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Abstract—Sparse Bayesian learning (SBL) can be implemented
with low complexity based on the approximate message passing
(AMP) algorithm. However, it does not work well for a generic
measurement matrix, which may cause AMP to diverge. Damped
AMP has been used for SBL to alleviate divergence issues at the cost
of reducing convergence speed. In this work, we propose a new SBL
algorithm based on structured variational inference, leveraging
AMP with a unitary transformation. Both single measurement
vector and multiple measurement vector problems are investigated.
It is shown that, compared to state-of-the-art AMP-based SBL
algorithms, the proposed UAMP-SBL is more robust and efficient,
leading to remarkably better performance.

Index Terms—Sparse Bayesian learning, structured variational
inference, approximate message passing.

I. INTRODUCTION

W E CONSIDER the problem of recovering a sparse signal
x from noisy measurements y = Ax+w, where A is

a known measurement matrix [1]. This problem finds numerous
applications in various areas of signal processing, statistics and
computer science [1]–[7]. One approach to recoveringx is to use
sparse Bayesian learning (SBL), where x is assumed to have a
sparsity-promoting prior [8]. Conventional implementation of
SBL involves matrix inversion in each iteration, resulting in
prohibitive computational complexity for large scale problems.

The approximate message passing (AMP) algorithm [9], [10]
has been proposed for low-complexity implementation of
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SBL [11], [12]. AMP was originally developed for compressive
sensing based on loopy belief propagation (BP) [10]. Compared
to convex optimization based algorithms such as LASSO [13]
and greedy algorithms such as iterative hard-thresholding [14],
AMP has low complexity and its performance can be rigorously
characterized by a scalar state evolution (SE) in the case of a large
independent and identically distributed (i.i.d.) (sub-)Gaussian
matrix A [15]. AMP was later extended in [16] to solve gen-
eral estimation problems with a generalized linear observation
model [17]. By implementing the E-step using AMP in the
expectation maximization (EM) based SBL method, matrix
inversion can be avoided, leading to a significant reduction in
computational complexity. However, AMP does not work well
for a generic matrix such as non-zero mean, rank-deficient, cor-
related, or ill-conditioned matrix A [18], resulting in divergence
and poor performance.

Many variants of AMP have been proposed to address the
divergence issue and achieve better robustness to a generic A,
such as the damped AMP [18], swept AMP [19], generalized
approximate message passing algorithm (GAMP) with adaptive
damping [20], AMP with unitary transformation (UTAMP) [21],
vector AMP (VAMP) [22], orthogonal AMP [23], memory
AMP [24], convolutional AMP [25] and more. In [26], by
incorporating damped Gaussian generalized AMP (GGAMP)
to the EM-based SBL method, a GGAMP-SBL algorithm was
proposed. Although the robustness of the approach is signifi-
cantly improved, it comes at the cost of slowing the convergence.
In addition, the algorithm still exhibits significant performance
gap from the support-oracle bound when the measurement ma-
trix has relatively high correlation, large condition number or
non-zero mean.

For a general linear inverse problem, it was proposed
in [21], [27] to apply AMP to a unitary transform of the orig-
inal model, where the unitary matrix for the transformation
can be obtained by the singular value decomposition (SVD)
of A. In the case of a circulant A, the normalized discrete
Fourier transform matrix can be used for the unitary trans-
formation, enabling highly efficient implementation with the
fast Fourier transform algorithm [28]. This leads to the AMP
variant UTAMP, which is renamed as unitary AMP (UAMP) in
this paper.1 Here, we apply this concept to SBL, resulting in a
new SBL algorithm called UAMP-SBL. UAMP-SBL achieves
more efficient sparse signal recovery with significantly enhanced

1SVD plays an important role in both UAMP and VAMP. In UAMP, SVD is
used to obtain the unitary transformed model that AMP works with. SVD also
connects VAMP and AMP in its analysis. In addition, the linear minimum mean
squared error (LMMSE) estimator in VAMP results in cubic complexity in each
iteration, and VAMP relies on SVD to implement the LMMSE estimator with
low complexity.
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robustness, compared to the state-of-the-art AMP-based SBL
algorithm GGAMP-SBL [26].

To develop UAMP-SBL, we apply structured variational in-
ference (SVI) [29]–[31]. In particular, the formulated problem
is represented by a factor graph model, based on which approxi-
mate inference is implemented in terms of structured variational
message passing (SVMP) [30]–[32]. The use of SVMP allows
the incorporation of UAMP to the message passing algorithm
to handle the most computationally intensive part of message
computations with high robustness and low complexity. In
UAMP-SBL, a Gamma distribution is used as the hyperprior
for the precisions of the elements of x. We propose to tune the
shape parameter of the Gamma distribution automatically during
iterations. We show by simulations that, in many cases with
a generic measurement matrix, UAMP-SBL can still approach
the support-oracle bound closely. We also investigate empirical
SE-based performance prediction for UAMP-SBL and analyze
the impact of the shape parameter on SBL. In addition, the
UAMP-SBL algorithm is extended from single measurement
vector (SMV) problems to multiple measurement vector (MMV)
problems [2], [33], [34]. Based on our preliminary results in
[35]2, UAMP-SBL was applied to inverse synthetic aperture
radar [36], where the measurement matrix can be highly cor-
related in order to achieve high Doppler resolution. Real data
experiments in [36] demonstrate its superiority in terms of both
recovery performance and speed.

The rest of the paper is organized as follows. We briefly intro-
duce SBL and (U)AMP in Section II. In Section III, UAMP-SBL
is derived for SMV problems and empirical SE-based perfor-
mance prediction for UAMP-SBL is also discussed. The impact
of the shape parameter is analyzed in Section IV. UAMP-SBL is
extended to the MMV setting in Section V. Numerical results are
provided in Section VI, followed by conclusions in Section VII.

Throughput the paper, we use boldface lowercase and upper-
case letters to represent column vectors and matrices, respec-
tively. The superscript (·)H represents the conjugate transpose
for a complex matrix, and the transpose for a real matrix. We
use 1 and 0 to denote the all-ones vector and all-zeros vector
with proper sizes, respectively. The notationN (x|μ,Σ) denotes
a Gaussian distribution of x with mean μ and covariance Σ,
and Ga(γ|ε, η) is a Gamma distribution with shape parameter ε
and rate parameter η. We use | · |.2 to denote the element-wise
magnitude squared operation, and ‖ · ‖ for the l2 norm. The
notation 〈f(x)〉q(x) denotes the expectation of f(x)with respect
to probability density function q(x), and E[·] is the expectation
over all random variables involved in the brackets. We use
Diag(a) to represent a diagonal matrix with elements of a on its
diagonal, Zm,n is the (m,n)th element of Z, and an is the nth
element of vector a. The element-wise product and division of
two vectors a and b are denoted by a · b and a./b, respectively.
The superscript of at in an iterative algorithm denotes the tth
iteration.

II. BACKGROUND

A. Sparse Bayesian Learning

Consider recovering a length-N sparse vector x from mea-
surements

y = Ax+w, (1)

2Compared to [35], we present a new derivation of UAMP-SBL, extend
it from SMV to MMV, and provide theoretical analyses and comprehensive
comparisons.

where y is a measurement vector of length M , the measure-
ment matrix A has size M ×N , w denotes a Gaussian noise
vector with mean zero and covariance matrix β−1I, and β is
the precision of the noise. It is assumed that the elements in x
are independent and the following two-layer sparsity-promoting
prior is used

p(x|γ) =
∏
n

p(xn|γn) =
∏
n

N (xn|0, γ−1
n ), (2)

p(γ) =
∏
n

p(γn) =
∏
n

Ga(γn|ε, η), (3)

i.e., the prior of xn is a scale mixture of Gaussian distributions

p(xn) =

∫
N (xn|0, γ−1

n )p(γn)dγn, (4)

where the precision vector γ = [γ1, γ2, . . ., γN ]H .
In the conventional SBL algorithm by Tipping [8], the preci-

sion vector γ is learned by maximizing the a posteriori proba-
bility

p(γ|y) ∝ p(y|γ)p(γ), (5)
where the marginal likelihood function is

p(y|γ) =
∫
p(y|x)p(x|γ)dx. (6)

It can be shown that [8]

log p(y|γ) = 1

2

(
log |Σ|+ log |Diag(γ)|

− ζHDiag(γ)ζ

)
+ const, (7)

where const represents terms independent of γ, and

Σ =
(
βAHA+Diag(γ)

)−1
, (8)

ζ = βΣAHy. (9)
The posterior probability of x is given by

p(x|y,γ) = N (x|ζ,Σ). (10)
Taking the logarithm of p(γ|y) and ignoring terms indepen-

dent of γ, learning of γ reduces to maximizing the following
objective function [8]

L(γ) = log p(y|γ) +
N∑

n=1

(ε log γn − ηγn). (11)

As the value of γ that maximizes L(γ) cannot be obtained
in closed form, iterative re-estimation is employed by taking
advantage of (7), i.e., with a learned γ in the last iteration,
computeΣ and ζ using (8) and (9), then updateγ by maximizing
L(γ) with (7), which leads to

γn = (2ε+ 1)/(2η + |ζn|2 +Σn,n), n = 1, . . ., N. (12)
In summary, Tipping’s SBL algorithm (which is called SBL
hereafter) executes the following iteration [8]:
Repeat

Z =
(
βAHA+Diag(γ̂)

)−1
(13)

x̂ = βZAHy (14)

γ̂n = (2ε+ 1)/(2η + |x̂n|2 + Zn,n), n = 1, . . ., N. (15)

Until terminated

If the noise precision β is unknown, then its estimation can
be incorporated as well. SBL can also be derived based on the



LUO et al.: UNITARY APPROXIMATE MESSAGE PASSING FOR SPARSE BAYESIAN LEARNING 6025

Algorithm 1: UAMP (UAMPv2 Executes Operations
in [ ]).

Initialize τ
(0)
x (or τ (0)x ) > 0 and x(0). Set s(−1) = 0 and

t = 0. Define vector λ = ΛΛH1.
Repeat
1: τ p = |Φ|.2τ t

x [or τ p = τ txλ]
2: p = Φxt − τ p · st−1

3: τ s = 1./(τ p + β−11)
4: st = τ s · (r− p)

5: 1./τ q = |ΦH |.2τ s [or 1./τ q = ( 1
NλHτ s)1]

6: q = xt + τ q · (ΦHst)
7: τ t+1

x = τ q · g′x(q, τ q) [or τ t+1
x =

1
N 1H(τ q · g′x(q, τq))]

8: xt+1 = gx(q, τ q)
9: t = t+ 1

Until terminated

EM algorithm [8], [26]. The SBL algorithm requires a matrix
inverse in (13) in each iteration, resulting in cubic complexity
per iteration.

B. (U)AMP

AMP was derived based on loopy BP with Gaussian and
Taylor-series approximations [10], [16]. It is known that AMP
can easily diverge in the case of a generic measurement matrix
A [18]. Inspired by the work in [28], it was shown in [21] that
the robustness of AMP is remarkably improved through simple
pre-processing, i.e., performing a unitary transformation to the
original linear model [21], [27]. As any matrix A has an SVD
A = UΛV withU and V being two unitary matrices, perform-
ing a unitary transformation with UH leads to the following
model

r = Φx+ ω, (16)
where r = UHy, Φ = UHA = ΛV, Λ is an M ×N rectan-
gular diagonal matrix, and ω = UHw remains a zero-mean
Gaussian noise vector with the same covariance matrix β−1I.
Applying the vector step size AMP [16] with model (16)
leads to the first version of UAMP (called UAMPv1) shown in
Algorithm 1.3

We can apply an average operation to two vectors: τx in Line
7 and |ΦH |.2τ s in Line 5 of UAMPv1 in Algorithm 1, leading to
the second version of UAMP [21] (called UAMPv2), where the
operations in the brackets of Lines 1, 5 and 7 are executed (refer
to [27] for the derivation). Compared to AMP and UAMPv1,
UAMPv2 does not require matrix-vector products in Lines 1 and
5, so that the number of matrix-vector products is reduced from 4
to 2 per iteration. This is a significant reduction in computational
complexity because the complexity of AMP-like algorithms is
dominated by matrix-vector products.

In the (U)AMP algorithms, gx(q, τ q) is related to the prior of
x and returns a column vector with the nth element [gx(q, τ q)]n
given by

[gx(q, τ q)]n =

∫
xnp(xn)N (xn; qn, τqn)dxn∫
p(xn)N (xn; qn, τqn)dxn

, (17)

3By replacing r and Φ with y and A in Algorithm 1 respectively, the original
AMP algorithm is recovered.

where we note that p(xn) represents a general known prior for
xn. The function g′x(q, τ q) returns a column vector and the nth
element is denoted by [g′x(q, τ q)]n, where the derivative is taken
with respect to qn.

III. SPARSE BAYESIAN LEARNING USING UAMP

A. Problem Formulation and Approximate Inference

To enable the use of UAMP, we employ the unitary trans-
formed model r = Φx+ ω in (16). As in many applications
the noise precision β is unknown, its estimation is also consid-
ered. The joint conditional distribution of x, γ and β can be
expressed as

p(x,γ, β|r) ∝ p(r|x, β)p(x|γ)p(γ)p(β), (18)

where p(x|γ) and p(γ) are given by (2) and (3), respectively.
We assume an improper prior p(β) ∝ 1/β for the noise preci-
sion [8]. According to the transformed model (16), p(r|x, β) =
N (r|Φx, β−1I). Our aim is to find the marginal distribution
p(x|r). The a posteriori mean is then used as an estimate of
x in the sense of minimum mean squared error (MSE). How-
ever, exact inference is intractable due to the high dimensional
integration involved, so we resort to approximate inference
techniques.

Variational inference is a machine learning method for ap-
proximate inference [29]–[31]. In variational inference, a
tractable trial distribution function is chosen and optimized
by minimizing the Kullback-Leibler (KL) divergence between
the trial function and the true posterior distribution. Instead of
using fully factorized trial functions where all variables are
assumed to be independent (thereby likely resulting in poor
approximations), more structured factorizations can be used,
leading to SVI algorithms. With graphical models, SVI can
be formulated as message-passing [30]–[32], which is termed
SVMP. In this work, SVMP is adopted because it facilitates the
incorporation of UAMP into SVMP. We will show how UAMP
can be used to handle the most computational intensive part of
message computations, enabling us to achieve low complexity
and high robustness. With SVMP, we can find an approximation
to the marginal distribution p(x|r), where an approximation to
p(γ|r) is also involved (the approximate inference for x and γ
is performed alternately).

We introduce an auxiliary variable h = Φx to facilitate the
incorporation of UAMP, which is crucial to an efficient realiza-
tion of SBL. Then the conditional joint distribution is

p(x,h,γ, β|r)
∝ p(r|h, β)p(h|x)p(x|γ)p(γ|ε)p(β)

=
M∏

m=1

N (rm|hm, β−1)
M∏

m=1

δ(hm − [Φ]mx)

N∏
n=1

N (xn|0, γ−1
n )

N∏
n=1

Ga(γn|ε, η)p(β). (19)

To facilitate the derivation of the message passing al-
gorithm, a factor graph representation of the factoriza-
tion in (19) is shown in Fig. 1, where the local
functions fβ(β) ∝ 1/β, frm(rm, hm, β) = N (rm|hm, β−1),
fδm(hm,x) = δ(hm − [Φ]mx), fxn

(xn, γn) = N (xn|0, γ−1
n ),

fγn
(γn) = Ga(γn|ε, η) and [Φ]m is the mth row of matrix Φ.
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Fig. 1. Factor graph of (19) for deriving UAMP-SBL.

Following SVI, we define the following structured trial
function

q̃(x,h,γ, β) = q̃(β)q̃(x,h)q̃(γ). (20)
In terms of SVMP, the use of the above trial function corresponds
to a partition of the factor graph shown by the dotted boxes
in Fig. 1, where q̃(β), q̃(x,h) and q̃(γ) are associated with
Subgraphs 1, 2 and 3, respectively. As the KL divergence

KL (q̃(β)q̃(x,h)q̃(γ)||p(x,h,γ, β|r)) , (21)
is minimized, it is expected that

q̃(x,h) ≈ p(x,h|r), (22)

q̃(γ) ≈ p(γ|r), (23)

q̃(β) ≈ p(β|r). (24)
Integrating out h in (22), which corresponds to running BP in
Subgraph 2 (except the factor nodes connecting external variable
nodes), we have q̃(x) ≈ p(x|r). Running BP in Subgraph 2
involves the most intensive computations; fortunately it can
be handled efficiently and with high robustness using UAMP.
The derivation of UAMP-SBL is shown in Appendix A, and the
algorithm is summarized in Algorithm 2.

Regarding the UAMP-SBL in Algorithm 2, we have the
following remarks:

1. UAMPv2 is employed in Algorithm 2. Similarly, UAMPv1
can also be used. By comparing UAMPv1 and UAMPv2,
the differences lie in Lines 1, 8, 9 and 10 as vectors τ t

x
and τ q need to be used. The UAMP-SBL algorithms with
two versions of UAMP deliver comparable performance,
but UAMP-SBL with UAMPv2 has lower complexity.

2. In SBL with Gamma hyperprior, the shape parameter ε and
the rate parameter η are normally chosen to be very small
values [8], and sometimes the value of the shape parameter
ε is chosen empirically, e.g., ε = 1 [37]. In UAMP-SBL,
we propose to tune the shape parameter automatically (as
shown in Line 13) with the following empirical rule

ε =
1

2

√
log(

1

N

∑
n
γ̂n)− 1

N

∑
n

log γ̂n, (25)

i.e., ε is learned iteratively in the iterative process, with
a small positive initial value. We note that, as the log
function is concave, the parameter ε in (25) is guaranteed
to be non-negative. In Section IV, we will show that
the shape parameter ε in SBL functions as a selective
amplifier for {γn}, and a proper ε plays a significant role in
promoting sparsity, leading to considerable performance
improvement.

Algorithm 2: UAMP-SBL.

Unitary transform: r = UHy = Φx+ ω, where
Φ = UHA = ΛV, and A has SVD A = UΛV.
Define vector λ = ΛΛH1.
Initialization: τ (0)x = 1, x̂(0) = 0, ε = 0.001, γ̂ = 1,
β̂ = 1, s = 0, and t = 0.
Do
1: τ p = τ txλ
2: p = Φx̂t − τ p · s
3: vh = τ p./(1+ β̂τ p)

4: ĥ = (β̂τ p · r+ p)./(1+ β̂τ p)

5: β̂ =M/(||r− ĥ||2 + 1Hvh)

6: τ s = 1./(τ p + β̂−11)
7: s = τ s · (r− p)

8: 1/τq = (1/N)λHτ s

9: q = x̂t + τqΦ
Hs

10: τ t+1
x = (τq/N)1H(1./(1+ τqγ̂))

11: x̂t+1 = q./(1+ τqγ̂)
12: γ̂n = (2ε+ 1)/(|x̂t+1

n |2 + τ t+1
x ), n = 1, . . ., N.

13: ε = 1
2

√
log( 1

N

∑
n γ̂n)− 1

N

∑
n log γ̂n

14: t = t+ 1
while (||x̂t+1 − x̂t||2/||x̂t+1||2 > δx and t < tmax)

B. Empirical SE-Based Performance Prediction

In this section, leveraging empirical UAMP SE, we study how
to predict the performance of UAMP-SBL. We treat UAMP-SBL
as UAMP with a special denoiser, enabling the use of UAMP
SE to predict the performance of UAMP-SBL. The denoiser in
the UAMP-SBL corresponds to Lines 10-13 of the UAMP-SBL
algorithm (Algorithm 2).

As (U)AMP decouples the estimation of vector x, in the tth
iteration, we have the following pseudo observation model

qtn = xn + wt
n, (26)

where qtn is the nth element of q in the tth iteration, and wt
n

denotes a Gaussian noise with mean 0. The variance τ t of the
noise is given by

τ t =
N

1H (λ./(vtxλ+ β−11))
, (27)

which can be simply obtained with the variance-related variables
in Lines 1, 5 and 7 of UAMPv2 in Algorithm 1. Here vtx is the
average MSE of {xn} after denoising in the tth iteration. As
it is difficult to obtain a closed form for the average MSE, we
simulate the denoiser with the additive Gaussian noise model
(26) by varying the variance of noise τ t (or the SNR), so that
we can get a “function” in terms of a table, with the variance of
the noise as the input and the MSE as the output, i.e.,

vx = φ(τ). (28)

The function φ(·) is independent of the measurement matrix
A. The performance of UAMP-SBL can be predicted using the
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Fig. 2. SE and evolution trajectory of UAMP-SBL with a nonzero mean A
(N = 10240,M = 8192, SNR= 50 dB, sparsity rateρ = 0.1 and matrix mean
μ = 1.0).

following iteration with the initialization of vx:
Repeat

τ =
N

1H (λ./(vxλ+ β−11))
� ψ(vx)

vx = φ(τ)

Until terminated (29)

We show the predicted performance, simulated performance in
terms of normalized MSE (NMSE, which is defined in (41)) and
the evolution trajectory of UAMP-SBL in Fig. 2 for a non-zero
mean measurement matrix A. It can be seen that the predicted
performance matches well the simulated performance.

C. Computational Complexity

UAMP-SBL works well with a simple single loop itera-
tion, which is in contrast to the double loop iterative algo-
rithm GGAMP-SBL [26]. The complexity of UAMP-SBL (with
UAMPv2) is dominated by two matrix-vector product operations
in Line 2 and Line 9, i.e., O(MN) per iteration. The algorithm
typically converges fast and delivers outstanding performance
as shown in Section VI. UAMP-SBL involves an SVD, but it
only needs to be computed once and may be carried out off-line.
The complexity of economic SVD is O(min{M2N,MN2}).
Note that for the runtime comparison in Section VI, we do not
assume off-line SVD computations, and the time consumed by
SVD is counted for UAMP-SBL.

IV. IMPACT OF THE SHAPE PARAMETER ε IN SBL

In this section, we analyze the impact of the hyperparameter ε
on the convergence of SBL. We focus on the case of an identity
matrix A. The same results for a general A are demonstrated
numerically.

We consider the conventional SBL algorithm (η is set to be
zero) [8]. In the case of identity matrix A, it reduces to

Repeat

Zn,n =
(
β + γtn

)−1

x̂n = βZn,nyn

γt+1
n = (2ε+ 1)/(|x̂n|2 + Zn,n)

Until terminated (30)

Here note that in the above iteration we initialize γ(0)n > 0. The
iteration in terms of γn has a closed form

γt+1
n =

2ε+ 1

(β(β + γtn)
−1yn)2 + (β + γtn)

−1

= (2ε+ 1)
(β + γtn)

2

(βyn)2 + β + γtn

� gε(γ
t
n). (31)

Next, we investigate the impact of ε on the convergence behavior
and fixed points of the iteration (31) when ε = 0 or ε takes a
positive value.

For the iteration (31) with a small positive initial value γ(0)n ,
we have the following results.

Proposition 1: When ε = 0, if βy2n > 1, γtn converges to a
stable fixed point

γ′n =
β

βy2n − 1
; (32)

if βy2n ≤ 1, γtn goes to +∞.
Proof: See Appendix B. �
Theorem 1: When ε > 0, ifβy2n > 1 + 4ε+ 4

√
ε2 + ε/2, γtn

converges to a stable fixed point

γn(a) =
2β(1 + 2ε)

βy2n − 4ε− 1 +
√
β2y4n − 8εβy2n − 2βy2n + 1

;

(33)
if βy2n < 1 + 4ε+ 4

√
ε2 + ε/2, γtn goes to +∞.

Proof: See Appendix C. �
Based on Proposition 1 and Theorem 1, we make the following

remarks:
1. If βy2n ≤ 1, for both ε = 0 and ε > 0, γtn goes to +∞.

However, a positive ε accelerates the move of γtn towards
+∞. This can be shown as follows. As β > 0 and βy2n ≤
1, we have (βyn)

2 ≤ β. Hence, from (31)

γt+1
n = gε(γ

t
n) ≥ (2ε+ 1)

(β + γtn)
2

2β + γtn

= (2ε+ 1)

(
γtn +

β2

2β + γtn

)

> (2ε+ 1)γtn. (34)

From (34), compared to ε = 0, a positive value of εmoves
γtn towards infinity more quickly. Considering a fixed
number of iterations, a positive value of ε can be significant
because the precision can reach a large value much faster.

2. When ε = 0, γtn converges to a finite fixed point if βy2n >
1. In contrast, when ε > 0,γtn goes to+∞ ifβy2n ∈ (1, 1 +

4ε+ 4
√
ε2 + ε/2). This is an additional range for γtn to

go to infinity. Hence, a positive ε is stronger in terms of
promoting sparsity, compared to ε = 0.

3. When ε > 0, if βy2n = 1 + 4ε+ 4
√
ε2 + ε/2, γtn may

converge or diverge because the iteration has a unique
neutral fixed point as shown in Theorem 1.

4. Whenβy2n > 1 + 4ε+ 4
√
ε2 + ε/2, γtn always converges

to a fixed point. Based on (32) and (33), the ratio of the
precisions obtained with ε > 0 and ε = 0 is given by
γn(a)

γ′n
=

2(1 + 2ε)

1− 4ε
βy2

n−1 +

√(
1− 4ε

βy2
n−1

)2
− 8ε(1+2ε)

(βy2
n−1)2

.

(35)
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Fig. 3. Ratio of precisions with different ε.

Fig. 4. Precisions and their ratios (A is an identity matrix).

The ratio is a function of βy2n, and

γn(a)/γ
′
n ≈ 1 + 2ε, (36)

if βy2n is relatively large.
The ratios of the precisions versus βy2n are shown in Fig. 3,

where they are not shown for βy2n < 1 + 4ε+ 4
√
ε2 + ε/2 as

they are infinity when 1 < βy2n < 1 + 4ε+ 4
√
ε2 + ε/2, and

undefined when βy2n ≤ 1 (see the above remarks). It can be seen
that the precision obtained with ε = 0 is amplified depending on
the value of βy2n. The smaller the value of βy2n, the larger the
amplification for the corresponding precision (In the case of
βy2n ≤ 1, the ratios are undefined. However, considering a fixed
number of iterations, the ratios can be large as γtn with a positive
ε goes to infinity much quicker). Note that yn = xn + wn and β
is the noise precision. Hence, if βy2n is a small value, it is highly
likely that the corresponding xn is zero, hence the precision γn
should go to infinity. Ifβy2n is a large value, it is highly likely that
the corresponding xn is non-zero, hence γn should be a finite
value. We see that a positive ε tends to a sparser solution, and
a proper value of ε leads to much better recovery performance,
compared to ε = 0.

The precisions of the elements of the sparse vector obtained by
the SBL algorithm with ε = 1.5 and ε = 0 are shown in Fig. 4,
where A is an identity matrix with size 10000× 10000, the
sparsity rate of the signal is 0.1, and SNR= 50 dB. It can be seen
that the precisions with ε = 1.5 are separated into two groups
more clearly, and the ratios for the small precisions are roughly 4
(i.e., 1 + 2ε), while other precisions are amplified significantly.
Although the above analysis is for an identity matrix A, it is
interesting that the same results are observed for a general matrix

Fig. 5. Precisions and their ratios (A is i.i.d Gaussian).

A as demonstrated numerically in Fig. 5, where A is an i.i.d
Gaussian matrix with size 5000× 10000, the non-zero shape
parameter ε = 1.5, and the sparsity rate and the SNR are the
same as the case of the identity matrix. (Similar observations are
observed for other matrices). We see that the small precisions
are also roughly amplified by 4 times while others are amplified
significantly, leading to two well-separated groups.

It is noted that the value of ε should be determined properly.
If the matrix A and the sparsity rate of x are given, we can
find a proper value for ε through trial and error. However, this
is inconvenient, and the sparsity rate of the signal may not
be available. We found the empirical (25) to determine the
value of ε. Next, we examine its effectiveness with the SBL
algorithm. Plugging the shape parameter update rule (25) to
the conventional SBL algorithm leads to the following iterative
algorithm (assuming the noise precision β is known):

Repeat

Z =
(
βAHA+Diag(γ̂)

)−1

x̂ = βZAHy

γ̂n = (2ε+ 1)/(|x̂n|2 + Zn,n), n = 1, . . ., N

ε =
1

2

√
log(

1

N

∑
n

γ̂n)− 1

N

∑
n

log γ̂n

Until terminated

To demonstrate the effectiveness of the shape parameter up-
date rule (25), we compare the performance of the conventional
SBL algorithm with and without shape parameter update. The
results are shown in Fig. 6, where the SNR is 50 dB, the size
of the measurement matrix is 800× 1000, and the sparsity rate
ρ = 0.1. In this figure, the support-oracle bound is also shown for
reference. The matrices in (a), (b), and (c) are respectively i.i.d.
Gaussian, correlated and low-rank matrices (refer to Section VI
for their generations). It can be seen that there is a clear gap
between the performance of conventional SBL and the bounds,
and with shape parameter updated with our rule, the SBL algo-
rithm attains the bound. It is worth mentioning that the empirical
finding in [26], i.e., replacing the noise variance β−1 with 3β−1

can lead to better performance of GGAMP-SBL [26]. We use
this for the conventional SBL algorithm and the performance is
also included in Fig. 6. We see that it also leads to substantial



LUO et al.: UNITARY APPROXIMATE MESSAGE PASSING FOR SPARSE BAYESIAN LEARNING 6029

Fig. 6. Performance of the conventional SBL. (a) Gaussian matrix; (b) corre-
lated matrix with c = 0.3; (c) low-rank matrix with R/N = 0.6.

performance improvement, but its performance is inferior to that
of SBL with ε updated using (25). Moreover, in many cases, the
noise variance is unknown, and it may be hard to determine its
value accurately. In contrast, our empirical update of ε does not
require any additional information.

V. EXTENSION TO MMV

In this section, we extend UAMP-SBL to the MMV setting,
where the relation among the sparse vectors is exploited, e.g.,
common support and temporal correlation.

A. UAMP-SBL for MMV

The objective in an MMV problem is to recover a collection of
length-N sparse vectorsX = [x(1),x(2), . . .,x(L)] fromLnoisy
length-M measurement vectors Y = [y(1),y(2), . . .,y(L)] with
the following model

Y = AX+W, (37)

where we assume that the L vectors {x(l)} share a common
support (i.e., joint sparsity), A is a known measurement matrix
with sizeM ×N , andW denotes an i.i.d. Gaussian noise matrix
with the elements having mean zero and precision β.

With the SVDA = UΛV, a unitary transformation withUH

to (37) can be performed, i.e.,

R = ΦX+Ω, (38)

where R = UHY = [r(1), r(2), . . ., r(L)], Φ = UHA = ΛV
and Ω = UHW is still white and Gaussian with mean zero
and precision β. Define h(l) = Φx(l) and H = [h(1), . . .,h(L)].
Then we have the following joint distribution

p(X,H,γ, β|R)

∝
L∏

l=1

p(r(l)|h(l), β)p(h(l)|x(l))p(x(l)|γ)p(γ)p(β)

=
L∏

l=1

M∏
m=1

N (r(l)m |h(l)m , β−1)δ(h(l)m − [Φ]mx(l))

×
L∏

l=1

N∏
n=1

N (x(l)n |0, γ−1
n )

N∏
n=1

Ga(γn|ε, η)p(β). (39)

Fig. 7. Factor graph representation of (39).

Algorithm 3: UAMP-SBL for MMV.

Unitary transform: R = UHY = ΦX+W, where
Φ = UHA = ΛV, and A has SVD A = UΛV.
Define vector λ = ΛΛH1.
Initialization: ∀l; τ l(0)x = 1, x̂l(0) = 0, ε′ = 0.001, γ̂ = 1,
β̂ = 1, sl = 0, and t = 0.
Do
1: ∀l; τ p

l = τ
l(t)
x λ

2: ∀l; pl = Φx̂l(t) − τ l
p · sl

3: ∀l; vl
h = τ l

p./(1+ β̂τ l
p)

4: ∀l; ĥl = (β̂τ l
p · rl + pl)./(1+ β̂τ l

p)

5: β̂ = LM/(
∑

l(||rl − ĥl||2 + 1Hvl
h));

6: ∀l; τ l
s = 1./(τ l

p + β̂−11)

7: ∀l; sl = τ l
s · (rl − pl)

8: ∀l; 1/τ lq = (1/N)λHτs
l

9: ∀l; ql = x̂l(t) + τ lq(Φ
Hsl)

10: ∀l; τ l(t+1)
x = (τ lq/N)1H(1./(1+ τ lqγ̂))

11: ∀l; x̂l(t+1) = ql./(1+ τ lqγ̂)

12: γ̂n = 2ε′+1

(1/L)
∑L

l=1(|x̂l(t+1)
n |2+τ

l(t+1)
x )

, n = 1, . . ., N.

13: ε′ = 1
2

√
log( 1

N

∑
n γ̂n)− 1

N

∑
n log γ̂n

14: t = t+ 1
while 1

L

∑L
l=1(||x̂l(t+1) − x̂l(t)||2/||x̂l(t+1)||2) > δx and

t < tmax)

Define factors f
(l)
r (r(l),h(l), β) =

∏
m N (r

(l)
m |h(l)m , β),

f
(l)
δ (h(l),x(l)) =

∏
m δ(h

(l)
m − [Φ]mx(l)), fβ(β) ∝ 1/β, f (l)x

(x(l),γ)=
∏

n N (x
(l)
n |0, γ−1

n ), and fγ(γ, ε)=
∏

n Ga(γn|ε, η)
denotes the hyperprior of the hyperparameters {γn}. The factor
graph representation of (39) is shown in Fig. 74, based on which
the message passing algorithm can be derived. The message
updates related to x(l) and h(l) are the same as those for the
SMV case and can be computed in parallel. The difference lies
in the computations of β̂ and γ̂, and the relevant derivations
are shown in Appendix D. The UAMP-SBL for MMV is
summarized in Algorithm 3, where UAMPv2 is employed. The
complexity of the algorithm is O(MNL) per iteration.

4The vector variable node γ is used in the factor graph to make it neat. We

note that each entry x
(l)
n of x(l) is connected to γn through the function node

between them.
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Fig. 8. The additional factor graph for deriving UAMP-TSBL.

B. UAMP-TSBL

With the assumption of a common sparsity profile shared
by all sparse vectors, we further consider exploiting the tem-
poral correlation that exists between the non-zero elements.
The messages update related to h(l), ε and β are the same as
those for the MMV case, where no temporal correlation between
non-zero elements is assumed. As the correlation is considered,
the differences from the UAMP-SBL MMV algorithm lie in the
computations of γ̂n and x(l).

As in [26], we use an AR(1) process [38] to model the
correlation between x(l)n and x(l−1)

n , i.e.,

x(l)n = αx(l−1)
n +

√
1− α2ϑ(l)n

p(x(l)n |x(l−1)
n ) = N (x(l)n |αx(l−1)

n , (1− α2)γ−1
n ), l > 1

p(x(1)n ) = N (x(1)n |0, γ−1
n ), (40)

where α ∈ (−1, 1) is the temporal correlation coefficient and
ϑ
(l)
n ∼ N (0, γ−1

n ). Due to the temporal correlation, the condi-
tional prior distribution for the vector x(l) changes. We redefine
the factors {f (l)xn (x

(l)
n , γn)}, i.e., f (l)xn (x

(l)
n , γn) = p(x

(l)
n |x(l−1)

n )

for l > 1 and f (1)xn (x
(1)
n , γn) = p(x

(1)
n ). Thus, each x(l)n is con-

nected to the factor nodes f (l)xn (x
(l)
n |γn), f (l+1)

xn (x
(l+1)
n |γn) and

{f (l)δm
(h

(l)
m |x(l)), ∀m}. The factor graph characterizing the tem-

poral correlation is shown in Fig. 8. The remaining part of
the graph is omitted as it is the same as that of the MMV
case without temporal correlation. The derivation of the extra
message passing for the UAMP-TSBL algorithm is shown in
Appendix E, and the algorithm is summarized in Algorithm 4.
UAMP-TSBL is an extension of the UAMP-SBL algorithm for
MMV (Algorithm 3). The complexity of UAMP-TSBL is also
dominated by matrix-vector multiplications, and is O(MNL)
per iteration.

VI. NUMERICAL RESULTS

In this section, we compare the proposed UAMP-(T)SBL
algorithms with the conventional SBL and state-of-the-art AMP-
based SBL algorithms. We evaluate the performance of various
algorithms using normalized MSE, defined as

NMSE � 1

K

K∑
k=1

||x̂k − xk||2/||xk||2, (41)

Algorithm 4: UAMP-TSBL.

Unitary transform: R = UHY = ΦX+W, where
Φ = UHA = ΛV, and A has SVD A = UΛV.

Define vector λ = ΛΛH1.
Initialization: ∀l: τ l(0)x = 1, x̂l(0) = 0, ql = 0, τ

l(0)
q = 1,

ξl(0) = 0, ψl(0) = 1,
θl(0) = 0, φl(0) = 1, sl(−1) = 0, ε′ = 0.001, γ̂(0) = 1, β̂ = 1,
and t = 0.

Do
1: ξ1 = 0

2: ψ1 = 1./γ̂(t)

3: for l = 2, . . ., L

4: ξl = α(q
l−1

τ l−1
q

+ ξl−1

ψl−1 ) · ( τ
l−1
q ·ψl−1

τ l−1
q +ψl−1 )

5: ψl = α2(
τ l−1

q ·ψl−1

τ l−1
q +ψl−1 ) + (1− α2)/γ̂(t)

6: end

7: for l = 1, . . ., L

8: τp
l = τ

l(t)
x λ

9: pl = Φx̂l(t) − τ lp · sl(t−1)
10: vl

h = τ lp./(1+ β̂τ lp)

11: ĥl = (β̂τ lp · rl + pl)./(1+ β̂τ lp)

12: end

13: β̂ = LM/(
∑

l(||rl − ĥl||2 + 1Hvl
h))

14: for l = 1, . . ., L

15: τ ls = 1./(τ lp + β̂−11)
16: sl(t) = τ ls · (rl − pl)

17: 1/τ lq = (1/N)λHτs
l

18: ql = x̂l(t) + τ lq(Φ
Hsl(t))

19: τ
l(t+1)
x = (1/N)1H(1./(1./τ lq + 1./φl + 1./ψl))

20: x̂l(t+1) = τ
l(t+1)
x (ql./τ lq + θl./φl + ξl./ψl)

21: end

22: θL−1 = 1
αq

L

23: φL−1 = 1
α2 (τ

L
q + (1− α2)/γ̂(t))

24: for l = L− 2, . . ., 1

25: θl = 1
α (

ql+1

τ l+1
q

+ θl+1

φl+1 ) · ( τ
l+1
q φl+1

τ l+1
q +φl+1 )

26: φl = 1
α2 (

τ l+1
q φl+1

τ l+1
q +φl+1 + (1− α2)/γ̂(t))

27: end

28: γ̂(t+1) = L(2ε′ + 1)/[|x̂1(t+1)|2 + τ
1(t+1)
x 1

+ 1
1−α2

∑L
l=2(|x̂l(t+1)|2 + τ

l(t+1)
x 1)

+ α2

1−α2

∑L−1
l=1 (|x̂l(t+1)|2 + τ

l(t+1)
x 1)

− 2α
1−α2

∑L
l=2(x̂

l(t+1) · x̂(l−1)(t+1))]

29: ε′ = 1
2

√
log( 1

N

∑
n γ̂

(t+1)
n )− 1

N

∑
n log γ̂

(t+1)
n

30: t = t+ 1

while 1
L

∑L
l=1(||x̂l(t+1) − x̂l(t)||2/||x̂l(t+1)||2) > δx and

t < tmax

NMSE � 1

KL

J∑
k=1

L∑
l=1

||x̂(l)
k − x

(l)
k ||2/||x(l)

k ||2 (42)

for the SMV and MMV cases respectively, where x̂k (x̂
(l)
k ) is

the estimate of xk (x
(l)
k ), and K is the number of trials. Since

different algorithms have different computational complexity
per iteration and they require a different number of iterations to
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Fig. 9. Performance and runtime comparisons (ill-conditioned matrices and correlated matrices).

converge, as in [26], we measure the runtime of the algorithms
to indicate their relative computational complexity. It is noted
that the time consumed by the SVD in UAMP-SBL is counted
for the runtime.

To test the robustness and performance of the algorithms, we
use the following measurement matrices:

1) Ill-conditioned Matrix: Matrix A is constructed based on
the SVD A = UΛV where Λ is a singular value matrix
with Λi,i/Λi+1,i+1 = κ1/(M−1) for i = 1, 2, . . .,M − 1
(i.e., the condition number of the matrix is κ).

2) Correlated Matrix: The correlated matrixA is constructed
using A = C

1/2
L GC

1/2
R , where G is an i.i.d. Gaussian

matrix with mean zero and unit variance, and CL is an
M ×M matrix with the (m,n)th element given by c|m−n|
where c ∈ [0, 1]. Matrix CR is generated in the same way
but with a size of N ×N . The parameter c controls the
correlation of matrix A.

3) Non-zero Mean Matrix: The elements of matrix A are
drawn from a non-zero mean Gaussian distribution, i.e.,
am,n ∼ N (am,n|μ, 1). The mean μ measures the deriva-
tion from the i.i.d. zero-mean Gaussian matrix.

4) Low Rank Matrix: The measurement matrix A = BC,
where the size of B and C are M ×R and R×N , re-
spectively, andR < M . Both B and C are i.i.d. Gaussian
matrices with mean zero and unit variance. The rank ratio
R/N is used to measure the deviation of matrix A from
the i.i.d. Gaussian matrix.

A. Numerical Results for SMV

In this section, we compare UAMP-SBL against the con-
ventional SBL [8] and the state-of-the-art AMP based SBL
algorithm GGAMP-SBL [26] with estimated noise variance
and 3 times true noise variance. The vector x is drawn from
a Bernoulli-Gaussian distribution with a non-zero probability ρ.
The SNR is defined as SNR � E‖Ax‖2/E‖w‖2. As a per-
formance benchmark, the support-oracle MMSE bound [26]
is also included. We set M = 800, N = 1000 and the SNR
is 60 dB unless it is specified. For UAMP-SBL we set the

maximum iteration number tmax = 300 (note that there is no
inner iteration in UAMP-SBL). GGAMP-SBL is a double loop
algorithm, the maximum numbers of E-step and outer iteration
are set to be 50 and 1000 respectively. A small damping factor
0.2 is used for GGAMP-SBL to enhance its robustness against
tough measurement matrices. It is noted that the damping factor
can be increased to reduce the runtime of GGAMP-SBL but at
the cost of compromised robustness and performance.

In Figs. 9(a) and (b), the performance of various algorithms
in terms of NMSE versus the condition number is shown for
the ρ = 0.1 and 0.3, respectively. It can be seen from Fig. 9(a)
that UAMP-SBL delivers the best performance (even better than
the conventional SBL algorithm), which closely approaches the
support-oracle bound. With a larger sparsity rate ρ in Fig. 9(b),
UAMP-SBL still exhibits excellent performance and it performs
slightly better than SBL and significantly better than GGAMP-
SBL when the condition number is relatively large. Figs. 9(d) and
(e) show the performance of various algorithms versus a range
of correlation parameter c from 0.1 to 0.5. It can be seen that,
UAMP-SBL still delivers exceptional performance, which is bet-
ter than SBL and significantly better than GGAMP-SBL when
the correlation parameter c is relatively large. The gap between
UAMP-SBL and GGAMP-SBL becomes more notable with a
higher sparsity rate. In addition, the simulation performance of
UAMP-SBL matches well with the predicted performance. The
average runtime of various algorithms is shown in Figs. 9(c)
and (f) for ill-conditioned matrices and correlated matrices,
respectively, where the sparsity rate ρ = 0.3. It can be seen
that UAMP-SBL is much faster than GGAMP-SBL and SBL.
SBL is normally the slowest as it has the highest complexity
due to the matrix inverse in each iteration. It is noted that, for
GGAMP-SBL, we set its damping factor to be a relatively small
value, i.e., 0.2 to achieve better performance and robustness. If
the damping factor is increased, GGAMP-SBL could be faster
but at the cost of offsetting its performance and robustness.

In Fig. 10, we examine the performance of the algorithms
versus rank ratio in (a), where the sparsity rate ρ = 0.1, and
versus non-zero mean in (b), where the sparsity rate ρ = 0.3. It
can be seen that UAMP-SBL still delivers good performance,
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Fig. 10. Performance comparison: (a) low rank matrices; (b) non-zero mean
matrices.

Fig. 11. Support recovery rate comparison: (a) correlated matrices; (b) non-
zero mean matrices.

which closely matches the support-oracle bound, and is slightly
better than that of SBL. We can also see that GGAMP-SBL
diverges when the mean μ is relatively large. The simulated
performance of UAMP-SBL matches well with the predicted
performance.

In Fig. 11, we evaluate the support recovery rate of the
algorithms versus correlation parameter c for correlated matrices
in (a) and mean valueμ for non-zero mean matrices in (b), where
the sparse rate ρ = 0.3. The support recovery rate is defined
as the percentage of successful trials in the total trials [39]. In
the noiseless case, a successful trial is recorded if the indexes
of estimated non-zero signal elements are the same as the true
indexes. In the noisy case, as the true sparse vector cannot be
recovered exactly, the recovery is regarded to be successful if
the indexes of the estimated elements with theK largest absolute
values are the same as the true indexes of non-zero elements
in the sparse vector x, where K is the number of non-zero
elements in x. From the results, we can see that UAMP-SBL
and SBL deliver similar performance and they can significantly
outperform GGAMP-SBL when c or μ is relatively large.

Fig. 12. Performance and runtime comparisons of various algorithms where
SNR = 35 dB.

Fig. 13. Performance and runtime comparisons of the algorithms versus SNR
for ill-conditioned matrices.

We also compare the performance of various algorithms
at SNR = 35 dB, and the NMSE performance and runtime
of the algorithms are shown in Fig. 12, where (a) and (b)
are for non-zero mean matrices, and (c) and (d) are for ill-
conditioned matrices. The sparsity rate ρ = 0.1. Again, we can
see that, compared to GGAMP-SBL, UAMP-SBL delivers better
performance with considerably much smaller runtime when the
mean or condition number of the matrices are relatively large. We
show the performance of the algorithms versus SNR in Fig. 13,
where the matrices are highly ill-conditioned with a condition
number κ = 104. We can see that GGAMP-SBL does not work
well, and UAMP-SBL performs better and is faster than SBL
and GGAMP-SBL.

The key difference between AMP and UAMP is that a unitary
transformation is performed in UAMP, which makes UAMP
much more robust against a generic measurement matrix. In-
spired by this, we test the impact of the unitary transformation
on the GGAMP-SBL algorithm, where we first perform the
unitary transformation to the original model and then carry out
GGAMP-SBL. We call this algorithm UT-GGAMP-SBL, and
compare it with UAMP-SBL in the case of correlated matrices.
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Fig. 14. Performance and runtime comparisons of UAMP-SBL and UT-
GGAMP-SBL.

Fig. 15. Performance and runtime comparisons of UAMP-SBL and VAMP-
EM.

The performance and the corresponding runtime are shown in
Fig. 14, where the hyper-parameter ε of UT-GGAMP-SBL is not
updated in (a) and (b) while it is updated in (c) and (d). It can be
seen that, thanks to the unitary transformation, the stability of
GGAMP-SBL is significantly improved as expected. Fig. 14(a)
shows that UT-GGAMP-SBL with 3 times true noise variance
achieves almost the same performance as UAMP-SBL, however,
UT-GGAMP-SBL requires the knowledge of noise variance and
it is significantly slower than UAMP-SBL. Fig. 14(c) shows that
updating ε is not helpful for UT-GGAMP-SBL. UT-GGAMP-
SBL with estimated noise variance simply diverges, so its per-
formance is not shown in the figure. UAMP-SBL outperforms
UT-GGAMP-SBL with 3 times true noise variance when c is
relatively large. In addition, UAMP-SBL is faster.

We then compare UAMP-SBL with VAMP-EM in [40]. In
VAMP-EM, Bernoulli-Gaussian priors are employed and the
parameters of the priors are learned using EM. The NMSE
performance and runtime are shown in Fig. 15, where (a) and (b)
are for ill-conditioned matrices, and (c) and (d) are for correlated

Fig. 16. Performance comparison of various algorithms in the case of MMV.

Fig. 17. Performance comparison of various algorithms in the case of MMV
with temporal correlation.

matrices. The sparsity rate ρ = 0.3. It can seen that, compared to
VAMP-EM, UAMP-SBL delivers better performance with less
runtime.
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B. Numerical Results for MMV

The elements of the sparse vectors {x(l), l = 1 : L} are drawn
from a Bernoulli-Gaussian distribution, and the vectors share a
common support. The number of measurement vectors is 5. The
performance of the algorithms with ill-conditioned, correlated,
non-zero mean and low-rank measurement matrices is shown
in Figs. 16(a)-(d), respectively. In this figure, we also include
the performance of the direct extension of the conventional SBL
algorithm to the MMV model (MSBL) [41] and support-oracle
bound. It can be seen from this figure that, when the deviation
of the measurement matrices from the i.i.d. zero-mean Gaussian
matrix is small, GGAMP-SBL (with 3× true noise variance)
and UAMP-SBL deliver similar performance, and both of them
can approach the bound closely. MSBL is slightly worse than
GGAMP-SBL and UAMP-SBL. However, when the deviation
is relatively large, MSBL delivers slightly better performance
but at high complexity. In most cases, UAMP-SBL and MSBL
almost have the same performance, and can significantly out-
perform GGAMP-SBL. As an example, we show the average
runtime of different algorithms in the case of ill-conditioned ma-
trices in Fig. 16(e), where UAMP-SBL converges significantly
faster than GGAMP-SBL and MSBL.

Furthermore, we present a numerical study to illustrate the
performance of UAMP-SBL when incorporating the temporal
correlation. Besides the temporally correlated SBL (TMSBL)
[39] and GGAMP-SBL, we also compare the recovery per-
formance with a lower bound: the achievable NMSE by a
support-aware Kalman smoother (SKS) [42] with the knowledge
of the support of the sparse vectors and the true values of β,
α and γ. The SKS is implemented in a more efficient way
by incorporating UAMP. As examples, we use low rank and
non-zero mean measurement matrices to test their performance.
The sparsity rate ρ = 0.1, SNR = 50 dB and the temporal
correlation coefficient α = 0.8. It can be seen from Fig. 17 that,
UAMP-TSBL can approach the bound closely and outperform
other algorithms significantly when the rank ratio is relatively
low and the mean is relatively high. In addition, UAMP-TSBL
is much faster.

VII. CONCLUSION

In this paper, leveraging UAMP, we proposed UAMP-SBL
for sparse signal recovery with the framework of structured
variational inference, which inherits the low complexity and
robustness of UAMP against a generic measurement matrix. We
demonstrated that, compared to the state-of-the-art AMP based
SBL algorithm, UAMP-SBL achieves much better performance
in terms of robustness, speed and recovery accuracy. Future work
includes rigorous analyses of the state evolution of UAMP-SBL
and the update mechanism of the shape parameter.

APPENDIX A
DERIVATION OF UAMP-SBL WITH SVMP

We detail the forward and backward message passing in each
subgraph of the factor graph in Fig. 1 according to the principle
of SVMP [29], [30], [32]. The notation Mna→nb

(x) is used to
denote a message passed from node na to node nb, which is
a function of x. Note that, if a forward message computation
requires backward messages, we use the messages in previous
iteration by default.

1) Message Computations in Subgraph 1: In this subgraph,
we only need to compute the outgoing (forward) messages
{Mβ→frm (β)}, which are input to Subgraph 2. The derivation
of the message update rule is delayed in the message computa-
tions in Subgraph 2, and is given in (53).

2) Message Computations in Subgraph 2: According to
SVMP, we need to run BP in this subgraph except at the factor
nodes {frm} as they connect external variable nodes. Due to the
involvement of Φ, this is the most computational intensive part,
and we propose to use UAMP to handle it by integrating it to
the message passing process.

According to the derivation of (U)AMP using loopy BP,
UAMP provides the message from variable node hm to func-
tion node frm . Due to the Gaussian approximation in the the
derivation of (U)AMP, the message is Gaussian, i.e.,

Mhm→frm (hm) = Mfδm→hm
(hm) = N (hm|pm, τpm

),
(43)

where the mean pm and the variance τpm
are respectively the

mth elements of p and τ p given in Line 2 and Line 1 of the
UAMP algorithm (Algorithm 1), which are also Line 2 and Line
1 of the UAMP-SBL algorithm (Algorithm 2).

Following SVMP [32], the message Mfrm→β(β) from factor
node frm to variable node β can be expressed as

Mfrm→β(β) ∝ exp
{〈

log frm(rm|hm, β−1)
〉
b(hm)

}
, (44)

where the belief of hm is given as

b(hm) ∝ Mhm→frm (hm)Mfrm→hm
(hm). (45)

In (51), we see that Mfrm→hm
(hm) ∝ N (hm|rm, β̂−1) where

β̂−1 is an estimate of β−1 (in the last iteration), and its com-
putation is given in (54). Hence b(hm) is Gaussian accord-
ing to the property of the product of Gaussian functions, i.e.,
b(hm) = N (hm|ĥm, vhm

) with

vhm
= (1/τpm

+ β̂)−1 (46)

ĥm = vhm
(β̂rm + pm/τpm

). (47)

Note that τ p may contain zero elements. To avoid numerical
problems in (46) and (47), they can be rewritten (in vector form)
as

vh = τ p./(1+ β̂τ p) (48)

ĥ = (β̂τ p · r + p)./(1+ β̂τ p), (49)

which are Lines 3 and 4 of the UAMP-SBL algorithm.
From (44) and the Gaussianity of b(hm), the message

Mfrm→β(β) is

Mfrm→β(β) ∝
√
β exp

{
−β
2
(|rm − ĥm|2 + vhm

)

}
. (50)

According to SVMP, the message from function node frm to
variable node hm is

Mfrm→hm
(hm) ∝ exp

{〈
log frm(rm|hm, β−1)

〉
b(β)

}
∝ N (hm|rm, β̂−1), (51)

where β̂ = 〈β〉b(β) with

b(β) = Mβ→frm (β)Mfrm→β(β)
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= fβ(β)
∏
m

Mfrm→β(β)

∝ β
M
2 −1 exp

{
−β
2

∑
m

(
|rm − ĥm|2 + vhm

)}
, (52)

and

Mβ→frm (β) = fβ(β)
∏

m′ �=m

Mfr
m′ →β(β). (53)

It is noted that b(β) follows a Gamma distribution with rate pa-
rameter 1

2

∑
m(|rm − ĥm|2 + vhm

) and shape parameterM/2,

so β̂ = 〈β〉b(β) can be computed as

β̂ =M/
∑
m

(
|rm − ĥm|2 + vhm

)
, (54)

which can be rewritten in vector form shown in Line 5 of the
UAMP-SBL algorithm.

From (51), the Gaussian form of the messageMfrm→hm
(hm)

suggests the following model

rm = hm + wm, m = 1, . . .,M, (55)

where wm is a Gaussian noise with mean 0 and variance β̂−1.
This fits the forward recursion of the UAMP algorithm with
known noise variance. Therefore, Lines 3 - 6 of the UAMP algo-
rithm (Algorithm 1) can be executed, which are Lines 6 - 9 of the
UAMP-SBL algorithm. According to the derivation of (U)AMP,
UAMP produces the message Mxn→fxn

(xn) ∝ N (xn|qn, τq)
with mean qn and variance τq, which are given in Lines 5 and 6
of the UAMP algorithm or Line 8 and Line 9 of the UAMP-SBL
algorithm.

The function nodes {fxn
} connect the external variable node

γn. According to SVMP, the outgoing message of Subgraph 2
Mfxn→γn

(γn) can be expressed as

Mfxn→γn
(γn) ∝ exp

{〈
log fxn

(xn|0, γ−1
n )
〉
b(xn)

}
, (56)

where the belief b(xn) ∝ Mxn→fxn
(xn)Mfxn→xn

(xn).
The message Mfxn→xn

(xn) ∝ N (xn|0, γ̂−1
n ) will be com-

puted in (63), where γ̂n = 〈γn〉b(γn)
. Then b(xn) turns out to be

Gaussian, i.e., b(xn) = N (xn|x̂n, τxn
) with

τxn
= (1/τq + γ̂n)

−1 (57)

x̂n = qn/(1 + τqγ̂n). (58)

Performing the average operations to {τxn
} in (57) and ar-

ranging (58) in a vector form lead to Lines 10 and 11 of the
UAMP-SBL algorithm. According to the above,

Mfxn→γn
(γn) ∝ √

γn exp
{
−γn

2
(|x̂n|2 + τx)

}
, (59)

which is passed to Subgraph 3. This is the end of the message
update in Subgraph 2.

3) Message Computations in Subgraph 3: The message
Mfγn→γn

(γn) from the factor node fγn
to the variable node

γn is a predefined Gamma distribution with shape parameter ε
and rate parameter η, i.e.,

Mfγn→γn
(γn) ∝ γn

ε−1 exp {−ηγn} . (60)

According to SVMP, the message

Mfxn→xn
(xn) ∝ exp

{〈
log fx(xn|0, γ−1

n )
〉
b(γn)

}
, (61)

where the belief of γn

b(γn) ∝ Mfγn→γn
(γn)Mfxn→γn

(γn)

∝ γn
ε− 1

2 exp
{
−γn

2
(|x̂n|2 + τx + 2η)

}
. (62)

Hence, the message

Mfxn→xn
(xn) ∝ N (xn|0, γ̂−1

n ), (63)

where

γ̂n = 〈γn〉b(γn)
=

2ε+ 1

2η + |x̂n|2 + τx
. (64)

Here we set η = 0, and γ̂n is reduced to (2ε+1)
|x̂n|2+τx

, which leads
to Line 12 of the UAMP-SBL algorithm.

We propose to tune the parameter automatically with the
empirical update rule for ε shown in Line 13 of the UAMP-SBL
algorithm. The iteration is terminated when either the difference
between two consecutive estimates of x is smaller than a thresh-
old or the iteration number reaches the pre-set maximum value
tmax.

APPENDIX B
PROOF OF PROPOSITION 1

When ε = 0, the iteration in terms of γn has a simplified
closed form, i.e.,

γt+1
n = gε0(γ

t
n) =

(β + γtn)
2

(βyn)2 + β + γtn
. (65)

In order to find the fixed point, we need to solve the following
equation

f(γn) = gε0(γn)− γn = 0, (66)

which leads to the unique root

γ′n = β/(βy2n − 1). (67)

If βy2n > 1, the root γ′n = β/(βy2n − 1) > 0. Taking the
derivative of gε0(γn) in (65), we have

d

dγn
gε0(γn) = 1−

(
β2y2n

β2y2n + β + γn

)2

. (68)

It is easy to verify that, when γn > 0, 0 < d
dγn

gε0(γn) < 1.

Thus, the unique root γ′n = β
βy2

n−1 is a stable fixed point of the

iteration. As 0 < d
dγn

gε0(γn) < 1 when γn > 0, with an initial

value γ(0)n > 0, γtn will converge to the stable fixed point γ′n
[43]. If βy2n ≤ 1, the root γ′n = β/(βy2n − 1) < 0 or γ′n = +∞,
i.e., there is no cross-point between y = gε0(γn) and y = γn
when γn > 0. As gε0(0) = β2/((βyn)

2 + β) > 0, y = gε0(γn)
is above y = γn for γn > 0. In addition, y = gε0(γn) is an
increasing function for γn > 0. Hence γtn goes to +∞ with the
iteration.

APPENDIX C
PROOF OF THEOREM 1

With ε > 0, the derivative of gε(γn) is given as

dgε(γn)

dγn
= (2ε+ 1)

(
1−

(
βun

βun + β + γn

)2
)
, (69)
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where un = βy2n. To find the fixed points of the iteration, we let
f(γn) = gε(γn)− γn = 0, leading to

2εγ2n − γnβ(βy
2
n − 4ε− 1) + β2(1 + 2ε) = 0. (70)

The two roots of (70) are given by 5

γn(a) =
2β(1 + 2ε)

un − 4ε− 1 +
√
u2n − 8εun − 2un + 1

, (71)

and

γn(b) =
2β(1 + 2ε)

un − 4ε− 1−√u2n − 8εun − 2un + 1
. (72)

If

un > 1 + 4ε+ 4
√
ε2 + ε/2, (73)

it is not hard to verify that

un − 4ε− 1−
√
u2n − 8εun − 2un + 1 > 0, (74)

so both roots are positive. Hence they are two fixed points of the
iteration. Next, we show that γn(a) is a stable fixed point while
γn(b) is an unstable one.

Plugging the root γn(a) into (69), we have

d

dγn
gε(γn)

∣∣∣∣∣
γn=γn(a)

=(2ε+ 1)

(
1−

(
βun

βun + β + γn(a)

)2
)
.

(75)

It is clear that the derivative is larger than 0. Verifying that

d

dγn
gε(γn)|γn=γn(a)

< 1 (76)

is equivalent to showing that

l(un) = (2ε+ 1)(βun)
2 − 2ε(βun + β + γn(a))

2 (77)

is larger than 0. Inserting (71) into (77),

4εl(un)

β2
= l1(un) + ((4ε+ 1)un − 1)

√
−l1(un), (78)

where

l1(un) = −(u2n − 8εun − 2un + 1) < 0. (79)

Then
4εl(un)

β2
=
√

−l1(un)
(
−
√

−l1(un)+(4εun+un−1)
)
.

(80)
Because

(4εun + un − 1)2 − (−l1(un)) = 16ε2u2n + 8εun > 0, (81)

the term in (80)

−
√
−l1(un) + (4εun + un − 1) > 0, (82)

and we have l(un) > 0. Therefore,

d

dγn
gε(γn)|γn=γn(a)

< 1, (83)

i.e., γn(a) is a stable fixed point. Similarly, it is not hard to show
that l(un) < 0 (i.e., d

dγn
gε(γn) > 1) for γn = γn(b), i.e., γn(b)

is an unstable fixed point.

5An alternative form for the quadratic formula is used, which can be deduced
from the standard quadratic formula by Vieta’s formulas.

We now analyze the convergence behavior. As γn > 0, the
derivative (69) is an increasing function and it is positive. In the
above, it is already shown that

d

dγn
gε(γn)|γn=γn(a)

< 1. (84)

Therefore, for γn ∈ [0, γn(a)],

0 <
d

dγn
gε(γn) < 1. (85)

Thus, with an initial γ(0)n with the range, γtn converges to the
stable fixed point γn(a) [43].

Next we consider

un < 1 + 4ε+ 4
√
ε2 + ε/2. (86)

For un ∈ (1 + 4ε− 4
√
ε2 + ε/2, 1 + 4ε+ 4

√
ε2 + ε/2), it

can be verified that

u2n − 8εun − 2un + 1 < 0, (87)

leading to two complex roots γn(a) and γn(b). If

un ≤ 1 + 4ε− 4
√
ε2 + ε/2, (88)

it can be shown that

u2n − 8εun − 2un + 1 ≥ 0, (89)

and

u2n − 8εun − 2un + 1 < (un − 4ε− 1)2. (90)

Thus

un − 4ε− 1 < −4
√
ε2 + ε/2 < 0 (91)

and

un − 4ε− 1±
√
u2n − 8εun − 2un + 1 < 0, (92)

leading to negative γn(a) and γn(b). In summary, if

un < 1 + 4ε+ 4
√
ε2 + ε/2, (93)

the two roots are either complex or negative. Hence, there is no
cross-point between y = gε(γn) and y = γn for γn > 0. As

gε(0) = (2ε+ 1)
β2

(βyn)2 + β
> 0, (94)

y = gε(γn) is above y = γn. Meanwhile gε(γtn) is an increasing
function. Hence, γtn goes to +∞ with the iterations.

When

un = 1 + 4ε+ 4
√
ε2 + ε/2, (95)

there is single root

γ∗n =
2β(1 + 2ε)

un − 1− 4ε
. (96)

Plugging γ∗n into (69), we have

d

dγn
gε(γn)|γn=γ∗

n
= 1. (97)

Thus γ∗n is neutral fixed point [43]. Depending on the initial
value γ(0)n , γtn may converge to the fixed point γ∗n or diverge.
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APPENDIX D
DERIVATION OF UAMP-SBL FOR MMV

The belief b(β) can be represented as

b(β) ∝ fβ(β)
∏
l,m

M
f
(l)
rm→β

(β)

∝ 1/β
∏
l,m

N (h(l)m |r(l)m , β̂−1). (98)

Then according to β̂ =< β >b(β), we have

β̂ =ML/
∑
m,l

(
|r(l)m − ĥ(l)m |2 + v

(l)
hm

)
. (99)

According to the factor graph in Fig. 7, the belief b(γn) can be
updated as

b(γ(l)n ) ∝ M
f
(l)

γn→γ
(l)
n

(γ(l)n )M
f
(l)

xn→γ
(l)
n

(γ(l)n )

= (γ(l)n )ε−1+ 1
2 exp

{
−γ

(l)
n

2
(2η + (|x̂(l)n |2 + τ (l)x ))

}
. (100)

Here, we still set η = 0 and the expectation of γn leads to

γ̂n =
2ε′ + 1

(1/L)
∑L

l=1(|x̂(l)n |2 + τ
(l)
x )

, (101)

where ε′ = ε/L. By comparing (101) with (64), the update of ε′

can be expressed as

ε′ =
1

2

√
log

(
1

N

∑
n
γ̂n

)
− 1

N

∑
n
log γ̂n. (102)

APPENDIX E
DERIVATION OF UAMP-TSBL

We only derive the message passing for the graph shown in
Fig. 8. The message M

f
(l)
xn→x

(l)
n
(x

(l)
n ) is computed by the BP

rule with the product of messages{M
f
(l−1)
δm

→x
(l−1)
n

(x
(l−1)
n ), ∀m}

defined in UAMP and message {M
f
(l−1)
δm

→x
(l−1)
n

(x
(l−1)
n )}, i.e.,

M
f
(l)
xn→x

(l)
n
(x(l)n )

=
〈
f (l)xn

(x(l))
〉
M

f
(l−1)
xn

→x
(l−1)
n

∏
m M

f
(l−1)

δm
→x

(l−1)
n

∝ N (x(l)n |ξ(l)n , ψ(l)
n ), (103)

which leads to Lines 1 to 6 of the UAMP-TSBL algorithm.
Similarly, the message M

f
(l+1)
xn →x

(l)
n
(x

(l)
n ) from factor node

f
(l+1)
xn to variable node x(l)n is also updated by the BP rule

M
f
(l+1)
xn →x

(l)
n
(x(l)n )

=
〈
f (l+1)
xn

(x(l+1))
〉
M

f
(l+2)
xn

→x
(l+1)
n

∏
m M

f
(l+1)

δm
→x

(l+1)
n

∝ N (x(l)n |θ(l)n , φ(l)n ), (104)

leading to Lines 22 to 27 of the UAMP-TSBL algorithm. We
compute the belief of variable x(l)n by

b(x(l)n ) ∝ M
f
(l)
xn→x

(l)
n
M

f
(l+1)
xn →x

(l)
n

∏
m

M
f
(l)
δm

→x
(l)
n

∝ N (x(l)n |x̂(l)n , τ (l)x ) (105)

leading to Lines 19 to 20 of the UAMP-TSBL algorithm. With
the beliefs b(x(l)n ) and b(x(l−1)

n ), the message M
f
(l)
xn→γn

(γn)

can be obtained as

M
f
(l)
xn→γn

(γn) = exp

{〈
f (l)xn

(x(l)n |γn)
〉
b(x

(l)
n )b(x

(l−1)
n )

}
.

(106)

Then, with the message Mfγn→γn
(γn) in (60), the belief

b(γn) ∝ Mfγn→γn
(γn)Mfxn→γn

(γn). The update of γ̂n is
then expressed as

γ̂n = L(2ε′ + 1)/(|x̂(1)
n |2 + τ (1)x +

1

α2

L∑
l=2

(|x̂(l)
n |2 + τ (l)x )

+
α2

1− α2

L−1∑
l=1

(|x̂(l)
n |2 + τ (l)x )− 2α

1− α2

L∑
l=2

(x̂(l)
n x̂(l−1)

n )),

(107)
completing the derivation.
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