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Abstract—The Integrated Sensing and Communications
(ISAC) paradigm is anticipated to be a cornerstone of the
upcoming 6G networks. In order to optimize the use of wireless
resources, 6G ISAC systems need to harness the communi-
cation data payload signals, which are inherently random,
for both sensing and communication (S&C) purposes. This
tutorial paper provides a comprehensive technical overview of
the fundamental theory and signal processing methodologies
for ISAC transmission with random communication signals.
We begin by introducing the deterministic-random tradeoff
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(DRT) between S&C from an information-theoretic perspective,
emphasizing the need for specialized signal processing techniques
tailored to random ISAC signals. Building on this foundation,
we review the core signal models and processing pipelines for
communication-centric ISAC systems, and analyze the average
squared auto-correlation function (ACF) of random ISAC signals,
which serves as a fundamental performance metric for multi-
target ranging tasks. Drawing insights from these theoretical
results, we outline the design principles for the three key
components of communication-centric ISAC systems: modulation
schemes, constellation design, and pulse shaping filters. The goal
is to either enhance sensing performance without compromising
communication efficiency or to establish a scalable tradeoff
between the two. We then extend our analysis from a single-
antenna ISAC system to its multi-antenna counterpart, discussing
recent advancements in multi-input multi-output (MIMO) pre-
coding techniques specifically designed for random ISAC signals.
We conclude by highlighting several open challenges and future
research directions in the field of sensing with communication
signals.

Index Terms—Integrated sensing and communications
(ISACs), deterministic-random tradeoff, modulation basis,
constellation design, pulse shaping, multi-antenna precoding.

I. INTRODUCTION

A. Background and Motivation

NEXT-GENERATION wireless networks (5G-Advanced
(5G-A) and 6G) are increasingly recognized as a piv-

otal enabler for a broad spectrum of emerging applications,
including the Digital Twin, Metaverse, Smart Cities, Indus-
trial Internet-of-Things (IoT), and the Low-Altitude Economy
powered by Unmanned Aerial Vehicles (UAVs) [1], [2]. These
applications promise to revolutionize industries and societies
by providing advanced digital experiences, real-time environ-
ment monitoring, and intelligent automation. In May 2023, the
International Telecommunications Union (ITU) successfully
completed the Recommendation Framework for IMT-2030,
which is commonly referred to as the global 6G vision [3].
This achievement marks the formal initiation of the 6G stan-
dardization process, laying the foundation for the development
of next-generation communication systems. Among the six
key usage scenarios identified by the ITU, Integrated Sensing
and Communications (ISAC) stands out as a particularly
transformative innovation [4], [5]. ISAC is envisioned to
offer integrated solutions that combine wireless sensing and
communication (S&C) functions in a seamless and efficient
manner, thereby enhancing the performance and capabilities
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of 6G networks [5], [6]. By incorporating native sensing
functionalities directly into the communication infrastructure,
ISAC-enabled cellular networks will further unlock distributed
sensing of unprecedented scale. In doing so, it will support
another one of key 6G usage scenarios, that of integrated
artificial intelligence (AI) and communications, by generating
the necessary volume of sensory data to build the networked
intelligence.

ISAC technologies can be conceptualized in a number of
progressive stages [7]. The initial stage focuses on the inde-
pendent use of spectral resources by S&C systems, ensuring
no interference between the two. In the subsequent stage, both
S&C functions are consolidated onto a shared RF front-end. In
the third stage, namely, fully integrated ISAC systems, S&C
functions are performed on a unified hardware platform using
a shared waveform within the same frequency band [6]. In
such a system, a single radio signal is transmitted to both
deliver data information to communication users, as well as to
acquire critical sensory information from the returned echoes,
e.g., range, angle, velocity, trajectory, size and shape of targets
of interest, or even image of the surrounding environment.
This integration poses considerable challenges at the physical
layer (PHY), where innovative signaling schemes are crucial
for supporting higher-layer ISAC applications. Among various
design strategies, three primary approaches have garnered
significant attention from both academia and industry, as
outlined below.

1) Sensing-Centric Design: Sensing-centric design focuses
on incorporating communication bits into legacy radar wave-
forms, which is often referred to as the information embedding
method [8]. Taking chirp waveforms as an example, this can
be achieved by representing communication symbols using
inter-pulse modulation, through varying the amplitude, phase,
frequency, or even the chirp rate of each chirp pulse [9],
[10], [11]. Additionally, for a MIMO radar system, useful
information can also be embedded in the spatial domain,
through techniques like sidelobe control of the beampattern
[12], [13], [14], or via index modulation (IM) [15], [16], [17],
[18]. The IM-based sensing-centric ISAC was first introduced
in [15], where a set of Nt orthogonal waveforms is transmitted
from a radar equipped with Nt antennas. By permuting the
assignment of these waveforms to the antennas, information
can be readily encoded, with each permutation corresponding
to a unique communication symbol. This approach effectively
enables data transmission at a bit rate of fPRF · log2Nt!,
where fPRF is the pulse repetition frequency (PRF) of the
radar. Building on this idea, the multi-carrier agile joint radar
communication (MAJoRCom) framework [17], [18] intro-
duces a more dynamic modulation technique based on the
carrier-agile phased array radar (CAESAR) platform. In this
scheme, the carrier frequency is varied randomly between
pulses, and different frequency tones are allocated to individual
antenna elements. This dual-domain agility in both spatial
and spectral dimensions facilitates the joint execution of radar
sensing and data communication tasks. However, since most
sensing-centric methods rely on inter-pulse modulation (or
slow-time coding) to avoid disrupting the structure of radar

waveforms, these approaches typically result in lower data
rates, constrained by the PRF [19].

2) Communication-Centric Design: The communication-
centric design refers to ISAC signaling strategies that
strictly follow the standard communication system process-
ing pipeline. In such systems, the sensing functionality is
implemented over standardized communication waveforms
and protocols, such as 5G New Radio (NR) [20] and IEEE
802.11ad [21], without altering the fundamental structure of
the signal processing chain. As a result, the available design
degrees of freedom (DoFs) are limited to tunable parameters
within this architecture. Early efforts in communication-centric
ISAC date back to the code-division multi-access (CDMA)
era, where Oppermann sequences were explored for dual-
purpose communication and radar functionalities [22]. A more
widely studied example is the orthogonal frequency division
multiplexing (OFDM) waveform [23], [24], whose sensing
capabilities were first demonstrated in [25]. Building upon this,
orthogonal time-frequency space (OTFS) modulation has been
proposed as a candidate for 6G ISAC due to its representation
in the delay-Doppler domain, aligning well with radar target
characterization [26], [27], [28], [29]. However, while OTFS
shows resilience to Doppler shifts in communication systems,
its sensing performance is generally comparable to that of
OFDM, and both waveforms depend largely on the radar
receiver’s complexity for optimal performance [26], [29]. As
will be elaborated in later sections, OFDM achieves the lowest
average ranging sidelobe level when carrying independent and
identically distributed (i.i.d.) Quadrature Amplitude Modula-
tion (QAM) and Phase Shift Keying (PSK) symbols, making
it a strong candidate for ranging applications. Recently, affine
frequency division multiplexing (AFDM) has emerged as a
novel waveform offering robustness in high-mobility scenarios
while supporting both S&C objectives [30], [31]. While in
principle, any communication waveform can be repurposed
for sensing, this reuse comes with limitations. Since these
waveforms are optimized primarily for communication perfor-
mance, the sensing functionality, which is added as an overlay,
may suffer from reduced performance or limited tunability.
Nevertheless, the communication-centric approach remains
attractive due to its low complexity, backward compatibility,
and suitability for real-world deployment.

3) Joint Design: In contrast to communication-centric
methods, the joint design strategy offers far greater flexibility
by constructing ISAC waveforms from the ground up. This
approach does not rely on standard communication or radar
signal processing blocks. Instead, it formulates ISAC signaling
as a multi-objective optimization problem, allowing for end-to-
end waveform design that balances S&C performance. Typical
joint design formulations aim to optimize communication met-
rics, such as inter-user interference, under sensing constraints
like MIMO radar beampattern requirements, or radar wave-
form similarity [32], [33], [34], [35], [36], [37]. Alternatively,
one may optimize the sensing-specific objective functions,
e.g., radar beamforming gain [38], [39] or Cramér-Rao Bound
(CRB) [40], subject to communication signal-to-interference-
plus-noise ratio (SINR) constraints. Beyond conventional
optimization-based approaches, joint design may also be
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realized through learning based techniques [41], [42]. Recent
advances further consider practical implementation challenges,
including hardware impairments and front-end non-idealities
[43], [44], [45], [46]. Unlike communication-centric designs,
joint designs are not constrained to standard waveforms and
may employ novel signal structures, such as intra-pulse mod-
ulated chirps [32] or other suitable constant-modulus analog
waveforms, that optimize sensing metrics while still carrying
massive communication data. However, this flexibility comes
at the cost of increased computational complexity and lack of
compatibility with existing infrastructure, making joint design
less viable for near-term standardized deployment.

Among the three design philosophies, the communication-
centric ISAC design holds more promise for practical
deployment in 5G-A and 6G networks, primarily due to its
low implementation costs and full compatibility with existing
cellular infrastructure [20]. Indeed, ISAC standardization is
progressing well within the 3rd Generation Partnership Project
(3GPP), which builds upon the 5G NR protocols. For instance,
a key focus of 3GPP Release 18 (Rel-18) is on improving
device positioning [47], crucial for ISAC and wireless sensing
in 5G-A. As a further step, a Technical Report TR 22.837 was
introduced towards Rel-19 in April 2022, identifying 32 ISAC
use cases [48]. In August 2023, the Technical Specification
TS 22.137 outlined the service requirements for wireless
sensing, detailing eight key performance indicators (KPIs)
[49]. These include positioning accuracy, velocity estimation
accuracy, confidence levels, sensing resolution, miss detection
probability, false-alarm probability, sensing service latency,
and refresh rates. Additionally, in December 2023, a study
on channel modeling for ISAC was approved [50]. More
recently, the 3GPP defined the scope of 6G research in the
6G Study Item Description (6G SID, RP-251809) towards
Rel-20 [51], where “sensing” was identified as one of the
nine key objectives. Complementary work is also underway in
the European Telecommunications Standards Institute (ETSI),
focusing on ISAC-specific use cases and security. Meanwhile,
IEEE 802.11bf aims to enhance WLAN standards for sensing
[52]. On top of that, air interface technologies for ISAC are
expected to be finalized in the first set of 3GPP 6G technical
specifications under Rel-21 [53]. As part of this evolution,
research on PHY signaling and processing techniques for
communication-centric ISAC will become increasingly crucial.

B. Sensing With Communication Data Payload Signals

The current 5G NR and Wi-Fi-based communication-
centric ISAC signaling frameworks primarily rely on reference
signals, commonly referred to as “pilots”, that are embed-
ded within standardized communication frame structures.
For instance, in 3GPP Rel-18, Reduced-Capability (RedCap)
devices utilize positioning reference signals (PRS) for down-
link positioning and sounding reference signals (SRS) for
uplink localization [47], [54]. Other PHY reference signals,
such as channel state information reference signals (CSI-RS),
demodulation reference signals (DMRS), and synchronization
signals, have also been leveraged for sensing applications [55],
[56], [57]. A representative early implementation of this pilot-
based ISAC philosophy is the IEEE 802.11ad-based system

developed for vehicular networks [21]. In this framework,
radar sensing is performed using only the preamble of each
Single-Carrier (SC) PHY frame, namely, the Short Training
Field (STF) and Channel Estimation Field (CEF). This time-
division design cleanly separates the S&C functions and has
demonstrated practical feasibility and low implementation
complexity.

Despite their favorable correlation properties (e.g., Zadoff-
Chu sequences, m-sequences, and Golay sequences) and ease
of implementation, such reference signals occupy only a
limited portion of time-frequency resources, typically around
10–15% in 5G NR and 1-2% in IEEE 802.11ad. For exam-
ple, in a typical 802.11ad SC PHY frame containing 511
data blocks with a chip rate of 1.76 GHz, the preamble
(comprising 7552 samples) accounts for only about 2.2% of
the frame duration. In long-frame configurations, this ratio
drops to as low as 0.36% [58]. Consequently, the achievable
sensing resolution and SINR is fundamentally constrained
by the restricted resources allocated to the reference sig-
nals. Scaling up performance in such designs often requires
accumulating information across multiple frames, introduc-
ing additional latency and system complexity. To overcome
these limitations, a promising direction is to repurpose the
communication data payload, which occupies 85% to 98%
of the total time-frequency resources, for both S&C tasks.
By fully exploiting the entire bandwidth and time duration
of communication signals, this approach offers substantial
improvements in range-Doppler resolution, target detection
probability, and parameter estimation accuracy, which aligns
closely with the long-term vision of integrating pervasive,
seamless sensing capabilities into future 6G networks.

While leveraging data payload signals for ISAC offers
significant performance gains over conventional pilot-only
schemes, these signals are not inherently designed for sensing
applications, leading to critical challenges in implementing
communication-centric ISAC systems. First, unlike pseudo-
random sequences discussed earlier, data payload signals are
random signals that carry useful information [59]. These
signals are generated randomly from specific codebooks, with
their structure determined by the distribution of information
sources. Recent advancements in ISAC information theory
have underscored a key distinction between the requirements
for S&C. That is, communication systems rely on random
signals to efficiently convey information, while radar sensing
systems demand deterministic signals with favorable ambi-
guity properties. Consequently, the randomness embedded in
ISAC signals improves the communication rate but deteriorates
sensing performance, giving rise to the deterministic-random
tradeoff (DRT) between S&C [60], [61], [62], [63]. This
tradeoff, particularly concerning the input distribution of ISAC
signals [64], poses a significant challenge in characterizing
the Pareto performance boundary for S&C. In this context,
the work in [61] examined a basic point-to-point (P2P) ISAC
system operating over vector Gaussian channels, and evalu-
ated the achievable S&C performance at communication- and
sensing-optimal operating points, respectively, providing valu-
able theoretical insights into the design of more sophisticated
ISAC systems by leveraging the DRT.
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Second, beyond the foundational nature of the theoretical
findings derived from ISAC information theory [60], [61],
[62], [63], it is of practical importance to further evaluate and
optimize the achievable sensing performance under real-world
communication signals. Conceived primarily for data delivery,
communication signals have a format fundamentally different
from conventional radar signals. At its most basic level, a
practical communication signal can be decomposed into the
following key components [65]:
• Channel Codes that encode information sources into

coded bit sequences to improve transmission reliability.
• Constellation Symbols mapped from bit sequences that

carry information.
• Orthonormal Modulation Basis that conveys these sym-

bols by formulating discrete-time signals.
• Pulse Shaping Filter that converts discrete time-domain

samples into continuous-time signals.
• MIMO Precoder required in multi-antenna systems to

enable multi-stream or multi-layer transmission.
Each of these components significantly influences the

resulting sensing performance, yet their impacts remain
largely unexplored. To effectively guide the development
of communication-centric ISAC systems for future 6G net-
works, a deeper understanding of how these core elements of
communication systems influence the sensing performance is
essential. This understanding serves as the basic motivation of
the study in this tutorial paper.

C. Organization of This Paper
In this tutorial paper, we present a comprehensive technical

overview of recent advances in the fundamental theory and
signal processing methodologies for P2P ISAC systems that
leverage random data payload signals [60], [61], [62], [63],
[66], [67], [68], [69], [70]. We begin by introducing the DRT
between S&C from an information-theoretic standpoint in
Sec. II, underscoring the importance of developing tailored
signal processing approaches specifically for random ISAC
signals [60], [61], [62], [63], [71], [72], [73]. In particular,
we review the capacity-distortion (C-D) theory for state-
dependent memoryless ISAC channels [63], depicting the
impact of input distribution for both S&C. We then generalize
our analysis to vector Gaussian channels by examining the
CRB-rate tradeoff for ISAC [61], which reveals the optimal
distribution and structure of ISAC signal matrix at sensing- and
communication-optimal points, and characterizes the achiev-
able S&C performance, respectively.

Expanding on this theoretical foundation, we proceed to
review the core signal models and processing pipelines for
communication-centric ISAC systems in Sec. III. A key focus
is on the auto-correlation function (ACF) of random ISAC
signals, which serves as a critical metric for assessing the
sensing performance in multi-target ranging applications [66].
Due to the inherent randomness of data payloads, analyzing
the statistical property of ACF becomes essential, instead of
relying on specific instances. Recent research has focused on
deriving a closed-form expression for the expected squared
ACF [66], taking into account arbitrary modulation techniques
and constellation mappings within the Nyquist pulse shaping

framework. This expression is metaphorically described as an
“iceberg-in-the-sea” structure, where the “iceberg” represents
the squared mean of the ACF of random ISAC signals,
determined by the pulse shaping filter, and the “sea level”
corresponds to the variance, which reflects the variability
introduced by the data randomness.

Drawing insights from these results, we further overview
the design principles for the three key components of
communication-centric ISAC systems in Sec. IV, including
modulation schemes [67], constellation designs [68], and
pulse shaping filters [66], [69]. The objective is either to
improve sensing performance without sacrificing communi-
cation efficiency, or, alternatively, to establish a scalable
tradeoff between the two. This balance is crucial for enabling
the seamless integration of S&C functionalities within the
same system. Notably, we show that among all orthogonal
linear modulation schemes, OFDM attains the lowest average
ranging sidelobe level for i.i.d. QAM/PSK symbols [67]. We
then review a probabilistic constellation shaping method to
maximize the communication rate while further reducing the
sidelobe level for OFDM signaling [68], followed by a Nyquist
pulse design approach to reshape the ACF of ISAC signals
[66], [69]. Furthermore, we extend the discussion to more
complex MIMO settings in Sec. V, elaborating on the latest
advancements in data-dependent and data-independent MIMO
precoding techniques specifically designed for random ISAC
signals [70].

Finally, we conclude with a discussion of several open
challenges and promising future research directions in sensing
with random communication signals. We hope that this work
would provide reference value to the ongoing efforts for
implementing ISAC in the forthcoming 6G networks.

D. Notations
Throughout this paper, a, a, and A represent random scalars,

random vectors, and random matrices, respectively. Their
corresponding deterministic quantities are denoted by a, a,
and A, respectively. The size-N identity matrix is denoted
by IN . The size-N discrete Fourier transform (DFT) matrix
is denoted as FN , with its (m,n)-th entry being defined as

1√
N
e−

j2π(m−1)(n−1)
N with j denoting the imaginary unit. The

Kronecker product and Hadarmard product between matrices
A and B are denoted by A ⊗ B and A � B, respectively.
‖x‖p denotes the `p norm, which represents the `2 norm
by default when the subscript is omitted. The notations E(·)
and var(·) denote the expectation and variance of the input
argument, respectively. (·)∗, (·)T , and (·)H represent the
complex conjugate, transpose, and Hermitian transpose of their
arguments, respectively. an denotes the n-th column of A.
The notation Diag(·) denotes the matrix obtained by placing
its arguments on the main diagonal of a square matrix. Tr(·)
stands for the trace of a square matrix, and rank(·) stands
for the rank of a matrix. The subscripts in the aforementioned
notations may be omitted when they are clear from the context.

II. DETERMINISTIC-RANDOM TRADEOFF IN ISAC
SYSTEMS: AN INFORMATION-THEORETIC PERSPECTIVE

In this section, we introduce the fundamental DRT between
S&C, highlighting the need for developing dedicated signal
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Fig. 1. The P2P ISAC model: An ISAC Tx transmits a unified signal to
sense targets while communicating with a communication Rx. A dedicated
sensing Rx is either collocated with the ISAC Tx (monostatic mode), or placed
separately but connected with the ISAC Tx through a wired link (cooperative
bistatic mode).

processing techniques towards random ISAC signals. We first
review the C-D theory for the state-dependent memoryless
ISAC channel, framing the S&C tradeoff as a functional opti-
mization problem from an information-theoretic perspective.
Building on this foundation, we generalize the DRT to vector
Gaussian ISAC channels by depicting the CRB-rate region.

A. System Model

We consider a P2P ISAC system, as shown in Fig. 1, where
the ISAC transmitter (Tx) emits a unified signal to both sense
targets and transmit information to a communication receiver
(Rx). Simultaneously, a dedicated sensing receiver (Rx) is
either collocated with the ISAC Tx (monostatic mode) or
placed separately and connected to the Tx via a wired link
(cooperative bistatic mode). In both scenarios, the sensing
Rx has full knowledge of the transmitted ISAC signal, while
the communication Rx does not, as the ISAC signal carries
information intended for the communication user. Specifically,
the primary objectives of S&C subsystems are:
• Sensing: Detecting the presence of targets and accurately

estimating key parameters such as delay, Doppler, and
angle by processing echo signals reflected from targets.

• Communication: Decoding information bits transmitted
by the ISAC Tx via processing the received signal output
from the communication channel.

In this model, communication performance is typically
measured by the achievable rate or channel capacity, which
is omitted here for brevity. The sensing performance, on the
other hand, critically depends on the specific sensing task.
Broadly, sensing tasks can be categorized into estimation and
detection, defined as follows [74] and [75]:
• Estimation: Extracting target parameters, such as delay,

Doppler frequency, and angle, from noisy or interfered
observations.

• Detection: Determining the state of a target (e.g., pres-
ence/absence or multiple hypotheses) based on observed
echo signals.

Accordingly, estimation performance is typically quantified
by the MSE, while detection performance is evaluated using
metrics like detection and false-alarm probabilities. These
metrics are explained in further detail below.
• Estimation Metrics: Estimation accuracy can be eval-

uated by the difference between the ground truth and
estimated value. Let h be the ground truth of sensing
parameters, such as delay, Doppler, or angle, with ĥ

denoting their estimates. The estimation error is quan-
tified by the MSE ε, defined as

ε := E
(∣∣∣h− ĥ

∣∣∣2) , (1)

where the expectation is taken over both h and ĥ, given
their potential randomness.

• Detection Metrics: The detection problem, in its simplest
form, is commonly framed as a binary hypothesis testing
problem, where H0 hypothesis stands for the case that
the sensing Rx detects only the noise, and H1 hypothesis
signifies the situation that the sensing Rx receives target
return plus noise. Accordingly, the detection probability
PD is the probability that, when the target is present,
the sensing Rx correctly chooses H1. The false alarm
probability, on the other hand, is the probability that the
sensing Rx erroneously selects H1 when the target is
absent. These probabilities can be expressed as:

PD = Pr (H1|H1) , PFA = Pr (H1|H0) . (2)

Notably, both detection and estimation metrics may be
unified as a generic distortion measure in the context of infor-
mation theory, which is defined by a bounded distance function
d(h, ĥ). For estimation tasks, a common distortion function is
the Euclidean distance, d(h, ĥ) = |h− ĥ|2, which induces the
MSE in (1). For detection tasks, one may define h ∈ {0, 1}
as a binary variable indicating the presence or absence of a
target, and use the Hamming distance d(h, ĥ) = h⊕ ĥ as the
distortion metric. Accordingly, the expected distortion in this
case can be written as [60]:

E
{

h⊕ ĥ
}

= (1⊕ 1) Pr
(

ĥ = 1 |h = 1
)

+ (0⊕ 0) Pr
(

ĥ = 0 |h = 0
)

+ (1⊕ 0) Pr
(

ĥ = 1 |h = 0
)

+ (0⊕ 1) Pr
(

ĥ = 0 |h = 1
)

= 1− PD + PFA, (3)

Under the Neyman-Pearson criterion [75], where PFA is fixed,
minimizing the average Hamming distortion in (3) leads to the
maximization of the detection probability.

Next, we review the C-D framework, which has emerged
as a powerful tool for analyzing the tradeoff between S&C
performance in ISAC systems. In this context, a generic
distortion metric is used as a universal KPI for sensing,
without committing to a specific task such as parameter
estimation or target detection. Rather than being derived from
a particular implementation, the C-D theory serves as an
information-theoretic abstraction of practical ISAC transmis-
sion models, such as those illustrated in Fig. 1, with the goal
of characterizing the fundamental performance boundaries
that jointly govern both S&C under generic ISAC channel
models.

B. Capacity-Distortion Theory

1) Information-Theoretic Model for Monostatic ISAC:
The shared use of resources in ISAC systems inherently
couples the performance of S&C, leading to a fundamental



6 IEEE JOURNAL ON SELECTED AREAS IN COMMUNICATIONS, VOL. 44, 2026

Fig. 2. An information-theoretic model for the P2P monostatic ISAC system.

tradeoff between the two functionalities. The C-D framework,
originally formulated in recent works such as [63], offers a
unified information-theoretic perspective on this tradeoff [76].
In contrast to the classical rate-distortion theory developed
for the lossy source coding [59], in which both rate and
distortion metrics pertain to communication fidelity, the C-D
framework re-interprets these metrics for the ISAC paradigm:
The achievable rate quantifies the communication throughput
in the Shannon-theoretic sense, while the distortion serves
as a task-agnostic measure of sensing reliability, abstracting
over task-specific objectives. To elaborate, consider the P2P
monostatic ISAC system as an example,1 where the ISAC
channel is modeled as a memoryless state-dependent delayed-
feedback channel [63], [71], [72], [73], subject to a channel
law, defined as a conditional distribution Pyz|xh, where:
• x ∈ X is the ISAC transmitted signal;
• h ∈ H denotes the sensing channel state, representing the

target parameter of interest (e.g., delay, Doppler, angle,
or a binary detection variable;

• y ∈ Y represents the received signal at the communica-
tion Rx;

• z ∈ Z denotes the reflected echo signal used for sensing
(delayed feedback to the Tx).

As shown in the information-theoretic model in Fig. 2, the
ISAC Tx consists of two components:
• An enconder for delivering a message w ∈ W;
• An estimator (collocated sensing Rx) for inferring the

unknown target parameter h by analyzing the received
echoes.

At each time slot i ∈ {1, 2, . . . , n}, the system evolves as
follows:
• The state realization hi ∼ Ph is drawn independently

from a known distribution;
• The encoder generates the ISAC signal xi =
Φi
(
w, zi−1

)
, where zi−1 = {z1, z2, . . . , zi−1} denotes

the sequence of the prior echoes;
• The channel produces outputs yi and zi according to
Pyz|xh(yi, zi|xi, hi).

Upon relying on the above model, a
(
2nR, n

)
ISAC coding

scheme consists of [63]:
• Message Set W: containing at least 2nR messages for

transmission;

1While we focus on the P2P case, the C-D framework has been extended to
multi-user settings, such as two-user memoryless broadcast and multi-access
ISAC channels [72], [73].

• Encoding Functions Φi :W×Zi−1 → X : one per time
index i, generating each channel input xi as a function
of the message w and previously received echoes zi−1;

• Decoding Function ψ : Hn × Yn → W: designed to
recover the transmitted message using both the sequence
of communication outputs y and the sensing channel
state h. The decoded message may be expressed as
ŵ = ψ (hn, yn);

• State Estimator ĥ : Xn × Zn → Ĥn: adopted by
the sensing Rx to estimate the state sequence ĥ

n
=

ĥ (xn, zn), where Ĥn denotes the finite set of recon-
structed state values.

2) S&C Performance Evaluation: To evaluate the sensing
performance of the presented ISAC system, we use the average
per-block distortion by relying on a certain distortion function
d(h, ĥ), e.g., Euclidean distance for estimation or Hamming
distance for detection. This is defined as:

∆(n) := E
{
d(hn, ĥ

n
)
}

=
1

n

n∑
i=1

E
{
d(hi, ĥi)

}
. (4)

Thanks to the memoryless nature of the ISAC channel, it
is provable that the optimal estimator ĥ? is single-letterized,
which minimizes the expected posterior distortion, given by

ĥ?(x, z) := arg min
h′∈Ĥ

∑
h∈H

Ph|xz(h|x, z)d(h, h′). (5)

This yields an estimation error:

e(x) = E
{
d[h, ĥ?(x, z)]|x = x

}
, (6)

which acts as the sensing cost function for a given instance
of ISAC signal x. For communication performance, on the
other hand, we consider the average error probability of the
transmitted message:

P (n)
e :=

1

2nR

2nR∑
i=1

Pr(ŵ 6= i|w = i). (7)

To model the constraint on wireless resources (e.g., transmis-
sion power or bandwidth), we introduce a cost function b(·)
for the ISAC signal x, defined by

E {b(xn)} =
1

n

n∑
i=1

E {b(xi)} . (8)

Given a resource budget B, a rate-distortion-cost tuple
{R,D,B} is deemed achievable if there exists a

(
2nR, n

)
ISAC coding scheme, such that [63]

lim
n→∞

P (n)
e = 0, (9a)

lim
n→∞

∆(n) ≤ D, (9b)

lim
n→∞

E {b(xn)} ≤ B. (9c)

Under the above framework, the C-D tradeoff of an ISAC
system is defined as

CB(D) = sup {R| {R,D,B} is achievable} . (10)

Although the above definition clarifies the operational mean-
ing of the C-D tradeoff, it is often challenging to directly
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compute CB(D) in a tractable manner. To that end, the fol-
lowing information-theoretic C-D function, which maximizes
the conditional mutual information (MI) over the ISAC signal
distribution Px(x), was proved to be equivalent to (10) [63]:

CB(D) = arg max
Px(x)

I (x; y|h) (11a)

s.t.
∑
x∈X

Px(x)e(x) ≤ D, (11b)∑
x∈X

Px(x)b(x) ≤ B, (11c)

where I (x; y|h) stands for the conditional MI between the
input x and output y conditioned on the channel h, and
(11b) and (11c) represent the constraints on the average
sensing distortion and resource cost, respectively. For a given
channel law Pyz|xh, the functional optimization problem (11)
may be solved in an iterative manner via the celebrated
Blahut-Arimoto (BA) algorithm [77], [78].

3) Example of the C-D Tradeoff in the Linear Gaussian
Channel: We consider a scalar linear Gaussian channel Pyz|xh,
with the following input-output relationship [71]:

y = hx + n, z = y, (12)

where the channel coefficient h ∈ R, obeying the Gaussian
distribution, is the parameter to be estimated by the ISAC
signal x ∈ R, and n ∈ R is the additive white Gaussian
noise (AWGN) with zero mean and unit variance. The resource
budget is the transmit power, which is set as E(|x|2) ≤ B =
10. Here, the communication Rx wishes to recover x upon
receiving y, whereas the sensing Rx wishes to estimate h by
observing the echo signal z with a minimum MSE (MMSE)
estimator. We note here that the model (12) assumes perfect
feedback. This is a toy model simply to illustrate the C-D
tradeoff, which may not fully align with the realistic ISAC
transmission scenario elaborated in later sections.

Fig. 3 portrays the C-D tradeoff result as well as correspond-
ing optimal ISAC signal distributions under the above model,
through numerically solving problem (11). It is observed that
at points 1© and 4©, the optimal input distributions of x are
the Gaussian and BPSK constellations, respectively, corre-
sponding to the communication-optimal and sensing-optimal
performance. Along the C-D tradeoff curve, Px(x) smoothly
evolves from Gaussian to BPSK, indicating a gradual reduction
in the randomness of the ISAC signal [71].

C. CRB-Rate Region for Vector Gaussian ISAC Channels

1) Generic Framework: The C-D theory presented above
provides clear evidence of the DRT between S&C in terms of
the input distribution of the ISAC channel. A natural question
arises as to whether this tradeoff holds in more complex
scenarios, such as MIMO or OFDM systems with multiple
sensing parameters. To explore this, the study in [61] examined
the CRB-rate tradeoff between S&C in the context of the
following P2P vector Gaussian ISAC channel model:

Ys = Hs(η)X + Zs (13a)
Yc = HcX + Zc, (13b)

Fig. 3. The C-D tradeoff boundary of the real-valued scalar Gaussian channel
scenario with B = 10, as well as the Pareto-optimal input distributions Px(x)
along the boundary.

where X ∈ CNt×N denotes the dual-functional ISAC wave-
form emitted from the ISAC Tx, Ys ∈ CNs×N and Yc ∈
CNc×N are signal matrices received at the S&C Rxs, Hs ∈
CNs×Nt and Hc ∈ CNc×Nt represent the S&C channel
matrices, while Zs ∈ CNs×N and Zc ∈ CNc×N are white
Gaussian noise matrices, with each entry being i.i.d. and
following CN

(
0, σ2

s

)
and CN

(
0, σ2

c

)
, respectively. Moreover,

the sensing channel Hs is assumed to be a function of
the sensing parameter vector η ∈ RK , which has a prior
distribution Pη and may include delay, Doppler, and angle
parameters of one or more targets. The two channels may be
correlated with each other to a certain degree, depending on
the specific ISAC scenarios.

While the focus of this tutorial is on the P2P ISAC channel
in (13), which corresponds to a single-user communication
and multi-target sensing scenario, this framework can be
readily extended to a multi-user (MU) scenario by treating Hc

as the MU-MIMO communication channel matrix. However,
due to the complex coupling between users and targets, the
tradeoff between target sensing and multi-user communication
remains largely unexplored in the existing literature. Even
in communication-only scenarios, such as MIMO broadcast
channels, the capacity region is still an open problem in
information theory. The inclusion of multiple sensing targets
adds additional complexity to this challenge. This highlights
the need for foundational research before scaling to multi-user
systems, which is identified as a key direction for future work.

The sensing channel matrix Hs may have different forms
depending on the specific sensing scenarios and adopted target
models. Below, we discuss two typical cases.
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• Multi-Target Angle Estimation: Consider estimating the
angles of Q point-like targets within a single delay-
Doppler bin, using a MIMO-ISAC system. Here, the
sensing channel is defined in the spatial domain as:

Hs =

Q∑
q=1

βqb (θq)a
T (φq) , (14)

where βq , θq , and φq denote the complex amplitude,
angle of arrival (AoA), and angle of departure (AoD)
of the q-th target,2 respectively, with a (φ) and b (θ)
being the steering vectors of transmit and receive antenna
arrays, determined by the array geometry. Specifically,
for uniform linear arrays (ULAs) with half-wavelength
spacing, the steering vectors may be modeled as

a (φ) =
[
1, ejπ sinφ, . . . , ejπ(Nt−1) sinφ

]T
,

b (θ) =
[
1, ejπ sinθ, . . . , ejπ(Ns−1) sinθ

]T
, (15)

where Nt, Ns, and Nc stand for the antenna number at
ISAC Tx, sensing Rx, and communication Rx, respec-
tively, and N is the number of time-domian snapshots.
Accordingly, the target parameter vector η is a size-4Q
vector containing AoA, AoD and real/imaginary parts of
βq for each target.

• Multi-Target Ranging with OFDM: Consider estimat-
ing the ranges of Q static targets under OFDM signaling
with Nt subcarriers. Assume that each target has a
delay τq and a complex amplitude βq . After removing
the cyclic prefix (CP), the sensing channel becomes a
circulant matrix, decomposable as:

Hs = FHNtDiag

{
Q∑
q=1

βqc (τq)

}
FNt , (16)

where FN is the N -dimensional discrete Fourier trans-
form (DFT) matrix, and c (τ) is the frequency-domain
steering vector defined over subcarriers, which is

c (τ) =
[
1, e−j2π∆fτ, . . . , e−j2π(Nt−1)∆fτ

]T
, (17)

with ∆f being the subcarrier spacing. In such a case,
Nt = Nc = Ns represent the number of subcarriers, and
N is the number of OFDM symbols. As a consequence, η
is a size-3Q vector comprising τq and the real/imaginary
parts of βq for each target.

Beyond these examples, the generic model in (13) is widely
applicable to more complex sensing scenarios, which are
omitted here for brevity.

We now examine the CRB-rate tradeoff using the MIMO-
ISAC system as an example. As illustrated in Fig. 1, an
ISAC Tx equipped with Nt antennas emits a dual-functional
ISAC signal X over N consecutive time slots, enabling
communication with an Nc-antenna communication Rx, while
simultaneously estimating the parameter vector η by observing
the echo signal Ys at an Ns-antenna sensing Rx. We therefore
model X as a random matrix governed by a distribution

2Note that under the monostatic mode we have φq = θq , ∀q.

PX (X), with its realization fully known to the sensing Rx
but unknown to the communication Rx. Under such a setup:
• The communication performance is quantified by the

achievable rate, characterized by the input-output MI
conditioned on the channel Hc, i.e., I(X;Y|Hc).

• The sensing performance is evaluated using the CRB,
which serves as the lower bound for the MSE of any
weakly unbiased estimator of the target parameter η.

Since the unified ISAC signal X serves both S&C functions,
the ISAC system cannot simultaneously achieve sensing-
optimal and communication-optimal performance, leading to a
fundamental tradeoff between CRB and communication rate.
A rigorous analytical characterization of this tradeoff would
provide valuable insights for system design and ISAC signal
optimization.

Unlike conventional radar systems, the sensing CRB of the
considered ISAC system is not straightforwardly characteriz-
able due to the randomness in the probing waveform X. To
address this issue, one may treat X as a random but known
nuisance parameter, and resort to the Miller-Chang bound
(MCB) as a potential solution [79]. In particular, the MCB
is obtained by computing the CRB for a given instance of
X, and then taking the expectation over X. For any weakly
unbiased estimate η̂, the resulting MSE is lower-bounded by
the Bayesian MCB as follows:

ε := E
{
‖η̂− η‖2

}
≥ EX

{
Tr
(
M−1

η|X

)}
, (18)

where Mη|X ∈ CK×K is the Bayesian Fisher Information
matrix (BFIM) of η [80], which can be equivalently expressed
as an affine map of the sample covariance matrix RX :=
N−1XXH in the following form [61]:

Mη|X = Φ(RX)

:=
N

σ2
s

(
r1∑
n=1

B1,nR
T
XB

H
1,n +

r2∑
m=1

B2,mRXB
H
2,m +MP

)
,

(19)

with the term MP representing the prior FIM contributed by
Pη. Additionally, the matrices B1,n and B2,m are partitioned
from the Jacobian matrix ∂vec(H∗s)

∂η .
The Bayesian MCB in (18) may be achieved by the max-

imum a posterior (MAP) estimator at the high SNR regime
[80]. By comparing (18) and (11b), it becomes evident that the
MCB serves as an equivalent average sensing cost function of
the random ISAC signal X, even though it is not a traditional
“distortion” metric. Consequently, the CRB-rate tradeoff in
the ISAC system can be framed as the following Pareto
optimization problem:

min
PX(X)

ρE
{

Tr
[
(Φ(RX))

−1
]}
− (1− ρ)I(X;Yc|Hc)

(20a)
s.t. E {Tr (RX)} = PT , (20b)

where PT stands for the average transmit power budget, and
ρ ∈ [0, 1] is a parameter that balances the tradeoff between
S&C objectives. As illustrated in Fig. 4, adjusting ρ from 0
to 1 traces out the Pareto boundary of the two objectives,
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Fig. 4. CRB-Rate tradeoff for a P2P monostatic ISAC system.

capturing the achievable CRB-rate pairs and thus defining the
CRB-rate region of the ISAC system.

Despite the convexity of (20) with respect to PX, obtaining
the complete CRB-rate boundary is computationally challeng-
ing due to the infinite dimensionality of PX. Therefore, our
focus shifts to the two extreme points PCS and PSC, represent-
ing the optimal ISAC signal distributions for communication
and sensing, respectively. Notably, the line segment connecting
these two points forms a time-sharing inner bound for the
CRB-rate region.

2) S&C Performance at PCS: Given the linear Gaussian
model in (13b), the communication rate at PCS is maximized
by a Gaussian input distribution, where each column of X
is independently drawn from CN (0, R̃SC

X ), with a statistical
covariance matrix defined by

R̃CS
X = U cΛCSU

H
c , (21)

where U c contains the right singular vectors of Hc, and ΛCS

is a diagonal matrix with eigenvalues determined by the water-
filling power allocation approach. Consequently, the optimal
ISAC signal structure at PCS is given by

XCS = U cΛ
1/2
CS D, (22)

where D is an information-bearing random matrix containing
i.i.d. entries following CN (0, 1). The resulting achievable rate
at PCS can then be expressed by the renowned Shannon
capacity formula as

CCS = E
{

log det
(
I + σ−2

c HcR̃
CS
X HH

c

)}
. (23)

In contrast to the communication rate that depends on
the statistical covariance matrix of X, the sensing CRB is
determined by the sample covariance matrix RX. The latter
follows a complex Wishart distribution due to the Gaussian-
distributed XCS at PCS. Unfortunately, the CRB at PCS, which
involves calculating the expectation of a highly nonlinear
function of RX, is unlikely to be expressed in a closed form.
To that end, one may resort to establishing the lower- and
upper-bounds of the sensing CRB εCS as follows [61]:

Tr

{[
Φ(R̃CS

X )
]−1
}
≤ εCS ≤

N · Tr

{[
Φ(R̃CS

X )
]−1
}

N −min
{
K, rank(R̃CS

X )
} .
(24)

Observe that the two bounds become identical when N →∞.
3) S&C Performance at PSC: Evaluating S&C performance

at point PSC is generally more challenging than at PCS, as
neither the optimal ISAC signal distribution nor the achievable
communication rate is explicitly determined at this stage.
Denoting the CRB at PSC as εSC, we can characterize it using
the Jensen’s inequality:

E
{

Tr
[
(Φ(RX))

−1
]}
≥ Tr

{
(Φ [E (RX)])

−1
}

≥ Tr

{[
Φ
(
R̃SC

X

)]−1
}

:= εSC, (25)

where R̃SC
X is the optimal covariance matrix at PSC, attained

by solving the deterministic CRB minimization problem:

R̃SC
X = arg min

R̃�0, R̃=R̃
H

Tr

{[
Φ(R̃)

]−1
}

s.t. Tr(R̃) ≤ PT .

(26)

The equality in (25) holds if and only if

1

N
XXH = RX = E (RX) = R̃SC

X , (27)

indicating that RX becomes deterministic at PSC.3 This sug-
gests the optimal ISAC signal structure at PSC as follows:

XSC =
√
N(R̃SC

X )1/2Q =
√
NU sΛ

1/2
SC Q, (28)

where U s and ΛSC are the eigenvectors and eigenvalues of
R̃SC

X , and Q ∈ Crank(ΛSC)×N is a semi-unitary matrix (i.e.,
QQH = I) that carries communication data, which belongs to
the Stiefel manifold. The communication degrees of freedom
(DoFs) are constrained to Q due to the deterministic nature of
R̃SC

X . Under this configuration, the achievable communication
rate can be expressed as

CSC = arg max
PQ(Q)

I (Q;Yc|Hc) s.t. QQH = I. (29)

Deriving an explicit form of CSC is challenging; however, as
shown in [61], the asymptotic rate at PSC in the high SNR
regime is given by:

CSC =E
{(

1− rank(ΛSC)

2N

)
log det(σ−2

c HcR̃
SC
X HH

c )+c0

}
+O(σ2

c ), (30)

where c0 is irrelevant to the SNR and approaches zero as
N →∞. The rate in (30) may be achieved asymptotically by
a uniformly distributed Q over the Stiefel manifold.

3It is worth mentioning a special case when N → ∞, in which RX

becomes deterministic at PSC, such that the equality in (25) and (27) both
hold. In this case, due to the deterministic property of RX, the Gaussian
signaling becomes optimal for both S&C functions, and we can optimize the
covariance matrix RX to characterize the complete Pareto boundary between
PSC and PSC; see, e.g., [36], [37] for examples when Hs(η) and Hc are
deterministic (instead of random in our context). This, however, only serves
as an S&C performance upper bound for the general case with N being finite
in general.
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Fig. 5. The outer bound and the semi-unitary-Gaussian time-sharing inner
bound of the CRB-rate region for the task of simultaneous target angle
estimation and single-user MIMO communication, with various values of
snapshot number N .

4) DRT in Vector Gaussian ISAC Channels: We now turn
to the discussion of the DRT for the vector Gaussian ISAC
model in (13), by examining the S&C performance at two
corner points. First, it is clear from the structures of (22) and
(28) that the randomness level of ISAC signals decreases as
the system shifts from the communication-optimal point to the
sensing-optimal point. This occurs because the communication
codewords transition from the i.i.d. Gaussian matrix D to the
uniformly distributed semi-unitary matrix Q. This tradeoff in
the optimal input distribution of ISAC signals can be seen as a
generalized form of the Gaussian-BPSK tradeoff in the scalar
Gaussian channel, discussed earlier in the C-D theory.

Additionally, the DRT is evident in the achievable rate (29)
at PSC, where a reduction in communication DoFs leads to a
rate loss compared to the Gaussian capacity CSC. Conversely,
greater randomness in the ISAC signal can impair the sensing
performance, as seen in the CRB. Specifically, (24) indicates
that a Gaussian-distributed ISAC signal could inflate the
CRB by a factor greater than 1, in contrast to the minimum
CRB achievable at PSC by signals with deterministic sample
covariance matrices.

5) Example of Simultaneous Target Angle Estimation and
Single-User MIMO Communication: To validate the effective-
ness of the above theoretical framework, we consider a simple
monostatic MIMO-ISAC system equipped with ULA antennas
for simultaneous target angle estimation and communication
in a single-target, single-user scenario. In this configuration,
the sensing channel matrix adopts the following structure:

Hs = βb(θ)aT (θ), (31)

where β and θ represent the target’s complex amplitude and
AoA, respectively. The parameter vector is then given by:

η = [θ,Re(β), Im(β)]
T
. (32)

We assume that β follows a circularly symmetric Gaussian
distribution with unit variance, while θ follows a von Mises
distribution with a mean of 30◦ and standard deviation of 5◦.
The system employs Nt = Ns = 10 antennas at the ISAC
Tx and sensing Rx, respectively, and Nc = 1 antenna at the
communication Rx, which is positioned at θc = 50◦. In Fig. 5,
we examine the tradeoff between the CRB of AoA estimation
and the achievable communication rate, illustrating both inner
and outer bounds for varying snapshot number N . The inner
bound is achieved through a semi-unitary-Gaussian time-
sharing strategy, which combines optimal signaling schemes at
PSC and PCS in a time-division manner. The outer bound, on
the other hand, is derived by neglecting ISAC signal random-
ness in the weighted optimization problem (20), which reduces
to solving the following deterministic convex optimization
problem by varying ρ from 0 to 1:

min
RX�0

ρTr
[
(Φ(RX))

−1
]

− (1− ρ) log det
(
I + σ−2

c HcRXHH
c

)
s.t. Tr (RX) = PT . (33)

It can be seen that there is a noticeable performance gap
between the inner and outer bounds due to the DRT between
S&C. However, as N increases from 3 to 50, this gap
diminishes, indicating that the DRT becomes less significant
with more independent observations.

D. From DRT Theory to Random ISAC Signal Processing

The information-theoretic insights presented in the previous
section reveal a fundamental tradeoff between S&C, rooted in
the statistical structure of the transmit signal X. This tradeoff,
termed the DRT, identifies the input distribution as a critical
design DoF in ISAC systems. Unlike traditional radar systems
that rely on deterministic or structured pseudo-random signals
(e.g., m-sequences, Gold codes), future 6G ISAC systems
must extract sensing information directly from communication
signals, which are inherently random due to their data-carrying
nature. This shift brings both opportunities and challenges. On
one hand, the randomness enhances communication through-
put by maximizing entropy and mutual information. On the
other hand, it induces stochastic fluctuations in the received
echo signals, potentially degrading sensing performance in
terms of resolution, estimation accuracy, and detection prob-
ability. As a result, it becomes necessary to develop new
performance metrics and processing methods tailored to sens-
ing with random communication signals.

To connect the theoretical underpinnings with practi-
cal implementation, the following sections transition from
capacity-distortion theory to the physical-layer design and
processing strategies for communication-centric ISAC sys-
tems. We begin by analyzing the sensing performance of
standard communication waveform, examining their auto-
correlation characteristics and matched filtering behavior. We
then explore how to systematically design key building blocks,
such as modulation schemes, constellation mapping, pulse
shaping filters, and precoding strategies, to enable joint S&C
operation with tunable tradeoffs. Due to space constraints,
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other system components such as source/channel coding and
quantization are left for future investigation. The subsequent
sections are organized as follows: Sec. III and Sec. IV focus
on single-antenna ISAC transmission with random commu-
nication signals, while Sec. V extends the discussion to
MIMO-based ISAC systems.

III. COMMUNICATION-CENTRIC ISAC TRANSMISSION

We now turn to concrete signal processing techniques for
the point-to-point ISAC model introduced in Fig. 1, beginning
with the single-antenna case. Specifically, we consider an
ISAC system composed of a single ISAC Tx, a communi-
cation Rx, and a sensing Rx. The ISAC Tx emits a random
data-bearing signal intended for the communication Rx. Simul-
taneously, the sensing Rx captures the echo of this signal
reflected from multiple targets, and subsequently estimates the
targets’ delay parameters. Consistent with the system setting
and assumptions in Sec. II-C, the information symbol vector
s is unknown to the communication Rx, but is fully known to
the sensing Rx.

A. Communication-Centric ISAC Signal Model

Let us consider the following generic baseband ISAC signal:

x̃(t) =

N−1∑
n=0

xnp(t− nT ), (34)

where T stands for the symbol duration, p(t) is the
impulse response of a pulse shaping filter, and x =
[x0, x1, . . . , xN−1]

T ∈ CN×1 represents N discrete time-
domain samples, generated from

x = Us =

N−1∑
n=0

snun, (35)

where s = [s0, s1, . . . , sN−1]
T ∈ CN×1 denotes N data

symbols that are independently drawn from a constellation S,
and U = [u0,u1, . . . ,uN−1] ∈ U(N) is an N -dimensional
unitary matrix representing the orthonormal modulation basis
in the time domain. Note that signal model (34) serves as
a practical realization of the information-theoretic model in
Sec. II-B. The assumptions for these three components are
elaborated as follows:

1) Constellation: Throughout the paper, we adopt a rota-
tionally invariant constellation S with zero mean, zero
pseudo-variance, and unit power, defined as:

E(s) = 0, E(s2) = 0, E(|s|2) = 1, ∀ s ∈ S. (36)

We remark that most commonly employed constellations,
such as PSK, QAM, and Amplitude and Phase Shift Keying
(APSK), satisfy these criteria. The two exceptions are BPSK
and 8-QAM, which are seldom used in modern cellular
wireless networks. Additionally, the constellation needs not to
be uniformly distributed; each point may be transmitted with
distinct probabilities if the probabilistic constellation shaping
(PCS) technique is applied, as will be discussed later.

2) Modulation Basis: The modulation basis U ∈ U(N),
which carries information symbols, is often referred to as
a “waveform” in a broader context, with U(N) denoting
the size-N unitary group. For clarity, we list several typical
examples below:
• SC Modulation: U = IN . In this case, the signaling

basis consists solely of N time-domain Kronecker-Delta
functions, forming an SC signal.

• OFDM Modulation: U = FHN , where we recall that
FN ∈ CN×N represents the N -dimensional DFT matrix.
Here, the signaling basis is constructed using N orthogo-
nal sinusoidal functions, which are also Kronecker-Delta
functions in the frequency domain.

• CDMA Modulation: U = CN , where CN ∈ CN×N
denotes the N -dimensional Hadamard matrix, corre-
sponding to Walsh codes widely used in CDMA2000
[81].

• AFDM Modulation: U = ΛHc1F
H
NΛ

H
c2 , where Λc =

Diag(1, e−j2πc1
2

, . . . , e−j2πc(N−1)2). This configuration
makes U an inverse discrete affine Fourier transform
(IDAFT) matrix with tunable parameters c1 and c2, with
symbols placed in the affine Fourier transform (AFT)
domain [23].

• OTFS Modulation: U = FHN1
⊗ IN2

. In this case, the
symbols are mapped to the delay-Doppler (DD) domain,
where N1 and N2 = N

N1
represent the number of

occupied time slots and subcarriers, respectively. Note
that OTFS is a 2-dimensional modulation scheme by its
definition [82].

To facilitate efficient signal processing in the frequency
domain, we assume that a cyclic prefix (CP) is added to the
signal x, which is longer than the maximum delay of the target
or communication path.

3) Pulse Shaping Filter: The pulse shaping filter plays a
crucial role in modern wireless communication systems by
eliminating inter-symbol interference (ISI) while limiting the
signaling bandwidth. Here, we employ a band-limited Nyquist
prototype pulse with a one-sided bandwidth B and a roll-off
factor α, resulting in a symbol duration of T = 1+α

2B . The
Nyquist pulse ensures zero ISI among symbols, which can be
expressed as the following condition:

p̃ (nT ) =

{
1, n = 0

0, n 6= 0
, ∀ n ∈ Z, (37)

where p̃ (τ) =
∫
p (t) p∗ (t− τ) dt is the ACF of p (t). This

translates to an equivalent frequency-domain condition, known
as the folded-spectrum criterion, given by [65]

∞∑
m=−∞

g
(
f +

m

T

)
= T, (38)

where g(f) is the Fourier transform of p̃ (τ), which is also the
squared frequency spectrum of the pulse p(t).

B. Signal Processing for Communication and Sensing

In this subsection, we elaborate on the signal processing
pipeline for both S&C, which is also illustrated in Fig. 6.
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Fig. 6. A signal processing pipeline for P2P ISAC model in Fig. 1. The communication Rx aims to correctly detect symbols in the presence of multi-path
interference, whereas the sensing Rx aims at extracting range parameters of multiple targets.

Without loss of generality, we model both communication
and sensing channels as linear time-invariant (LTI) multi-path
channels containing I paths and Q targets, respectively. Their
time-domain impulse responses can be expressed as

hc(t) =

I∑
i=1

βiδ(t− τc,i), hs(t) =

Q∑
q=1

γqδ(t− τs,q), (39)

where δ(t) is the Dirac-Delta function, βi and γq denote the
complex amplitudes of the i-th communication path and the q-
th sensing target, respectively, with τc,i and τs,q representing
the corresponding delays. For simplicity, we omit the impact
of Doppler phase shifts on the two channels here, reserving
those effects for future discussions. Note that hc(t) and hs(t)
may exhibit certain correlations depending on the geometric
environment, indicating that communication paths and sensing
targets might partially overlap. This overlap gives rise to
another fundamental tradeoff in S&C, known as the subspace
tradeoff (ST). Due to space constraints, we will not delve into
the details of the ST here and instead refer interested readers
to [62] for further information.

1) Receive Signal Model: By transmitting the ISAC signal
x̃(t), the received signals at the communication and sensing
Rxs are expressed as

yc(t) = hc(t) ∗ x̃(t) + zc(t)

=

I∑
i=1

βi

N−1∑
n=0

xnp(t−nT − τc,i) + zc(t), (40a)

ys(t) = hs(t) ∗ x̃(t) + zs(t)

=

Q∑
q=1

γq

N−1∑
n=0

xnp(t−nT − τs,q) + zs(t), (40b)

where zs(t) and zs(t) stand for the zero-mean white Gaus-
sian noise with variances σ2

c and σ2
s , respectively. For the

communication Rx, the objective is to detect the information
symbols s embedded in x̃(t) from (40a), using an estimate of
the channel hc(t). In contrast, the sensing Rx aims to detect the

Q targets and extract corresponding delay parameters {τs,q}
by the observation in (40b), with prior knowledge of x̃(t).

2) Signal Processing for Communication: Let us first dis-
cuss the signal processing procedure at the communication
Rx’s side. Upon receiving yc(t), the communication Rx per-
forms a symbol-wise matched-filtering (MF) by using the
pulse shaping filter, leading to the following output signal [65]:

ỹc(τ) =

∫
yc(t)p

∗ (t− τ)dt. (41)

Sampling at τ = `T , where ` ∈ Z, yields

ỹc(`T ) =

I∑
i=1

βi

N−1∑
n=0

xnp̃`−n,τc,i + z̃c,`, (42)

where p̃k,τ := p̃(kT −τ), and z̃c,l =
∫

zc(t)p∗(t− `T )dt rep-
resents the output noise, which remains Gaussian distributed.
By defining ỹc as the discrete MF output vector, where its
(`+ 1)-th entry corresponds to ỹc(`T ), we obtain:

ỹc =

I∑
i=1

βiP̃ ix + z̃c := HcUs + z̃c, (43)

where z̃c =
[
z̃c,0, z̃c,1, . . . , z̃c,N−1

]T
, and

P̃ i =


p̃0,τc,i p̃−1,τc,i . . . p̃−N+1,τc,i

p̃1,τc,i p̃0,τc,i · · · p̃−N+2,τc,i
...

...
. . .

...
p̃N−1,τc,i p̃N−2,τc,i . . . p̃0,τc,i

 (44)

is a Toeplitz matrix, making the equivalent channel matrix Hc

also Toeplitz. If a CP is added to the time-domain sequence
x, then Hc becomes approximately circulant after the CP
is removed from the received signal. It can be observed
that ISI exists among the entries of s since HcU is not a
diagonal matrix. To recover the information symbols, the ISI
needs to be eliminated through channel equalization. This is
typically achieved by first estimating Hc using known pilot
symbols, followed by implementing an equalizer based on the
estimate.
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To reduce signal processing complexity, one may employ
OFDM modulation by setting U = FHN , which yields:

ỹOFDM
c = HcF

H
Ns + z̃c

=
√
NFHNDiag (FNhc)FNF

H
Ns + z̃c

=
√
NFHNDiag (FNhc) s + z̃c, (45)

where we utilize the property that a circulant matrix can be
diagonalized by the DFT matrix [83], with hc denoting the
first column of Hc. Accordingly, the ISI can be removed by
simply performing a DFT on (45), resulting in:

FN ỹOFDM
c =

√
NDiag (FNhc) s + FN z̃c, (46)

which can be readily processed as N parallel additive white
Gaussian noise (AWGN) channels.

While OFDM minimizes the complexity of symbol detec-
tion by diagonalizing the multi-path channels, other modula-
tion schemes such as SC, CDMA, AFDM, and OTFS can also
be employed to satisfy specific application requirements, such
as ensuring reliable communication in high-mobility channels.

3) Signal Processing for Sensing: We now turn our focus
to processing the received sensing signal (40b) to extract
the target delay parameters, where the first step is also to
perform MF over the observed echo signal ys(t). In sharp
contrast to its communication counterpart, the matched filter
used for sensing is the transmitted baseband signal x̃(t) rather
than the pulse shaping filter p(t), leading to the following
output [84]:

ỹs(τ)

=

∫
ys(t)x̃

∗
(t− τ)dt

=

Q∑
q=1

γq

∫
x̃(t− τs,q)x̃

∗
(t− τ)dt+

∫
zs(t)x̃

∗
(t− τ)dt

=

Q∑
q=1

γqR(τ− τs,q) + z̃s(τ), 0 ≤ τ ≤ NT. (47)

where R(τ) =
∫

x̃(t)x̃∗(t − τ)dt is the ACF of the ISAC
signal x̃(t), and z̃s(τ) is the output Gaussian noise. It is
worthwhile to point out that other methods, such as compres-
sive sensing, may also be adopted to reduce sampling rates
and improve resolution [85]. In order to highlight the impact
of random data over sensing performance, here we employ
the most basic MF approach for ranging, while designating
the investigation of more advanced algorithms as our future
work.

Notably, ỹs(τ) can be interpreted as a linear combination
of Q time-shifted versions of R(τ), with added noise, often
referred to as the range profile in radar literature [86]. To detect
the targets, one typically identifies Q peaks in the squared
MF output |ỹs(τ)|2, where an example is portrayed in Fig. 7
for ranging with OFDM signal using 16-PSK constellation
and root-raised cosine (RRC) pulse shaping under an SNR =
0 dB, including Q = 3 targets with varying amplitudes located
at 10m, 20m, and 25m, respectively. The target detection
may be achieved using thresholding algorithms such as the
constant false-alarm rate (CFAR) detector [86]. In order to

Fig. 7. An example of the range profile for OFDM signal with PSK
constellation, including 3 targets located at 10m, 20m, and 25m.

improve the sensing performance, it is desirable for |ỹs(τ)|2
to exhibit high peaks at τ = τq while maintaining low
sidelobes elsewhere, which benefits both target detection and
estimation.

To further enhance the sensing performance, the coherent
integration technique can be employed to effectively reduce
both sidelobe and noise levels. In this scheme, the ISAC
Tx transmits M i.i.d. information symbol sequences,
denoted as s(0), s(1), . . . , s(M−1), by emitting M ISAC
signals x̃(0)

(t), x̃(1)
(t), . . . , x̃(M−1)

(t). Assume that the target
parameters {γq}Qq=1 and {τs,q}Qq=1 remain constant over
the M transmission slots, such that the sensing Rx can
generate M range profiles ỹ(0)

s (τ), ỹ(1)
s (τ), . . . , ỹ(M−1)

s (τ)
through matched-filtering the M received echoes.
By coherently integrating these MF outputs, we
obtain:

1

M

M−1∑
m=0

ỹ(m)
s (τ) =

1

M

Q∑
q=1

γq

M−1∑
m=0

R(m)(τ− τs,q)

+
1

M

M−1∑
m=0

z̃(m)
s (τ), 0 ≤ τ ≤ NT. (48)

where R(m)(τ) is the ACF of x̃(m)
(t), and z̃(m)

s (τ) represents
the output noise from the m-th matched filter.

Observe that the noise term in (48) has been averaged,
resulting in a reduction of its variance. Furthermore, the
overall target sensing performance now critically depends
on the geometry of the coherently integrated ACF, defined
as:

R(τ) :=
1

M

M−1∑
m=0

R(m)(τ), 0 ≤ τ ≤ NT. (49)

As will be shown later, the sidelobe levels of R(τ) are also
suppressed thanks to the independence among the M real-
izations. Due to the randomness of communication symbols
carried by the ISAC signal x̃(m)

(t), R(τ) becomes a random
function. Therefore, it is more appropriate to analyze its
statistical properties rather than focusing on a single real-
ization. In particular, we aim to characterize the expected
value of the squared magnitude of R(τ), given that R(τ)
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is a complex-valued function. This expectation is defined
as:

E
(
|R(τ)|2

)
= E

∣∣∣∣∣ 1

M

M−1∑
m=0

∫
x̃(m)

(t)x̃(m)∗
(t− τ)dt

∣∣∣∣∣
2
 . (50)

In the following subsections, we review recent research efforts
in deriving closed-form expressions for (50) for a generic com-
munication signal, and provide useful insights for designing
ISAC signals based on the mathematical structure of (50).

C. Characterization of the ISAC ACF

1) Discretization of the ACF: For ease of analysis, let
us commence by discretizing the ISAC signal x̃(t) over a
temporal grid of Ts = T

L , yielding

x̃(kTs) =
N−1∑
n=0

xnp(kTs − nT )

=

N−1∑
n=0

xnδ(kTs − nT ) ~ p(kTs), (51)

where k = 0, 1, . . . , LN − 1, and ~ denotes the cyclic
convolution due to the addition of a CP. Note here that
L > 1 is required to capture the impact of pulse shaping on
sensing performance. If L = 1, the discretization simplifies to
x = Us due to the zero-ISI property of the Nyquist pulse.
This, however, neglects the contributions of the pulse shaping
filter on the mainlobe and sidelobes of the ACF.

Define pk := p(kTs), and x̃k := x̃(kTs), so that the
discrete versions of the pulse and baseband signal can be
represented as vectors p = [p0, p1, . . . , pLN−1]

T and x̃ =[
x̃0, x̃1, . . . , x̃LN−1

]T
, with the energy of the pulse being

normalized to ‖p‖2 = 1. In a practical communication Tx,
pulse shaping can be implemented digitally through an up-
sampling and interpolation procedure applied to x, recasting
(51) into a vector formulation as

x̃ = Pxup, (52)

where

xup =
[
x0,0

T
L−1, x1,0

T
L−1, . . . , xN−1,0

T
L−1

]T
, (53)

and P ∈ CLN×LN is a circulant matrix defined as

P =


p0 pLN−1 . . . p1

p1 p0 . . . p2

...
...

. . .
...

pLN−1 pLN−2 . . . p0

 , (54)

which interpolates x to a higher resolution before transmission.
Accordingly, the discrete version of the ACF R(τ) is given by

Rk = x̃HJkx̃ = xHupP
HJkPxup, k = 0, 1, . . . , LN − 1,

(55)
where Jk ∈ CLN×LN is the k-th periodic time-shift matrix,
defined by [87]

Jk =

[
0 ILN−k
Ik 0

]
, (56)

and
J−k = JLN−k = JTk =

[
0 Ik

ILN−k 0

]
. (57)

Note that the periodicity in Jk is again due to the addition of
the CP. It follows that the discrete version of the coherently
integrated ACF (49) becomes

Rk =
1

M

M−1∑
m=0

x̃(m)HJkx̃
(m). (58)

2) The “Iceberg in the Sea” Structure of the ACF: To shed
light on the communication-centric ISAC transmission under
random signaling, the work of [66] derived a closed form of

the expectation of
∣∣∣Rk∣∣∣2, given by

E(|Rk|2)

= LN
∣∣∣f̃Hk+1g̃k

∣∣∣2︸ ︷︷ ︸
Iceberg

+
1

M

{
‖g̃k‖

2
+ (κ− 2)LN

∥∥∥Ṽ T
(
g̃k � f̃

∗
k+1

)∥∥∥2
}

︸ ︷︷ ︸
Sea Level

,

=
∣∣∣E(Rk)

∣∣∣2 + var(Rk), k = 0, 1, . . . , LN − 1, (59)

where f̃k+1 ∈ CN×1 contains the first N entries of the (k+1)-
th column of the size-LN DFT matrix FLN , and Ṽ ∈ RN×N
is defined as:

Ṽ = (FNU)� (F ∗NU
∗), (60)

where U is the modulation basis. Since Ṽ is generated by
the entry-wise square of an unitary matrix FNU , it becomes
a bi-stochastic matrix with nonnegative real entries [88], each
of whose rows and columns sums to 1. Moreover, κ denotes
the kurtosis of the adopted constellation S, defined as [67]:

κ :=
E
{
|s− E(s)|4

}
E {|s− E(s)|2}2

= E(|s|4), ∀ s ∈ S, (61)

which is the normalized fourth moment of the constellation.
Finally, due to the folded spectrum criterion and that the roll-
off factor α ≤ 1, the vector g̃k ∈ CN×1 is determined by the
squared spectrum of pulse p in the following manner:

g̃k = g + (1N − g)e−
j2πk
L , (62)

where g = [g0, g1, . . . , gN−1]
T contains the first N samples

of the squared spectrum N(FLNp) � (F ∗LNp
∗) ∈ CLN×1.

Notably, the impact of all three signaling blocks—modulation
basis, constellation, and pulse shaping—on the shape of the
ACF is well-captured in (59).

The equation (59) reveals an intriguing “iceberg-in-the-sea”
structure. The “iceberg” portion represents the squared mean
of Rk, which can be rigorously shown to correspond to the
squared ACF of the pulse itself [66], expressed as:

LN |f̃
H

k+1g̃k|
2

=
∣∣pHJkp∣∣2 , k = 0, 1, . . . , LN − 1. (63)

This “iceberg” component defines the overall shape of (59).
Meanwhile, the “sea level” aspect is driven by the variance
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Fig. 8. The average squared ACF and corresponding coherent integration
versions of an OFDM signal, with 16-QAM constellation and α = 0.35
RRC pulse shaping, N = 128, L = 10, M = 1, 100, and 1000.

of Rk, which arises largely from the randomness of commu-
nication symbols. By coherently integrating M MF outputs
derived from M i.i.d. ISAC signals, the “sea level” can be
significantly reduced by a factor of M .

3) Example on the Average Squared ACF of OFDM Signal-
ing: Fig. 8 demonstrates an example using OFDM signaling
with a 16-QAM constellation and α = 0.35 RRC pulse
shaping, under an L = 10 over-sampling ratio. Here, we
compare the average squared ACFs for various values of M .
Notably, the ACF of the random OFDM signal aligns closely
with the pulse’s ACF near the mainlobe region, representing
the “tip” of the “iceberg”. Beyond this region, the sidelobes
are dominated by the “sea level” component. By increasing the
number of coherent integrations from M = 1 to 100 and then
to 1000, we observe an obvious reduction in the “sea level”
by 20 dB and 30 dB, respectively, thereby revealing more of
the “iceberg” component in the average squared ACF.

Building on these observations, we next review recent
advances in optimizing modulation basis, constellation design,
and pulse shaping for random ISAC signals. These enhance-
ments aim to boost sensing performance while preserving
optimal communication quality, or to establish a scalable
tradeoff between S&C.

IV. WAVEFORM DESIGN FOR RANDOM ISAC SIGNALS

In this section, we present design guidelines for three
core building blocks in communication-centric ISAC systems,
focusing on reshaping the statistical properties of the ACF
of random ISAC signals. Specifically, our objective is to
minimize the average peak-to-sidelobe level ratio (PSLR)
of Rk in (58), thereby enhancing multi-target sensing per-
formance in the range domain within the MF framework.
While Doppler effects were not explicitly modeled in this
paper, the reviewed ACF shaping framework may be extended
to design ambiguity functions with desired delay-Doppler
characteristics, thereby enhancing robustness to mobility. Such
Doppler-resilient design is particularly relevant in scenarios

TABLE I
KURTOSIS VALUES OF TYPICAL SUB-GAUSSIAN CONSTELLATIONS

with high relative velocities. Nevertheless, due to the lack of
closed-form expressions for the expected ambiguity surface
of random communication signals, such design remains ana-
lytically intractable at present. A full characterization of this
behavior is thus reserved for future investigation.

According to [66], [67], the average mainlobe level of the
ACF under arbitrary modulation basis, constellation mapping,
and pulse shaping filter, can be expressed in closed form as:

E(|R0|2) = N2 +
(κ− 1)N

M
, (64)

indicating that the mainlobe level is determined solely by the
kurtosis of the constellation. Furthermore, when the coherent
integration number M is sufficiently large, the impact of the
kurtosis becomes negligible, resulting in an approximately
constant average mainlobe level of N2. Recognizing this, it
suffices to optimize only the average sidelobe level, which can
be formulated as the following generic optimization problem:

min
U∈U(N), Ps(s), 0≤g≤1

E(|Rk|2), ∀ k ∈ KSL, (65)

where U and g denote the modulation basis and squared
spectrum of the pulse, respectively, as defined above, Ps(s)
represents the input constellation distribution, and KSL refers
to the sidelobe region.4 While seeking for the globally optimal
solution of (65) remains a highly challenging task, in what
follows, we elaborate on the general design methodology of
each component.

A. Modulation Basis Design

From (59), it is evident that the modulation basis influences
the sidelobe level solely through the squared norm term
‖Ṽ

T
(g̃k � f̃

∗
k+1)‖2 in the “sea level” part. For a given pair

of pulse shaping filter and constellation, (65) simplifies to:

min
U∈U(N)

(κ− 2)
∥∥∥Ṽ T

(
g̃k � f̃

∗
k+1

)∥∥∥2

s.t. Ṽ = (FNU)� (F ∗NU
∗). (66)

Clearly, the optimal modulation basis depends on the sign
of (κ − 2), also referred to as the excess kurtosis [89].
Notably, if the constellation follows a standard complex Gaus-
sian distribution, i.e., s ∼ CN (0, 1), the kurtosis equals 2.
In such a case, the average sidelobe level at each lag k
remains constant irrespective of the chosen modulation basis,
as the standard Gaussian distribution is invariant under unitary

4Although clutter effects were not explicitly modeled in this paper, the
proposed ACF design framework can be directly applied to target detection
in range-spread clutter environments. In such cases, clutter suppression can be
interpreted as a weighted sidelobe shaping problem, where the weights reflect
the clutter scattering strength at different range bins. For further modeling and
design details, we refer readers to [69].
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transformations. Inspired by this, we classify constellations
into two categories: sub-Gaussian (κ < 2) and super-Gaussian
(κ > 2). It is worth noting that commonly used constellations,
e.g., QAM and PSK, are sub-Gaussian, with their kurtosis
values summarized in Table I. Meanwhile, super-Gaussian
constellations may be advantageous in scenarios demanding
high energy efficiency or where non-coherent communication
methods are employed [90], [91], [92]. Typical examples
include index modulation and APSK constellations with expo-
nentially growing radii [67].

1) Ranging-Optimal Modulation for Sub-Gaussian Con-
stellations: Let us first discuss the modulation design for
sub-Gaussian constellations. In this case, problem (66) reduces
to:

max
U∈U(N)

∥∥∥Ṽ T
(
g̃k � f̃

∗
k+1

)∥∥∥2

s.t. Ṽ = (FNU)� (F ∗NU
∗). (67)

Although problem (67) is generally non-convex, it was proven
in [66] that the globally optimal solution exhibits the following
structure:

U?
sub = FHNΠDiag(θ), (68)

where Π is any size-N permutation matrix, and θ ∈ CN×1

can be any vector with unit-modulus entries. This corresponds
to OFDM modulation, subject to permutation and phase shifts
in the subcarriers. Recalling that Ṽ is a bi-stochastic matrix,
the optimality of (68) is established by showing that the
objective function of (67) is maximized when Ṽ is any real
permutation matrix Π . This result is derived by using the
Schur-convexity of the `2 norm and the concept of majoriza-
tion [93], [94], [95]. More technical details can be found in
[66].

Overall, the result in (68) suggests the following: For
sub-Gaussian constellations (e.g., QAM and PSK), OFDM
achieves the lowest average ranging sidelobe at every lag.

2) Ranging-Optimal Modulation for Super-Gaussian Con-
stellations: Let us now move to the super-Gaussian constel-
lations with κ > 2. In such a case, problem (66) becomes

min
U∈U(N)

∥∥∥Ṽ T
(
g̃k � f̃

∗
k+1

)∥∥∥2

s.t. Ṽ = (FNU)� (F ∗NU
∗). (69)

By exploiting again the Schur-convexity of the `2 norm, and
applying a similar argument, one may readily show that the
objective is minimized if the bi-stochastic matrix is uniform,
namely, Ṽ = 1

N 11T . Accordingly, the optimal modulation
basis takes the form of

U?
super = ΠDiag(θ), (70)

corresponding to an SC modulation subject to arbitrary per-
mutation and phase shifts of time-domain symbols.

Overall, the result in (70) suggests that: For super-Gaussian
constellations, SC achieves the lowest average ranging
sidelobe at every lag.

Fig. 9. The average squared ACF and corresponding coherent integration
versions of SC, CDMA, and OFDM signals, with 16-QAM constellation and
α = 0.35 RRC pulse shaping, N = 128, L = 10, M = 1 and 100.

3) Example of the Average Sidelobe Level of Different
Modulation Bases: We present an example in Fig. 9 to validate
the optimality of OFDM for sub-Gaussian constellations, using
the standard 16-QAM alphabet with a kurtosis of 1.32. The
average squared ACF is compared across three modulation
bases: OFDM, SC, and CDMA2000 (where U is a Hadamard
matrix), transmitting N = 128 i.i.d. symbols with an L = 10
over-sampling ratio, and employing an RRC pulse shaping
filter with α = 0.35. As predicted by the theoretical results,
Fig. 9 demonstrates that OFDM produces the lowest sidelobe
at every lag, achieving a 5 dB improvement over both SC
and CDMA. Additionally, after coherently integrating i.i.d. MF
outputs for M = 100 times, a 20 dB reduction in the sidelobe
level is observed in the “sea level” region for all signaling
schemes.

4) Discussion on the Optimality of OFDM/SC: The afore-
mentioned results provide valuable design insights for the
modulation formats of communication-centric ISAC systems.
While these findings are mathematically rigorous, a fur-
ther understanding of the optimality of OFDM/SC requires
addressing the following critical question: What is the physical
interpretation underlying these mathematical results?

To depict the physical insight, we examine the problem
through the lens of the Fourier duality and central limit
theorem (CLT). Consider a signal with infinite bandwidth,
as illustrated in Fig. 10a, which exhibits a perfectly flat
amplitude spectrum. According to the Fourier duality, this
implies that its ACF is a Dirac-Delta function in the delay
domain. This represents the ideal sensing signal for ranging,
as it leads to a perfect MF output with no ambiguity. However,
as shown in Fig. 10b, the presence of random fluctuations
in the communication data payload causes variability in the
squared spectrum of the ISAC signal, which, in turn, causes
random sidelobes in the ACF of Fig. 10b. Intuitively, this
suggests that minimizing the average ranging sidelobe level of
an ISAC signal is equivalent to minimizing the fluctuations in
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Fig. 10. Physical interpretation of the optimality of OFDM and SC modulation. (a) The ideal case: A completely flat spectrum leads to a Dirac-Delta ACF;
(b) Random data payload causes variability in the squared spectrum, introducing random sidelobes in the ACF; (c) The optimal modulation basis minimizes
the fluctuation in the squared spectrum, which is measured by the kurtosis of FNUs, where FNU is a unitary transform.

its frequency-domain representation, which can be quantified
by the variance of the squared spectrum, and is proportional
to the frequency-domain kurtosis of the signal. Thus, reducing
ranging sidelobes can be achieved by minimizing the signal’s
frequency-domain kurtosis.

To explore this further, we re-examine the ISAC modulation
basis design as presented in Fig. 10c. As outlined in the
generic model in (35), a modulation basis can be interpreted
as a unitary rotation U applied to the i.i.d. symbol sequence
s. Accordingly, the corresponding frequency-domain digital
samples are given by FNUs, where the product FNU
remains unitary. Based on the CLT, a linear transform applied
to a random vector with i.i.d. entries results in a distribution
that asymptotically approaches a Gaussian form. As a con-
sequence, any unitary transform FNU increases the kurtosis
of i.i.d. sub-Gaussian symbols, while it decreases the kurtosis
of i.i.d. super-Gaussian symbols. Therefore, to minimize the
kurtosis of the vector FNUs, where s is sub-Gaussian (e.g.,
QAM and PSK), the optimal strategy is to retain its kurtosis,
which is achieved by setting FNU = IN , corresponding to
the OFDM modulation. In contrast, if s is super-Gaussian,
since any unitary transform would reduce its kurtosis, the
optimal strategy is to maximize the rotation over s. In this
case, the appropriate transformation is FNU = FN , leading
to the SC modulation.

B. Constellation Design
Now, we shift our focus from modulation format to con-

stellation design. As noted in (59), E(|Rk|2) depends on the
constellation solely through its kurtosis. For a given pair of
modulation format and pulse shaping filter, the minimum
kurtosis (and consequently sidelobes) can be achieved with
any PSK constellation, given the fact that κ ≥ 1. However,
PSK may result in lower communication rates compared to
its QAM counterpart of the same order, highlighting again the
DRT in ISAC systems [61].

To balance the achievable rate for communication and
ranging sidelobe level for sensing, a practical approach is

constellation shaping [96], [97], which is originally tailored
for improving the spectral and energy efficiencies of digital
communication systems. Constellation shaping techniques can
be broadly classified into two categories: probabilistic con-
stellation shaping (PCS) and geometric constellation shaping
(GCS). PCS modifies the constellation’s probability density
function (PDF) through a distribution matcher, which maps the
bit stream to the desired probability distribution of the constel-
lation. In contrast, GCS directly optimizes the amplitudes and
phases of constellation symbols themselves. Both techniques
are capable of reshaping the statistical characteristics of the
adopted constellation.

1) Probabilistic Constellation Shaping for ISAC: For the
ISAC constellation design problem, we focus on the PCS
approach, which can be formulated as an optimization problem
aimed at maximizing the communication MI under a ranging
sidelobe level threshold, with the latter being governed by the
constellation’s kurtosis. Moreover, the designed constellation
This can be expressed as [68]:

max
Ps(s)

I(ỹc; s)

s.t. E(|s|4) ≤ c0, E(|s|2) = 1,

E(s) = 0, E(s2) = 0, s ∈ S, (71)

where Ps(s) stands for the distribution of constellation, yc
represents the MF output signal at the communication receiver,
and c0 ≥ 1 is a pre-determined constant that controls the
kurtosis of the constellation, ensuring that the average ranging
sidelobes remain within acceptable bounds. The alphabet S
denotes the set of discrete constellation points, which must
satisfy normalized power and rotational symmetry constraints,
as outlined in (36).

Problem (71) is inherently a functional optimization prob-
lem, as the optimization variable Ps(s) is a function defined
over S. Indeed, problem (71) may be viewed as a specific
example of the C-D tradeoff problem in (11), where the
kurtosis constraint acts as a sensing cost function. However,
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the MI in the objective function does not have a closed-form
expression due to the discrete alphabet S. To address this
challenge, an optimization-based PCS method was introduced
in [68] for Ms-ary QAM constellations under OFDM mod-
ulation. In this case, the multi-path communication channel
is diagonalized into N parallel orthogonal AWGN channels,
allowing us to focus on the MI of each single scalar AWGN
channel, which is denoted as I(yc; s).

Let ps = [ps,1, ps,2, . . . , ps,Ms ]
T be the probability distribu-

tion vector of the considered Ms-ary QAM constellation, with
sm being the m-th QAM symbol. The MI, by its definition,
can be represented as [98]:

I(yc; s)

=

Ms∑
m=1

ps,m

∫
p(yc|sm) log

p(yc|sm)

p(yc)
dyc

= max
q(sm|yc)

Ms∑
m=1

ps,m

∫
p(yc|sm) log

q(sm|yc)
p(yc)

dyc︸ ︷︷ ︸
F (ps,qs|yc

)

, (72)

where q(sm|yc) is the probability transition function from the
received signal set Yc to the constellation alphabet S, and
qs|yc is its discretized form. The optimization problem (71)
can thus be reformulated as [68]:

max
ps

max
qs|yc

F (ps, qs|yc)

s.t.
Ms∑
m=1

ps,m|sm|4 ≤ c0,
Ms∑
m=1

ps,m|sm|2 = 1,

Ms∑
m=1

ps,msm = 0,

Ms∑
m=1

ps,ms
2
m = 0,

Ms∑
m=1

ps,m = 1, ps,m ≥ 0, ∀ m, (73)

where the last two constraints are enforced since ps is a
point on the probability simplex. Here, F (ps, qs|yc) is jointly
concave in ps and qs|yc, and all constraints are linear in the
probability vector ps, making it a convex program. By exploit-
ing this fact, a modified Blahut-Arimoto (MBA) algorithm
was proposed in [68]. Through constructing the Lagrange
multiplier of (73), and iteratively solving for ps and qs|yc
in an alternative manner, the MBA method ensures efficient
convergence to the global optimum.

2) Example of Probabilistic Constellation Shaping for ISAC
Systems: We present an illustrative example to demonstrate
the effectiveness of the PCS approach for ISAC. Fig. 11a
shows the optimal PCS results for 16-QAM and 64-QAM
constellations at different kurtosis thresholds c0, with the
probability of each point represented by color depth. As the
kurtosis threshold decreases, symbols with nearly or exactly
unit modulus are transmitted with higher probabilities, while
those on larger or smaller circles are less likely to be used.
This aligns with the DRT theory, which suggests that sensing
favors constellations with constant modulus. Inevitably, this
reduces the communication MI and therefore introduces a
graceful tradeoff with the communication rates. Note that

Fig. 11. An illustrative example of the PCS technique for random ISAC
signals. (a) PCS results for 16-QAM and 64-QAM under varying values
of the kurtosis threshold c0; (b) An explicit performance tradeoff between
target detection probability for sensing and achievable rate for communication
implemented by adjusting c0 from 1 to 1.381 (kurtosis of the uniform
64-QAM) in the PCS approach, under OFDM modulation and 64-QAM
constellation, with different values of transmit SNR.

reducing the ACF sidelobe level would enhance the weak
target detection performance in the range domain, as the
sidelobe of strong clutter can significantly interfere with or
even mask the mainlobe of weak targets. By realizing this,
Fig. 11b illustrates the explicit S&C performance of 64-
QAM under OFDM modulation across different transmit SNR
values, highlighting the achievable communication rate and the
detection probability for sensing a weak target in the presence
of strong clutter. By adjusting c0, the PCS method pro-
vides a scalable tradeoff between S&C performance metrics,
significantly outperforming the naive time-sharing approach
between standard uniformly distributed 64-QAM and 64-PSK
constellations.

C. Pulse Shaping Design

We conclude this section by discussing pulse shaping design
methodologies for ISAC, given a specific pair of constellation
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and modulation bases. A closer examination of (59) reveals
that E(|Rk|2) is a convex quadratic function of g̃k, and thus
convex in the squared spectrum of the pulse, namely, the vector
g. Therefore, one may minimize the sidelobe level within the
region KSL over the feasible set of g.

1) Generic Pulse Shaping Design: To proceed, we first
discuss the constraints on g. It is evident that the folded
spectrum criterion (38) is implicitly satisfied in (62), ensuring
the Nyquist property of the pulse and consequently eliminating
the ISI. This guarantees that the communication performance
remains unaffected. Moreover, the pulse has a roll-off factor
α ∈ [0, 1], implying that (1 − α)N entries of g are either 0
or 1. Upon letting Nα = αN , and assuming that N −Nα is
even, these constraints can be expressed as

gn =

{
0, if 0 ≤ n ≤ N−Nα

2 − 1,

1, if N+Nα
2 ≤ n ≤ N − 1.

(74)

Additionally, to ensure the roll-off part is monotonically
increasing, we impose the following constraints:

gn+1 − gn ≥ 0,
N −Nα

2
≤ n ≤ N +Nα

2
− 2. (75)

Finally, the power of the pulse has been normalized, yielding
the constraint:

N−1∑
n=0

gn =
N

2
. (76)

Therefore, the generic pulse shaping problem may be formu-
lated as [69]:

min
0≤g≤1

E(|Rk|2), ∀ k ∈ KSL

s.t. (74)− (76), (77)

which is a linearly constrained convex Pareto problem.
2) Iceberg Shaping: To further simplify the problem, note

that the geometry of E(|Rk|2) is primarily determined by the
“iceberg” part when the coherent integration number M is
sufficiently large. Based on this observation, one can focus
on shaping the “iceberg”, i.e., the squared ACF of the pulse
shaping filter itself, rather than minimizing the sidelobes of
both the “iceberg” and “sea level” components. In this case,
the objective is to minimize either the sum of the sidelobes
over the region KSL of the iceberg, or the maximum sidelobe
within this region, yielding the following problem [66]:

min
0≤g≤1

∑
k∈KSL

∣∣∣f̃Hk+1g̃k

∣∣∣2 or max
k

∣∣∣f̃Hk+1g̃k

∣∣∣2
s.t. (74)− (76), (78)

which is a linearly constrained convex quadratic program that
can be efficiently solved via off-the-shelf numerical tools.

3) Example of ISAC Pulse Shaping Design: We present a
design example of the ISAC pulse shaping filter with coherent
integration in Fig. 12, where we apply the iceberg shaping
technique in (78) to minimize the summation of the ranging
sidelobes within the region [23.74m, 31.24m]. The ISAC signal
adopts OFDM modulation, carrying N = 128 i.i.d. 16-QAM
symbols, under an over-sampling ratio of L = 10. To demon-
strate the performance improvement gained from sidelobe

Fig. 12. The range estimation performance and profiles of two targets under
OFDM with 16-QAM constellation, where N = 128, α = 0.35, L = 10,
M = 1000, and range region of interest is [23.74m, 31.24m].

reduction in the “iceberg”, we consider a two-target detection
scenario, where one target is located at 20m and the other at
30m. The target at 20m has an amplitude 43 ∼ 46 dB higher
than the one at 30m. The benchmark is the RRC pulse shaping,
with a roll-off factor of α = 0.35 set for both the RRC and
iceberg shaping techniques.

Fig. 12a shows the ranging root mean squared error (RMSE)
curves with and without coherent integration. It can be
observed that, before the coherent integration operation, both
the RRC and iceberg shaping techniques suffer from poor
ranging performance. However, after coherently integrating
over M = 1000 i.i.d. MF output signals, the ranging RMSE
is reduced by more than 78%. Additionally, the iceberg shap-
ing method achieves an extra 50% improvement in ranging
accuracy compared to its RRC counterpart. This improvement
is also clearly visible in the corresponding range profiles
shown in Fig. 12b. Without coherent integration, the weak
target is obscured by the sidelobes generated by the “sea
level” for both pulses, resulting in large range estimation
errors. With 1000 times of coherent integration, the “sea level”
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sidelobes are effectively reduced by 30 dB, after which the
ranging performance is primarily determined by the sidelobes
generated from pulses themselves. In this case, the peak
corresponding to the weak target can be accurately detected
for the ISAC signaling scheme with the designed pulse, thanks
to the minimization of the sidelobes within the range region
of interest. However, for the RRC pulse, the weak target may
be inaccurately located due to the high sidelobe at 24.5m.

V. MIMO PRECODING WITH RANDOM ISAC SIGNALS

Building on the insights from single-antenna systems in the
previous sections, we now extend our analysis to multi-antenna
ISAC systems, where spatial-domain precoding introduces
an additional DoF for balancing S&C performance. While
earlier sections focused on time-frequency waveform design
aspects such as modulation, constellation, and pulse shaping
under random signaling constraints, this section examines how
spatial processing can be exploited to further enhance the
sensing capabilities of communication-centric ISAC systems.
The motivation for this section stems directly from the DRT
discussed in Sec. II. In MIMO systems, the random nature
of the transmitted symbols still limits the direct control over
the signal pattern in time and frequency, but precoding enables
structured control over the spatial distribution of signal energy,
even when the symbols remain random. This opens up new
research opportunities for shaping the spatial beampattern
for sensing purposes without compromising the information-
carrying role of the communication signals.

Specifically, we present the general MIMO ISAC signal
model in Sec. V-A, and then introduce a pair of precod-
ing strategies, namely, data-independent and data-dependent,
which respectively offer long-term and symbol-level control of
the sensing performance. Dedicated algorithms for designing
such precoders under both sensing-only and ISAC scenarios
are detailed in Sec. V-B and V-C, respectively. By doing so, we
provide a unified signal-level framework for extending random
ISAC waveform design into the spatial domain.

A. Signal Model and Ergodic LMMSE

Consider a P2P monostatic MIMO ISAC system, with a BS
equipped with Nt transmit antennas and Ns receive antennas
at its sensing Rx, serving a communication user (CU) with
Nc receive antennas while simultaneously detecting one or
multiple targets. Assume that target sensing is conducted over
a coherent processing interval consisting of N time-domain
snapshots. Following the vector Gaussian model in (13), the
MIMO signal models for S&C are expressed as

Yc = HcX + Zc, (79a)
Ys = HsX + Zs. (79b)

In the above, Yc ∈ CNc×N represents the received signal
matrix at the CU receiver and Ys ∈ CNs×N denotes the
echoes at the BS sensing receiver, the matrix Hc ∈ CNc×Nt
is the P2P MIMO channel and Hs ∈ CNs×Nt is the spatial-
domain TIR matrix to be estimated, the matrices Zc ∈ CNc×N
and Zs ∈ CNs×N represent additive noise, with each entry fol-
lowing CN (0, σ2

c ) and CN (0, σ2
s), and X ∈ CNt×N denotes

the ISAC signal matrix. Additionally, we assume that the TIR
matrix Hs follows a wide-sense stationary random process,
such that its statistical correlation matrix RH = E{HH

s Hs}
keeps unchanged.

We now make some remarks on the signal model in (79).
First, the model in (79) aligns with the one in (40) in a MIMO-
OFDM setting, which can be interpreted as narrowband S&C
signals over a sub-channel. Accordingly, Hs and Hc are S&C
channel matrices defined for each sub-carrier. Second, this
model may be seen as a special case of the generic vector
Gaussian model in (13), with the parameter to be estimated
being the sensing channel matrix itself, namely, η = vec (Hs).
As a special case, the TIR matrix may also be modeled as
(14). For sensing purposes, this section focuses solely on
estimating the TIR matrix Hs for each sub-carrier, which will
then be collected across all sub-carriers for further processing
to extract delay and angle parameters of the targets.

Let us provide more elaboration on the ISAC signal matrix
X in (79), which is expressed as

X = WS, (80)

where W ∈ CNt×Nt is the precoding matrix to be optimized
and S ∈ CNt×N represents the data payload matrix. Let
f(W ;S) denote a generic sensing cost function, as described
in (6). The objective of this section is to design the precoding
matrix W to optimize the sensing cost function f(W ;S),
given the (statistical) information of S.

Analyzing and exploring the structure of the cost function
f(W ;S) often provides valuable insights into the solution
of the corresponding optimization problem [99], [100]. To
facilitate the discussion, we use the linear minimum mean
squared error (LMMSE) precoder as a specific example of
the sensing cost function f(W ;S) in this section. Given the
ISAC signal X and the correlation matrix RH for the sensing
channel, the celebrated LMMSE estimator of Hs is given by:

Ĥs = Ys

(
XHRHX + σ2

sNsIN
)−1

XHRH , (81)

which results in an MSE expressed as [101]

f(W ;S) = Tr

{(
R−1
H +

1

σ2
sNs

WSSHWH

)−1
}
. (82)

Based on this, the precoding design problem can be straight-
forwardly formulated as:

min
W

f(W ;S)

s.t. ‖W ‖2F ≤ PT , (83)

where PT is the transmit power budget.
In traditional MIMO radar systems, S in (80) is a deter-

ministic orthogonal training signal satisfying 1
N SSH = INt

[102]. In this case, problem (83) simplifies into:

min
W

Tr

{(
R−1
H +

1

σ2
sNs

WWH

)−1
}

(84a)

s.t. ‖W ‖2F ≤ PT . (84b)



LIU et al.: SENSING WITH COMMUNICATION SIGNALS: FROM INFORMATION THEORY TO SIGNAL PROCESSING 21

The above problem has a closed-form water-filling solution
given by [101]:

WWF =

√
σ2
sNs
N

Q
{

max
(
µ0INt −Λ

−1,0
)} 1

2 , (85)

where QΛQH is the eigenvalue decomposition of R and µ0 is
a constant (i.e., the “water level”) such that ‖WWF‖2F = PT .

In sharp contrast to traditional radar systems, ISAC systems
must employ random signals for target sensing. Since Gaussian
signals achieve the capacity of P2P Gaussian channels as
shown in (79a), we consider Gaussian signaling for ISAC sys-
tems as an example. Let S = [s1, s2, . . ., sN ] ∈ CNt×N denote
the transmitted random ISAC signal, where each column is
i.i.d. and follows the complex Gaussian distribution with zero
mean and covariance INt , i.e., s` ∼ CN (0, INt). In this
case, the objective function in problem (83) becomes a random
variable (as it depends on the random variable S). Therefore,
it is natural to consider an ergodic LMMSE (ELMMSE) that
accounts for the signal randomness, defined as [70]:

fELMMSE(W )

:= E

{
Tr

[(
R−1
H +

1

σ2
sNs

WSSHWH

)−1
]}

, (86)

where the expectation is performed over S. The ELMMSE may
be interpreted as a sensing analogy to the ergodic communi-
cation rate [103], which can be regarded as a time average of
the MSE achieved by random ISAC signals.

B. Sensing-Only Precoding Design

In this part, we explore the sensing-only precoding designs
under random signaling, which serves as a performance bench-
mark for the ISAC precoding that will be detailed later on. The
corresponding optimization problem may be formulated as:

min
W

fELMMSE(W )

s.t. ‖W ‖2F ≤ PT . (87)

We present two precoding schemes tailored for problem
(87): Data-dependent precoding (DDP) scheme and data-
independent precoding (DIP) scheme.

1) Data-Dependent Precoding: Let {Sm}Mm=1 denote a set
of M i.i.d. Gaussian data realizations. In the monostatic mode,
each Sm is known to both the ISAC Tx and the sensing Rx.
As a result, the precoding matrix W in problem (87) can
be designed as a function of S across all data realizations,
which we denote as Wm := W (Sm). The corresponding
optimization problem then takes the following form:

min
Wm

Tr

{(
R−1
H +

1

σ2
sNs

WmSmS
H
mW

H
m

)−1
}

s.t. ‖Wm‖2F ≤ PT . (88)

For each given data realization Sm, problem (88) admits
a closed-form solution, as shown in [70, Theorem 1].

Specifically, let Sm = UmΣmV
H
m denote the singular value

decomposition (SVD) of Sm and define the matrix Π0 as

Π0 =


0 0 · · · 1
0 · · · 1 0
...

...
...

...
1 0 · · · 0

 . (89)

Then, the modified water-filling solution of problem (88) is
expressed as [104]:

W opt
m = Q

[(
µmΘ

1
2
m −Bm

)+
] 1

2

Π0U
H
m, m = 1, 2, . . .,M,

(90)

where Θm = 1
σ2
sNs

Π0ΣmΣ
T
mΠ0, Bm = (ΛΘm)−1, and

µm is a parameter chosen to satisfy the transmit power
constraint ‖W opt

m ‖2F = PT .
It is evident from the expression of W opt

m in (90) that the
precoding matrix Wm depends on the data realization Sm.
Therefore, this scheme is referred to as the data-dependent
precoding (DDP). Since the DDP scheme is designed adap-
tively based on the instantaneous data realization, it generally
achieves the minimum ELMMSE; however, this comes at the
cost of high computational complexity.

2) Data-Independent Precoding: Different from the DDP
scheme, the DIP scheme aims to find a precoder W that
is independent of the signal realization. Given the fact that
the closed-form expression of fELMMSE is non-obtainable, the
data-independent precoder can be obtained by applying the
stochastic gradient descent (SGD) algorithm to solve problem
(87) offline, providing a favorable tradeoff between estimation
performance and computational complexity. Below we present
the SGD algorithm in detail.

Let f(W ;S) be defined as in (82). The gradient of f(W ;S)
with respect to the variable W at a given point W 0 is

∇f(W 0;S)

=
−
(
R−1
H + 1

σ2
sNs

W 0SS
HWH

0

)−2

W 0SS
H

σ2
sNs

. (91)

Accordingly, the gradient of fELMMSE with respect to W at
point W 0 is given by

∇fELMMSE(W 0) = E {∇f(W 0;S)} , (92)

which again has no closed-form expression. Towards that end,
the key idea behind SGD is to approximate the true gradient
in (92) by the gradient evaluated at a mini-batch of samples,
given by

∇̂fELMMSE(W 0) =
1

|D|
∑
S∈D

∇f(W 0;S), (93)

where D denotes number of Gaussian samples generated
at point W 0. At the r-th iteration of the projected SGD
algorithm, the precoding matrix W is updated as

W (r+1) = Proj
{
W (r) − ε(r)∇̂fELMMSE(W (r))

}
, (94)
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Fig. 13. Achievable sensing performance of the DDP and DIP schemes com-
pared with the conventional water-filling approach under Gaussian signaling,
where the Nt = 32, N = 24 and Nt = 64, N = 48 cases are illustrated.

where ε(r) is the stepsize (or “learning rate”) and Proj{·} is
the projection operator onto the feasible set of problem (87),
i.e., the ball constraint.

Some remarks regarding the above SGD algorithm are in
order. First, to ensure the convergence of the (projected) SGD
algorithm, the nonnegative stepsizes ε(r) in (94) must be
chosen to satisfy the following conditions [105], [106]:

∞∑
r=1

ε(r) =∞ and
∞∑
r=1

∣∣∣ε(r)
∣∣∣2 <∞. (95)

Second, increasing the mini-batch size |D| can reduce the vari-
ance of the error in approximating the true gradient, thereby
improving numerical performance in terms of computational
efficiency and robustness. However, this comes at the cost of
having to compute a larger number of local gradients. By
the law of large numbers, as the mini-batch size tends to
infinity, the gradient in (93) converges to the true gradient in
(92), and the (projected) SGD algorithm effectively reduces
to the (projected) GD algorithm. Finally, incorporating the
moment information into the SGD algorithm can accelerate
its convergence. In particular, a modified version of SGD with
momentum was introduced in [70] to solve problem (87) in
the presence of complex unknown variables.

3) Example of Sensing-Only Precoding Design: We provide
an example in Fig. 13 to show the superiority of MIMO
precoding designs dedicated to random signals under sensing-
only scenarios, where we consider two parameter settings with
Nt = Ns = 32, N = 24 and Nt = Ns = 64, N = 48, respec-
tively. The attainable ELMMSE with varying SNR is shown
for both DDP and DIP approaches, with the water-filling
precoder (85) serving as the baseline scheme. The results
for all the three methods are averaged over 1000 random
realizations of i.i.d. Gaussian signal samples. As predicted by
the theoretical analysis, the DDP scheme achieves the lowest
ELMMSE in general, followed by its DIP counterpart. On the
other hand, the water-filling precoder tailored for deterministic
training signals suffers from a 3 dB performance loss as well
as a severe error floor compared to the DDP and DIP designs,

confirming the necessity of taking the data randomness into
account.

C. ISAC Precoding Design
In this subsection, we extend the precoding design from

the sensing-only scenario discussed in the previous subsection
to the ISAC scenario. Throughout this subsection, we assume
that the channel matrix Hc in (79a) is perfectly known. Then
the achievable communication rate (in bps/Hz) of the P2P
Gaussian channel in (79a) is [107]:

R(W ) = log det
(
INc + σ−2

c HcWWHHH
c

)
. (96)

The precoding design problem in the ISAC system is
formulated as the minimization of ELMMSE, subject to
communication performance and power budget constraints, as
follows:

min
W

fELMMSE(W )

s.t. R(W ) ≥ R0, ‖W ‖2F ≤ PT , (97)

where R0 corresponds to the communication rate requirement.
Again, we present two precoding schemes, namely, DDP and
DIP, tailored for problem (97).

1) Data-Dependent Precoding: We follow the same
approach and notation as in Sec. V-B. By introducing an
auxiliary variable Ωm = WmW

H
m, we can rewrite the rate

constraint in problem (97) as

R̃(Ωm) := log det
(
INc + σ−2

c HcΩmH
H
c

)
≥ R0. (98)

The data-dependent precoder W can then be obtained by
solving the following optimization problem with respect to
W n for a given data realization Sm:

min
Wm,Ωm

f(Wm;Sm)

s.t. R̃(Ωm) ≥ R0, Ωm = WmW
H
m, ‖W ‖2F ≤ PT .

(99)

A penalty-based alternating optimization (AO) algorithm
has been proposed in [70] for solving problem (99). The
algorithm essentially applies the AO algorithm to solve the
penalized version of problem (99) as follows:

min
Wm,Ωm

f(Wm;Sm) +
ρ

2
‖Ωm −WmW

H
m‖2F

s.t. R̃(Ωn) ≥ R0, ‖W ‖2F ≤ PT , (100)

where ρ > 0 is the penalty parameter. Specifically, problem
(100) with respect to the variable Ωm is convex and can be
solved efficiently; the corresponding subproblem with respect
to the other variable Wm can be addressed using the projected
gradient descent algorithm. For more details on the proposed
penalty-based AO algorithm, please refer to [70, Sec. IV].

2) Data-Independent Precoding: By introducing the aux-
iliary variable Ω = WWH and adding a penalty term for
this equality constraint to the objective function, we obtain
the following penalized version of problem (97):

min
W ,Ω

ES {f(W ; S)}+
ρ

2
‖Ω −WWH‖2F

s.t. R̃(Ω) ≥ R0, ‖W ‖2F ≤ PT . (101)
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Fig. 14. The S&C performance tradeoff under different precoding designs,
with the parameter setting Nt = Ns = 32, N = 20 and 32, and SNR =
15 dB.

This problem can be solved in a similar manner to problem
(100) using the AO algorithm. The only difference is that the
projected SGD algorithm is employed to solve the subproblem
with respect to the variable W .

3) Example of ISAC Precoding Design: We illustrate the
tradeoff between S&C performance of DDP and DIP schemes
in Fig. 14, under Nt = Ns = 32, N = 20 and 32, and
SNR = 15 dB. The baseline technique here is the precoding
design that minimizes the deterministic LMMSE (84a) subject
to the communication rate and power constraints. It can
be clearly observed that the DIP design acquires 3bps/Hz
communication rate improvements over the baseline method
for N = 20, while achieving the same ELMMSE for sensing.
Moreover, DDP achieves more than 1.5 dB reduction in the
ELMMSE compared to the DIP, while satisfying the required
communication rate.

VI. OPEN PROBLEMS AND FUTURE DIRECTIONS

In this section, we highlight the open problems in sensing
with random communication signals, and identify promising
directions for future research in this area.

A. Open Problems

1) 2D Ambiguity Function Characterization: While much
of the current literature (including this tutorial) focuses on the
ACF to assess the sensing performance of communication-
centric ISAC signals, it is important to recognize that the ACF
offers only a partial characterization of the sensing capability.
In particular, the ACF corresponds to the zero-Doppler cut
of the ambiguity function (AF) [84], and thus primarily
captures performance in terms of multi-target ranging under
static or low-Doppler conditions. This makes it well-suited for
applications such as indoor positioning or vehicular sensing
in slow-speed regimes. However, future 6G ISAC systems
are expected to operate in dynamic environments with high-
mobility users and targets, where both delay and Doppler
resolution are critical. In such scenarios, the 2D AF, which
jointly characterizes the resolution and multi-target interfer-
ence properties in the delay-Doppler domain, becomes a more

comprehensive and meaningful metric for analyzing the sens-
ing performance of random ISAC signals. That said, extending
the analysis from ACF to the full AF is highly non-trivial.
The AF involves a two-dimensional correlation structure in
the time-frequency domain. For random ISAC signals carrying
modulated data symbols, the statistical behavior of the AF
depends critically on the modulation scheme, pulse shaping,
and data distribution of the signal. Deriving closed-form
expressions or meaningful performance bounds under general
signaling formats thus poses a significant theoretical and
computational challenge. Despite this, the insights obtained
from ACF-based analysis provide a solid first step toward
understanding sensing with random signals.

2) Mismatched Filtering and Sparse Recovery Under Ran-
dom ISAC Signaling: In this tutorial, as well as in most of
the existing literature, sensing signal processing is performed
using the MF framework. In this approach, the received echo
signal is convolved with a replica of the transmitted ISAC
signal to form a range profile, and target detection is based
on localizing the resulting peaks. While MF is known to
maximize the target’s SNR at each peak, it may not be optimal
for reducing sidelobe levels caused by the data payload. To
address this, mismatched filtering (MMF) could be explored
as a more general method to further enhance the sensing
performance, which conceives the impulse response of the
filter as a nonlinear function of the transmitted ISAC signal.
One example of the MMF is the Reciprocal Filtering [108],
which performs element-wise division of the echo signal in the
frequency domain. While the Reciprocal Filter can effectively
eliminate sidelobes generated by random data, resulting in a
clean “iceberg” without any “sea level”, it may suffer from the
SNR reduction by amplifying the noise. Thus, it is essential to
develop novel MMF techniques that balance sidelobe suppres-
sion and SNR loss under random ISAC signaling. Furthermore,
sparse recovery techniques, such as matching pursuit algo-
rithms and their variants, can be employed in this context to
enhance sensing resolution by exploiting the inherent sparsity
of radar targets [109]. However, a comprehensive investigation
is required to address the challenges posed by the randomness
of ISAC signals and its impact on the performance of these
algorithms.

3) Adaptive Modulation: In Sec. IV-B it was shown that
sensing favors signals with reduced power variability or even
constant modulus signals, at the expense of communication
rates. These signals however tend to have higher power effi-
ciency and offer higher SNRs, as well as the opportunity to
exploit wireless interference [110]. This avails the potential
to recover some of the rate loss through adaptive modulation
(AM) schemes [111], [112] and constructive interference (CI)
exploitation [113]. On one hand, this offers the opportunity
to shift the S&C tradeoffs from the ones showed above to
more favorable communication performance, and in this way
better secure the communication QoS in the communication-
centric ISAC scenarios. On the other hand, such approaches
would necessitate the development of new AM approaches,
co-designed with the ISAC signaling overviewed in this paper,
and ISAC-tailored CI approaches founded on the constellation
shaping above.
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4) Sensing With Channel-Coded Signals: Channel coding
is a critical component of modern communication systems,
which adds redundancy to information bits to reduce or correct
decoding errors. Most current studies on communication-
centric ISAC systems focus on uncoded signals, where
constellation symbols are i.i.d. drawn from predefined code-
books. While the effects of modulation schemes, constellation
designs, pulse shaping filters, and MIMO precoders on the
sensing performance have been investigated in this tutorial,
the impact of channel coding remains largely unexplored
[114]. Therefore, it would be valuable to evaluate the sensing
performance of random ISAC signals under various practical
channel coding schemes, such as Turbo, LDPC, and Polar
codes, and to optimize these codes for achieving a balanced
S&C performance.

B. Future Directions

1) Networked Sensing and ISAC With Communication
Signals: In addition to the point-to-point (P2P) ISAC set-
ting considered in this work, networked sensing and ISAC
represent a transformative direction toward enabling large-
scale seamless S&C [115], [116], [117], [118], [119]. This
necessitates a more comprehensive investigation of ISAC
waveform design and processing in multi-user, multi-target,
and multi-static environments, which are considerably more
prevalent in practical systems. By leveraging collaboration
among BSs and distributed mobile devices, networked ISAC
is particularly promising for applications like UAV-enabled
low-altitude economy and smart transportation systems [120],
[121]. Unlike their conventional P2P monostatic and bistatic
counterparts, networked sensing and ISAC encounter unique
challenges, particularly in interference management. In par-
ticular, the simultaneous transmissions from distributed nodes
can significantly degrade both S&C performance across the
network, and the inherent randomness of communication
signals further complicates the analysis and management of
interference. To tackle this challenge, comprehensive research
is needed on BSs’ synchronization, adaptive BS clustering and
scheduling, collaborative precoding, and network-level joint
resource allocation. For instance, BSs can be dynamically
grouped into clusters, where joint precoding within each clus-
ter can leverage cross-link interference as beneficial signals,
while interference coordination cross clusters is crucial to
mitigate inter-cluster interference. Based on the availability
of data information, multiple BSs can employ the DDP and
DIP techniques to improve the sensing performance with-
out compromising communication quality. In such cases, the
joint optimization of data-dependent and data-independent pre-
coders across multiple BSs becomes crucial, with distributed
algorithm design playing a key role in achieving enhanced
performance while minimizing signaling overheads.

2) Secure ISAC With Communication Signals: The move to
pervasive sensing through the ISAC infrastructure opens the
door to entirely new security vulnerabilities over the wireless
network [122]: i) Data-Security: the inclusion of data into the
probing ISAC signal makes it prone to eavesdropping from
potentially malicious radar targets, and with high signal pow-
ers typically used for target illumination. Even if the data itself

is encrypted, simply detecting the existence of a communica-
tion link can jeopardize communication privacy [123], [124].
ii) Sensing-Privacy: The sensing functionality introduced by
the wireless network can be adversely exploited by malicious
nodes to independently sense potentially sensitive information
about the environment [125]. This is an entirely new vulnera-
bility that one never had to worry about in a cellular network.
As there is no data link—this is the ability of a malicious node
to independently sense its environment—higher layer security
approaches are inapplicable. The severity of threat necessi-
tates a new generation of PHY security solutions tailored
for ISAC. The constellation, pulse shaping, and precoding
design overviewed in this paper needs to be tuned for PHY
security and can play a key role in protecting against both
data eavesdropping and adversary sensing. Their co-design
with classical PHY security approaches such as artificial
noise design, jamming, cooperative security remains virtually
unexplored. Most importantly, while data security in ISAC
is being explored theoretically [126], the realm of sensing
privacy lacks an information theoretic framework with which
to design metrics, signal processing solutions and transmission
mechanisms.

3) Sensing and ISAC With Artificial Intelligence (AI):
While this paper focuses on the information theory and signal
processing aspects of sensing and ISAC, AI has recently
emerged as a key enabler, particularly in processing sensing
and ISAC signals for recognition tasks [127], [128]. Deep
learning algorithms, for instance, are increasingly being uti-
lized for applications such as posture and activity recognition.
The integration of AI with sensing and ISAC introduces both
new challenges and exciting opportunities. A key challenge
arises when random communication signals are employed,
as designing AI algorithms capable of effectively processing
the resulting echo signals becomes complex. A promising
approach to address this is to combine well-established
model-driven radar signal processing methods with innovative
data-driven AI techniques. Another significant challenge is
defining new sensing performance metrics (e.g., recognition
accuracy), and understanding their relationship with the design
parameters like modulation types and covariance matrices of
transmitted communication signals to guide system optimiza-
tion. The incorporation of AI makes establishing quantitative
connections between them especially difficult. Despite these
challenges, AI also offers powerful tools to address these
issues. AI techniques can model complex, nonlinear rela-
tionships between sensing performance metrics and signal
parameters, providing insights that are difficult to obtain
through traditional methods. Furthermore, AI can optimize
a variety of functional blocks, e.g., input distribution of the
constellation, through end-to-end learning [129], making it an
invaluable asset in advancing sensing and ISAC technologies.

4) Integrated Sensing, Communication, and Powering
(ISCAP) With Communication Signals: In addition to sup-
porting S&C, radio signals can wirelessly deliver energy to
power low-power devices such as sensors and IoT devices
through wireless power transfer (WPT). With spectrum
resources becoming more limited, future wireless networks
are anticipated to combine sensing, communication, and
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WPT, creating multi-functional ISCAP networks [130], [131].
ISCAP presents new challenges in designing signal waveforms
and optimizing communication signals to balance the tradeoff
among sensing, communication, and WPT. Unlike traditional
ISAC systems, ISCAP must address the unique requirements
of WPT, where the energy harvesting efficiency depends
heavily on the characteristics of the transmitted waveform.
Due to the non-linear radio frequency (RF)-to-direct cur-
rent (DC) conversion process in energy harvesting devices,
waveforms with high peak-to-average power ratio (PAPR) are
typically favored to maximize power transfer efficiency. To
overcome these challenges, optimizing modulation, waveform
design, and beamforming is crucial. While some initial studies
have explored waveform and beamforming designs in simpli-
fied ISCAP scenarios, a comprehensive system-level analysis
and design remain underdeveloped. For instance, analyzing
WPT performance under various waveforms, such as OFDM,
CDMA, and OTFS, while accounting for practical energy
harvesting constraints, offers a promising research direction.
Similarly, extending data-dependent and data-independent pre-
coding techniques for ISCAP is also interesting.

VII. CONCLUSION

This tutorial paper has examined recent developments
in the field of communication-centric ISAC transmission,
which maximizes the resource utilization efficiency by lever-
aging random data payload signals for both S&C tasks.
We first discussed the information-theoretic foundation of
ISAC, emphasizing the necessity of developing signal process-
ing techniques tailored for random ISAC signals. Following
this, we reviewed the core models and methodologies for
communication-centric ISAC systems, with a particular focus
on analyzing the statistical properties of the ACF of ISAC
signals, which is critical for evaluating multi-target sensing
performance. As a step further, a significant part of the discus-
sion was dedicated to the design principles for key components
of ISAC systems, including modulation schemes, constellation
design, and pulse shaping filters. Here, we highlighted the
importance of optimizing the sensing functionality without
sacrificing the communication performance, or in some cases,
developing a scalable tradeoff that supports both functional-
ities. On top of that, we also explored the advancements in
MIMO systems, particularly in the context of dedicated sens-
ing and ISAC precoding techniques conceived for random data
payload signals. Finally, the paper concluded by identifying
several open research challenges and outlining future direc-
tions in communication-centric ISAC transmission. It is our
hope that this work will help guide the ongoing development
of ISAC air interface technologies that are compatible with the
current cellular networks, and contribute to the standardization
and implementation of ISAC in future 6G wireless networks.
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