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Abstract— We investigate the worst-case robust beamform-
ing for simultaneous wireless information and power transfer
in a multiuser beamspace massive multiple-input multiple-
output (MIMO) system. The objective is to minimize the transmit
power of the base station subject to the individual signal-
to-interference-plus-noise ratio and the energy-harvesting con-
straints under imperfect channel state information. Instead of
directly resorting to semi-definite relaxation, we convert the initial
non-convex optimization to a power allocation problem, which
greatly reduces the computational complexity. The beamforming
vectors are proven to be scaled versions of the estimated channels.
The optimal scaling factors are then derived in closed-form. The
simulations demonstrate that the proposed robust beamforming
method achieves the globally optimal point for the initial design
when the channel estimation errors are small while leads to
satisfactory performance when the channel estimation errors are
large.

Index Terms— Simultaneous wireless information and power
transfer (SWIPT), robust beamforming, massive MIMO,
beamspace, non-convex optimization.
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I. INTRODUCTION

IMULTANEOUS wireless information and power trans-

fer (SWIPT) [1] has received considerable interest
recently, since it can offer unlimited supplies to energy-
constrained wireless networks. Many prominent works have
studied the fundamental performance of SWIPT systems. For
example, the rate-energy regions of multiple-input multiple-
output (MIMO) channels with separate and co-located SWIPT
receivers were characterized in [2]. An orthogonal fre-
quency division multiplexing (OFDM)-based wireless pow-
ered communication system was investigated in [3]. The
energy beamforming vector and time split parameter were
designed for a power beacon assisted two-way relaying net-
work in [4]. An artificial noise (AN) assisted interference
alignment (IA) scheme with wireless power transfer was
proposed in [5]. Moreover, SWIPT has been studied under dif-
ferent channel setups, i.e., multiple fading channels [6], relay
channels [7], [8], and multiple-input single-output (MISO)
channels [9].

Most existing SWIPT works assume perfect channel state
information (CSI) is available at the base station (BS). How-
ever, it is often difficult to obtain perfect CSI in practice
because of channel estimation and quantization errors, which
greatly degrade system performance. The authors in [10]
proposed a robust secure beamformer for multiuser MISO
SWIPT systems, with imperfect CSI of potential eavesdrop-
pers. In [11], a probabilistic robust SWIPT algorithm was
designed, where rank-one beamforming solutions were derived
with convex relaxations. Two robust joint beamforming and
power splitting algorithms for MISO SWIPT systems were
investigated in [12]. The authors in [13], [14] presented
various semidefinite relaxation (SDR) methods to solve the
robust beamforming problem. Unfortunately, only suboptimal
solutions were derived while globally optimal solutions are
currently unknown for multiuser SWIPT systems.

Massive MIMO [15]-[17] has been considered as an
additional attractive technology for SWIPT since it can
significantly improve spectrum efficiency, energy efficiency
and reliability [18], [19]. The authors in [20] and [21]
investigated the wireless-energy-transfer problem in massive
MIMO systems, while the asymptotically optimal solutions
and interesting insights into the optimal design were derived.
SWIPT techniques for multi-way massive MIMO relay
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networks were developed in [22], where the fundamen-
tal tradeoff between harvested energy and sum rate was
quantified. However, the works [20]-[22] again assume per-
fect CSI, which is difficult to obtain in massive MIMO
systems [23], [24]. In practice, CSI in massive MIMO systems
can only be obtained from some low complexity channel
estimation approaches [25]-[31]. For instance, [25], [26]
applied low-rank approximations of the channel covariance
matrices to reduce the number of estimated parameters.
The authors in [27]-[29] applied an angle division multiple
access (ADMA) model to represent massive MIMO channels
with a few channel gains and angular parameters. A beamspace
channel estimation scheme was designed in [30], [31], where
the channel vectors are approximated by a few orthogonal
basis vectors from the discrete Fourier transform (DFT).
However, all these works are based on approximately-sparse
models so that channel estimation errors are inevitable [34].

In this paper, we consider the worst-case robust beam-
forming for SWIPT under a beamspace massive MIMO
scheme [30], [31], where the estimated channels are orthog-
onal to each other and have bounded estimation errors. Our
objective is to minimize the transmit power of the BS, while
providing the information user and the energy user with differ-
ent signal-to-interference-and-noise ratio (SINR) and power,
respectively, for all possible channel realizations. The resulting
problem belongs to a well known non-convex optimization
formulation [35], for which only suboptimal solutions are
available in existing works. In addition, conventional robust
designs [10]-[14] suffer from high computational complexity
with a large number of transmit antennas. By utilizing the
orthogonality property within channel estimates [30], [31],
we demonstrate that the problem can be globally solved
when the channel estimation errors are smaller than a certain
threshold. The optimal beamforming vectors are shown to be
scaled versions of the estimated channels, where the optimal
scaling factors can be analytically obtained from a power
allocation problem. Hence, the proposed approach greatly
reduces the computational complexity compared to conven-
tional solutions, making it suitable for practical applications.
Simulations further demonstrate that the proposed solution
performs well even when the channel errors are large.

The rest of this paper is organized as follows: Section II
describes the channel model of beamspace massive MIMO
and formulates the proposed robust design. Section III derives
the optimal solution for the non-convex problem. Simulation
results are provided in Section IV and conclusions are drawn
in Section V.

Throughout the paper we use the following notations: Vec-
tors are denoted by boldface small and matrices by capital
letters. The Hermitian, inverse and Moore-Penrose inverse
of A are written as AY, A~! and AT respectively. The
inequalities A = 0 and A > 0 mean that A is positive semi-
definite and positive definite, respectively. We use Tr(A) to
denote the trace, ||x|| is the Euclidean norm of a vector x,
E[] is the statistical expectation, and R**® and C**? are the
spaces of a x b matrices with real- and complex-valued entries,
respectively. Define diag(-) as the operation of selecting
diagonal elements of any N x N matrix. The distribution of a
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Fig. 1. Multiuser massive MIMO channel model with a ULA at the BS.

circularly symmetric complex Gaussian (CSCG) random vari-
able with zero mean and variance o is written as CA(0, 02),
and ~ means “distributed as”.

II. SYSTEM MODEL AND PROBLEM FORMULATION

A. System Model

We consider SWIPT for a multiuser massive MIMO system
shown in Fig. 1, where the BS is equipped with N > 1
antennas in the form of a uniform linear array (ULA) with
supercritical antenna spacing (i.e., less than or equal to half
of the wavelength). There are K + 1 single-antenna users
randomly distributed in the coverage area, which contains
K single-antenna information decoding users (or information
users) with index set K = {1,...,K} and one energy-
harvesting-user (or energy user). The kth user is located at Dy
meters away from BS and is surrounded by a ring of G} > 1
local scatterers with radius Ry [25], [29].

The channel from the kth information user to BS is com-
posed of G, rays and can be expressed as [25], [29]:

G
1
hk:— (6778 CL(@]C7 ), 1§k§K, (1)
/Gk gz::l g g

where a4 ~ CN(0,(;,4) represents the complex gain of
the gth ray. Moreover, a (0. ,) € CNV*! is the steering vector
defined by

. H
comd . comd _ :
a(Bh,g) = |1, 000 AN D0 [T )

where d is the antenna spacing, A denotes the signal wave-
length, and 0}, 4 represents the direction of arrival (DOA) of the
gth ray. We can similarly define the channel from the energy
information user to BS as

G
1 q
hg = g,ga(0q,9)- (3)
NS

In the ideal massive MIMO case with N — oo, the rays
satisfy hith = 0 and h?hq = 0, for all © # j. However,
in practice N cannot approach infinity and users with nearly
orthogonal channels are allowed to transmit simultaneously
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with tolerable interference. Particularly, a popular low com-
plexity beamspace channel scheme [30], [31] assigns non-
overlapping columns of the DFT matrix to different users, such
that the estimated channels for different users exactly satisfy

hih;=0, hhy=0,Vi#j. @

Such channel estimation is not exact, resulting in an error
between h; and h;, but can be implemented efficiently. When
N is large, the performance loss in channel estimation accu-
racy is small.

We therefore assume that the real channel vectors hy and
h, lie around the estimated channel vectors h; and h,,
respectively, so that

h, el = {ﬁk+5k | 10k < Ek}v
hqy €Uy = {ﬁq""‘sq | H‘qu < Eq}a 5)

where §;, € CV*1 and §, € CNV*! are the channel estimation
errors [32], [33] with norms bounded by ¢, and ¢, respec-
tively.

B. Problem Formulation

Our goal is to design simultaneous information beamform-
ing vectors {s; € CV*!} and an energy beamforming vector'
g € CV*! for the information users and the energy user,
respectively. The designed beamforming vectors should meet
certain target requirements for all possible channel realiza-
tions.

The baseband signal from BS can be expressed as

K
xy = Z 8KUL + qUg, (6)
k=1
where v, ~ CN(0,1) denotes the data symbol for the
kth information user, and v, ~ CA(0, 1) is the energy signal
for the energy user. The downlink signal at the kth information
user can then be expressed as

yk =hyseo+ Y hylsivi+hilqug+ne, (D)
itk iek

where nj, ~ CN(0,07) represents the antenna noise of the
kth information user. Similarly, the downlink signal at the
energy user is given by

K

Yqg = Z h?skvk + h?qvq + ng, ®)
k=1

with g ~ CN(0,07) representing the antenna noise of the

energy user. Moreover, we assume that o7 > 0 and o > 0.
The harvested energy by the energy user is given

by CE||y,||%, where ¢ € (0,1] denotes the energy conversion

'Note that the energy user could also absorb the energy from the infor-
mation signals. However, with high directional beamforming in massive
MIMO [36], [37], the energy leaked from information users may not be
sufficient for the energy user. We then propose to use a specific energy signal
for energy users. This is why we require the energy users to have relatively
orthogonal channels from information users to avoid interference, which is a
key difference from the conventional SWIPT design.
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efficiency that depends on the rectification process and the
energy harvesting circuit [20]-[22]. Using (8), we have

K
Ellygl? =" [hisill? + |hiql? + o2. ©)
k=1

Our problem is to minimize the transmit power at the
BS subject to the constraints that the harvested energy and
SINR are above certain thresholds for all possible values of
hj. and h,. This results in the optimization problem:

K
P1: min |g|]®+ skll?
guin, al + 3 o]

K
st ¢ (Z [hi skl + ki gl + a§> >Q, (10a)

k=1
[y sk |2
i 2k (0D
> Ihi sl + Ihial® + of
i£k
Vhy, €U, Vhi €Uy, k=1,2,...,K, (10c)

where Q > 0 is the desired harvested energy for the energy
user, and 7y, > 0 is the target SINR for the kth information
user. It is observed from (10a) that when 03 -QJ/¢C >0
(the case that ) is small enough), (10a) is always satisfied.
We consider 03 — @/¢ <0 in the rest of the paper.

When the channel estimation errors are equal to zero,
ie., Uy = {ilk} and U, = {flq}, P1 can be simplified to
a non-robust optimization problem for massive MIMO, where
a zero-forcing (ZF) beamformer [20]-[22] has been proven
to be the optimal transmit strategy. In this case, the optimal
information and energy beamforming directions for P1 can be
chosen as hy/||ht| and hy/||hg||, respectively. Then, P1 can
be further simplified to a power allocation problem with ZF
beamforming solutions given by

a = (\/Q/C—02) R/ I
s = (@) B |2 (1n

However, when the channel estimation errors are not zero,
ie, e > 0 and ¢, > 0, the optimal solutions of P1 are
in general hard to obtain [10]-[14]. Nevertheless, we next
show that P1 can be globally solved when {ex} and ¢, are
sufficiently small. In addition, the solution reduces to (11)
when there are no channel errors.

III. OPTIMAL ROBUST BEAMFORMING

A. Semidefinite Relaxation (SDR)

We will solve P1 by first obtaining an equivalent problem
which has a natural SDR representation. Then, we show that
the SDR has a closed-form solution that is optimal for the
original problem under small channel errors.

The main difficulty in solving P1 lies in the constraints
(10a) and (10b). Substituting (5) into (10a), we equivalently

Authorized licensed use limited to: Weizmann Institute of Science. Downloaded on July 06,2022 at 12:24:37 UTC from IEEE Xplore. Restrictions apply.



4202

rewrite (10a) as

(ﬁq""sq)H <qu+I§:13kSIk{> (ﬁq+5q)+‘7§_@/§ >0,

Y8y, —0y8,+ € >0. (12)

Similarly, (10b) is equivalent to

~ H ~
(hk+5k) _Sksk ZS s —qq"” (hk-f—tsk)—Uz%ZO,
i#k
Vo, —0idp+e2>0,k=1,2,... K. (13)

We next use the following lemma to reformulate the con-
straints (12) and (13).

Lemma 1 (S-Procedure [38]): Let f1(x) = wHAla:—f—bew—i—
xMb; +c; and fo(z) = a:HAQw—i—bgw—i—wag + cg, for some
Ay, Ay € C™", by,by € C™ 1, ¢1,¢1 € R. The condition
fi(x) > 0= fa(x) > 0 holds true if and only if there exists
a nonnegative u, such that

[A1 by

Ay by _

bg Co be Cc1
From Lemma 1, we know (12) holds true if and only if there
exists f1, > 0 such that

E

X+ pig 1 X ,h
I “Hq SH_ - S 2] =0, (14)
h, X, h, X.hg+05 —Q/C— pge;
where for simplicity, we define
K
X, 2qq" +) sis). (15)
k=1
Similarly, (13) holds true if and only if there exist s, > 0,
k=1,2,..., K such that
X + s I X h
~kH+lI{Ik b k k ]; , -0, (16)
thSk thSkhk_O—k_MSkek
with
X, = —sksk ZS s; A7)
i#k
Using (14)—(17), P1 can be equivalently expressed as
P1-EQV:
min Tr(X (18a)
Bas{tsy, 1@ {sk} (%)
Xq+pql Xqilq
S.t. ~H _q ~H ~ 9 9
| h, X h, Xohg+o;—Q/C—pqe;
(18b)
XSk +M5k‘[ Xskilk
“H o n SH - , | =0,
thSk thSkhk_O—k_/‘l’SkEk
(18¢)
K
X, =Y 5. +Q, (18d)
2
1
X, =—8-) Si-Q, (18¢)

Tk ik
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:U’(] 2 07 /j/sk 2 0)
Q =qq",

(18f)

Sp=spsl, k=1,2,...,K, (18g)
where 1, and {ps,} are the auxiliary variables generated
by the S-Procedure. The nonlinear constraints in (18g) are
equivalent to:

Q =0, S,>=0, Rank(Q)=1, Rank(Sy) =1. (19)
Clearly, P1-EQV is non-convex with rank constraints
Rank(Q) = 1 and Rank(Syx) = 1. Dropping the rank
constraints [39], we obtain the following relaxed convex

optimization:
P1-SDR: min Tr(X,)
qu{ﬂsk}rQr{Sk}
s.t. (18b) — (18f), Q = 0, Sy = 0,
k=1,2,....K. (20)

Note that if the optimal solutions of P1—SDR are rank-1,
then the optimal solutions of P1-EQYV and P1—-SDR are
exactly the same [40], [41]. Nevertheless, directly solving
P1-SDR as an SDP problem is extremely complex due
to the large number of antennas. In addition, P1—-SDR
is not guaranteed to have rank-one solutions and hence the
derived solutions may not be optimal for the initial problem

1 [13], [14]. We next show that P1—SDR indeed has
rank-one solutions in the case of beamspace massive MIMO
systems under some reasonable conditions.

B. Optimal Rank-One Solutions

In this subsection, we further investigate P1—SDR. to
provide more insight into the form of the optimal solutions.

Bearing in mind that under the beamspace massive MIMO
setting (4), the estimated channels are orthogonal to each other,
we define {u; = hi/llhi], 1 < i < K} and ugq, =

R/ |lRy .

Proposition 1: There exists a set of optimal solutions
Q" and {S}} for P1—-SDR that can be expressed in the
following form:

K+1 K+1
Q' =3 Plowals Si=3 Bl @D
where {Py, >0, 1<i < K+1}and {P} ; >0, 1 <i<
K+1}.
Proof: See Appendix A. [ ]

Due to the fact that the solution in (21) provides the same
optimal objective value in (18a) as other optimal solutions, we
will only consider solutions of the form (21) in the rest of the
paper.

The following two propositions provide further insight into
the optimal solution (21).

Proposition 2: At the optimal point, we have p, > 0 in
P1—-SDR. Moreover, (18b) can be equivalently written as

fq Tx [ﬁqu (Xq+NqI)_1 +03_Q/C_Mq€§ >0,
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which can be further expressed as

K
Mq”h 2 < qK+1+ZPsk K+1>

k=1 2 2
e +o; —Q/¢ — pgey > 0.
g+ Py 41 + Z P, ki1
k=1
Proof: See Appendix B. [ ]

Proposition 3: At the optimal point, we have ps, > 0 in
P1—-SDR. Moreover, (18¢c) can be equivalently written as

sy, Tx {I:IkXSk (Xsk + lU’SkI)T:| - UI% - :us;c'gi >0,
X, + s, I =0,

which can be further expressed as

e (2225 = ST P P
k
Py i - 0-13 - :usk'fi >0,
o+ 122 ZP&, .
i#k
T Zpsm Pyi+ps, >0, 1<i<K+1,
J#k
respectively.

Proof: See Appendix C. -

Combining the above propositions leads to the following
theorem.

Theorem 1: Let pj, {7, } and (21) be the optimal solutions
of P1-SDR. If

min{y}, } > Z (22)

k1t Pyt

then we have:

@ Q" =qg*'q¢' = Prh, h /|| hgll? 1s the optimal energy

Z

is the power allocated for energy beamfornnng,
(b) S;=sisiH = P*hkhk /|| hi|? is the optlmal informa-

: *
transmit covariance, where P, k411t D K+1

tion transmit covariance, where P} = PJ Z iy
i#k
PJ). is the power allocated to the kth information
beamforming.
Proof: See Appendix D. [ |

Theorem 1 says that when (22) holds, one of the optimal
solutions of P1—-SDR and P1 are exactly the same, and the

~ ~H ~
optimal beamforming directions are equal to hyh,, /| he||* and
~ ~H  ~

hihy /||hi||?, respectively. The remaining optimal variables
Hg» My, » Py and Py are still to be obtained, which will be the
topic of the next subsection.

C. Optimal Power Allocation

When (22) holds, the optimal energy beamforming and
information beamforming vectors are g* = \/Pyhq/||hq]|
and s} = \/Prhi/||hi|, respectively. From Proposition 2,

4203

Proposition 3 and Theorem 1, P1—SDR can be simplified
to the following power allocation problem:

K
P2: min P, + Py (23a)
Ba{ps), b PeAPr} I kz:; :
paFy Hh H 2 2
S.t. /MT O'q—Q/C—/j/QGq > 0, (23b)
s, Pi || P |2 2
—————— — 0} — s, € > 0, (23¢)
sy, Vi + P Hron
tg >0, ps, >0,P, >0,P, >0,
k=1,2,..., K. (23d)

Note that when P, = 0, the constraint (23b) is never satisfied
since 03 —Q/¢ < 0 and uqe?I > 0. Thus, we must have
P > 0. Snmlarly, P, > 0 holds in P2. Moreover, since

ZZ 1 PZ 1 + PJ iy holds at the optimal point in
Theorem 1, condltlon (22) can be expressed as

min{pf, } > P, (24)

which implies that the optimal solutions of P2 are exactly the
same as P1 if min{u}, } > P;.
Define
tq Lyl H2
g + Py

s, Pe || |12

,P))= .
fq(ﬂq q) lis, 7k + P

’ f‘?k( Hesye s )

The Hessian matrices of f;(uq, P;) and fs, (us,, Pr) are
given by

—2||Ay||? [ P2 P]
V2 fy(1gs Py) = il | E
fq(:uq Q) (,LLq+Pq)3 — g Py /$3
2k || Pk |2 [ P K Pk]
V2 fo (psy, P) = ————5= ’ Ak
f k(u k k) (/J/skryk’—’—Pk’)S _/J/SkPk lu’ik

respectively. Due to p, > 0, ps, > 0, P; > 0, P, > 0,
[hel> > 0 and ||hg[|> > 0, it can be easily derived
from the Hessian matrices that V2f (g, P;) < 0 and
V2fs, (s, Pr) < 0, which implies that f,(u,, P,) and
fSJC(uSk,Pk) are concave functions. Thus, P2 is a convex
optimization formulation.

Using the Karush-Kuhn-Tucker (KKT) conditions for P2,
we prove the following results.

Proposition 4: When

2 _ g2

n{ — }z 9/ < (25)
IRkl = ex)er ) (llhgll =€)

the optimal solutions of P2 are also optimal for P1, and are

given by

P*||\h,|| — P*e Pt h
/,[/; _ q H (IH q q, /,L‘;k H k” €k, (26)
€q ' Vk€k
2 2
-0
Py = LQQ P = %2 27)
(Ihgll =€) (Ihrll — ex)
where k€ {1,...,K}.
Proof: See Appendix E. |

The variables in (25) are all known at the BS. Thus it is easy
to determine whether the solutions in (26) and (27) are optimal
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TABLE I
NUMBER OF VARIABLES COMPARISON

Variables Droplems P1-SDR P2
Number of Real K+1 2x (K+1)
Number of Complex N x (K +1) 0
Total Variables (N+1)x(K+1) | 2x (K+1)

for P1. Note that when (25) is not satisfied, the optimal
solutions of P2 are in general suboptimal for P1.

We summarize the main results of this section in the
following theorem.

Theorem 2: If (25) is satisfied, then the optimal beamform-
ing vectors for P1 are given by

Q/¢—

2
94

= | ———2—h,/||h],
S T
2
* VKO 7 7
sy = _(Hil || ke )_Qhk/Hhk”' (28)
k|l — €k

When (25) is not satisfied, it is shown in simulations that
(28) can serve as an efficient alternative to the conventional
SDR method, even when the estimation errors are large. The
number of variables to be solved for P1—SDR and P2
are compared in Table I. For P1—-SDR, there are a total
of (N + 1)(K + 1) unknown variables. For P2, there are
2(K + 1) unknown variables. Consequently, P2 leads to a
much lower computational cost than P1—SDR. Moreover,
the optimal solutions of P2 are in closed-form and can be
easily calculated.

IV. SIMULATION RESULTS

In this section, we present simulations to evaluate the
performance of the proposed closed-form robust beamformer.
For simplicity, the target SINR of all users are assumed to
be the same, i.e., ¥ = 71,...,= Yx. The channel estimation
errors are generated as independent CSCG random variables
distributed as CA(0, g2), where we define g = e/ hs|| =
€,/||hy|| with g € [0,1). The simulation results are averaged
over 10000 Monte Carlo runs.

In the first example, we examine the average CPU running
times versus the parameter ¢ in Fig. 2 and the harvest power
/¢ in Fig. 3, respectively. The rank-1 probability (see right
axis) is provided to indicate when the optimal solutions of
P1—-SDR are rank-1. The simulation results of the conven-
tional randomized SDR method [39] are also displayed for
comparison. It is observed from Fig. 2 and Fig. 3 that the
rank-1 probability of P1—SDR is a decreasing function with
respect to ¢ and ()/¢. The optimal solutions of P1—-SDR
are always rank-1 when g < 0.15 and Q/¢ < 10 dBm,
which means that we can always derive the optimal solutions
using the closed-form robust beamforming method when g
and Q/¢ are small. In addition, we see that the average
CPU running time of the closed-form robust beamforming
method is a small constant (say about 0.004s) which does
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Fig. 2. Rank-1 probability versus the parameter g with v = 10 dB,
Q/¢ =10 dBm, K = 30, and N = 128.
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Fig. 3. Rank-1 probability versus harvested power /¢ with v = 10 dB,

g=20.1, K =30, and N = 128.

not change with g and Q/¢. This is mainly due to the fact
the optimal solutions have closed-forms, and thus the change
of g or Q/¢ will not affect the computational complexity.
On the other hand, the average CPU running time of the
conventional randomized SDR is an increasing function with
respect to g and ()/(, which is much greater than that of the
proposed method. In fact, the rank-1 probability of P1-SDR
approaches zero when ¢ and Q/( are large enough, where the
conventional randomized SDR method needs more time to find
the suboptimal rank-1 solutions [39].

In the second example, we plot the average informa-
tion users’ SINR versus ¢ and transmit antennas N for
the closed-form robust beamforming method, the randomized
SDR method, and the non-robust method? in Fig. 4 and Fig. 5.
The optimal beamforming solutions of P1 for the non-robust

method are given by (11): ¢ = (, 1Q/¢ — 03) hy/||hg|? and

(kaoi) hi./|hi|/?. Tt is clearly seen from Fig. 4
that the average SINR of information users for the non-robust
method is a decreasing function with respect to g. The reason

S =

2For the non-robust method, the estimated channels are assumed to be
perfect and are used for beamforming. Thus, the optimal beamforming

solutions of P1 for the non-robust method can be easily derived the same
as (11).
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Fig. 4. Average information users’ SINR versus parameter g with K = 30,
N =128, Q/¢ = 10 dBm, and v = 10 dB.
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Fig. 5. Average information users’ SINR versus number of transmit antennas
N with K = 30, g = 0.3, Q/¢ = 10 dBm, and v = 10 dB.

is that the non-robust solution does not take the channel
estimation errors into consideration. Interestingly, the average
SINR of information users for the closed-form robust beam-
forming algorithm increases with g when g < 0.3. This is
mainly due to the fact that when g increases, the BS will
allocate more power for information beamforming (see (E.11)
for details). While the average information users’ SINR for
the closed-form robust beamforming algorithm will decrease
with the increase of g when g > 0.3. This phenomenon
can be explained by Fig. 2 which shows that the rank-1
probability will always be zero when g > 0.3. In this case,
all the optimal solutions of P1—-SDR are not rank-1, and
thus the performance of the closed-form robust beamforming
algorithm deteriorates with increasing g. Moreover, it is clear
that the performance of the closed-form robust beamforming
algorithm is exactly the same as that of the randomized SDR
method when g is small (i.e., the rank-1 probability is equal
to 1). The gap between the closed-form robust beamforming
algorithm and randomized SDR is small when g is large,
which means that we can obtain good performance using
the proposed approach. Similarly, it is seen from Fig. 5
that the average harvested power for the closed-form robust
beamforming algorithm, randomized SDR and the non-robust
method increases with N, which implies that we could use
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Fig. 6. Average harvested power versus parameter g with K = 30, N = 128,
g=10.3, @/¢ =10 dBm, and v = 10 dB.
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Fig. 7. Average harvested power versus number of transmit antennas /N with
K =30,9=0.3,Q/¢ =10 dBm, and v = 10 dB.

more antennas to improve the performance of beamspace
massive MIMO systems.

In the third example, we plot the average harvested power
versus g and NV in Fig. 6 and Fig. 7, respectively. We see
from Fig. 6 that the average harvested power is an increasing
function with respect to g. This is mainly due to the fact that
when ¢ increases, more power is received at the energy user.
However, it is clear from Fig. 7 that the average harvested
power is a decreasing function of N. Nevertheless, the average
harvested power derived by the three methods is always bigger
than 10 dBm, which says that the constraint in (10a) is strictly
satisfied.

In the last example, we plot the average minimum transmit
power versus g and N in Fig. 8 and Fig. 9, respectively. It is
seen from Fig. 8 that the transmit power for the non-robust
method will not change with g, while the transmit power
for the closed-form robust beamforming algorithm and the
randomized SDR approach increases when g becomes large.
This is because when the channel estimation errors increase,
the BS will allocate more power to eliminate CSI uncertainty.
As a result, the proposed algorithm and the randomized SDR
approach can obtain a much higher average SINR of informa-
tion users and average harvested power than the non-robust
method. Moreover, it is clear from Fig. 9 that the transmit
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power for the three methods decreases with increasing N,
which means that we may save more power with large number
of antennas at the BS.

V. CONCLUSIONS

In this paper, we design simultaneous robust information
and energy beamforming for SWIPT in a multiuser beamspace
massive MIMO system. Our target is to minimize the transmit
power of the BS while providing the information users and
the energy user with desired SINRs and harvested power,
respectively. Instead of solving the optimization with SDP
techniques, we solve a relaxed power allocation problem,
where beamforming directions and power allocations are
derived in closed-form. More importantly, we prove that the
relaxed power allocation problem is equivalent to the initial
robust design under beamspace massive MIMO schemes when
the channel estimation errors are small enough. Simulation
results are provided to corroborate the results, and show that
the developed approach still achieves good performance even
when the channel estimation errors are large.

APPENDIX A
PROOF OF PROPOSITION 1

Assume Q* and S%,1 < k < K are the optimal solutions
of P1-SDR. Define the N x N unitary matrix U as

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 18, NO. 9, SEPTEMBER 2019

U = [uy,...,uy| where {u;, K +2 < ¢ < N} are an
arbitrary set of orthonormal vectors that are orthogonal to

A. Part (a): Proving that for any pair of optimal Q* and S7,
there must exist another pair of optimal solutions

Q" and S}, that can be simultaneously

diagonalized by U and Ut

Since U is unitary, @ > 0, and S; > 0, we can always
write

Q*=UD,U" S;=UD,U", (A.1)

for some D, = 0 and D,, = 0. Substituting (A.1) into (18d)
and (18e), we have

K
X:=U (Z D, + Dq> Ut
k=1

N 1
X: =U %Dsk - ZD&. -D, | U (A2
i#k
We will show below that we can choose the matrices D, and
D, to be diagonal.

Lemma 2 (Schur’s Complement [43]): Let M =
[A,B;BH,C] be a Hermitian matrix. Then, M > 0 if
and only if C — BHPA™'B > 0 (assuming A = 0),
or A— BC'B% -0 (assuming C' > 0).

Lemma 3 (Generalized Schur’s Complement [43]): Let
M = [A,B;BH,C] be a Hermitian matrix. Then, M > 0
if and only if C — BTA'B = 0 and QI—AAT) B =
0 (assuming A > 0), or A — BC BY = 0 and

I-cch)B%=o0 (assuming C' = 0).

Denote D, (i,7) and Dy, (¢,7) as the (¢, 7)th elements of
D, and Dsk,H, respectively. Let A, = X, +usl, B, = XZqu,
and Cy = ﬁq X;flq +02 —Q/¢— el for elements in (18b).
Then A, > 0 and C;; > 0 hold. Substituting (A.2) into (18b)
and using the definitions of U and {uy}, we obtain

K
A, =U (Zpsk + D, +u;I> U™,
k=1

(A3)

K
B, =U <ZDSk +Dq> UHUKJrthq”
k=1

K
lhqllU (Z Dy, (;, K+1)+Dy(:, KH)) , (A4
k=1

Cy = u?(JrlHﬁq”Bq + 05 -Q/¢— /~LZ€§

K
[ hg|? (Z D,, (K+1,K+1)+Dq(K+1,K+1)>
k=1

2 2
+Uq - Q/C_Mgeq

We next consider the following two cases for the con-
straint (18b).

Case 1: C; > 0: From Lemma 2, we know (18b) is
equivalent to A, — Bqu’le;I > 0. Using (A.3)-(A.5),

(AS5)
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we obtain
A, - B,C,'B! =UD,nU", (A.6)
where
- lhgll? (<
_ q .
Dyn= (; D, +Dq+MZI> - C—q< ; D, (:, K+1)

K H
+D,(, K+1)> <ZDSk(:, K+1)+D,(, K+19 .

k=1

Thus, (18b) is equivalent to D, > 0. In particular,
all the diagonal elements of D, must be nonnegative,
i.e., diag(Dgy ) = 0, which results in the requirement

at .. .. * Hiqu2
ZDSk(sz)+DQ(ZaZ)+/J'q - C
k=1 q

2

K
Z (i, K+ 1)+Dy(i, K +1)| >0, (A7)
forall 1 <7 <N.
Construct the following new solutions
Q" =UA,U", =UA, U, (A.8)
where A, = diag(D,) > 0 and A,, = diag(D,,) = 0.

We next prove that (A.8) also satisfies (18b).
Using (A.2)-(A.5), we have

K

* . * H

A, = Udiag ( E D, +D, —I—,qu> U
k=1

B = [lhqllurn

K
x <ZDsk(K+1,K+1)+Dq(K+1,K+1)> :
k=1

C; =0,

From AZ, BZ and C}, we obtain

A; - B:C; 'BM =UA,sU", (A.9)
where A, »(i,4) can be expressed as
K
Ay (i,0) = ZDSkzz)—f—D(zz)—l—uq, i £ K+1
k=1

Ay x(i,9) s (3,0)+ Dy (i,7)

|Mw

+ po— Qi1 ke, i=KA+1,

and Qg 11,x+1 iS computed as

= g 2
[[hll

K
F 2o Da (K + LK +1) + Dy(K + 1K +1)
q

k=1

From (A.7), Ay (K +1,K + 1) = diag(Dgn)(K + 1, K +

1) > 0. In addition, Ay x(i,i) > diag(Dgm)(4,4) > 0, i #

K + 1. Thus, Ay x(é,9) > 0 holds for all 1 <4 < N, and
—B;C;’lBZH > 0 also holds.

4207

Case 2: C; = 0: From (18b) and Lemma 3, there must
be A, — B,C;'B;! = 0 and (1-C,C;')BY = o.
Since C; = 0 and B; = 0 must hold. Thus, the con-
straint (18b) can be equivalently expressed as A, >~ O,

or diag (Ek 1 Ds, +Dg + M*I) > 0, and we have A) =

Udiag (32,2, Dy, + Dy + ;) U™ = 0,

Similarly, we can show that (A.8) also satisfy the con-
straint (18c). The details are omitted here for brevity.

Moreover, it can be readily checked that (A.8) does not
change the objective value and at the same time satisfies the
constraints (18d)-(18f), (20). Consequently, the solutions (A.8)
are also optimal for P1—SDR, which can be simultaneously
diagonalized by U and U™

B. Part (b): Proof of (21)
Let us show that @™ and S}, in (A.8) will have at most
K + 1 non-zero eigenvalues, i.e., will have the form (21).
Assume first that all K + 1 eigenvalues in A, and
A, are non-zeros. Using (A.8) and the definitions {u; =
hi/|lhi||, 1 <i< K} and ug,, = hy/||h
the optimal Q™ and S}, 1 < j < K can be expressed as

P
*,K+1 +
Z (”Hh H2 T kg H2 Z

J=K+2

K z oz 7 opH N
hvh- h,h
* g 4""q P ;|
Sy = ZP;k,i”ﬁ_HzQ‘f'P:k,KJrl i H2+ Z Py jujul,
i—1 i q j=K42

where P*. > 0 and P*

oy SM->OforjE{K—l—2,...7

NY.

We can then set P, = 0 and P ; = 0 to construct the
following new solutions
K+1 K+1

Q" — Z Pl = Z  auul . (AL10)
Substituting (A.10) into P1—-SDR, we obtain from the
objective function that

K
Tr(Q™ +ZT1" S < Tr(Q +ZT1" (S7),
k=1

which says that (A.10) provides a smaller objective value. Sim-
ilar to the proof of Part (a), it can be verified that (A.10) does
not violate the constraint A;* —B;*C;**IBZ*H > 0, which
implies that (A.10) satisfies all constraints of P1—-SDR.
As a result, Q™ and {S}*} are better solutions than Q*
and {S}, }, which contradicts our assumption. Thus, there exist
optimal solutions that satisfy (21), which completes the proof
of Proposition 1.

APPENDIX B
PROOF OF PROPOSITION 2

First, we prove that ;1, > 0 must hold via contradiction.
Assuming 7 = 0, it follows from (18b) that

X4

X, h
-r _ B q'%q
' lh?xz‘

SH - =0, (B.D
h,X.h,+0? —Q/¢
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must be satisfied. Left and right multiplying both sides of Y,

by [~h, 1] and [~h, 1] yields

:Ug—Q/CZOa

which, however, cannot be true due to our assumption that
U?—Q/C < 0 (see P1 for details). Thus, there must be p1, > 0
in P1-SDR.
Next, due to the fact that S > 0 and @ > O, there holds
K
Xy+pgl =Y Sp+Q+pd =0,
k=1

- ~ -H
and hence (X, + poI)~" exists. Define H, = hyh, . The
constraint in (18b) of P1—-SDR can then be equivalently
expressed as

R X by 02— Q/C—prge2—hy X (X g+ D) ~* X b

_ Tr{(Hqu) [I—(Xq—f-qu) 1Xq} } 02 Q/C el

= T { (H,X,) [T=(Xy D) (X g+ 1gT = D) |
+0—Q/C—hqeg

= 1 Te [H X (X 1) | +02-Q/C—pye2 20, (B4)

where X ; + g1 is equivalent to

K+ K N
Z <P‘1!i+ZP8kxi+/~‘q> wiug' + Z fquiug .

i=1 k=1 i=K42

[—hy 1]0,[—hy 17 (B.2)

(B.3)

(B.5)

Noting that H, = HfquQﬁKHﬁ?{H and substituting (B.5)
into (B.4), we obtain

gl gl < q,K+1+ZPsk,K+1>

k=1
I +U§_Q/C_Nq€(21 >0,
pq + Py g1 + Z P, k41
k=1

which completes the proof of Proposition 2.

APPENDIX C
PROOF OF PROPOSITION 3

First, we show that ps, > 0 must hold via contradiction.
Assuming ps, = 0 for some 1 < k& < K, it follows from
(18c¢) that
h, X

Xskilk’

Ry, X o, by, — 07
must be satlsﬁe% Left and I’l%{ht multiplying both sides
of Y, by [~h, 1] and [~h, 1)1, respectively, yields

~H ~
[—hy, 1Y, [—h, 1J" = —¢? > 0, which cannot be true
since 0'13 > 0. Thus, there must be ps, >0 forall 1 <k < K
in P1-SDR.

Next, let us show that Rank (X _+ %, I) > 1 by contra-

diction. Assume Rank (X + pgka> =0or X, +p;, I=0
at the optimal point. We know from (18c) that

0 X7 hy,
~H ., ~ N
thskH hk( :u‘skI)hk _le_lu‘skei

=0, (CD

Sk:

] 0. (C2)
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However, (C.2) cannot be true due to puj;, > 0

~H ~
and hy (—p} I)hy — of — pi e < 0. Thus,

Rank (X +pi I)>1, forall ke {l,...,K}.
Using Lemma 3, (18c) of P1-SDR can be equivalently
expressed as

1= (X + o) (X + 1, D) Xy =0, (€3)
~H ~
thskhk—U,%—uskei

~H ~
—h,, XEk (X, +M5k‘[)1— X, hie >0,
X, +us, I = 0.

(C.4)
(C.5)

We now show that the constraint (C.3) can be eliminated.

- - -H
Define Hj, = hih,,, which can be further expressed as
Hy = | hy|*upull. (C.6)

Due to the fact that 0,3 > 0, ps, > 0 and ei > 0, it is easily

seen from (C.4) that Tr(IEIkXSk) > 0 holds, where X5, can
be expressed as
K+l [ p
X, =Y | =2-3N"Pi— P | wull, (€7)
i=1 J#k

with the aid of (21). Substituting (C.6) and (C.7) into
Tr(H X, ) > 0, we obtain

Gkk

Tr(H X 5,) = |[h? =2 Pok = Pur | >0
J#k
Consequently, we have |h||? > 0 and
Lok =Y Pk —Ppi >0, (C.8)

J#k

which says that the kth eigenvalue of X 5, is greater than zero.
Moreover, since (s, > 0, we know that the kth eigenvalue
of X, + us, I is greater than zero, which implies that the
kth eigenvalue of (X, + s, I) (X, + ps 1) is equal to
one. As a result, we conclude that the kth eigenvalue of
I — (X, +ps D) (Xs, +ps, I)' is equal to zero. Thus
(C.3) will always be satisfied when (C.4) and (C.5) are true,
i.e., (18c) of P1—SDR can be equivalently expressed as (C.4)
and (C.5).

Finally, since X, = X H

s> (C4) is equivalent to

~H ~ ~
hk:XSkhk_Uk—/J/Sk€k thH (X9k+ﬂku)Tnghk
=Tr { (I:IkXSk) [I - (XSk + MSkI)T Xsk:| }_U;%_/lskEi
- Tr{(I:IkXSk) [I_ (XS’“ +MS’“I)T (Xsk +/'[/SkI_lU’SkI)i|}
(C.9)

(XSk + lU’SkI)
is equal to zero, using (C.6) and (C.7),

2
=0 = s, €% = 0.

Due to the fact that the kth eigenvalue of I —
(X, + ps, L )T
we have

Tr{(f{szk) [I—(XskJruskI)T (X5k+u5kI)} } —0.
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Thus, (C.9) can be expressed as

~H ~ ~
hy X hy, — h, X?k (X, + ps, D) X5

Mskek
= u,, Tr |H,X,, (X DY —62 —p, >0
sy LT k Sk( sp T Hsy, ) Ok — Hsp € =2 U
(C.10)
Consequently, substituting (C.6) and (C.7) into (C4)

and (C.5), (18c) of P1—-SDR is equivalent to

sk,k/')/k_zps,, q,k

i#k
Hesy, +P8k,k/7k_z Psi,k

i#k
=Y P

—Pyi+ps, >0, VI<i<K+H+1,
J#k

completing the proof of Proposition 3.

o

2 2
—0j— s, €, >0,

_Pq,k

Gki

APPENDIX D
PROOF OF THEOREM 1

From Proposition 2 and Proposition 3, we know that
P1—-SDR can be equivalently expressed as
P1-SDR-EQV:

min X (D.1a)
l"qv{“sk}vQ:{Sk} Q)

S.t.
fq Tr {f{qu(Xq"'NqI)_l} +0g3—Q/C—pges >0,

(D.1b)
/j‘SkTr [I:IkXSk (XSk +/‘I’SkI)T:| _O—k_/J‘SkEz >0,
(D.1c)
X5k+M5kI t Oa
(D.1d)
K
X,=) Si+Q, Xsk——Sk—ZS Q,
k i#k
(D.1e)
g >0, 15,20, >=0,5, >0, k=1,2,..., K.
(D.1f)

Assuming g, {u5, }, Q",{S}} are the optimal solutions of
P1-SDR—-EQV, it has been shown in Proposition 1
that Q*, {S}} can be chosen to have the following form

" -
hh qh
*: P* +P* _

Q=27 ||hi|\2 T

Lo : (D.2)

QT

K qil
Z Skl P: K+1 7 :
= IIh ||2 T R 12

When min{uj}, } > Ez 1 P e P ey we will prove
Rank (Q*) < 1 and Rank(Sk) <1, Wk € {1,...,K} by
contradiction. Assume Rank (Q*) > 2 or Rank(S*) > 2
From (D.2) it means that there are at least two nonzero
coefficients in {Pt;i,l <i< K+1}orin {Ps*w-,l <3<
K+1}.

4209
Let the transmit power for the energy user be
Z k1 Prrcins (D.3)
and the transmit power for the information users be
* Z (D.4)
i#k
Construct a sequence of new solutions as follows
- - - ~H
h hih,
Q= L S =P} » Lok=12,... K (DS5)
||h I ([ |
which satisfy Rank (Q*) < 1 and Rank (S}) < 1, for all
ked{l,....K}.
1
With (D.5), X = S, + Q" and X, = —8; —
Z » Tk F
Z ST — Q" can be expressed as
i#k
(D.6)

K
* * H * H
qu E Pfuu; +Pun+1uK+1,
i=1
k—1

K
x * H * H * H
X5, = - E Pruu; + P [ypuruy, — E Pru;u;
i=1 i=k+1

—Prug ug,,. (D.7)

Substituting (D.5)-(D.7) into P1-SDR—-EQYV, we obtain
from (D.1a) that

K
Tr(Q)+ ) Tr(S})
k=1
K K
Z K +1 T P, K+1+Z Py — ZP:k — Py
i=1 k=1 itk

vk T Pr

i—1 k=1 ik
K
=Pl + Z +Z Z]Ds*k,i +P;,€,K+1>
k=1 \i=1
(Q*)+Z Tr(S}), (D.8)
k=1
where Tr(Q*)—f—Zkl,(:l Tr(S%) < Tr(Q*)—i—Zkl,(:l Tr(S}) if

Rank (Q) > 2.
Using Proposition 2, we know from (D.1b) that

T [H X5 (X 4+ D) | + 02 = Q/C— el
Mth HQ( K41 +Ek 1 sk,K+1)
ot Prrt Iyl Pk
= u*Tr [H Xy (XyusD) | 4+ 02 = Q/C— izl = 0.
(D.9)

+07 — Q) —pier
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Using Proposition 3, we know from (D.l1c) that

] * * * Il
MngI' |:Hsz (Xsk +/J/SkI) i| _Uk lu’sk€i

K
R (P - S P B e,
- - - Ok Hs) €k
My, T (Psk k Zi;ﬁk’ Ps,;,k - Pq,k) il
el (Phs/m = S Pow = Pin) .,
2 —0j— s, €k

M, + gk,k/%_zz‘;ﬁk Psi,k_Pq*,k
— i, T [H X, (X, 4000, 0) | =0t 20, ©.10)

where 5, Tr [fIkX:k (X35, +us I) } — o} — u e >
ui e [HLXC, (X3, + i, 1) } X
Rank (Q*) > 2 or Rank (S}) >

Moreover, we obtain from (D.ld) that

k—1
- Z Pruul + Pf Jyupul!

i=1

— Z P*uz

i=k+1
= UAU"Y,

X g d

— Pjugpiug g +pi I

where A can be expressed as

A, = diag(=Py+p5, =Pyl Pl /et s,

_Pl;k-l—l—’_u;kv o 7_P;+ﬂ:ka_P;+/1':ka/1‘:kv e a/j’:k)

We now consider the diagonal elements of Aj; in the following
four cases.

(a) For the kth element of A}, using (D.4) we have

Pr /v = Pg i/ —Z#k Py . — Py . Using Propo-
sition 3 and 5 > 1, we have

sk, ZP

i#k

by
Tk

+ul, > — P +ui, =0

(b) For the jth element of Aj where j =1,...,
., K, using Proposition 3 and 5 > 1,

k—1,k+

—Pf ik, = =P+ Pl P,

i#£]
K
=Pl =Pl + Y Pl + P+,
i£gk
Z 9k7] Z +’u§k
i#k

> Skv] Z +M:k > 0.

k i#k

(c) Forthe K+1th element of A}, using the assumption that
mln{usk}>21 1 K+1+PqK+17 we have —P;—F
My, = 0.

(d) For the Ith element of A} where | = K +2,..., N,
ws, = 0.
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Consequently,
X5, +usI=0. (D.11)
From (D.le) and (D.If),
K
X; =Y 8i+Q", X5, =—8;.-> 8 -Q", (D.12)
k=1 ik
pg =0, pf =20, Q" =0, Sp=0, (D.13)

where £k = 1,2, ..., K. Based on (D.8)—(D.13), we know that
Q" and {S}} satisfy all the constraints of P1—SDR and
provide a smaller trace than Q™ and {S}}. Thus, Q" and
{S};} are better solutions, which contradicts the assumption
that Q* and {S}} are the optimal solutions. Consequently,
Rank (Q*) < 1 and Rank (S}) <1, forall k € {1,..., K},
which completes the proof.

APPENDIX E
PROOF OF PROPOSITION 4

The Lagrangian of P2 is expressed as
£ (M(N {N/Sk}7 an {Pk’}a wa {Ek}7 Q(I7 {Qk}7 U(I7 {Uk})

K o2
- MqPq”hq” 2 2
= Pq+ZPk_w <W+O’q —Q/C—,uqeq

K -
#s;cPthkHQ 2 2
— —————— — 0} — Ms, €
Z[£k<usk7k+Pk k sy €

k=1
—OpHq — ks, — Vgly — Uk P,

where o > 0 and {{;, > 0} are the dual variables associated
with the constraints in (23b) and (23c¢), respectively. Moreover,
0q >0, {0 > 0}, vy > 0and {v > 0} are the dual variables
associated with the constraints in (23d). The KKT conditions
related to jiq, {pts, }, Py and { P} can be formulated as

oL ., wPP|h?

T =W~ 55 — 0, =0, (E.D)
ow T T A
oL ‘2 £ P22 | R 12 .
=gl — btk BRI e, (E2)
opr, T (o +PLECE
oL 2|y |1?
B ) (E.3)
OF; (s + Pr)? a
* %2 FL 2
oL . fkusﬂkﬂ kT o =0, (E4)
* x5 12
* /‘l’qPq ||th 2 * 2
_ — — = E.5
< T +o, —Q/¢C—pye; | =0, (E.5)
* M:kpl:”ﬁkHQ 2 *x 2
Do kITRL 52 v 2} ) E.6
&k <M§,ﬂk+Pk* &~ My €k (E.6)
opty =0, opps, =0, viPy =0, viP;=0, (E7)

where 1 <k < K, puy >0, {uf, >0}, Py > 0and {P}; >0}
are the optimal primal variables, while w* > 0, {{; > 0},
0, = 0,{0} =0}, v; =0, and {v; = 0} are the optimal dual
variables.
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From (E.3) and (E.4), there must be c* > 0 and {&} > 0}.
From (E.5) and (E.6),

N;Pz;HﬁqHQ 2 % 2
— — = 0
TR AR

*x px il 2
M o — w6 =0, 1<k<K. (B9

s e+ By

Moreover, it is easily derived from (E.1) and (E.2) that

o Pillagl = Pye,

q 1Sk
€q

(E.8)

_ Pfllhu] - P
Vk€k
Substituting (E.10) into (E.8) and (E.9), respectively, we obtain
Q/¢ —o;
([[hgll —€q)

Plugging P into uj, , we have

(E.10)

2
VEO g

[ LA S E.11
S

2
N o
‘LLSk = ~7k
(Pl — ex)er
As a result, the optimal condition (24) can be expressed as
2 2
n{ _ Tk }2 @/¢ L (E1)
(Il = er)ex ) ([hgll =€)

which completes the proof of Proposition 4.
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