension
evolution process as

P(Xg|Xg—1) = W(Xk; 0k, &1(Xp-1)), 2

where ¢ (-) represents the nominal (non)linear extension-
transition functions; W(Y;a, C) stands for the density of the
Wishart distribution for a SPD random matrix Y. Typically,
¢k(~):Ak(o)A;£ [23]], where A can be used to describe
changes in the target’s extension, such as the orientation (if
A} is a rotation matrix) or the size (if Ap=MAI; and X is a
scaler parameter); d; describes the uncertainty of the extension
transition (6], when dy, increases, the precision in delineating the
transition process is correspondingly enhanced, and vice versa.

B. Existing Measurement Model

We use the notation Zj = {z}}"*, to represent that the
target has yielded nj measurement vectors z; during a single
measurement. When employing observational sensors (such
as radar), zi stands for the scatterers generated by the target,
which predominantly encapsulates the locational attributes of
the target. The measurement process is characterized as

z, = hi(x) + Vi, vi. ~ N(0,BpX;B)), 3)
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where hy(+) represents the nominal (non)linear measurement
function; v denotes the measurement noise corresponding to the
i-th scatter, which is independent of v}, (i,7 = 1,...,ng,1 # 1),
and obeys a zero-mean Gaussian distribution with covariance of
BkaB;f; By, is equivalent to the observation distortion matrix
as described in [23|], where the distortions in the observation
can originate from the geometric relationship between the target
and the sensor, making By a function of xy.

The above measurement model assumes that all scatterers
are generated by the centroid of the target and describes the
dispersion of the point clouds through the covariance of the mea-
surement noise. Additionally, the measurement error inherent to
the sensor itself can be equivalently represented as the noise term
in Eq. @ [25]]. When ny = 1, the measurement process with an
extended form reduces to the form used in point object tracking
tasks, as employed by the standard KF. In this case, the covariance
of the measurement noise is typically assumed to take a form Ry.

In [6], it is assumed that the number of scatterers nj is
independent of both x; and Xj. Consequently, the likelihood
of obtaining the measurement Zy, given the state, the extension,
and the number of scatterers, takes the form of a product of
ng Gaussian distributions, namely,

Nk
P(Zi|n, xp, Xi) = [ [N (24 he (), B Xy BY)

=1
N B,X,BT -
oc N (Zs e (%), %)W(zk;nk ~ 1,B;X;BY), 4)
where L ny
7y, = - Yoz Ze=) (zi-7)(z -7 O
=1 =1

C. Flaw of RMM-Based EOT

The state and extension evolution models in Egs. (I) and
are both based on a first-order Markov assumption, considering
the transition between consecutive time steps. This is equivalent
to the prevalent assumption within the state space model (SSM)
that the contribution of distant historical frames to the current
state is negligible compared to that of the immediately preceding
frame [26]. The introduction of this hypothesis simplifies the
analysis of the dynamic evolution process and allows it to be
computed recursively and efficiently. These advantages have
led to the widespread application of the first-order Markov
assumption in RMM-based EOT methods.

However, the first-order Markov assumption can introduce
significant errors because its core premise is often violated in
practice. The assumption dictates that all historical information
is discarded except for the immediately preceding state and
extension. In reality, the motion of objects such as vehicles and
civilian aircraft often exhibits high-order Markovian dynamics;
their movement is typically smooth and structured, which
creates temporal correlations that beyond a single time step.
Ignoring these temporal dependencies leads to the loss of
critical information, which can result in substantial biases in
the estimation of both state and extension.

And according to the hypotheses outlined in [6], the target’s
state xj, exhibits an explicit dependence on the extension Xy, ; that

*
Turn 3 Turn 2
Turn 4 Turn 1
Aircraft tarjectory % Start point
Velocity direction Orientation

Fig. 1: Illustration of high-order Markovian characteristics
and the coupling between kinematic state and extension in a
real-world civilian aircraft. Temporal correlations often exist
across multiple turning actions. For example, during the final
turn, the aircraft’s current state is influenced by earlier turns,
since previous actions affect orientation and require the pilot to
compensate accordingly to align with the runway. Additionally,
to counteract crosswinds, the aircraft may perform a sideslip,
where the velocity direction deviates from the orientation.

is, the evolution of the centroid state is influenced by the morphol-
ogy of the extension as defined in Eq. (), while the evolution of
the extension is independent of the target’s state. This assumption
appears to be counterintuitive, as in practical EOT tasks, the state
and extension often exhibit intricate interdependencies (see Fig.
[I). The deviation causes the state to exert an influence on the
evolution of the extension. Consequently, the previously assumed
independence between state and extension is no longer applicable.

Besides, the measurement model for EOT, as defined in Eq. ,
is only an approximation to the measurement process. As such, it
can present substantial discrepancies with the actual measurement
processes in real-world tasks. For instance, improperly calibrated
sensors can introduce unquantifiable biases in the measurements.
In addition, in the measurement process of the real world, the
geometric relationship between the target’s position, orientation
angle, and the sensor often affects the measurement equation.
Consequently, the measurement matrix hy(+) in Eq. (3), must be
expressed as a function of x5 and Xj. This factor is frequently
neglected in conventional modeling approaches.

D. Proposed Model

Inspired by [27], we develop a respective state and extension
evolution model with high-order Markovian dynamics to remedy
the estimation errors introduced by the first-order Markov
assumption. This model couples the state and extension to better
capture the complexities of real-world evolution processes. The
specific equations are formulated as

State evolution:

general

Xp = fp, (K1 ovey X1y X1y oey X1) + Wi, (6)
Extension evolution:
DX | X1y vey X1y X1y ooy X1) =
W(X; G, 95 (K1 vy X1, Xi— 1, 000, X1))s (7)

where £ (.) and ¢5"°"!(.) denote the generalized state
and extension evolution function, respectively. These functions



JOURNAL OF KTEX CLASS FILES, VOL. 14, NO. 8, AUGUST 2021

encapsulate the entirety of the historical state and extension data
into their respective evolution frameworks, thereby providing
a thorough adaptation to real-world evolution models. However,
this comprehensive modeling results in increased dimensionality,
which complicates the modelling of their probability density
function (PDF). It is noteworthy that when Eqs. (6) and (7) are
reduced to include only x; and Xy, respectively, they simplify
to the single frame forms delineated in Eqgs. (I)) and (2).

Remark 1: Egs (6) and represent the general form of high-
order Markovian dynamics. Instead of explicitly defining a fixed
order, these formulations encompass all historical information
from 1 to k — 1. This design enables the model to learn the
necessary amount of historical dependencies directly from data
when the exact order is unknown.

Similarly, the general measurement model for extended
targets can be defined as

i __ 3 general i
z;, = hf (xk, Xi) + Vi,

®

where h2""*(.) is the generalized measurement function.

While the model above describes EOT more accurately by
overcoming the limitations of first-order Markov assumption, its
high dimensionality makes real-time tracking difficult. Specifi-
cally, it is challenging to perform recursion through conventional
methods within this high-order Markovian framework.

To address the aforementioned challenges, we propose a
novel hybrid approach for the joint estimation of a target’s
kinematic state and extension in high-order Markovian scenarios.
Inspired by [28]], our method effectively combines physical
model priors with a data-driven component trained on offline
data, which achieves precise target estimation while maintaining
the computational efficiency of a recursive framework.

III. DEEP MEMORY AIDED BAYESIAN FILTER FOR EOT

This section elucidates the design process of the framework
in three sequential steps. First, we approximating the high-order
Markovian problem as a relaxed first-order Markovian model,
which is achieved by introducing terms to compensate for
evolution and measurement errors. Upon this relaxed model,
we devise a BF framework that jointly integrates the target’s
state, extension, and memory. The final implementation of this
framework is our proposed RMMNet model, which uses a deep
memory DNN to learn the analytically intractable components
of the filter, thereby enabling a tractable, iterative solution.

A. Relaxed Model

1) First-Order Approximated Model: The high-order Marko-
vian evolution processes in Eqs. (6) and are characterized by
high dimensional complexity, thereby rendering them infeasible
for recursive computation. By introducing evolution functions
fx(+) and ¢ (-), which exhibit first-order Markovian properties
into the aforementioned models, evolution equations described
by mismatch terms are derived in Egs. (O) and (I0), where
A£ and Af stand for the model mismatch errors in the state
and extension evolution processes, respectively. And the process
noise wy, obey a zero-mean Gaussian distribution with covariance
matrix of Q.

Similarly, by introducing the nominal measurement function
hi(+), the measurement equation incorporating the measurement
mismatch error can be defined as

zj, = B (s, Xo) = B (1) +Hh (i) + Vi

Al

(11)

where Al stands for the model mismatch errors in the
measurement.

In Eq. (TI), the variability among scatterers within a frame
depends solely on the measurement noise v and is independent
of AZ. Therefore, the model mismatch error in the measurement
remains constant over the nj observations.

The transition functions in Egs. (9) and (I0) are based on
a first-order Markov approximation. Consequently, the resulting
model mismatch errors become a function of the entire history
of states and extensions, not just the previous time step. This
cumulative dependency makes it difficult to represent these
errors with a simple analytical expression. To create a tractable
model, we therefore express the evolution mismatch errors, A£
and Aﬁ, using a hierarchical nested function:

(12)
13)

Cr = gkA(kala ceey X1, Xk*h "’7X1)7
Al = M er), A =67 (cr).

Note that ¢; denotes a memory term, encapsulating the state
and extension patterns from time steps 1 to k — 1, thus exhibiting
high-order Markovian properties; the nonlinear function gkA(~)
is utilized to map high-dimensional historical features into the
latent space, whereas f£(-) and ¢ (-) signify the nonlinear
state and extension output functions, respectively, which map the
latent memory information to the expressible state and extension
evolution model mismatch terms.

The feature embedding function g2 (-) in Eq. lacks a
concrete physical interpretation. Following the approach in [28],
we postulate that gkA(~) adheres to a fixed pattern, signifying its
temporal invariance, i.e., g5 (-) < g*(-). Therefore, the memory
update process can be described in a heuristic manner as follows:

cr =9°(g°(9°(- -+ )y Xp—2, Xp—2), Xp—1, Xp—1)
—_——
k times

= g°(cp—1,Xp—1, Xp_1). (14)

Remark 2: Actually, cy, is a latent feature vector with a much
higher dimensionality than the kinematic and extension states.
It is updated at each time step via a complex and analytically
intractable function g(-), which integrates the previous memory
along with previous kinematic and extension states. The high-
dimensional design of ci enables it to compress historical
information, enabling x; and Xy, to evolve with high-order
Markovian dynamics while the update process remains Markovian
in form.

Similarly, the error term A} arising from measurement model
mismatches can be mapped through the nonlinear measurement

output function hA(~), namely,
AN = h®(xp, X3). (15)

By transforming the aforementioned problem, we have
demonstrated that the joint state-extension evolution model,
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characterized by high-order Markovian properties, can be approx-
imated to an iterative first-order Markov model by incorporating a
memory mechanism. Nevertheless, the complex coupling among
memory, state, and extension in Eq. (T4) complicates the memory
update process, making it difficult to articulate through concise
analytical expressions.

2) Model Identification: Inspired by data-driven approaches
for system identification [29]], [30], we propose approximating
the memory term by learning from offline data. Given that target
motion generally exhibits analogous state evolution, extension
evolution, and measurement, deep learning methods suitable
for time series prediction can be employed to effectively distill
common patterns from offline data. This approach can supplant
the estimation process of cj, thereby improving estimation
accuracy during the evolution process.

Let D denote the offline historical data, encompassing
time-varying target states, true extents, and corresponding
measurement sequences, i.e.,

e XU i \J
D = {X1.x0, X1k Z1:K}j:1a

(16)

where X1.x, X1.x, and Z1.x denote the ground truth sequence
of target’s states, extension, and corresponding measurements,
respectively; K represents the length of each sequence, while
J indicates the number of sequence in the offline dataset. Such
an offline dataset can be generated through straightforward
simulations, for instance, by collecting the motion trajectories
of a vehicle and the temporal variations in its extension.

With the introduction of offline data, the problem of
estimating model mismatch errors is transformed into the task
of learning the mapping functions f2(-), ¢ (+), and hZ(-)
from the offline dataset D. However, in contrast to traditional
Bayesian methods that naively estimate only the state and
extension, the incorporation of memory and model mismatch
errors complicates the evolution process, thus necessitating
recursive expressions with analytical forms.

B. Bayesian Filtering Framework Design

We first establish a general Bayesian framework to describe
the propagation of the probability density through its standard
prediction and update steps. In Theorem [I} we extend the conven-
tional RMM by incorporating a memory term cj, and offline data
D to compensate for state-extension-memory mismatch errors.
While this theoretical framework is comprehensive, the resulting
integrals are analytically intractable, making direct application
difficult. To overcome this, Theorem [2| derives a practical, closed-
form solution. By employing a Gaussian assumption and a
moment matching approach that extends the work in [28]], we
obtain analytical expressions for the filter. These expressions are
directly applicable to the system model defined by Egs. (6) - (8).

Theorem 1. (Joint state-extension-memory Bayesian filtering
framework) For the state, extension and memory evolution
in Egs. @) - , given the previous measurements 2.1,
the offline dataset D, and the previous joint posterior den-
sity p(Xg—1, Xp—1,Ck—1|Z1.5-1, D), the joint state-extension-
memory density prediction is given by

p(xk, Xk, €| Z1.k—1,D) =

// Plp(xio1, X1, cht|Zrr, D)1 dXp_rdes_y, (17)

with
P = // (x| A, xk-1, X1)p(A] [ex, D)

x p(Xi| AL, Xi_1)p(AY ek, D)

x p(ck|xp_1, Xp_1,cx_1, D)dALdAL.  (18)

The joint state-extension-memory density update is

P(xXi, Xk, €| Z1:k, D) < p(Xp, X, €x|Z1:x—1, D)
></p(zkmg,xk,xk)pmmxk,Xk,D)dAZ. (19)

While the aforementioned BF framework provides a complete
iterative process, deriving a closed-form analytical solution is
challenging. This difficulty arises because the key probability
densities for prediction and update are difficult to model explicitly,
including the state evolution mismatch density p(A£|ck,D),
the extension evolution mismatch density p(Ai|ck,D), and
the observation mismatch density p(A}|xy, Xy, D).

Fortunately, the information inherent in rich offline datasets
encapsulates the characteristics of these PDFs. Consequently,
designing appropriate DNN modules may allow for the learning
of the mapping of these unknown distributions from offline data.
Once the forms of these PDFs have been ascertained, the analyti-
cal implementation of the filtering can be derived independently.

Before designing the specific DNN modules, it is imperative
to derive the closed-form solution of the Bayesian filtering
framework as stated in Theorem [T} The filtering process of the
proposed framework has various implementation methods, such
as Monte Carlo sampling [31]] and Gaussian approximation [32].
Since Monte Carlo sampling typically optimizes the estimated
values of variables in an online manner, it is often challenging
to meet the low-latency requirements of real-time systems. In
contrast, expressions derived from Gaussian approximation gen-
erally exhibit analytical properties, making them computationally
efficient and thus consuming fewer system resources.

For this reason, we employ Gaussian approximation with
moment matching to derive the filtering expressions. The
following outlines the assumptions necessary to apply the
Gaussian approximation.

Xy = f;feneral(xk—u ey X1, X1y ooy X1) — fo(Xp—1) + [ (Xp—1) + Wi,

©))

f
Ay

DXk |Xp— 1y ey X1, Xpem 1y ey X1) = W(X3 Oy 5 (01, vy X1, Koo 1 00y X)) — 03 (K1) +01(Xpm1))-

(10)

P
Ak:
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Assumption 1. At time k, the posterior of the kinematic state xy,
is assumed to follow a multivariate Gaussian distribution with
mean Xy, and covariance Py;, according to [33]. While the
posterior of the extension Xy, is assumed to follow an inverse
Wishart distribution according to 6] with scalar parameter vy,
and matrix parameter Xy

P(Xk|Z1.k, D) = N (Xi; X, Prejie),
P(Xi|Z1:k, D) = IW(Xp; Vi), Xio|1e)-

(20)
2
Assumption 2. The probability densities of the compensation

terms A£ and AZ, as estimated by the network, are assumed
to follow multivariate Gaussian distributions:

p(Afler, D) = N(A]; AL, P)),
p(A}|xp, X, D) = N(AF; Al Ph).

(22)
(23)

To implement Assumption 2, we use DNNs to learn the
required mismatch statistics from data. Specifically, the first-
and second-order moments of the model mismatch terms are
regressed using linear layers. For the state evolution mismatch,
the mean A£ and covariance P£ are obtained by mapping
the memory vector c;, through two linear layers, Y,/ (-) and
T P! (+), respectively:

Ty i RUK 5 RUAD grs RO o RIPD (24

Similarly, the first moment of extension evolution mismatch
Pf is regressed by linear layer parameterized by wPZ, namely,
Tyr : RACH) RYPY) . For the measurement mismatch, the
mean AZ and covariance P} are derived from linear layers
Tyn(+) and T pn (+) that take the concatenated state and exten-
sion vectors as input. All mapping parameters /(") are learned
from the offline dataset. During the online estimation phase, these
parameters are fixed, and no offline data is required as input.

We have substituted all probability densities from the
assumptions above into Theorem (1} utilizing moment matching
to derive an analytical expression for the filtering, as presented
in Theorem [2] Notably, we have circumvented the complex
integration process in Theorem [I] to obtain these expressions,
which possess favorable recursive properties, making them
applicable to practical filtering processes.

Theorem 2. (Implementation of the joint estimation for state and
extension) Under assumptions 1 and 2, the expressions used for
expectation and covariance prediction of kinematic state are

Xpho1 = fe(Xp_1p1) + AL (25)
learned
Puior = FiPiop FL+ Qe+ PL, (26)
learned
and the expressions update are

Xk = Xeh—1 + PEf 1 (PEH_ 1) 7 (Zk — Zrpe—1),  27)
Py =Py — PiR o (Pih_) T (PER_)T,  (29)

where h
Zpk—1 = he(Xppp—1) + A (29)

learned

Pif =Py HE, (30)

|Bk|d/2
ng

i = HiPrpo HY + + Py . 3D

learned

The prediction process for the extension and its uncertainty
are expressed as

205 (Ak—1 + D)(Mp—1 = D)(Ag—1 — 2)

Vplh—1 = + 2d + 4,
K N (et + 0k
(32)
V|1 — 2d — 2
Xilh—1 = il i\k X (OkARX g1 —1A; + fj )s
- learned
(33)

and the update process for the update are expressed as

Vk|k = Vk|k—1 t Ty (34)
Xk = Phis—1(2k — zjr—1)(2Zk — Zyjh—1) "
+ Xgjr-1 +B;'Z,B; ", (35)
where
Ak—1 = Vp_q|p—1 — 2d — 2. (36)

Proof. See Appendix.

Adopting the Gaussian approximation above, we derive a
formally iterative expression for the filter. However, the compen-
sation terms derived from memory in the expression (variables
underlined and annotated with “learned”) are challenging to con-
struct. To overcome this limitation, we next design a DNN based
on the proposed BF architecture to learn the mapping of errors in-
duced by model mismatches from offline data, thereby endowing
the analytical expression of the filter with practical iterability.

C. RMMNet Design

The joint state-extension-memory BF shares some similar
iterative forms with RNNs, as both are implemented via a step-by-
step recursive method over time. Drawing inspiration from the re-
current recursion structure of RNNs, RMMNet utilizes LSTM as
its backbone to capture and preserve memory information within
sequences in the memory update block. The overall structure of
RMMNet, shown in Fig. [2] contains DNN modules for estimating
the first- and second-order moments of model mismatch errors.

The architecture is composed of three core blocks. Specifically,
the Memory Update Block (MUB) updates the memory vector
cj, using the LSTM cell. It includes a cell state Cj, for storing
long-term contextual information and a hidden state Hj. The
hidden state first integrates posterior information from the
previous time step k—1 and then interacts with the cell state to
distill refined memory features. The Joint Prediction Block (JPB)
uses this updated memory to generate compensations for the
state and extension evolution according to Egs. (23), and
(33). It employs three independent, two-layer fully connected
networks to extract relevant information from the memory
features to generate compensations. And the Joint Update Block
(JUB) compensates for measurement model mismatch according
to Eq. (BI). It uses a linear layer to process the incoming
scatterers, capturing the geometric relationship between the
target and sensor to produce a correction for measurement.
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RMMNet integrates prior state and extension information
through its filtering equations, while its neural network learns
from offline data to compensate for errors induced by this prior
information. This hybrid architecture is strictly grounded in
BF theory, a foundation that allows the network modules within
each block to remain simple and efficient, avoiding the need
for overly complex designs.

Compared to the naive application of RNNs and LSTMs
in target tracking, RMMNet is derived from BF theory, where
DNNs are utilized to compensate for model mismatch errors
within the filtering process. From the perspective of DNNs,
this approach incorporates prior knowledge of the actual
physical process, thereby reducing the network’s reliance on
large datasets. Additionally, the incorporation of second-order
moments, representing uncertainty within the BF framework,
endows the predictions of RMMNet with greater interpretability.

D. Algorithm Training

RMMNet adopts a self-supervised training approach, learning
the high-order Markovian property inherent in offline dataset and
the error information introduced due to the coupling between
the state and extension in an end-to-end manner, as shown in
Fig. [2| For the variables in the proposed BF framework that lack
closed-form expression, obtaining their true labels is challenging,
making it impossible to directly learn the corresponding mapping
functions. Therefore, we compute the joint error between the
model’s estimated posteriors X3, and Xy, with the ground
truth in the offline dataset, and then use the backpropagation
method to update the model’s weight parameters. Notably, the
iterative formulas with compensation for the error terms are
implemented through a Gaussian approximation without random

sampling, meaning that the closed-form of the proposed BF
framework is differentiable. This enables the gradient of the
error to propagate to the compensation terms we aim to learn,
allowing the model to optimize the parameters. This learning
method has been demonstrated as a viable paradigm in [28].
The stochastic gradient descent method is used for training
RMMNet. We use the minimum mean square error (MMSE)
combined with additional L2 regularization as the loss function,
which is consistent with the strategy commonly employed in
sequential regression methods. For the offline dataset D given
in Eq. (I6), during the ¢-th training iteration, we denote the
parameters in RMMNet as @;. The prediction error for the
input of the j-th sequence can be calculated as follows:

K
1 o »
1580 = 5 > (1 %3, (Z4: ©1) = %1 |1*
k=1
+ 11 X0,(Z1:00) =X D)+ O P 67

where, v stands for a regularization coefficient applied to the
L2 regularization term.

IV. EXPERIMENTAL STUDY

In this section, we evaluate RMMNet using both simulated and
real-world data. The experimental results demonstrate RMMNet’s
strong performance for EOT in scenarios characterized by high-
order Markovian dynamics. Comparative analysis with SOTA
methods validates its superiority, and ablation studies confirm
the efficacy of the memory update and compensation blocksﬂ
The experiments are outlined as follows:

I'The source code is available at: https:/github.com/Austin2wwzx/RMMNet,
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« High-Order Markovian Vehicle Tracking Simulation. A
high-order autoregressive (AR) motion model according to
[34] is used to generate the simlulated trajectories, which
induces temporal correlations to approximate high-order
Markovian and non-linear dynamics of real-world vehicles.
Based on this simulated data, we compare RMMNet against
five MB EOT methods: B-RMM [6], VB-RMM [35], IMM-
RMM [23]] and MEM-EKEF [§]], and the recent MEM-RBPF
[9], as well as two purely DB time-series methods: LSTM
[13]] and Transformer [36].

o High-Order Markovian Aircraft Tracking Experiment.
We use the Northern TRACON dataset [37], a publicly
available real-world dataset of aircraft landing trajectories,
to compare RMMNet against the same models used
in the simulation. These trajectories exhibit high-order
Markovian properties due to instructions from control
towers and the aircraft’s historical path. Moreover, the
state and extension are coupled because crosswinds cause
the aircraft’s orientation to vary with its velocity.

o Ablation Study. An ablation study evaluates the ef-
fectiveness of each DNN block within RMMNet. By
masking specific blocks, we validate the model’s ability to
compensate for mismatch errors arising from Markovian
assumptions in joint state-extension estimation tasks.

Three metrics are used to quantify estimation errors: root mean

square error (RMSE) for model accuracy, intersection over union
(IoU) for overlap between estimated and ground truth ellipses,
and Gaussian Wasserstein distance (GWD) for discrepancies
between two ellipses. These metrics are detailed as follows:

RMSE: The position RMSE is calculated by comparing the

state estimations with the ground truth on the test set as follows:

T »
RMSE = \/JK 2= ke X g = X2 175 38)

where J is the total number of test cases, K is the sequence
length of each cases, X7 ,,,, and X7 ,, are the estimated
position and the ground truth position, respectively. And the
velocity RMSE is computed analogously, using the velocity
components x; . y% and X3 4., in the same formulation.
IoU: The elliptical equations for the estimated and ground
truth extensions at time %k are defined as:

(39)
(40)

5T _
el : Xq 9o Xk|pX1,2:606 = 1,
e o
ellg : Xq 9., XpX1,2:6 = 1,

where, ell;, and ell;, are the estimated and ground truth
extensions of the target, respectively. The IoU for two ellipse
at time k is calculated as:

ellk‘k ﬁmk

IOUk = —,
ellk‘k Uelly

(4D)
where el N ell,, is the overlap area between estimated and
ground truth ellipses, and elly;, U elly, is their combined area.

GWD: The GWD quantifies the discrepancies between two
ellipses at time £ as:

GWDy, = x1,0.55 — X1,2% ||

Xy + Xp - 20X2, XX, 8 ()

A. High-Order Markovian Vehicle Tracking Simulation

In the simulation, we construct vehicle trajectories with
extensions using a high-order AR motion model. Unlike
first-order Markov model, the AR model predicts the current
state based on multiple past states, approximating the high-order
Markovian dynamics of real-world vehicle by summing weighted
historical states and adding random noise.

Simulation setup. The kinematic state of the simulated vehicle
on two-dimensional plane is modeled with a first-order evolution
process for position, while velocity is described by the AR
model. The evolution for state can be formulated as follows:
my = my_1 + my 1Ak, 43)
my = Z?=1 a;my_; + €y,
where my, is the position, my, is the velocity, Ak is the time
interval, gy is the independent stochastic noise, a; and b are
the coefficients and order of the AR model, respectively.

The length of each trajectory is set to K=1000s, with a time
interval of Ak=1s between consecutive frames. The order b
is set to 10 to approximate the high-order Markovian dynamics
of real-world targets. The coefficients a; are randomly selected
from the range (—1,1), sorted by their absolute values in
decreasing order to model temporal decay. The stochastic noise
€y, 1s sampled from a zero-mean Gaussian distribution with a
unit covariance, i.e., ,~N(0,1I5).

The target’s extension is modeled as an ellipse with fixed
major and minor axes of 12m and 2.5m, respectively, and its
orientation changes over time. The scenario assumes no false
alarms or missed detections in sensor measurements. Scatterers
are then generated as described in [§f], distributed uniformly
on the elliptical extension, with the number of scatterers per
time step sampled from a Poisson distribution with a mean of
20. Each scatter is added by a zero-mean Gaussian noise with
a variances of 1m? and 0.64m? in each dimension.

Following these setup, we generate 1,000 trajectories, divided
into an offline training set of 800 and an online test set 200. The
RMMNet, LSTM and Transformer are trained on the training
set using 5-fold cross-validation. The test set is then used to
benchmark all models including traditional MB EOT approaches.

Remark 3: It should be noted that the offline data is used
exclusively for the training phase of all learning-based methods.
During the subsequent online evaluation on the test set, this
offline data is not provided to any method as auxiliary input.
Method configurations. We set the nominal models for the
RMMNet as follows:

Jr(Xp—1) = {0512 A]]Zb} Xk—1, 44)
1

Ok (Xp—1) = 5*2Xk—1, (45)
k

hi(xx) = [Tz O2x2] %, (46)

where f;(-) is the constant velocity (CV) model with time
interval Ak=1s, ¢ (+) is a 2D extension evolution function
(d=2) according to [23|] with Ak:%kIg, and hg(+) is a linear
measurement function. The process noise covariance Qj is set as

Ar A3
= —
Qk’:Uw & AZE ®IQa (47)
2
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where afo is the standard derivation of acceleration, set to

1m/ s2. The observation distortion matrix By, is set to I, then
the measurement noise covariance equivalents to Xg.

To compensate for the mismatch between the nominal
models and the approximately high-order Markovian ground-truth
dynamics given in Eq. (@3)), we increase the capacity of RMMNet
by setting the dimension of both its memory vector and its linear

layers responsible for generating mismatch compensation to 128.

The traditional MB EOT methods used for comparison, which
are based on the first-order Markov assumption, are configured
as follows: 1) B-RMM: The temporal decay constant 7 is set
to 0.5. 2) VB-RMM: The measurement scaling factor s is set
to 0.25, and the number of variational iterations is fixed at 5.
3) IMM-RMM: The interacting model set includes a CV model,
a constant acceleration model, and two coordinated turn (CT)
models with turn rates of £3°/s, and the extension evolution

and the measurement distortion matrices are same as RMMNet.

4) MEM-EKEF: the prior shape variables are initialized with a
covariance matrix CH=diag[1, 10?,3?], and the transition matrix
is AP=I5. The process and measurement noise covariance are
C, =diag[0.1,1,1] and C¥=I5. 5) MEM-RBPF: the num of
the particles is set to 10, the orientation noise is set to 0.2, and
the initial semi-axes are set to 10m and 3m, respectively.

To maintain consistency across all RMM based approaches
(i.e., B-RMM, VB-RMM, IMM-RMM, and our RMMNet), the
initial inverse-Wishart parameters are uniformly set as vg|o=7
and Xgjo=diag[10?,3?], the value for the matrix Xgjo was
chosen to approximate the actual size of the target.

The purely DB models, LSTM and Transformer, both operate
autoregressively. The LSTM is implemented as a first-order
Markov model, using only the previous estimation and the current
measurement as input. In contrast, the Transformer is high-order
Markovian; its decoder-only architecture with self-attention
mechanism processes the entire history of estimation along with
the current measurement. The specific architectures are: 1) LSTM:
A single-layer LSTM with 128 hidden nodes for both hidden and
cell states. 2) Transformer: A single-layer Transformer decoder
with 8 self-attention heads and an embedding feature dimension
of 128. The training loss is computed as the MMSE with an
L2 regularization coefficient of y=0.01 same as RMMNet.
Benchmark results and analysis. The comparison results on
the simulated test set are summarized in Table [[I The mean
RMSE values for position (Pos.) and velocity (Velo.), as well as
the IoU and GWD for extension estimation, are presented. The
results indicate that RMMNet outperforms all other methods
in terms of position and extension estimation accuracy.

By leveraging a deep memory mechanism, RMMNet extracts
long-term temporal information from past estimations effectively,
thereby compensating for model mismatch errors induced by
the first-order Markov assumption. Compared to traditional MB
EOT methods, the incorporation of this sequential information
enables RMMNet to better adapt to targets with high-order
Markovian dynamics, resulting in superior estimation accuracy
for position, velocity, and extension. On the other hand, purely
DB methods are prone to divergence in EOT tasks. This is
because DNNs operating in an autoregressive manner generally
suffer from error accumulation, where prediction errors from
earlier time steps are propagated and amplified. In contrast,

RMMNet integrates prior motion models to guide the prediction
of both state and extension, thereby prevents error accumulation
and ensures bounded, stable estimations.

TABLE I: Benchmark results on the simulated test set.

RMSE |
Methods | LUT  Gwp
(x10™1)
‘ Pos. (m)  Velo. (m/s)
B-RMM 1.2891 1.2143 4.2173 5.9499
VB-RMM 0.6032 5.1542 6.0915 2.5317
IMM-RMM 0.6038 1.1618 6.2819 3.1245
MEM-EKF 1.5208 1.0163 3.0629 9.1525
MEM-RBPF 0.6013 0.6388 4.8191 8.3421
LSTM 32.2685 2.4821 0.0414 3862.7581
Transformer 47.4475 2.9012 0.0339 4521.3716
RMMNet \ 0.5933 0.5910 \ 7.0425 0.9182

Case analysis. Fig. |3| visualizes the estimation results for a
single case from the test set. Subfigure (a) displays the ground
truth trajectory of the elliptical target, where the varying spacing
between consecutive ellipses corresponds to the target’s velocity,
with larger intervals indicating higher speeds and vice versa.
The remaining subfigures detail the estimation results from each
method. The MB methods (i.e., B-RMM, VB-RMM, IMM-
RMM, MEM-EKEF, and MEM-RBPF), which are based on the
first-order Markov assumption, all exhibit significant deviations
from the ground truth. This deficiency is particularly evident in
subfigure (c), where the target executes a continuous turn. Such
actions introduce long-term correlations in the target’s dynamics,
creating a mismatch with the motion models employed by the
MB methods. Although IMM-RMM is suit for maneuvering
targets, its reliance on a pre-configured model set renders it
ineffective when tracking targets with complex, high-order
Markovian dynamics. In contrast, RMMNet delivers accurate
estimations across all subfigures, owing to its ability to effectively
leverage historical information for more precise state prediction.

The time-series error plots in Fig. [4] quantitatively confirm

the superior performance of RMMNet on the sequence from
Fig. [3| showing a consistent advantage with lower errors in
both state estimation (Pos. RMSE) and extension estimation
(IoU and GWD) for the majority of the sequence.
Data dependency analysis. We evaluate the data dependency
of several learning-based methods: LSTM, Transformer, and
our proposed RMMNet. For this analysis, we generate training
sets of varying volumes (100 to 200,000 trajectories) alongside
a fixed test set of 2,000 trajectories. Both the data generation
process and the model configurations are kept identical to
those in the main benchmark to ensure a fair comparison. Each
method is subsequently trained on the different data volumes
and evaluated on the test set. Fig. [5] presents the results, plotting
the logarithm of the position estimation RMSE.

The results show that RMMNet is far less dependent on
training data volumes than purely DB methods. Even with
limited data, RMMNet maintains stable estimation accuracy. This
robustness stems from the integration of prior physical knowledge
into its learning framework, which effectively constrains the
parameter search space. In contrast, purely DB methods struggle
with scarce data, leading to underfitting and poor state estimation.
Although the performance of these DB methods improves with
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Fig. 3: Visual comparison of tracking performance in a single example of test set, showing the collected scatterers, the ground
truth trajectory, and the estimates produced by all methods. The black arrowed lines denote the direction of the target’s motion.
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Fig. 4: Time-series of estimation errors for the single example.

The plots show the (a) Position RMSE, (b) IoU, and (c) GWD.

more data, RMMNet consistently outperforms them, highlighting
its distinct advantage in data-limited scenarios. As the training
set grows, the performance of the purely DB methods begins
to approach that of RMMNet, becoming comparable when the
dataset reaches 200,000 training cases. However, acquiring such a

large-scale dataset is often infeasible for real-world applications.

B. High-Order Markovian Aircraft Tracking Experiment

For a more challenging evaluation, we use the Northern
California TRACON dataset, which contains realistic trajectories
of landing aircraft. The trajectories in this benchmark are
characterized by two complex properties: high-order Markovian

107
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Fig. 5: Position estimation RMSE under different train data
volumes.

dynamics, as aircraft adhere to guided flight paths, and a natural
coupling between their state (e.g., velocity) and extension (e.g.,
orientation), which arises from pilots adjusting the heading to
counteract crosswinds.
Experiment setup. From four months of aircraft landing trajecto-
ries for a single runway, we construct a dataset of 260 sequences.
The raw data is preprocessed by first resampling all trajectories
to a constant time interval of Ak=4s and then segmenting each
into a fixed length of K'=200 time steps. This dataset is then
partitioned into 208 sequences for training and 52 for testing.
To assess the RMMNet’s generalization from simulation to
reality, we use the AR model from Eq. (3) with varying orders
(b=1,3,5,10) to fit 208 real-world aircraft trajectories, then
generates 208 simulated trajectories, which are then used to
train variants of the RMMNet (denoted as RMMNetb). These
variants are identical in configuration to the original RMMNet,
differing only in their training data. For these simulations,
the random noise covariance was also increased to 10I5, i.e.
€,~N(0,101,). These variants, having never been trained on
real data, are then evaluated on 52 real-world test trajectories.
For both real-world and synthetic data, we use an identical
measurement generation process. First, the aircraft is modeled as
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a ellipse with a major axis of 73.9m and a minor axis of 64.8m.
Consistent with the previous simulation, the scenario assumes
no false alarms or missed detections. At each time step, the
number of scatterers is drawn from a Poisson distribution with a
mean of 10. These points are then uniformly distributed across
the aircraft’s surface, following the method in [38]). Finally, each
scatterer’s position is corrupted by zero-mean Gaussian noise
with variances of 25m? and 20m? along the respective axes.

Method configurations. For B-RMM, VB-RMM, and RMMNet,
the prior state evolution and measurement models are the same
as those in Eqs. @4) - {@6), using a time interval of Ak=4s.
The process noise covariance, Q, is also set according to Eq.
@7) with o,=5m/s?. For our RMMNet, the dimensions for
both the memory vector and the compensation linear layers are
set to 96. The purely DB methods are configured as follows:
the LSTM uses 96 hidden nodes for both hidden and cell states,
and the Transformer is set with 16 self-attention heads. All
other configurations for these baselines remain identical to those
in the previous simulation.

The remaining configurations for the traditional MB EOT
methods are as follows: 1) B-RMM: the temporal decay
constant 7 is set to 2. 2) VB-RMM: the number of variational
iterations is set to 6. 3) IMM-RMM: the model set includes
a CV model, a CA model, and two CT models with turn
rates of +1°/s. 4) MEM-EKF: the prior shape variables
is set as CH=diag[1,70%, 602, and the transition matrix is
AP=I3. The process and measurement noise covariance are
C, =diag[1,2,2] and C?=20I,. 5) MEM-RBPF: the num of
the particles is set to 50, the orientation noise is set to 0.1, and
the initial semi-axes are set to 70m and 60m, respectively. The
initial inverse-Wishart parameters of RMM-based methods are
uniformly set as vg;o=10 and X¢o=diag[702, 60].
Experimental results and analysis. The position RMSE, IoU,
and GWD for each method on the test set are shown in Table [
Compared to purely DB methods, RMMNet improves position
estimation accuracy by integrating prior knowledge through the
Bayesian filter, significantly reducing IoU and GWD. Compared
to MB methods, RMMNet better extracts state and extension
modes from offline data and compensates for model mismatch
errors. While slightly trailing MEM-RBPF in Pos. RMSE, RMM-
Net achieves the lowest estimation errors across all other metrics.

Furthermore, the performance of RMMNet® trained solely
on high-order (i.e., b=10) simulated data demonstrates the
model’s excellent generalization. It outperforms several MB
methods across multiple metrics, proving its ability to make
effective estimations in complex real-world scenarios. This
indicates that a high-order AR motion model aligns well
with the general dynamics of real-world targets. Conversely,
as the order decreases, the temporal correlation of the AR
model weakens, leading to a significant mismatch with the real
trajectories and a corresponding decline in performance.

Fig. [6] shows the estimation errors at different time steps.
Despite some fluctuations, RMMNet outperforms other methods
in prediction accuracy, demonstrating its strong adaptability to
complex high-order Markovian characteristics and its ability to
capture the intricate relationships between state and extension
for more accurate estimations in real-world EOT tasks.

TABLE II: Experimental results on the real-world aircraft test set.

\ RMSE |

Methods IoU_T2 GWDj
‘ Pos. (m)  Velo. (m/s) (x107%) (x10%)
B-RMM 12.2317 8.8747 32.4572 0.8639
VB-RMM 7.2044 12.4817 53.8806 0.2743
IMM-RMM 9.4948 5.5473 49.1342 0.3612
MEM-EKF 20.6670 9.2847 25.6783 1.0554
MEM-RBPF | 6.3971 21.0381 52.3381 0.2923
LSTM 481.3142 15.2947 0.3592  463.3919
Transformer | 353.9528 10.4817 0.9948 250.5908
RMMNet! 9.0285 4.7831 49.0691 0.3522
RMMNet? 8.1534 43451 49.8518 0.3179
RMMNet® 7.8182 4.2186 50.4216 0.2973
RMMNet!0 7.6631 3.9851 53.7617 0.2754
RMMNet | 6.4819 32714 | 557263  0.2639
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Fig. 6: Time-series of estimation errors for the single real-world
aircraft trajectory. The plots show the (a) Position RMSE, (b)
IoU, and (c) GWD.

C. Ablation Study

An ablation study is conducted to validate the contributions
of the memory and mismatch compensation mechanisms in
RMMNet for high-order Markovian scenarios. The study was
performed on the simulated dataset from Section [[V-A] where
we evaluated the model’s performance after selectively disabling
its core deep learning components.

Experiment setup. For this ablation study, the offline training
data, online testing data, and general configurations are identical
to those used in the previous simulation. We compare the
performance of the following model variants: 1) the full
RMMNet as the control group; 2) (w/o) JEB, disabling JEB
to assess compensation for evolution mismatch errors; 3) (w/o)
JUB, disabling JUB to evaluate compensation for measurement
mismatch errors; 4) (w/o) MUB, disabling MUB by removing
the LSTM Cell and using only the previous state and extension
as inputs for JEB and JUB; (w/o) MUB & JEB, disabling both
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MUB and JEB, leaving only the JUB component active; and
5) (w/o) MUB & JUB, disabling both MUB and JUB.
Experimental results and analysis. Table [[1I| summarizes the
optimal prediction performance of RMMNet and its five variants,
with checkpoints selected based on the best joint estimation
accuracy on the test set. The complete RMMNet achieves
superior accuracy in both position and extension estimation,
highlighting the effectiveness of its gating compensation units
over traditional RMM-based EOT methods. The MUB captures
the coupling effects and high-order Markovian dependencies,
which are compensated by JEB during evolution. JUB further
corrects model mismatch errors during updates, enhancing joint
state-extension estimation accuracy.

TABLE III: Ablation study results with different variants on
the test set.

\ RMSE |

Methods LUT  Gwp |
. o | (x107h
Pos. (m)  Velo. (m/s)
(w/o) JEB 0.7689 0.9232 5.7742 2.0453
(wlo) JTUB 0.7548 0.8341 6.0361 1.6239
(w/o) MUB 1.0982 0.9543 5.2145 43981
(w/o) MUB & JEB | 12145 1.1542 43541 5.0254
(w/o) MUB & JUB | 1.1852 1.0253 45169 5.3157
RMMNet | 05933 0.5910 | 7.0425 0.9182

V. CONCLUSION

We propose RMMNet, a novel framework that augments a
BF with deep memory for joint state and extension estimation
in high-order Markovian tasks. By integrating a closed-form
BF with a neural network that learns to compensate for model
mismatch from offline data, RMMNet achieves efficient recursive
estimation while mitigating errors from state-extension coupling.
Experiments on simulated and real-world datasets show that
RMMNet outperforms both traditional MB and purely DB meth-
ods, showing significantly less reliance on large training datasets.

While RMMNet effectively captures long-term temporal
dependencies in high-order Markovian scenarios, this study
focuses on targets with smooth, structured motion; addressing
maneuvering or abrupt model-switching remains a subject for
future investigation.

APPENDIX
IMPLEMENTATION OF THEOREM 2]

The mean of the state prediction is calculated as follows:
Xplk—1 = By |2y, D [XE]
= ///xkp(xk,Xk,ck\zl:k_l,D)dxkkadck. (48)
Plugging Eqgs. @), 20), and (22) into Eq. @8) we have
Xg|k—1 = /fk(kal)Plfquka +A] (49)

where P?_ | = N (xXp—1; Xp—1)k—1, Ph—1jk—1)-

However, the fi(-) in the above expression may represent a
nonlinear state transition process, making this integral challenging
to compute. We employed a first-order Taylor’s formula for

linearization, similar to that used in the extended Kalman filter
(EKF) [26]. Employing it into Eq. (@9), then we have Eq. 23).
The covariance of the state prediction is calculated as follows:

Prii—1 = Exyjarn (X6 — Xgpp—1) (X6 — Xpjp1) ")

////// prkdxk 1dX_1deg— 1kadcdefdA (50)

with M{ = (fi(xk_1) + AL + Wi — Xppm) (Fe(xx-1) +
A£ + Wi — Xgp—1)
Substistuting Eqs. (9), 20), and 22) into Eq. (530) can be

calculated as
Ppr-1= /fk(Xk71)(fk(Xk—l))TP;fquk—l
+Xk\k—1(Xk|k—1)T+Qk+P£- (1)

And the first-order Taylor’s expansion of yields Eq. (26).
The extension predicted probability density at time & is
computed as

p(Xk|z1:5—-1,D) = //p(xk7Xk7Ck|zl:k—17D)dxdek

N ///// Prp(Xp-1, Xg-1, €k—1]Z1:x—1, D)dxg 1

kafldeflkade. (52)

Adopting the method used by [25]] to approximate X1 with
Xkik—1, and utilizing the Cholesky decomposition technique,
the prediction of extension can be equivalently expressed as

AkaA +A¢ (Aka|k 1A +A¢)2X Xr_1

klk 1
X XW L(ARX 1 AT + AD)Z
= A Xx(AL)" (53)
Substistuting Eqgs. (I0), 2I) and (53) into Eq. (52) can be

calculated as
d—1

D) = [ [ 98} Xy /2, B0
AiXi(A})", 0)p(AFex, D)

X N(Ck; ék, Pz)dAﬁde,

P(Xk|z1:0—1,

(54)

where GBY(-) is the Generalized Beta Type II distribution
(GBID).

To obtain recursive estimation, we consider approximating
this GBII distribution with an inverted Wishart distribution by
moment matching similarly as in [6]:

P(Xi|z1:k-1, D) = IW (X5 Vi1, Xij—1), (55)

with v 1 and Xy ,_; are calculated as Eqs. and (33),
respectively.

The likelihood to get the measurement Z; given both state
and extension as well as the number of measurements in Eq.
@), can be factored as

ng

[NV (i hi(xi + A}, BL X, BY)
=1

, BiX; BT

Nk

(Zg|ng, Al xp, Xy) =

N (Zg; e (x1)+ AR, E YW (Zgink—1,Br X BY).(56)
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For state prediction, the mean of its Gaussian measurement
is computed as

Zijk—1 = By, m e (x1) + A7]
//// hi(xi) + AN PEdANcdX e,  (57)
with
P} = p(Aplxk, Xg, D)p(xk, X, €x|Z1k-1,D).  (58)
Substistuting Eq. () into Eq. (37) then we have
Zp|h—1 = /hk(xk\k—l)szﬂkaﬂ + AL (59

whose first-order Taylor’s expansion leads to Eq. (29).
We denote the residual between the measurement and

the

predicted measurement as o = zj — Zg|k—1, and the

corresponding covariance of measurement error is given by

P51 = Exz.ploi(of) "] (60)

Substistuting the Gaussian term in Eq. (36) and Eq. (23) into

Eq.

(60) thus we have Eq. (31). The mutual covariance of the

state prediction and the predicted measurement is given by

ifk—l = Exklimp[(xk - Xk|k—1)(o-l§)—r] (61)

Following the conclusions in [32], we have the posterior state
and covariance as Egs. and (28), respectively. The update
of the extension follows the same derivation method as [39],

leading to the Egs. (34) and (33).
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