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Abstract—Dual function radar communications (DFRC) sys-
tems are attractive technologies for autonomous vehicles, which
utilize electromagnetic waves to constantly sense the environment
while simultaneously communicating with neighbouring devices.
An emerging approach to implementing DFRC systems is to em-
bed information in radar waveforms via index modulation (IM).
Implementation of DFRC schemes in vehicular systems gives rise to
strict constraints in terms of cost, power efficiency, and hardware
complexity. In this paper, we extend IM-based DFRC systems to
utilizing sparse arrays and frequency modulated continuous wave-
forms (FMCWs), which are popular in automotive radar for their
simplicity and low hardware complexity. The proposed FMCW-
based radar-communications system (FRaC) operates at reduced
cost and complexity by transmitting with a reduced number of
radio frequency modules, combined with narrowband FMCW
signalling. This is achieved via array sparsification in transmis-
sion, formulating a virtual multiple-input multiple-output array
by combining the signals in one coherent processing interval, in
which the narrowband waveforms are transmitted in a randomized
manner. Performance analysis and numerical results show that the
proposed radar scheme achieves similar resolution performance
compared with a wideband radar system operating with a large
receive aperture, while requiring less hardware overhead. For
the communications subsystem, FRaC achieves higher rates and
improved error rates compared to dual-function signalling based
on conventional phase modulation.

Index Terms—Automotive radar, dual function radar
communications system, FMCW, Index modulation, MIMO
radar.
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I. INTRODUCTION

AUTONOMOUS vehicles are envisioned to revolutionize
transportation, and are thus the focus of a growing interest

both in academia and industry. Such self-driving cars, which
are aware of their environment and neighbouring vehicles,
are expected to decrease accidents, improve traffic efficiency,
and reduce transportation cost. To avoid obstacles, plan routes
and comply with traffic regulations, autonomous vehicles
are required to constantly sense the environment. Therefore,
self-driving cars are equipped with multiple sensors, including
light detection and ranging (LIDAR), camera, global navigation
satellite system (GNSS), and automotive radar. Among these
sensors, automotive radar is a necessary component due to its
capability to detect distant objects in bad weather conditions and
poor visibility. In addition to environment sensing, autonomous
vehicles also need to exchange information with nearby cars
and control centers in order to realize efficient coordination.
Consequently, future cars will transmit electromagnetic waves
for both radar and wireless communications.

In traditional designs, individual separate hardware modules
are designed for each functionality. Considering the similarities
of radar and communications in hardware and signal processing,
an alternative strategy is to jointly design both functionalities as
a dual function radar-communications (DFRC) system. Such
dual-function systems are the focus of extensive research at-
tention over recent years [2]–[19]. Jointly implementing both
systems in a common platform contributes to reducing the
system cost, size, weight, and power consumption, as well
as alleviating concerns for electromagnetic compatibility and
spectrum congestion, making it an attractive technology for
vehicular applications [2], [20].

Various strategies are proposed to enable the dual function
operation as surveyed in [2]. A common approach is to uti-
lize separate coordinating signals for radar and communica-
tions [13]–[15] in a co-existing manner. An alternative strategy
is to realize radar sensing based on conventional communi-
cation waveforms [5], [11]. When radar is the primary user,
another scheme embeds the information bits into traditional
radar waveforms [16]–[19]. The fourth method is to design an
optimized waveform according to the objectives and constraints
from the dual functionalities [3], [6], [7]. The pros and cons
of each category were analyzed in [2] according to the radar
and communications requirements in vehicular applications.
Nonetheless, no single DFRC scheme can satisfy all scenarios
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of vehicular applications. Design of a DFRC scheme which has
a good tradeoff between performance and hardware complexity
is still desired.

Recent years have witnessed a growing interest in commu-
nications based on index modulation (IM) techniques due to
their increased spectral and energy efficiency [21]. IM schemes
convey additional information in the indices of the building
blocks of communication systems, such as the selection of
transmit antennas [22], [23], sub-carriers [24], [25], and spread-
ing codes [26]. The concept of IM has been introduced to
design DFRC systems, facilitating the co-existence of radar and
communications. The spatial modulation based communication-
radar (SpaCoR) system, which allocates antenna elements of a
phased array between radar and communication according to
spatial IM, i.e., generalized spatial modulation (GSM) [22], [23],
was proposed in [15]. By employing GSM, SpaCoR achieves
increased communication rate while acquiring the same angle
resolution as using the full antenna array for radar. However, the
cost and power consumption of SpaCoR is high for consumer-
oriented vehicular applications, since separate radio frequency
(RF) components and a costly phased array are required.

IM can also be employed to increase the degrees of freedom
of radar waveform-based DFRC approaches for information
embedding [9]. In radar waveform-based DFRC schemes, the
information can be embedded into the phase of the radar wave-
form [16], the sidelobe [17], the carrier frequency [18] or the
basis of the radar sub-pulses [27]. While these schemes lead to
minimal degradation to radar performances, the communication
rates are typically low because they have limited freedoms to em-
bed information. The multi-carrier agile joint radar communica-
tion (MAJoRCom) system was recently proposed in [9] to utilize
IM to embed more information bits into spectral and spatially
agile radar waveforms. However, MAJoRCom utilizes simple
pulse waveforms and phased array antenna, which are suitable
for traditional radar systems such as military applications, as
they require a power amplifier with high peak transmit power
and a costly phased array. For automotive radar systems, the most
commonly utilized scheme is frequency modulated continuous
waveform (FMCW) [28], due to its simplicity, low complexity,
and established accuracy. This motivates the combination of IM
with FMCW systems for vehicular systems.

In this paper, we propose an FMCW based joint radar-
communications system (FRaC), which combines IM-based
DFRC design with existing automotive radar techniques and
considerations. To satisfy the requirements of automotive radar,
FRaC reduces the complexity and cost both in the system level
and in the waveform level. In the system level, FRaC utilizes a
multiple-input multiple-output (MIMO) array architecture with
separate transmit and receive arrays. To further reduce the num-
ber of RF modules, the MIMO transmitter utilizes a random-
ized sparse array rather than using a full array as in SpaCoR
and MAJoRCom. This transmission architecture decreases the
hardware complexity while achieving high angular resolution
by formulating a large virtual array in the radar receiver. In the
waveform level, unlike SpaCoR which transmits a wideband
waveform and MAJoRCom that uses a narrowband simple
pulse, FRaC transmits narrowband FMCW signals from the

sparse array, which enables utilizing analog-to-digital convertors
(ADCs) with low sampling rates. After signal processing, the
range resolution is synthesized as the resolution of a wideband
waveform radar.

FRaC thus extends MAJoRCom to utilize sparse MIMO
arrays and FMCW signalling with modulated pulses, resulting
in an IM-based DFRC system geared towards vehicular appli-
cations. Compared with MAJoRCom, which only embeds in-
formation into the spatial and frequency IM, FRaC also embeds
additional bits through phase modulation (PM). During each
transmission, the carrier frequencies and the transmit antenna
elements are randomly selected and assigned according to the IM
mapping rule. The digital message communicated to a remote
receiver is embedded in the selection of the transmit antenna
subset, the selection of carriers, and the PM symbols.

To study the performance of FRaC, we first analyze the
ambiguity function, then identify the relationship between the
maximum number of recoverable targets and the waveform pa-
rameters using phase transition thresholds. Theoretical analysis
and simulation results show that FRaC achieves improved per-
formance for both radar and communications systems: The radar
subsystem achieves the same range, velocity and angle resolu-
tions as that of a wideband FMCW radar system, which is much
more costly and utilizes an equivalent large receiving aperture
as the virtual aperture combined in FRaC. The communications
subsystem of FRaC achieves increased rates and decreased bit
error rate (BER) compared with the scheme which solely utilizes
PM to embed the message as in [16]. Furthermore, compared
with wideband FMCW radar, FRaC uses less RF modules, and
decreases the sampling rate at the radar receiver, which reduces
the hardware cost. Moreover, utilizing frequency and spatial
agility facilitates operation in congested environments [9]. These
benefits make FRaC a promising candidate for future vehicular
applications.

The rest of this paper is organized as follows: Section II
presents the system model of the proposed DFRC scheme, and
compares the system model of FRaC with that of MAJoRCom
and SpaCoR. The design of the radar and communications
receiver is introduced in Section III. Performance analysis of
the radar subsystem is provided in Section IV. We numerically
evaluate the performance of the radar and communications
subsystems in Section V. Finally, Section VI provides
concluding remarks.

The following notations are used throughout the paper: Bold-
face lowercase and uppercase letters denote vectors and matri-
ces, respectively. We denote the transpose, conjugate, Hermitian
transpose, and integer floor operation as (·)T, (·)∗, (·)H, and
�·�, respectively, and E{·} is the expected value of a random
argument. The set of complex numbers is C.

II. SYSTEM MODEL

In this section we review the DFRC system model for which
the proposed IM-based FRaC is designed. To that aim, we first
present a generic formulation of IM-based DFRC systems in
Subsection II-A. We show how this model specializes into the
previously proposed SpaCoR [15] and MAJoRCom [9] DFRC
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Fig. 1. An illustration of the DFRC system for vehicular applications.

Fig. 2. The generic model of the IM-based DFRC transmitter.

systems, and identify their shortcomings in the context of vehic-
ular applications. Then, in Subsection II-B we use the generic
IM-based DFRC system model to formulate the transmission
model of the proposed FRaC, and elaborate on its differences
from SpaCoR and MAJoRCom.

A. IM-Based DFRC System Model

DFRC systems consist of a DFRC transmitter, a radar receiver
and communications receivers. Typically, the DFRC transmitter
and the radar receiver are located on the same device, e.g., a self-
driving car probing the environment, while the communication
receiver, such as a road-side unit, is remotely located [2]. Since
the differences between the DFRC schemes are mainly in the
design of the DFRC transmitter, we focus on presenting the
generic model of the DFRC transmitter.

The generic DFRC transmitter is depicted in Fig. 2. The
transmitter is equipped with a uniform linear array (ULA) with
P elements, the adjacent element distance of which is denoted by
dT. During the transmission of each pulse, the waveform sp(t)
is multiplied with the weight ap, and then transmitted from the
pth element of the array. The waveform sp(t) is chosen from
the waveform set S . The fact that the transmitter implements
both radar and communication implies that the transmitted
waveforms {apsp(t)} are utilized for both sensing as well as
conveying information to the remote receiver.

When different transmit waveforms and weights are assigned,
special cases of the DFRC schemes can be represented using the
generic model. In IM-based DFRC systems, the transmission
parameters, such as the setting of {ap}, are used to convey infor-
mation to the remote receiver. Two recent DFRC systems which
implement such forms of IM are SpaCoR and MAJoRCom:

1) Spacor: SpaCoR proposed in [15] implements the DFRC
transmitter illustrated in Fig. 2 while incorporating IM in the
form of GSM. In particular, SpaCoR utilizes spectrally dis-
tinct waveforms for radar and communications, such that S =
{s(r)(t)} ∪ S(c), where s(r)(t) is the radar waveform, and S(c)

is a set of communication waveforms, such that |S(c)| = J for a
J th order digital constellation. IM is realized by setting whether
sp(t) should be s(r)(t) or taken from S(c).

During each pulse, K antenna elements are utilized for
radar probing and P −K elements are allocated to wireless
communications. The radar waveforms are beamformed in the
selected phased array elements, i.e., the weights {ap} are set
to steer the beam in a desired direction following phased array
principles [29, Ch. 8.2]. The information is conveyed both by the
communication waveforms and by spatial IM. The total number
of bits conveyed in each pulse is log2 J + �log2

(
P
K

)�.
2) Majorcom: While SpaCoR utilizes a single radar wave-

form and spectrally distinct communication signals, MAJoR-
Com proposed in [9] utilizes radar waveforms only, chosen from
an orthogonal waveform set. As a result, the communication
message is conveyed only via IM, which includes the selection
of the orthogonal waveforms to be transmitted (spectral IM) as
well as in their division among the antenna elements (spatial
IM).

In MAJoRCom, the transmit waveform set S is composed of
M waveforms orthogonal in frequency, i.e., S = {s(r)fm

(t)}M−1
m=0 ,

where s
(r)
fm

(t) denotes a radar waveform with carrier frequency
fm. During the transmission of each pulse, K waveforms are
first chosen from S , after which each waveform is transmitted
from a subset of the array, e.g., from PK = P/K elements.
Both these selections are dictated by the transmitted message.
The total number of bits conveyed in each pulse is �log2

(
P
K

)�+
�log2 P !

(PK !)K
�. The weights {ap} are set to achieve phased-array

beamsteering as in SpaCoR.
SpaCoR and MAJoRCom are both special cases of the DFRC

transmitter model illustrated in Fig. 2, which utilize IM to en-
hance spatial allocation efficiency (as in SpaCoR) and to enable
communication functionality with pure radar waveforms (as in
MAJoRCom). Nonetheless, these designs both rely on phased
array radar with full antenna array transmissions, and are thus
geared towards military applications, which utilize high trans-
mit power. However, the cost and power constraints associated
with these designs may not be acceptable to consumer-oriented
vehicular applications. Furthermore, the weighting coefficients
{ap} are used solely for beamsteering, and are not exploited to
convey additional information and further increase the spectral
efficiency. This motivates the design of an IM-based DFRC
system which builds upon the generic formulation in Fig. 2,
while being geared towards automotive systems. This is achieved
by integrating array sparsification, using conventional FMCW
waveforms, and exploiting the ability to set the weights {ap} in
order to increase spectral efficiency, as detailed in the following
section.

B. Transmission Model of FRaC

The FRaC system consists of a DFRC transmitter equipped on
the autonomous vehicle, and several communication receivers,
which can be passengers, other vehicles, road-side units, or
wireless base stations, as illustrated in Fig. 1. In this subsection,
we only introduce the transmission model of the DFRC trans-
mitter. The radar and communications receivers are presented in
Section III.

1) Dual Function Waveform Transmission: The schematic
architecture of the DFRC transmitter and the radar receiver is
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Fig. 3. DFRC transmitter and radar receiver schematic illustration.

shown in Fig. 3. The DFRC transmitter utilizes a ULA with
P elements to transmit the dual function waveform, while the
radar receiver is equipped with a ULA of Qr elements. The
inter-element distance of the radar receive array is denoted by
dR. The transmit array and the receive array forms a MIMO
radar architecture, i.e., dT = QrdR. To decrease the cost and
hardware complexity, only K antenna elements are activated
in the MIMO transmitter during each pulse, and K ≤ P wave-
forms with different carrier frequencies are transmitted from the
K active elements. The active antenna elements may change
between different pulses, which is controlled by an RF switch,
as shown in Fig. 3. The transmit waveforms combine FMCW
signalling via the setting of the waveform set S with PM for
conveying a digital message via the weighting coefficients {ap}.
Substituting the expression of FMCW to the high level model of
FRaC described in Subsection II-A, the composed waveforms
of S are expressed as

s
(r)
fm

(t) = s(t)ej2π(fc+mΔf)t (1)

where fc is the start of the carrier frequency,Δf is the frequency
step. In particular, s(t) denotes a baseband FMCW, which is
expressed as

s(t) = rect

(
t

Tp

)
ejκπt

2

, 0 ≤ t ≤ T0 (2)

where rect(t) = 1 for 0 ≤ t < 1, κ is the frequency modulation
rate of the FMCW waveform, T0 is the duration of one FMCW
pulse, i.e., the pulse repetition interval (PRI), and Tp ≤ T0 is the
pulse width. In each PRI, the FMCW waveform is transmitted
when 0 ≤ t ≤ Tp, and no signal is transmitted when Tp < t ≤
T0. The bandwidth of s(t), denoted by Bsub, is given by the
product of the frequency modulation rate κ and the transmit
duration, i.e., Bsub := κTp [30].

During each transmission, K FMCW waveforms with differ-
ent carrier frequencies are first chosen from S . Then the selected
waveforms are simultaneously multiplied with K PM symbols.
According to (1), the carrier frequencies of the transmit wave-
forms are chosen from the frequency setF := {fc +mΔf |m ∈
M}, where M := {0, 1, . . . ,M − 1}. To guarantee that the
transmit waveforms are spectrally orthogonal, we set Δf =
Bsub. One radar coherent processing interval (CPI) consists ofN
periodically transmitted pulses. In the nth radar pulse, the trans-
mitted waveform assigned to the kth active element is given by

xn,k(t) = s (t− nT0) e
j2πfn,kt · ejφn,k (3)

where fn,k := fc +mn,kΔf is the carrier frequency chosen
from F , mn,k ∈ M is the index of fn,k in F , and φn,k ∈ J is
the phase modulated on the FMCW waveform. Consequently,

Fig. 4. An example of FRaC. The bits in blue fonts are conveyed via IM. The
purple bit is assigned to a PM symbol. In the IM mapping rule, “×” implies an
unused element. For example, “f1 ×” means that carrier f1 is transmitted from
element A1 while antenna A2 is unused.

when the pth antenna element transmits at carrier frequency
fn,k during the nth pulse, the transmitter sets ap = ejφn,k .

2) Information Embedding: In FRaC, the message bits are
conveyed by both the PM symbols and spatial-frequency IM
in the selection of the carrier frequency and the active antenna
elements. Embedding the message bits in the transmitted wave-
form is based on the following steps: First, the K PM symbols
in (3) are set. As each PM symbol takes J possible values, the
number of bits conveyed by PM is NPM = K log2 J . Then,
K carrier frequencies are selected from F , and are assigned
to the baseband signals. This selection is based on the digital
message, and since there are

(
M
K

)
possible combinations of

carrier frequencies that can be selected, a total of �log2
(
M
K

)�
bits are conveyed in this selection. Next, K antenna elements
are chosen from the transmit antenna array with P elements,
i.e.,

(
P
K

)
possible selections, where again the information bits

are used to determine which elements are chosen. Finally, the
up-converted waveforms are assigned to the selected transmit
antennas, which enables to convey K! different symbols in
the permutation of the waveforms. Hence, the total number
of bits conveyed via IM, denoted by NIM, is given by NIM =
�log2

(
M
K

)�+ �log2
(
P
K

)�+ �log2 K!�, and the total number of
bits conveyed in each PRI is NTotal = NPM +NIM.

Based on the above steps, the generation of the transmit wave-
forms and their assignment among the transmit antennas are
determined by the conveyed data bits. In particular, the transmit
bits are first divided into IM bits, which are used for selecting the
carriers and the spatial assignment of the waveforms, and PM
bits, which are modulated into the PM symbols. An example of
FRaC is illustrated in Fig. 4. In this example, the cardinality ofF
isM = 2. During each PRI,K = 1 carrier is selected and mixed
with the baseband signal s(t). The PM symbols are generated
from a binary phase shift keying (BPSK) constellation. In the
first pulse, the conveyed bits are 110, where the IM bits are 11
and the PM bit is 0. The mapping of the bits is shown in Fig. 4,
where the FMCW waveform is multiplied with ej0, then mixed
with carrier ej2πf2t, and transmitted from antenna A2.

3) Comparison to SpaCoR and MAJoRCom: FRaC imple-
ments IM-based DFRC operation in a manner which is geared
towards vehicular systems. This is reflected in its differences
from the previously proposed SpaCoR and MAJoRCom, which
also follow the model detailed in Subsection II-A. In particular,
FRaC utilizes sparse MIMO arrays, allowing it to operate with
less RF modules than antenna elements, while SpaCoR and
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TABLE I
COMPARISONS OF SPACOR, MAJORCOM AND FRAC

MAJoRCom utilize phased array transmissions from the com-
plete antenna array. Furthermore, FRaC focuses on the usage
of FMCW signals, which are commonly utilized in automotive
radar systems, while embedding additional information in the
form of PM. An additional fundamental difference of FRaC from
SpaCoR and MAJoRCom lies in the radar receiver array. The
transmission and reception of MAJoRCom and SpaCoR utilize
the same array through time division duplexing, which is suitable
for identifying distant targets as in military applications. FRaC
uses distinct receive and transmit arrays, facilitating the identifi-
cation of nearby targets, as required in automotive applications.

The comparison of FRaC with SpaCoR and MAJoRCom
in terms of antenna architecture, angle resolution, informa-
tion embedding strategy, data rates, and target applications, is
summarized in Table I. The normalized angle resolutions are
computed for half-wavelength element spacing, where the cor-
responding measures for SpaCoR and MAJoRCom are analyzed
in [15] and [10], respectively, while the angle resolution of FRaC
is derived in Subsection IV-A of this paper. We numerically
demonstrate in Subsection V-A that this improved angular res-
olution of FRaC is directly translated into target recovery gains
compared to MAJoRCom.

III. RADAR AND COMMUNICATIONS RECEIVERS

The received signal models and the processing algorithms
of the radar and communication subsystems are discussed in
Subsection III-A and Subsection III-B, respectively.

A. Radar Receiver

To formulate the radar receiver processing, we first present the
received signal model, after which we introduce a compressed
sensing (CS) based detection algorithm.

1) Radar Received Signal Model: Let pn,k be the index
of the kth transmit element in the nth PRI. Assume that L
ideal point targets are located in the far field of the transmit
antenna array with ranges {rl}, velocities {vl} and angles
{θl}, l = 0, 1, . . . , L− 1. Under the far field assumption and
the “stop and go” model [10], the round-trip delay between
the pn,kth transmit element and the qrth receive element is

τ ln,k,qr =
2(rl+nvlT0)

c − (pn,kdT+qrdR) sin θl
c for the echo from

the lth target, where c is the speed of light. The received signal
at the qrth element is

ỹ(r)n,qr
(t) =

L−1∑
l=0

αl

K−1∑
k=0

xn,k

(
t− τ ln,k,qr

)
+ w̆(r)

n,qr
(t) (4)

where αl is the reflective factor of the lth target, and w̆
(r)
n,qr(t)

denotes additive white Gaussian noise.
To separate the transmit waveforms in the receive element,

the received signal ỹ(r)n,qr(t) is simultaneously mixed with the
transmit waveforms xn,k(t) via the traditional de-chirp pro-
cessing [30]. Then, the output of each mixer is fed into a
low pass filter (LPF) whose cutoff frequency is set to Bsub.
The separated signal transmitted from the pn,kth element is

ỹ
(r)
n,k,qr

(t) = LPF(ỹ
(r)
n,qr(t) · x∗

n,k(t)) [31], which approximates

ỹ
(r)
n,k,qr

(t) =

L−1∑
l=0

α̃le
−j2πκ

[
2rl
c +

2vlnT0
c −(pn,kQr+qr)dR sinθl

c

]
(t−nT0)

×e−j2π
(
mn,k

2rlΔf

c +ξn,kf
l
vn+ξn,kf

l
θ(Qrpn,k+qr)

)
+w̃

(r)
n,k,qr

(t), (5)

where α̃l := αle
−j2π

2rlfc
c , f l

v := 2vlT0fc
c is the normalized ve-

locity frequency, f l
θ := fcdR sin θl

c is the normalized spatial fre-

quency, and ξn,k :=
fn,k

fc
is the relative factor between fn,k

and fc. Since the sequence x∗
n,k(t) has constant unit amplitude

within a pulse, the equivalent noise w̃(r)
n,k,qr

(t) := LPF(w̆
(r)
n,qr(t) ·

x∗
n,k(t)) is a band-limited Gaussian signal.
After individually separated, the received signal is uniformly

sampled with rate F
(r)
s = 1

T
(r)
s

, where T
(r)
s is the sampling

interval. In particular, the sampling rate F
(r)
s is set to [32, Eqn.

1]

F (r)
s =

2rmaxBsub

cT0
(6)

where rmax is the maximum detection range. In vehicular ap-
plications, rmax typically ranges from tens to several hundred
meters. Therefore 2rmax

c is usually in the order of several mi-
croseconds, which is much less than T0, whose order is of tens
to hundreds of microseconds [32, Tab. 1]. Consequently, the
sampling rate F

(r)
s is much less than the bandwidth Bsub.

The number of sample points in each PRI is G = � T0

T
(r)
s

�,

and the sample time instances are t = nT0 + g̃T
(r)
s , where

g̃ ∈ {0, 1, . . . , G− 1}. Substituting the time instances into (5),
the sampled signal is given by

ỹ
(r)
n,k,qr

[g̃] =

L−1∑
l=0

α̃le
−j2πκ

[
2rl
c +

2vlnT0
c − (pn,kQr+qr)dR sinθl

c

]
g̃T

(r)
s

×e−j2πmn,k
2rlΔf

c −j2πξn,kf
l
vn−j2πξn,kf l

θ(Qrpn,k+qr)+w̃
(r)
n,k,qr

[g̃] (7)
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where w̃n,k,qr [g̃] := w̃n,k,qr(nT0 + g̃Ts) is the discrete-time

Gaussian noise. In (7), the terms 2vlnT0

c and (pn,kQr+qr)dR sin θl
c

represent the range migration between different pulses and
different receive antenna elements, respectively. In FRaC, the
coarse range resolution is determined by the bandwidth of the
narrowband waveform, and equals c

2Bsub
. Here, we assume that

the targets move in low speed, i.e., vlNT0 � c
2Bsub

, and assume
the waveform is narrowband, i.e. QrPdR � c

2Bsub
as in [33].

Applying these assumptions to (7), the migration between dif-
ferent pulses and different antenna elements are neglected. After
neglecting the migrations, the sampled signal is rewritten as

ỹ
(r)
n,k,qr

[g̃] =

L∑
l=0

α̃le
−j2π

2κrlT
(r)
s

c g̃ · e−j2πmn,k
2rlΔf

c

× e−j2πξn,kf
l
vn−j2πξn,kf

l
θ(Qrpn,k+qr)+w̃

(r)
n,k,qr

[g̃] . (8)

In radar detection, the task is to recover the target parameters
{rl, vl, θl}L−1

l=0 from the received signal (8), as discussed next.
2) Radar Processing: Radar receive processing consists of

two stages: The received radar data of each pulse is first pro-
cessed by pulse compression, generating a coarse resolution
range profile (CRRP). Then, the parameters of the radar targets
are recovered with enhanced resolution from all the samples in
one CPI via CS-based recovery.

The coarse range profile is generated after pulse compression
through inverse discrete Fourier transform (IDFT), yielding
y
(r)
n,k,qr

[g] = IDFT(ỹ
(r)
n,k,qr

[g̃]) =
∑G−1

g̃=0 ỹ
(r)
n,k,qr

[g̃]e
j2πg̃g

G which
equals

y
(r)
n,k,qr

[g] =
L−1∑
l=0

βl [g] e
−j2πmn,k

2rlΔf

c · e−j2πξn,kf
l
vn

× e−j2πξn,kf
l
θ(Qrpn,k+qr) + w

(r)
n,k,qr

[g] (9)

where IDFT(·) is the IDFT operation over G samples,

βl [g] := α̃l ·IDFT

(
e−j2π

2κrlT
(r)
s

c g̃

)
= α̃l ·

G−1∑
g̃=0

e
j2πg̃

(
g
G− 2κrlT

(r)
s

c

)

and the additive noise w
(r)
n,k,qr

[g] := IDFT(w̃
(r)
n,k,q[g̃]) is still

white and Gaussian as IDFT is a unitary transformation.
The output signal y(r)n,k,qr

[g] is referred to as the gth CRRP with
range resolution c

2Bsub
. In the sequel, we introduce a CS based

method to recover the high-range-resolution profiles, velocity,
and angle of the target utilizing this CRRP.

The parameters of the radar targets are recovered by pro-
cessing the samples collected from the same coarse range
cell. Samples from other coarse range cells can be processed
identically and individually. Therefore, we focus here on one
coarse range cell, and assume that the targets are located in the
gth cell without loss of generality, i.e., rl ∈ [ (2˜g−1)c

4Δf , (2g+1)c
4Δf ).

In (9), the term e−j2πmn,k
2rlΔf

c also equals e−j2πmn,k
2δrΔf

c ,
where δr = rl − gc

2Δf , which means that the maximum un-
ambiguous range is c

2Δf . In the unambiguous range interval

[ (2˜g−1)c
4Δf , (2g+1)c

4Δf ), the normalized range frequency is denoted

by f l
r := 2δrΔf

c . Substituting f l
r in (9), we get

y
(r)
n,k,qr

=

L−1∑
l=0

βle
−j2πmn,kf

l
r · e−j2πξn,kf

l
vn

× e−j2πξn,kf
l
θ(Qrpn,k+qr) + w

(r)
n,k,qr

. (10)

The task of radar detection is to recover the range, velocity and
angle of the targets, which can be recovered by estimating the
values of {f l

r}, {f l
v} and {f l

θ}, respectively.
To recover the radar targets, fr, fv and fθ are first dis-

cretized by intervals equal to the resolutions of the normalized
range, velocity, and angle frequencies, which equal 1

M , 1
N ,

and 1
PQr

, respectively, according to the analysis in Subsec-
tion IV-A. Thus the grid sets of discretized fr, fv and fθ are
denoted by R := {m

M |m = 0, 1, . . . ,M − 1}, V := { n
N |n =

0, 1, . . . , N − 1}, Θ := { q
Q |q = 0, 1, . . . , Q− 1}, respectively.

The received signals form into a data cube, denoted by Y ∈
CN×K×Qr , where [Y

(r)

]n,k,qr := y
(r)

n,k,qr
. Assuming the targets

are located on these grids, the target scene can be indicated by
B ∈ CN×M×Q with entries

[B]n,m,q :=

{
βl, if exists

(
f l
v, f

l
r, f

l
θ

)
=
(

n
N , m

M , q
Q

)
0, otherwise.

To formulate the radar target recovery as a sparse recovery
problem, let y(r) and b be the vectorized representations ofY (r)

andB, respectively, i.e., [y(r)]nKQr+kQr+qr := [Y (r)]n,k,qr and
bnMQ+mQ+q = [B]n,m,q . Following (10), it holds that

y(r) = Ab+w(r) (11)

whereA ∈ CNKQr×NMQ is the observation matrix, the entries
of which are given by

[A]nKQr+kQr+qr,ñMQ+mQ+q

= e−j2πmn,k
m
M · e−j2πξn,k

ñ
N n−j2πξn,k

q
Q (Qrpn,k+qr) (12)

where n, ñ ∈ {0, 1, . . . , N − 1}.
The range, velocity and angle can be estimated by recov-

ering b from the observations (11). Assume the (nMQ+
mQ+ q)th entry of b is non-zero, the range, velocity
and angle of the corresponding target can be calculated
as r = c

2Δf (
m
M − 1

2 ) +
gc

2Δf , v = c
2T0fc

( n
N − 1

2 ), and θ =

arcsin { c
fcdR

( q
Q − 1

2 )}, respectively, where v ∈ [ −c
4T0fc

, c
4T0fc

)

and θ ∈ [− arcsin( c
2fcdR

), arcsin( c
2fcdR

)). Solving (11) is an
under-determined problem as the number of rows is less than the
number of columns, i.e., NKQr ≤ NMQ. Due to the sparsity
of b, whose entries and sparsity pattern encapsulate the radar
target parameters, it can be recovered by solving

min
b

‖b‖0, subject to ‖y(r) −Ab‖ ≤ ε, (13)

where ε is related to the noise level. The optimization prob-
lem (13) can be solved by CS algorithms, such as greedy
approaches and �1 relaxation-based optimization [34], [35]. One
can increase the speed of solving (13) by utilizing hardware
accelerators, e.g., graphics processing units. Furthermore, recent
advances in deep learning for CS have shown that model-based
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and structured neural networks can be trained to rapidly solve
problems of the form of (13) [36], e.g., via deep unfolding of
sparse recovery algorithms [37]. These indicate that identifying
the targets by solving (13) can be carried out in real time.

B. Communications Receiver

Next, we discuss how the digital message is recovered from
the received DFRC waveform. We begin by introducing the
signal model, and then we present the maximum likelihood (ML)
rule as well as a low complexity decoding method.

1) Received Communication Signal: We consider a receiver
with Qc antennas which is synchronized with the DFRC trans-
mitter. Each receiver observes the output of a noisy multipath
channel with I taps whose coefficients remain fixed during the
radar CPI. The impulse response of the channel relating the
pth transmit antenna and the qcth receiver antenna is given
by hp,qc := [h0

p,qc
, h1

p,qc
, . . . , hI−1

p,qc
]T. In the proposed scheme,

the channel knowledge can be typically obtained using some
preliminary pilot transmission phase, which can be achieved in a
DFRC system by using some periodically pre-defined waveform
patterns for this purpose. The detailed derivation of channel
estimation procedures and its analysis are left for future work.

After down conversion by being mixed with the carrier of
frequency fc, the signal is sampled with rateF (c)

s := 1

T
(c)
s

, where

T
(c)
s is the sampling interval. The samples received at the qcth

antenna in the nth pulse are stacked as the vector y(c)
n,qc :=

[y
(c)
n,qc [0], y

(c)
n,qc [1], . . . , y

(c)
n,qc [U − 1]]T, whereU := � Tp

T
(c)
s

� is the

number of samples received in one pulse. The uth entry of y(c)
n,qc

is given by

y(c)n,qc
[u]=

K−1∑
k=0

I−1∑
i=0

hi
pn,k,qc

smn,k
[u−i]ejφn,k+w(c)

n,qc
[u] (14)

where u ∈ {0, 1, . . . , U − 1}, i ∈ {0, 1, . . . , I − 1}; pn,k is the

index of the kth transmit antenna of the nth pulse; w
(c)
n [u]

is white Gaussian noise with variance σ2
c ; and smn,k

:=
[smn,k

[0], smn,k
[1], . . . , smn,k

[U − 1]]T is the discrete-time
baseband transmitted waveform whose uth entry is smn,k

[u] :=

smn,k
(uT

(c)
s ), where smn,k

(t) := s(t)ej2πmn,kΔft.

Using (14), y(c)n,qc is rewritten as

y(c)n,qc
= Ψqcen +w(c)

n,qc
(15)

where en ∈ E ⊂ (J ∪ {0})PM denotes the transmit symbol
vector of thenth pulse in the DFRC transmitter, andE is the set of
transmit symbol vectors. The selection of carrier frequencies, the
subset of transmit antennas, the waveform permutation pattern,
and the modulated phases can be obtained fromen. The structure
of en is given by en = [(e1n)

T, (e2n)
T, . . . , (eMn )T]T, where

eachP × 1 vector emn is either all zero or has one non-zero entry
at the pth entry if there exist mn,k = m and pn,k = p. The value

of this nonzero entry is [emn ]p = ejφn,k . The vector w(c)
n,qc :=

[w
(c)
n,qc [0], . . . , w

(c)
n,qc [U − 1]]T represents the additive noise. The

matrix Ψqc ∈ CU×PM is comprised of the set of U × P matri-
ces {ψq,m} viaΨqc := [ψqc,0,ψqc,1, · · · ,ψqc,M−1]. Each sub-
matrixψqc,m is given byψqc,m := [ψ0

qc,m
,ψ1

qc,m
, . . . ,ψP−1

qc,m
],

where ψp
qc,m

:=Hp,qcsm, and Hp,qc ∈ CU×U denotes the
channel response matrix between the pth transmit antenna el-
ement and the qcth receive antenna of the communications
receiver,

Hp,qc :=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

h0
p,qc

0 0 0 · · · 0
h1
p,qc

h0
p,qc

0 0 · · · 0
...

...
. . . 0 · · · 0

hI−1
p,qc

hI−2
p,qc

· · · h0
p,qc

· · · 0
...

...
...

...
. . . 0

0 · · · hI−1
p,qc

hI−2
p,qc

· · · h0
p,qc

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (16)

The signal received in all the antennas is stacked as
the vector y

(c)
n := [(y

(c)
n,0)

T, (y
(c)
n,1)

T, . . . , (y
(c)
n,Qc−1)

T]T.

By defining Ψ := [ΨT
0 ,Ψ

T
1 , . . . ,Ψ

T
Qc−1]

T, and wn :=

[wT
n,0,w

T
n,1, . . . ,w

T
n,Qc−1]

T, the received signal is given
by

y(c)n = Ψen +wn. (17)

The received signal model in (15) is used next to formulate the
decoding algorithm for recovering en from y

(c)
n .

2) Communications Decoder: In order to decode the trans-
mitted message, the receiver should detect the selected carrier
frequencies, the active transmit antenna elements, the waveform
permutation patterns, and the modulated phases, which can all
be obtained through the estimation of en in (15).

Here, we first introduce the ML rule for recovering en. Since
ML recovery may be computationally prohibitive, we also pro-
pose a successive orthogonal decoding (SOD) algorithm with
reduced complexity building upon the inherent orthogonality of
the MIMO radar waveforms.

ML Algorithm: Since the receiver has full channel state in-
formation (CSI), i.e., knowledge of the matrix Ψ and the distri-
bution ofw(c), it can compute the error probability minimizing
ML decoder, i.e.,

ên = argmax
en∈E

p
(
y(c)
n |en,Ψ

)
. (18)

As the noise obeys a proper-complex white Gaussian distri-
bution, it holds that (18) specializes to the minimum distance
detector

ên = argmin
en∈E

‖y(c)
n −Ψen‖22. (19)

Recovering en via (18) generally involves searching over the
set E whose cardinality is 2NTotal . To facilitate decoding, we
next propose the SOD-based method with reduced complexity
by leveraging the orthogonality of the transmit waveforms.

SOD Algorithm: The high computational complexity of the
ML detector follows from the need to search over the entire setE .
To decrease the complexity of detection, we propose a successive
orthogonal decoding detector, which decodes in two steps: First,
the carrier frequencies of each transmit waveform are estimated
through matched filtering. Then, the transmit antenna elements
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and the symbols modulated on the waveforms are detected, as
detailed next.

Define ψp
m := [(ψp

0,m)T, (ψp
1,m)T, . . . , (ψp

Qc−1,m)T]T,
which is the ((m− 1)P + p)th column of Ψ. The
received signal y(c)n is first matched with MP normalized
filters. Each filter is given by ψ̃

p

m := ψp
m

‖ψp
m‖2 . Define

ψm := [ψT
0,m,ψT

1,m, . . . ,ψT
Qc−1,m]T. The output of each

matched filter is denoted by gpm := (ψ̃
p

m)Hy
(c)
n . As the transmit

waveforms are orthogonal to each other when m �= m′, i.e.,
(ψ̃

p

m)Hψm′ = 0, the output is expressed as

gpm =
(
ψ̃

p

m

)H
ψme

m
n +

(
ψ̃

p

m

)H
w(c)

n . (20)

Let gmax
m be the maximum amplitude output, i.e., |gmax

m | :=
maxp |gpm|. To identify the used carriers, the matched outputs
gmax
m are sorted by descending order according to their ampli-

tudes. Denoting the K largest outputs that belong to the transmit
carrier set as {gmax

m′
0
, gmax

m′
1
, · · · , gmax

m′
K−1

}, the estimated carriers,

denoted by {m̂n,k}, are obtained via m̂n,k = m′
k.

After determining the transmit frequencies, the receiver needs
to further estimate the transmit antenna element and the phase
symbols modulated on each waveform. Once the carrier fre-
quencies of the transmit waveforms have been found, detection
of the transmit antenna elements and the PM symbols is carried
out by searching over the subset Esub ⊂ E , which is composed
of all vectors en corresponding to the transmission patterns that
transmit waveforms with the detected carrier frequencies. The
estimation is expressed as

ên = argmin
en∈Esub

‖y(c)
n −Ψen‖22. (21)

Neglecting the computation in the first step, the computational

complexity is reduced by a factor of 2�log2 (MK)� compared to the

ML rule, as the cardinality ofE is2�log2 (MK)� times the cardinality
of Esub.

IV. PERFORMANCE ANALYSIS OF RADAR SUBSYSTEM

We now analyze the performance of FRaC. The information
embedding mechanism detailed in Subsection II-B utilizes a
combination of PM and IM, and thus its fundamental limits can
be obtained from the existing communication literature on IM,
e.g., [38]. For this reason, we focus our theoretical analysis on
the radar subsystem, while the communications performance
is numerically evaluated in Subsection V-B. In the following,
we first characterize the radar ambiguity function in Subsection
IV-A, which shows that the range/velocity/angle resolutions of
FRaC are similar to that of radar systems transmitting wideband
waveforms and receiving with the equivalent aperture size as
the virtual aperture formulated by FRaC. Then, we study the
relationship between the maximum number of recoverable tar-
gets and the waveform parameters using the theory of phase
transition in Subsection IV-B.

A. Ambiguity Function

The ambiguity function is a useful measure for characterizing
the radar resolution [39, Ch. 4]. For mathematical convenience,
we adopt the relative narrow bandwidth assumption as in [40],
i.e., ξn,k ≈ 1, such that (10) becomes

y
(r)
n,k,qr

=

L−1∑
l=0

βle
−j2πmn,kf

l
r · e−j2πnf l

v

× e−j2π(Qrpn,k+qr)f
l
θ + w

(r)
n,k,qr

. (22)

The ambiguity function is defined as the correlation of
the noiseless received signal whose parameters are {βl =
1, fr, fv, fθ} and the reference signal whose parameters are
{βl = 1, f ref

r , f ref
v , f ref

θ }. Thus, the expression of the ambiguity
function, denoted by χ(δfr, δfv, δfθ), is written as

χ (δfr, δfv, δfθ) =

N−1∑
n=0

K−1∑
k=0

Qr−1∑
q=0

e−j2πmn,kδfr

× e−j2πnδfv · e−j2π(Qrpn,k+q)δfθ (23)

where δfr :=fr − f ref
r , δfv :=fv − f ref

v , and δfθ :=fθ − f ref
θ .

Since the active antenna elements and the selected sub-carriers
are determined by the transmitted messages, the ambiguity
function is a random quantity which takes a different realization
on each PRI. To study the performance of the radar subsystem,
we evaluate the stochastic properties of the ambiguity function of
FRaC, as done in [40], [41]. It is emphasized that these previous
studies considered different agile radar transmission schemes,
while focusing on two-dimensional ambiguity functions, i.e.,
the range-velocity ambiguity function [40] and the delay-spatial
ambiguity function [15], [41]. In the sequel, we extend this ap-
proach to study the stochastic properties for a three-dimensional
ambiguity function, accounting for how FRaC combines ran-
dom selections in both the sub-carriers and the active antenna
elements.

We first characterize the expected ambiguity function, which
is approached by the averaged ambiguity function over a large
number of CPIs. The expected ambiguity function is given in
the following theorem:

Theorem 1: The absolute value of the expected ambiguity
function (23) of FRaC is

|E {χ (δfr, δfv, δfθ)}|

=
K

MP

∣∣∣∣ sin (Mπδfr)

sin (πδfr)

∣∣∣∣·
∣∣∣∣ sin (Nπδfv)

sin (πδfv)

∣∣∣∣·
∣∣∣∣ sin (PQrπδfθ)

sin (πδfθ)

∣∣∣∣ . (24)

Proof: The proof is given in Appendix VI-A.
The expectation in (24) is carried out with respect to the

random indices of the random antenna elements and sub-carriers,
i.e., {mn,k} and {pn,k}. These indices are determined by the
transmit bits, which are assumed to be i.i.d.. It follows from the
law of large number that as the number of PRI grows, the average
transmit beam pattern approaches its expected value with prob-
ability one [42, Ch. 8.4]. Consequently, after a large number
of PRIs, the magnitude of the average transmit beam pattern
coincides with (24). Furthermore, we numerically demonstrate

Authorized licensed use limited to: Weizmann Institute of Science. Downloaded on March 01,2022 at 06:45:23 UTC from IEEE Xplore.  Restrictions apply. 



1356 IEEE JOURNAL OF SELECTED TOPICS IN SIGNAL PROCESSING, VOL. 15, NO. 6, NOVEMBER 2021

TABLE II
SIMULATION PARAMETERS

Fig. 5. Numerically evaluated ambiguity functions.

in Section V that the expected ambiguity function of FRaC is
similar to the ambiguity function computed for a finite number of
pulses (the exact parameters are listed in Table II), which can be
observed in Fig. 5. In typical vehicular applications, the number
of pulses can be even larger than the simulated settings [32,
Tab. 1]. Therefore, the expected ambiguity function can be a
useful tool to indicate the radar resolution in practical DFRC
applications.

The resolutions are calculated as half the width of the first
two null points in each dimension. Thus, from (24), we obtain
that Δfr = 1

M , Δfv = 1
N , and Δfθ = 1

PQr
. We next transfer

Δfr, Δfv and Δfθ to the range resolution, velocity resolution
and angle resolution, denoted by Δr, Δv and Δθ, respectively.
According to the definition of Δfr, Δfv and Δfθ, we obtain⎧⎪⎨

⎪⎩
Δr = cΔfr

2Δf = c
2MΔf ,

Δv = cΔfv
2T0fc

= λ
2NT0

, and

Δθ = arcsin
(

cΔfθ
fcdR

)
= arcsin

(
λ

PQrdR

)
,

(25)

where λ := c
fc

is the wavelength. From (25), we find that the
resolutions of FRaC are equal to that of wideband MIMO
radar, whose bandwidth is MΔf , and utilizes PQr antenna
elements [43, Ch. 2.10]. This indicates that the randomization in

the antenna selection and the frequency division, which FRaC
utilizes to embed communication messages and reduce hardware
complexity, also contributes to its resolution.

B. Phase Transition Threshold

For a specific scenario, the parameters of a DFRC system
should be carefully designed in order to satisfy both the radar
requirements, such as target recovery performance, and the
communication demands, e.g., achievable rate. Here, we analyze
the relationship between the waveform parameters and the radar
target recovery performance, particularly, focusing on the max-
imum number of recoverable targets. We utilize phase transition
analysis, which emerges in many convex optimization problems,
and have been adopted to characterize sparse recovery in [44].
This motivates the usage of phase transition for analyzing FRaC,
whose radar receiver operation is formulated as a CS problem
(13).

In CS, phase transition thresholds divide the plane of pa-
rameters into regions where recovery succeeds and fails with
high probability. Although existing phase transition results are
focused on Gaussian matrices, numerical simulations have been
utilized to show that such an analysis also reflects on radar
systems whose recovery can be expressed as CS with structured
measurement matrices [45]. In the sequel, we study the phase
transitions of FRaC, which extends frequency agile radar (FAR)
considered in [45] to include spatial agility and FMCW sig-
nalling. By doing so, we characterize the number of recoverable
targets as a function of the waveform parameters.

We begin by providing some preliminaries on phase transition
in the context of CS. Consider an under-determined problem
y = Ωx, where y ∈ CN1 , Ω ∈ CN1×N2 is a complex Gaussian
matrix, and x ∈ CN2 is a sparse vector with Ns nonzero entries.
CS recovers x by solving the following optimization problem

min
x

‖x‖0, subject to y = Ωx (26)

which is typically relaxed into an �1 norm minimization [34],

min
x

‖x‖1, subject to y = Ωx. (27)

Problem (27) is convex, and thus its recovery limits can be
characterized using the phase transition theory. The phase tran-
sition threshold of (27) indicates the maximum sparse degree,
denoted by N ∗

s , for a given N1 and N2. This threshold is the de-
marcation point that separates the successful recovery and failing
recovery with high probability. Namely, when Ns ≤ N ∗

s , then x
can be recovered with high probability, while when Ns > N ∗

s ,
the probability of exact recovery dramatically decreases. The
phase transition threshold of solving (27) can be computed via
the following lemma:

Lemma 1: The sparse vector x can be exactly recovered via
(27) with high probability, when Ns ≤ N ∗

s , where N ∗
s is related

to N1 and N2 via

N1=inf
β≥0

1

2

{
N ∗

s

(
2+β2

)
+(N2−N ∗

s )

∫ ∞

β

(u−β)2φ2(u)du

}
(28)

where φ2(u) = ue−u2/2.
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Proof: Lemma 1 follows from combing [45, Pro. 3] and [45,
Eqn. 24].

We next specialize Lemma 1 to the target recovery procedure
of FRaC. In particular, we consider a noiseless scenario, as
commonly assumed in such studies [44], [46], [47], i.e., the
noise term in (11) is omitted. In this case, the target recovery
problem formulated in (13), tackled via �1 norm minimization,
is given by the convex problem

min
b

‖b‖1, subject to y(r) = Ab. (29)

The main difference between (27), used in Lemma 1, and
(29) which represents FRaC, is in the structure of measurement
matrices. Although phase transition results such as Lemma 1
assume Gaussian measurements, it was numerically shown that
the analysis for Gaussian matrices is also accurate for structured
measurements which arise in FAR [45].

The phase transition threshold of (29) indicates the maximum
number of exactly recovered targets, denoted by L∗, for given
waveform parameters, i.e., pulse number N , number of active
antennas K, amount of available transmit antennas P , number
of sub-carriers M , and amount of radar receive antennas Qr. In
particular, when the number of targets obeys L ≤ L∗, then they
can be exactly recovered with high probability, while when L >
L∗, the probability of exact recovery dramatically decreases. The
relationship between this threshold and the DFRC waveform
{N,K,M,P,Qr} is obtained from Lemma 1 as stated in the
following corollary:

Corollary 1: For a given {N,K,M,P,Qr}, the phase tran-
sition threshold L∗ for (29) with Gaussian measurements A
satisfies

NKQr = inf
β≥0

1

2

{
L∗ (2 + β2

)

+ (NMPQr−L∗)
∫ ∞

β

(u−β)2 φ2(u)du

}
. (30)

The threshold characterized in (30) is numerically shown to
be tight in Subsection V-A. Due to its tightness, Corollary 1 can
be used for guiding waveform design.

The phase transition thresholdL∗ is numerically computed us-
ing (30) for a given set of DFRC parameters {N,K,M,P,Qr}.
To facilitate the waveform design, a more explicit relationship
between L∗ and the waveform parameters is required. To this
aim, we next approximate (30) under a quantitative assumption
on the relationship between the parameters in the following
proposition:

Proposition 1: When NMPQr

L∗ � 1, (30) is approximated by

NKQr ≈ 2˜L∗ +
L∗β2

∗
2

(31)

where β∗ is the solution of the following equation

ln
(
β2
∗ + 1

)
= ln

NMPQr − L∗

L∗ − β2
∗
2
. (32)

Proof: This is a direct consequence of Prop. 6 in [45] with
some notation changes.

The condition NMPQr

L∗ � 1, for which the simplified rela-
tionship in (31) is formulated, is numerically shown to faithfully

represent typical DFRC parameter setting, as shown in Subsec-
tion V-A. This implies that (31), which is simple to compute
compared to (30), can often be used to obtain the number of
recoverable radar targets of FRaC. In this regime where the
threshold L∗ is much smaller than NMPQr, Proposition 1
also reveals how the number of detectable targets scales when
the DFRC parameters grow arbitrarily large. This asymptotic
scaling of L∗ is stated in the following corollary:

Corollary 2: When NMPQr

L∗ � 1, the maximum number of
recoverable targets L∗ has the order of O( NKQr

ln(NMPQr)
).

Proof: The proof is given in Appendix VI-B.
From Corollary 2 it follows that the maximum number of

recoverable targetsL∗ grows when increasing the active transmit
antenna elementsK, the number of pulses in one CPIN , and the
number of elements in radar receive array Qr. It also indicates
that increasing the total number of sub-carriers M and/or the
total number of transmit antenna elements P reduces L∗. This
is because increasing N and Qr effectively leads to more obser-
vations being acquired, which enables to recover more targets.
When K grows, the radar waveform is transmitted over more
sub-carriers and using more antenna elements, thus improving
the maximum number of recoverable targets. However, when
increasing M and P , the transmit waveform utilizes a smaller
portion of the bandwidth and ULA, which decreases the number
of recoverable targets.

From the above analysis and the throughput analysis of IM
provided in [25], we observe that there exists a tradeoff between
the performances of radar and communications, depending on
the waveform parameters. Increasing the number of transmit
antennas P improves the angle resolution of radar as well as
the number of bits conveyed by spatial IM, while decreasing
the maximum number of recoverable targets. For fixed total fre-
quency band B, increasing M , i.e., dividing more sub-carriers,
improves the number of bits conveyed by frequency IM, while
also decreasing the maximum number of recoverable targets.
The combined analysis indicates how to set K: As long as
K ≤ min{�M

2 �, �P
2 �}, increasing K improves both the mes-

sage cardinality and the number of recoverable targets. Nonethe-
less, it also increases the hardware complexity, as discussed in
Subsection V-A.

V. NUMERICAL EVALUATIONS

We next numerically evaluate the radar and communication
performance of FRaC. For convenience, we summarize the main
parameters used in the experimental study in Table II.

A. Radar Subsystem Evaluation

To demonstrate the radar performance, we first verify the
ambiguity function of FRaC. In particular, we show that the
range/velocity/angle resolutions of FRaC follow the analysis in
Subsection IV-A, and achieve the same resolutions as the radar
transmitting a wideband waveform and with an equivalent virtual
aperture. Then, we test the resolution of the radar subsystem by
recovering three closely located targets, and calculating the hit
rate curve to show the detection performance with different noise
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levels. Next, the phase transition curves of the radar subsystem
are theoretically calculated, and compared with the simulated
phase transition threshold with different waveform parameters.
Finally, the hardware overheads of FRaC and the compared radar
system are provided. Due to the page limitations, the ability of
FRaC to decrease mutual interference, which was shown for
other IM-based DFRC systems, e.g., [9], is not studied here,
and is left for future work.

In the sequel, the ambiguity function, recovery performance,
and number of detectable targets are evaluated. Unless stated
otherwise, we use the waveform parameters listed in Table II.

1) Ambiguity Function: We now empirically evaluate the
ambiguity function of FRaC, and compare it with the theo-
retical expected ambiguity function given by (24). To show
the characteristics of the ambiguity function of FRaC, a single
realization of the ambiguity function is calculated. Since the
ambiguity function has three arguments, i.e., δfr, δfv, δfθ, we
only draw the amplitude of two cross sections at χ(δfr, 0, δfθ)
and χ(0, δfv, δfθ) in Figs. 5(a)-5(b), respectively. For compari-
son, we depict the theoretical expected ambiguity function using
(24) in Figs. 5(c)-5(d).

The similarity between the instantaneous ambiguity function
and its theoretically evaluated expectation is observed in Fig. 5.
We note that the ambiguity function of FRaC is thumbtack,
and has a mainlobe centered at (0, 0, 0). The resolution is ob-
tained from the width of the mainlobe. Comparing Figs. 5(a)-(b)
and Figs 5(c)-(d), we find that the mainlobe width of both
ambiguity functions are nearly the same, which demonstrates
that the expected ambiguity function is useful to characterize
the resolution of radar subsystem. To further show the reso-
lution performance, we further zoom in around the mainlobe
of χ(δfr, 0, δfθ) and χ(0, δfv, δfθ) in Figs. 5(e)-5(f). From the
zoomed ambiguity function, we note thatΔfr ≈ 1

M ≈ 1
8 ,Δfv ≈

1
N ≈ 1

32 andΔfθ ≈ 1
PQr

≈ 1
8 , which are in line with the analysis

in Subsection IV-A. According to (25), we obtain the resolu-
tions in range, velocity, and angle, via Δr = cΔfr

2Δf = 1.5 m,

Δv = cΔfv
2T0fc

= 1 m/s and Δθ = arcsin{ cΔfθ
fcdR

} = 14.48◦, re-
spectively. These are the same resolutions of MIMO FMCW
radar with a bandwidth of 100 MHz, and receive array of 8
elements [43, Ch. 2.10].

2) Target Recovery: We next evaluate the radar resolution
by recovering three adjacent targets with unit reflective factors
using the detection mechanism proposed in Subsection III-A.
The number of active elements are set to K = 2. The target
recovery performance of FRaC is compared with that of the
IM-based MAJoRCom scheme [9]. Since the transmission and
reception of MAJoRCom utilize the same array through time
division duplexing, to adapt it to the vehicular scenario, the com-
pared MAJoRCom is modified to utilize separate transmit array
and receive array, which also formulate a MIMO architecture as
FRaC. For fair comparison, the same number of RF modules are
utilized in FRaC and MAJoRCom. Thus, the number of receive
antennas of MAJoRCom is the same as that of FRaC, while the
number of transmit antennas of MAJoRCom equals the number
of active transmit elements in FRaC. The remaining parameters
of MAJoRCom, such as the cardinality of the sub-carrier set, the

Fig. 6. Recovery results of FRaC.

Fig. 7. Recovery results of MAJoRCom.

total bandwidth, the PRI, and the number of pulses in one CPI,
are set the same as that of FRaC. In the compared MAJoRCom,
K waveforms with different sub-carriers are separately assigned
to the K transmit elements in a permutation manner. A virtual
array can also be combined in the modified MAJoRCom, the
aperture of which equalsKQr. Therefore, the normalized spatial
resolution of the compared MAJoRCom is 1

KQr
, which is wider

than that of FRaC equaling 1
PQr

.
Following the ambiguity function experiments, we set

the parameters of these targets to comply with the eval-
uated radar resolutions. In particular, we simulate three
targets with parameters {r1, v1, θ1} = {4.5 m, 1 m/s, 0◦},
{r2, v2, θ2} = {4.5 m, 1 m/s, 14.48◦}, and {r3, v3, θ3} =
{6 m, 2 m/s, 14.48◦}, respectively. To demonstrate the radar
resolution, this target map is recovered by FRaC and MA-
JoRCom without adding noise. In FRaC, the target locations
are recovered utilizing the detection model in (13) using the
orthogonal matching pursuit CS algorithm [34]. The recovery
target locations compared to their true locations are shown in
Fig. 6 and Fig. 7 for FRaC and MAJoRCom, respectively. From
Fig. 6, we observe FRaC exactly recovers the targets such that
they can be distinguished with the given parameter settings,
demonstrating that the evaluated radar resolutions of FRaC are
indeed translated into accurate target recovery capabilities. From
Fig. 7(a), we find that MAJoRCom fails to recover the angle
of Target3. This is because Target1 and Target2 have the same
range and velocity values, and the angle distance of Target1 and
Target2 is finer than the angle resolution of MAJoRCom. Thus,
Target1 and Target2 can not be distinguished by MAJoRCom,
which leads to a wrong recovery.

To demonstrate the radar performance in different noise lev-
els, we use hit rate as the performance criterion. A “hit” is defined
if the range-velocity-angle parameter of a scattering point is
successfully recovered. Each hit rate is calculated over 20,000
Monte Carlo trials by recovering the target scenario depicted
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Fig. 8. Range-velocity-angle recovery hit rate versus different radar SNR(r).

Fig. 9. Hit rate versus system parameters. (a) shows hit rate versus K and
SNR(r). (b) Shows hit rate versus M and SNR(r) versus M and SNR(r).

in Fig. 6. In the simulation, the power of the received echoes
from different targets are set to be equal and are normalized. The
radar signal-to-noise ratio (SNR) is defined asSNR(r) = NKQr

σ2
r

,

where σ2
r is the variance of w(r)

n,k,q in (10). The hit rate of FRaC
is compared to that of MAJoRCom and a wideband FMCW
radar with the same number of elements P ×Qr, and the results
are depicted in Fig. 8. Observing Fig. 8, we note that FRaC
has a performance loss of 1 dB in low SNR(r) compared to
the costly wideband FMCW system, while achieving the same
hit rate as the wideband radar for SNR(r) higher than 14 dB.
For MAJoRCom, the hit rate does not reach probability one
with the increasing of SNR(r). This is because Target1 and
Target2 can not be distinguished by MAJoRCom as observed
in Fig. 7(a), even in the absence of noise. These results indicate
that the notable hardware reduction and the natural operation
as a DFRC system of FRaC result in only minor degradation
in the radar accuracy compared to the wideband FMCW MIMO
benchmark, and outperforms the MAJoRCom utilizing the same
number of RF modules for scenarios of close targets.

We next simulate the target recovery performance versus
different system parameters. To that aim, the hit rate perfor-
mance is evaluated over 20,000 randomly generated target maps
with three targets. The hit rates versus K, i.e., the number of
active antenna elements or the transmit sub-carriers, are shown
in Fig. 9(a). Observing Fig. 9(a), we note that the hit rates
increase with the increase of K, where the more substantial
improvement is observed when K increases from one to two.
This is because more sub-carriers and transmit elements are
utilized, thus improves the performance. The hit rates versus M ,

TABLE III
WAVEFORM PARAMETERS SIMULATIONS OF PHASE TRANSITION

i.e., the number of sub-carriers in the carrier set, are depicted in
Fig. 9(b). From Fig. 9(b), we find that the hit rates increase with
the decreasing of M . This stems from the fact that when M
is decreased, the waveform transmitted in each pulse occupies
more frequency resource, thus improving the radar performance.

3) Phase Transition Threshold: Here, we verify the theoret-
ical phase transition threshold derived in Subsection IV-B, by
comparing the simulated phase transition thresholds with the
theoretical quantities computed via (30). To obtain the simulated
phase transition threshold, the targets are recovered without
noise according to (29) by solving a convex optimization prob-
lem. For a given number of targets and waveform parameters,
1,000 Monte Carlo trials are carried out to recover the radar
targets, which are randomly generated on the grids. An exact
recovery is defined when the average �2 distance between the
recovered target vector b̂ and the true b is at most 10−4. The sim-
ulated phase transition threshold is observed from the behavior
of recovery probability curve versus the number of targets. When
the number of targets grows, the probability of exact recovery
starts to drastically decrease at some point, which is regarded
as the simulated phase transition threshold. In particular, the
recovery probability treated as the phase transition threshold is
∼ 0.6.

To reveal the relationship between the phase transition thresh-
old and the waveform parameters, we classify the simulations
into four categories, depending on the parameter which is modi-
fied: 1) the number of transmit sub-carriers K; 2) the cardinality
of the carrier set M ; 3) the total number of transmit antennas P ;
and 4) the number of pulsesN in one CPI. The waveform param-
eters and the corresponding theoretical phase transition thresh-
old for each parameter setting are listed in Table III . In each
category, the simulated phase transition threshold is compared
to that of the waveform with the baseline parameters, as well
as the theoretical phase transition threshold calculated via (30).
The recovery probability curves are depicted in Fig. 10 , where
solid curves with different colors represent empirically evaluated
recovery probabilities for different waveform parameters, while
the vertical dashed curves are the theoretical phase transition of
the waveform setting with the corresponding color. We observe
in Fig. 10 that, for each waveform parameter setting, the exact
recovery probability drastically decreases around the theoretical
threshold of (30). Thus, the phase transition can be obtained by
theoretical calculation, while accurately reflecting the empirical
performance, thus facilitating the configuration of FRaC.

In particular, we observe in Fig. 10(a) and Fig. 10(d) that
more targets can be detected when K and N are increased. This
is because when K and N increase, the number of measurement
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Fig. 10. Exact recovery probabilities versus the number of targets. In each
subfigure, only one waveform parameter varies, i.e. varying K in (a), varying
M in (b), varying P in (c) and varying N in (d). The vertical dash lines describe
the locations of the theoretical phase transition thresholds of the corresponding
waveform parameters indicated by different colors.

increases, which leads to an increase in the maximum number
of recoverable targets. Observing Fig. 10(b) and Fig. 10(c),
we note that the phase transition threshold decreases with the
increase of M and P for a fixed K. This is because the transmit
waveform utilizes a smaller portion of the bandwidth and uses
less antennas, when increasing the cardinality of the carrier
set and the number of total transmit antennas, which decreases
the maximum number of recoverable targets. These numerical
results are in line with the analysis in Subsection IV-B, indicating
that conclusions made out based on the quantitative approxima-
tion in Corollary 2 also reflect on scenarios of practical interest.

4) Comparison of Hardware Complexity: From the analysis
in Section IV and the simulations in this subsection, we conclude
that FRaC achieves the same radar resolution performance as a
wideband FMCW MIMO radar which utilizes the full available
bandwidth and antenna elements. The fact that FRaC utilizes
a subset of the available band and transmit elements at each
PRI, which is exploited to convey information in the form of
IM and reduces the hardware complexity, results in a minor
performance loss in hit rate, and a reduction in the number of
maximum recoverable targets. In the following we quantify the
hardware complexity gains of FRaC compared to the wideband
benchmark, while the communication gains are evaluated in the
following subsection.

The hardware complexity reduction of FRaC compared to
wideband MIMO radar is expressed in its number of RF mod-
ules, the required sample rate, and the volume of the data being
processed at the radar receiver. To quantify the reduction in RF
modules, we note that the DFRC transmitter of FRaC utilizes K
RF modules, while Qr RF modules are used in reception. Thus
the total number of RF modules required in FRaC isK +Qr. For
comparison, a wideband MIMO radar uses an overall of PQr

RF modules to achieve the same angle resolution. Furthermore,

TABLE IV
COMPARISON OF HARDWARE COMPLEXITY

to achieve the same radar resolutions as FRaC, the waveform
bandwidth of wideband MIMO radar is BW = MBsub, and the
number of elements in receive antenna is set toPQr. Substituting
BW into (6), we note that the sampling rate of the wideband
benchmark is M times larger than that of FRaC.

To quantify the data volume reduction, we note that FRaC
receives Qr signals, and uses them to generate KQr virtual
channels. Assuming each virtual channel is acquired using an
ADC with rate F

(r)
s , the number of samples gathered by the

FRaC receiver in each pulse is KQrT0F
(r)
s . For comparison,

a wideband MIMO receiver acquires PQrT0F
(r)
s samples per

pulse. As the sampling rate of the wideband radar is M times
larger than that of FRaC, it acquires PM/K more samples per
pulse than FRaC does.

The hardware overhead of FRaC using the parameters in
Table II compared to wideband FMCW MIMO radar is sum-
marized in Table IV. Observing this table, we find that there
is a significant reduction to the hardware complexity by FRaC,
indicating its attractiveness to vehicular systems operating with
tight constraints in size, power, and cost.

B. Communications Subsystem Evaluation

We next evaluate the communication capabilities of FRaC.
To that aim, we first compare it with the MAJoRCom and a
similar DFRC system which only exploits PM for data con-
veying, utilizing the achievable rate and uncoded BER as the
performance measures. Then, the performances of ML and SOD
decoders are compared. In the experiments, the number of taps
for the channel filter is set to I = 8, and the channel filter taps
{hi

p,qc
} are modeled as i.i.d. zero-mean proper-complex Gaus-

sian random variables with variance e−|i|. The SNR is defined
here as SNR(c) := KQcU

σ2
c

∑I−1
i e−|i|. To reduce the computa-

tional burden, the total bandwidth of the DFRC waveform is set
to B = 200 kHz when simulating the achievable rate, whose
computation involves exhaustive empirical averaging, while the
total bandwidth is still set to 100 MHz in the BER evaluations
as in Subsection V-A. Unless stated otherwise, the remaining
parameters are set according to Table II.

1) Achievable Rate: We numerically compare the achievable
rates of FRaC, MAJoRCom and the wideband FMCW with PM.
Following [38], the achievable rate is computed via

I
(
en;y

(c)
n

)
= −Qc log2 e

− EΨ

{
E
y
(c)
n |Ψ

{
log2

(
1

|E|
∑
en∈E

e
−‖y(c)

n −Ψen‖2
2

σ2
c

)}}
. (33)

The stochastic expectations are computed via empirical aver-
aging. Similarly, the achievable rates of MAJoRCom and the
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Fig. 11. Achievable rate comparison.

compared PM scheme are obtained by substituting the corre-
sponding input vector into (33).

To compare the achievable rates of FRaC and the PM-only
based scheme, we keep the data rates of FRaC and the compared
PM system to be the same, using 6 bits/pulse and 7 bits/pulse.
The waveform parameters are configured as {M,P,Qc,K} =
{8, 4, 4, 1}. As FRaC uses IM to convey NIM = �log2

(
M
K

)�+
�log2

(
P
K

)�+ �log2 K!� = 5 bits per pulse, BPSK and quadra-
ture phase shift keying (QPSK) are utilized to realize the data
rates of 6 bits/pulse and 7 bits/pulse, respectively. The PM-only
based benchmark thus utilizes the constellations of orders 64 and
128, to convey the same amounts of 6 bits/pulse and 7 bits/pulse,
respectively. To compare the achievable rates of FRaC and MA-
JoRCom in a fair manner, the number of RF modules in the trans-
mitter are set as the same in FRaC and MAJoRCom. To meet this
condition, we also simulate FRaC with the waveform parame-
ters of FRaC configured as {M,P,Qc,K, J} = {8, 4, 4, 2, 2},
while the waveform parameters of MAJoRCom are set as
{M,P,Qc,K, PK} = {8, 2, 4, 2, 1}. With this parameter set-
ting, according to Table I, the data rates of FRaC and MAJoR-
Com are �log2

(
M
K

)�+ �log2
(
P
K

)�+ �log2 K!�+ log2 ˜J = 9

bits/pulse and �log2
(
P
K

)�+ �log2 P !
(PK !)K

� = 5 bits/pulse, re-
spectively.

The evaluated achievable rates are depicted in Fig. 11. Ob-
serving Fig. 11, we note that, as expected, the achievable rate
does not exceed the cardinality of E , i.e., the maximal rates of
FRaC-K1-BPSK and 64-BPSK are 6 bits/pulse, while the max-
imal rates of FRaC-K1-QPSK and 128-BPSK are 7 bits/pulse.
However, these rates are only achieved at high SNR values.
In low SNRs, the achievable rates of FRaC outperform that
of the PM wideband FMCW, indicating the improved spectral
efficiency of combining IM with PM in DFRC signalling. We
also observe in Fig. 11 that the rates achieved in FRaC-K2-BPSK
are higher than that of the MAJoRCom in all considered SNRs.
As expected, in high SNRs, the maximal achievable rates of
FRaC-K2-BPSK and MAJoRCom approaches 9 bits/pulse and 5
bits/pulse, respectively. This is because more bits can be embed-
ded in FRaC by utilizing the sparse array and combining the PM.
These results indicate FRaC can convey more information than
MAJoRCom while utilizing the same number of RF modules.

2) Bit Error Rate: We next evaluate the uncoded BER perfor-
mance of the communications subsystem using the same setups

Fig. 12. BER comparison.

Fig. 13. BER comparison of the ML decoder and the SOA decoder.

in the achievable rate evaluations. In this experiment, a total
of 105 DFRC waveforms are generated and decoded for each
SNR value. The numerically evaluated BER results of FRaC,
the PM scheme and MAJoRCom are shown in Fig. 12. As in
the achievable rate study, we compare the BER curves of FRaC-
K1-BPSK, FRaC-K1-QPSK, and FRaC-K2-BPSK with that of
64-PSK, 128-PSK, and MAJoRCom, respectively. Observing
Fig. 12, we find that the BER performances of FRaC significantly
outperform that of the PM system. These improvements stem
from the fact that FRaC uses less dense PM constellations,
since it conveys additional bits through IM. Comparing the
BER curves of FRaC-K2-BPSK with MAJoRCom, we note that
FRaC-K2-BPSK, which conveys almost twice the amount of bits
as that of MAJoRCom for the considered setup, achieves BER
within an SNR gap of merely 1 dB, indicating on its ability to
achieve higher data rates using coded transmissions.

3) Detector Comparison: Finally, we compare the BER of
the ML decoder and the reduced complexity SOD decoder. The
BER curves obtained utilizing different decoders are depicted
in Fig. 13. In this experiment, the waveform parameters are set
as the same with the parameters for Fig. 12. Observing Fig. 13,
we note that the complexity reduction of the SOD algorithm
results in a performance loss of approximately 2 dB in SNR
compared to the ML algorithm. To quantify the complexity of
the decoders, recall that for the SOD decoder, the transmit sub-
carriers are first detected, followed by searching over a subset
corresponding to the detected sub-carriers. Taking the setting
M = 8 and K = 1 for example, SOD involves searching over a
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set whose cardinality is 2−�log2 (MK)� = 1
8 of that examined by the

ML algorithm. This indicates that the SOD algorithm allows to
balance complexity at the cost of a relatively minor performance
loss compared to the ML decoder.

VI. CONCLUSION

In this work we proposed FRaC, which is a DFRC system
based on FMCW signaling with IM, utilizing sparse arrays
and narrowband waveforms. FRaC conveys its message in the
combination of carrier selection, antenna selection, waveform
permutation, and PM. We presented the signal models and detec-
tion algorithms for both radar and communications subsystems.
For the radar subsystem, we analyzed the ambiguity function,
showing that the resolution of FRaC is similar to that of a
wideband MIMO radar. We also characterized the relationship
between the maximum number of recoverable targets and the
waveform parameters via phase transition theory, and numeri-
cally demonstrated that the theoretical analysis matches the em-
pirical performance. Furthermore, we numerically showed that
the achievable rate and BER performances of FRaC outperform
a system which only utilizes PM.

APPENDIX A
PROOF OF THEOREM 1

For a given radar pulse index n, the indices of the active
antenna elements, denoted by Pn, and the carrier frequencies,
denoted by Mn, are randomized from the radar antenna com-
bination set and the sub-carrier combination set, respectively.
The random vector Pn thus obeys a discrete uniform distribu-
tion following Pr(Pn) = 1/Ωp, where Ωp :=

(
P
K

)
is the total

number of possible antenna index combinations. Similarly, the
random vectorMn obeys a discrete uniform distribution follow-
ing Pr(Mn) = 1/Ωm, where Ωm :=

(
M
K

)
is the total number of

possible sub-carrier index combinations. The expected ambigu-
ity function can be calculated as follows:

E {χ (δfr, δfv, δfθ)} =

N−1∑
n=0

Qr−1∑
q=0

e−j2πnδfv · e−j2πqrδfθ

× E

{
K−1∑
k=0

e−j2πmn,kδfr · e−j2πQrpn,kδfθ

}
. (34)

The expected value in (34) is

E

{
K−1∑
k=0

e−j2πmn,kδfr · e−j2πQrpn,kδfθ

}

(a)
=

1

ΩmΩp

Ωm−1∑
i1=0

Ωp−1∑
i2=0

K−1∑
k=0

e−j2πm
(i1)

n,k δfr · e−j2πQrp
(i2)

n,k δfθ

(b)
=

1

ΩmΩp

KΩmΩp

MP

M−1∑
m=0

P−1∑
p=0

e−j2πmδfre−j2πQrpδfθ , (35)

where (a) follows since Mn and Pn are uniformly distributed,
and (b) holds as there areKΩmΩp summands, where each index

in the summation over m and n occurs KΩmΩp/(MP ) times.
Substituting (35) into (34), we obtain that E{χ(δfr, δfv, δfθ)} =
K

MP

∑M−1
m=0 e

−j2πmδfr
∑N−1

n=0 e−j2πnδfv
∑PQr−1

q′=0 e−j2πq′δfθ ,
and thus

E {χ (δfr, δfv, δfθ)} =
K

MP
e−jπ(δfr+δfv+δfθ),

× sin (Mπδfr)

sin (πδfr)
· sin (Nπδfv)

sin (πδfv)
· sin (PQrπδfθ)

sin (πδfθ)
. (36)

Taking the absolute value of (36) proves (24).

APPENDIX B
PROOF OF COROLLARY 2

When NMPQr

L∗ � 1, β∗ is sufficiently larger than one [45],

thus β2∗
2 � ln(β2

∗ + 1). Under these conditions, we ignore the
terms of ln(β2

∗ + 1) and L∗ in (32), which yields

β2
∗ = O (ln (NMPQr)) . (37)

According to (31), L∗ is approximated by

L∗ ≈ NKQr

2 + β2∗ /2
. (38)

Substituting (37) into (38) yields L∗ = O( NKQr

ln(NMPQr)
), com-

pleting the proof.
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