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Convolutional Phase Retrieval via Gradient Descent

Qing Qu

Abstract— We study the convolutional phase retrieval problem,
of recovering an unknown signal x € C™ from m measurements
consisting of the magnitude of its cyclic convolution with a
given kernel a € C™. This model is motivated by applications
such as channel estimation, optics, and underwater acoustic
communication, where the signal of interest is acted on by a given
channel/filter, and phase information is difficult or impossible
to acquire. We show that when a is random and the number
of observations m is sufficiently large, with high probability =
can be efficiently recovered up to a global phase shift using a
combination of spectral initialization and generalized gradient
descent. The main challenge is coping with dependencies in the
measurement operator. We overcome this challenge by using ideas
from decoupling theory, suprema of chaos processes and the
restricted isometry property of random circulant matrices, and
recent analysis of alternating minimization methods.

Index Terms—Phase retrieval, nonconvex optimization, non-
linear inverse problem, circulant convolution.

I. INTRODUCTION

E CONSIDER the problem of convolutional phase
Wretrieval where our goal is to recover an unknown
signal & € C™ from the magnitude of its cyclic convolution
with a given filter a € C™. Specifically, the measurements
take the form

Yy = la® x|, (L1)

Manuscript received May 30, 2018; revised June 25, 2019; accepted
October 2, 2019. Date of publication October 31, 2019; date of current version
February 14, 2020. This work was supported in part by National Science
Foundation (NSF) Computing and Communication Foundations (CCF) under
Grant 1527809, in part by NSF Information and Intelligent Systems (IIS)
under Grant 1546411, in part by the European Union’s Horizon 2020 Research
and Innovation Program under Grant 646804-ERCCOGBNYQ, in part by
the Israel Science Foundation under Grant 335/14, and in part by the CCF
under Grant 1740833 and Grant 1733857. This article was presented at the
NeurIPS 2017.

Q. Qu was with the Department of Electrical Engineering, Columbia
University, New York, NY 10027 USA, and also with the Data Science
Institute, Columbia University, New York, NY 10027 USA. He is now with
the Center for Data Science, New York University, New York, NY 10011 USA
(e-mail: qq213@nyu.edu).

Y. Zhang was with the Department of Electrical Engineering, Columbia
University, New York, NY 10027 USA, and also with the Data Science Insti-
tute, Columbia University, New York, NY 10027 USA. She is now with the
Department of Computer Science, Cornell University, Ithaca, NY 14853 USA
(e-mail: yz2557 @cornell.edu).

Y. C. Eldar is with the Weizmann Faculty of Mathematics and Computer
Science, Weizmann Institute of Science, Rehovot 7610001, Israel (e-mail:
yonina.eldar@weizmann.ac.il).

J. Wright is with the Department of Electrical Engineering, Columbia Uni-
versity, New York, NY 10027 USA, with the Department of Applied Physics
and Applied Mathematics, Columbia University, New York, NY 10027 USA,
and also with the Data Science Institute, Columbia University, New York,
NY 10027 USA (e-mail: jw2966 @columbia.edu).

Communicated by P. Grohs, Associate Editor for Signal Processing.

Color versions of one or more of the figures in this article are available
online at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TIT.2019.2950717

, Yuqgian Zhang~, Yonina C. Eldar™, Fellow, IEEE, and John Wright

where ® is cyclic convolution modulo m and || denotes
entrywise absolute value. This problem can be rewritten in
the common matrix-vector form

find z, st y=|Az|, (1.2)

where A corresponds to a cyclic convolution. Convolutional
phase retrieval is motivated by applications in areas such
as channel estimation [2], noncoherent optical communica-
tion [3], and underwater acoustic communication [4]. For
example, in millimeter-wave (mm-wave) wireless communica-
tions for 5G networks [5], one important problem is to estimate
the angle of arrival (AoA) of a signal from measurements
taken by the convolution of an antenna pattern and AoAs.
As the phase measurements are often very noisy, unreliable,
and expensive to acquire, it may be preferred to only take
measurements of the signal magnitude in which case the phase
information is lost.

Most known results on the exact solution of phase retrieval
problems [6]-[11] pertain to generic random matrices, where
the entries of A are independent subgaussian random vari-
ables. We term problem (I.2) with a generic sensing matrix
A as generalized phase retrieval." However, in practice it is
difficult to implement purely random measurement matrices.
In most applications, the measurement is much more structured
— the convolutional model studied here is one such structured
measurement operator. Moreover, structured measurements
often admit more efficient numerical methods: by using the
fast Fourier transform for matrix-vector products, the benign
structure of the convolutional model (I.1) allows to design
methods with O(m) memory and O(mlogm) computation
cost per iteration. In contrast, for generic measurements,
the cost is around O(mn).

In this work, we study the convolutional phase retrieval
problem (I.1) under the assumption that the kernel a =
[aq, - ,am]T is randomly generated from an i.i.d. standard
complex Gaussian distribution CN (0, I). Compared to the
generalized phase retrieval problem, the random convolution
model (I.1) we study here is far more structured: it is para-
meterized by only O(m) independent complex normal random
variables, whereas the generic model involves O(mn) random
variables. This extra structure poses significant challenges for
analysis: the rows and columns of the sensing matrix A are
probabilistically dependent, so that classical probability tools
(based on concentration of functions of independent random
vectors) do not apply.

We propose and analyze a local gradient descent type
method, minimizing a weighted, nonconvex and nonsmooth

I'We use this term to make distinctions from Fourier phase retrieval, where
the matrix A is an oversampled DFT matrix. Here, generalized phase retrieval
refers to the problem with any generic measurement other than Fourier.
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min f

zeCn (L.3)

where ® denotes the Hadamard product. Here, b € RT i is
a weighting vector, which is introduced mainly for analysis
purposes. The choice of b is discussed in Section III. Our
result can be informally summarized as follows:

2
With m > Q (”ﬁj‘! n poly logn) samples, general-

ized gradient descent starting from a data-driven initial-
ization converges to the target solution with linear rate.

Here, C, € C™*™ denotes the circulant matrix corre-
sponding to cyclic convolution with a length m zero padding
of «, and polylogn denotes a polynomial in logn. Com-
pared to the results of generalized phase retrieval with i.i.d.
Gaussian measurement, the sample complexity m here has
extra dependency on |C|| / ||||. The operator norm ||C||
is inhomogeneous over CS™ ! for a typical = (e.g., drawn
uniformly at random from CS" '), ||Cy|| is of the order
O(logn) and the sample complexity matches that of the
generalized phase retrieval up to log factors; the “bad” case
is when @ is sparse in the Fourier domain: ||C|| ~ O(y/n)
and m can be as large as O(n? poly logn).

Our proof is based on ideas from decoupling theory [12],
the suprema of chaos processes and restricted isometry prop-
erty of random circulant matrices [13], [14], and is also
inspired by a new iterative analysis of alternating minimization
methods [11]. Our analysis draws connections between the
convergence properties of gradient descent and the classical
alternating direction method. This allows us to avoid the need
to argue uniform concentration of high-degree polynomials
in the structured random matrix A, as would be required
by a straightforward translation of existing analysis to this
new setting. Instead, we control the bulk effect of phase
errors uniformly in a neighborhood around the ground truth.
This requires us to develop new decoupling and concentration
tools for controlling nonlinear phase functions of circulant
random matrices, which could be potentially useful for ana-
lyzing other random convolution problems, such as sparse
blind deconvolution [15], [16] and convolutional dictionary
learning [17], [18].

A. Comparison With Literature

a) Prior arts on phase retrieval. The challenge of developing
efficient, guaranteed methods for phase retrieval has attracted
substantial interest over the past several decades [19], [20].
The problem is motivated by applications such as X-ray
crystallography [21], [22], microscopy [23], astronomy [24],
diffraction and array imaging [25], [26], optics [27], and more.
The most classical method is the error reduction algorithm
derived by Gerchberg and Saxton [28], also known as the
alternating direction method. This approach has been further
improved by the hybrid input-output (HIO) algorithm [29]. For
oversampled Fourier measurements, it often works surprisingly

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 66, NO. 3, MARCH 2020

well in practice, while theoretical understandings of its global
convergence properties still remain largely open [30].

For the generalized phase retrieval where the sensing
matrix A is ii.d. Gaussian, the problem is better-studied:
in many cases, when the number of measurements is large
enough, the target solution can be exactly recovered by
using either convex or nonconvex optimization methods. The
first theoretical guarantees for global recovery of generalized
phase retrieval with i.i.d. Gaussian measurement are based
on convex optimization — the so-called Phaselift/Phasemax
methods [6], [10], [31]. These methods lift the problem to
a higher dimension and solve a semi-definite program-
ming (SDP) problem. However, the high computational cost of
SDP limits their practicality. Quite recently, [32]-[34] reveal
that the problem can also be solved in the natural parameter
space via linear programming.

Recently, nonconvex approaches have led to new computa-
tional guarantees for global optimizations of generalized phase
retrieval. The first result of this type is due to Netrapalli
et al. [35], showing that the alternating minimization method
provably converges to the truth when initialized using a
spectral method and provided with fresh samples at each
iteration. Later on, Candes et al. [36] showed that with the
same initialization, gradient descent for the nonconvex least
squares objective,

. 1 2 2 2
min f1(2) = 5 [v? - |42 .

min (1.4)

provably recovers the ground truth, with near-optimal
sample complexity m > (nlogn). The subsequent
work [8], [9], [37] further reduced the sample complexity to
m > (n) by using different nonconvex objectives and trunca-
tion techniques. In particular, recent work by [9], [37] studied a
nonsmooth objective that is similar to ours (I.3) with weighting
b = 1. Compared to the SDP-based techniques, these methods
are more scalable and closer to the approaches used in practice.
Moreover, Sun et. al. [38] reveal that the nonconvex objec-
tive (I.4) actually has a benign global geometry: with high
probability, it has no bad critical points with m > Q(n log® n)
samples.” Such a result enables initialization-free nonconvex
recovery [40], [41]. For convolutional phase retrieval, it would
be nicer to characterize the global geometry of the problem
as in [38], [42]-[45]. However, the inhomogeneity of ||C||
over CS" ™! causes tremendous difficulties for concentration
with m > Q(npoly logn) samples.

b) Structured random measurements. The study of struc-
tured random measurements in signal processing has quite
a long history [46]. For compressed sensing [47], the
work [48]-[50] studied random Fourier measurements, and
later [13], [14] proved similar results for partial random convo-
lution measurements. However, the study of structured random
measurements for phase retrieval is still quite limited. In par-
ticular, [51] and [52] studied t-designs and coded diffraction
patterns (i.e., random masked Fourier measurements) using
semidefinite programming. Recent work studied nonconvex

2 [39] further tightened the sample complexity to m > Q(nlogn) by using
more advanced probability tools.
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optimization using coded diffraction patterns [36] and STFT
measurements [53], both of which minimize a nonconvex
objective similar to (I.4). These measurement models are moti-
vated by different applications. For instance, coded diffraction
is designed for imaging applications such as X-ray diffraction
imaging, STFT can be applied to frequency resolved optical
gating [54] and some speech processing tasks [55]. Both
of the results show iterative contraction in a region that is
at most O(1/+/n)-close to the optimum. Unfortunately, for
both results either the radius of the contraction region is not
large enough for initialization to reach, or they require extra
artificial technique such as resampling the data. In comparison,
the contraction region we show for the random convolutional
model is larger O(1/polylog(n)), which is achievable in the
initialization stage via the spectral method. For a more detailed
review of this subject, we refer the readers to Section 4 of [46].

The convolutional measurement can also be reviewed as
a single masked coded diffraction patterns [36], [52], since
a®x = F~1(a® ), where a is the Fourier transform of a
and Z is the oversampled Fourier transform of @. The sample
complexity for coded diffraction patterns m > Q(n log* n)
in [36] suggests that the dependence of our sample complexity
on ||Cg| for convolutional phase retrieval might not be
necessary and can be improved in the future. On the other
hand, our results suggest that the contraction region is larger
than O(1/+/n) for coded diffraction patterns, and resampling
for initialization might not be necessary.

B. Notations, Wirtinger Calculus, and Organizations

a) Basic notations. Throughout this paper, all vectors/
matrices are written in bold font a/A; indexed values are
written as a;, A;;. We use CS" ! to represent the unit
complex sphere in C". We use (-) " and (-)* to denote the real
and Hermitian transpose of a vector or matrix, respectively.
We use R(-) and (-) for the real and imaginary parts of a
complex variable, respectively. We use g1_ll g» to represent the
independence of two random variables g1, go. Given a matrix
X € C™*", col(X) and row(X) are its column and row
space. We use ||-|| and ||-|| to denote the Frobenius norm
and spectral norm of a matrix, respectively. For a random
variable X, its L? norm is defined as || X||,, = E[|X|p]1/p
for any positive p > 1. For a smooth function f € C!,
its L>° norm is defined as [|f| p«~ = Subicdom(ys) |f(t)]- We
use CN(0, I) be the standard complex Gaussian distribution.
If @ ~ CN(0,I), then

a =u+iv, u,v~ia N(0,11).

In addition, for all theorems and proofs we use ¢; and C;
(¢ =1,2,--+) to denote positive numerical constants.

e Some basic operators. For any vector v € C", we define

* *

VU

T
[[v]]

vv
U:—

29
o]l

to be the projection onto the span of v and its orthogonal
complement, respectively. For an arbitrary set ), we denote
the cardinality of {2 as ||, and let supp(2) be the support

vl =
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set of Q. If 1 is the indicator function of the set €2, then

o), = 1 if j€Q,
@l = 0 otherwise,

where [-]; is the jth coordinate of a given vector. Suppose
Q] = ¢, we let Rg : C™ ~— C'’ be a mapping that
maps a vector into its coordinates restricted to the set .
Correspondingly, we use Ry, to denote its adjoint operator.
Let F,, € C"*™ to denote a unnormalized n x n Fourier
matrix with ||F,|| = v/n, and let F' € C™*™ (m > n)
be an oversampled Fourier matrix.

o Cyclic convolution. Let C, € C™*™ be the circulant matrix
generated from a, i.e.,

aq (079 s+ a3 a9
az ai am as
Ca = . a9 ai
Aoy —1 A
Qm Am—1 -+ G2 ai

= [So[a] 81[0,] Sm—l[aﬂ, (L5)

where s¢[-] (0 < ¢ < m — 1) denotes a circulant shift by ¢
samples. Therefore, the convolution @ ® « in (I.1) can be
rewritten in the matrix-vector form

a®z = C. Rz, (1.6)

where Rj;.,) : R™ — R™ maps any vector € € R™ to this
first n coordinates, and Rﬁ;n] is its adjoint operator.

b) Wirtinger calculus. Consider a real-valued function
g(z) : C" — R. The function is not holomorphic, so that it is
not complex differentiable unless it is constant [56]. However,
if one identifies C™ with R?" and treats g as a function in the
real domain, g can be differentiable in the real sense. Doing
calculus for g directly in the real domain tends to produce
cumbersome expressions. A more elegant way is adopting the
Wirtinger calculus [57], which can be considered as a neat
way of organizing the real partial derivatives (see also [7] and
Section 1 of [38]). The Wirtinger derivatives can be defined
formally as

Jg B dg9(z, %)
oz 9z |z constant
~ [09(2,%) 99(z,%) |
a Nz} T Oz 11z constant
Jg B dg9(z, %)
% B 82 z constant
_ [99(z,Z) 99(z,%) ]
B az_l o a% 4 1z constant

Basically it says that when evaluating dg/0z, one just writes
0g/0z in the pair of (z,Z), and conducts the calculus by treat-
ing Z as if it was a constant. We compute dg/0% in a similar
fashi(ln. To evaluate the individual partial derivatives, such as
%ZZ)’ all the usual rules of calculus apply. For more details
on Wirtinger calculus, we refer interested readers to [56].
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¢) Organization. The rest of the paper is organized as fol-
lows. In Section II, we introduce the basic formulation of the
problem and the proposed algorithm. In Section III, we present
the main results and a sketch of the proof; detailed analysis
is postponed to Section VI. In Section IV, we corroborate our
analysis with numerical experiments. We discuss the potential
impacts of our work in Section V. Finally, all the basic
probability tools that are used in this paper are described in
the appendices.

II. NONCONVEX OPTIMIZATION VIA GRADIENT DESCENT

In this work, we develop an approach to convolutional phase
retrieval based on local nonconvex optimization. Our proposed
algorithm has two components: (1) a careful data-driven
initialization using a spectral method; (2) local refinement by
gradient descent. We introduce the two steps below.

A. Nonconvex and Nonsmooth Minimization

We consider minimizing a weighted nonconvex and
nonsmooth objective introduced in (I.3), where as shown
in (1.6) the matrix A = CoRJj,,,) € C™*" is formed by the
first n columns of C,. The adoption of the positive weights b
facilitates our analysis, by enabling us to compare certain func-
tions of the dependent random matrix A to functions involving
more independent random variables. We will substantiate this
claim in the next section.

We consider the generalized Wirtinger gradient of (1.3),

(=) = - A" ding (b) [4% — y © exp (6(A2))].

Here, because of the nonsmoothness of (I.3), f(-) is not
differentiable everywhere even in the real sense. To deal with
this issue, we specify

w/ || ifu] # 0,
1 otherwise,

exp (ip(u)) = {

for any complex number u € C and ¢(u) € [0, 27). Starting
from some initialization z(®), we minimize the objective (1.3)
by generalized gradient descent
0
(r+1) — () _ 7, (r)

2 20— 7 f(20),
where 7 > 0 is the stepsize. Indeed, % (2z) can be interpreted
as the subgradient of f(z) in the real case; this method can
be seen as a variant of amplitude flow [9].

(IL1)

B. Initialization via Spectral Method

Similar to [7], [35], we compute the initialization 29 via a
spectral method, detailed in Algorithm 1. More specifically,
2 is a scaled version of the leading eigenvector of the
following matrix

Y

1 m
- 2 *
m YAk ay
k=1

lA* diag (yQ) A,
m

(I1.2)
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Algorithm 1 Spectral Initialization

Input:  Observations {yx},. ;.
Output:  The initial guess z(©).
1: Estimate the norm of x by

2: Compute the leading eigenvector 20 e ¢S of the
matrix,

1 & R B
Y = - kz::lyiakak = EA diag (yQ) A,

3: Set 20 = \z(0),

which is constructed from the knowledge of the sensing
vectors and observations. The leading eigenvector of Y can
be efficiently computed via the power method. Note that
E[Y] = ||z||* I +@z*, so the leading eigenvector of E [Y] is
proportional to the target solution . Under the random con-
volutional model of A, by using probability tools from [46],
we show that v*Y v concentrates to its expectation v*E [Y] v
for all v € CS" " whenever m > Q(n poly logn), ensuring
that the initialization z(?) is close to the set of target solutions.
It should be noted that several variants of the initialization
approach in Algorithm 1 have been introduced in the literature.
They improve upon the log factors of sample complexity for
generalized phase retrieval with i.i.d. measurements. Those
methods include the truncated spectral method [8], null initial-
ization [58] and orthogonality-promoting initialization [9]. For
the simplicity of analysis, here we only consider Algorithm 1
for the convolutional model.

III. MAIN RESULT AND SKETCH OF ANALYSIS

In this section, we introduce our main theoretical result,
and sketch the basic ideas behind the analysis. Without
loss of generality, we assume the ground truth signal to be
x € CS"'. Because the problem can only be solved up to a
global phase shift, we define the set of target solutions as

X = {ze?|pe0,2m)},
and correspondingly let

dist(z,X) = inf ||z —ae”?|,

$€[0,2m)

which measures the distance from a point z € C™ to the set
of target solutions X.

A. Main Result
Suppose the weighting vector b = (,2(y) in (1.3), where

C2(t) = 1-=2m0%E,2(t),
50'2 (t) = 271-102 exp <_%) )

(I1L.1a)
(111 1b)
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with 0% > 1/2. Our main theoretical result shows that with
high probability, the generalized gradient descent (II.1) with
spectral initialization converges linearly to the optimal set X.

Theorem 3.1 (Main Result): If m > Cj nlog31 n, then
Algorithm 1 produces an initialization z(©) that

dist (z(o),X) < ¢olog ®n x|,

with probability at least 1 — ¢; m 2. Starting from z(©),
with o2 = , 0.51 and stepsize 7 = 2.02, whenever
>, H”Ca':‘:‘! max {1og17 n,nlog n} for all iterates z(7)

(r > 1) in (II.1), we have

dist (z“),x) < (1 o) dist (z“’),x) G 11 1))
with probability at least 1 — cg3 m~“ for some numerical
constant ¢ € (0, 1).

Remark. Our result shows that by initializing the prob-
lem O(1/polylog(n))-close to the optimum via the spectral
method, the gradient descent (II.1) converges linearly to the
optimal solution. As we can see, the sample complexity here
also depends on ||Cy||, which is quite different from the i.i.d.
case. For a typical € CS"! (e.g.,  is drawn uniformly
random from CS™ '), ||C| is on the order of O(logn), and
the sample complexity m > ) (n poly log n) matches the i.i.d.
case up to log factors. However, ||Cy| is nonhomogeneous
over © € CS™': if x is sparse in the Fourier domain
(e.g., x = ﬁl), the sample complexity can be as large as

m > (n2 poly log n) Such a behavior is also demonstrated
in the experiments of Section IV. We believe the (very large!)
number of logarithms in our result is an artifact of our analysis,
rather than a limitation of the method.2 We expect to reduce
the sample complexity to m > €2 (Hﬁ’; EHQ
analysis, which is left for future work.
As we shall see in the following, the smoothness of the
weighting b € R™ in (III.1) helps us get around the difficulty
of convergence analysis. The particular numerical choices of
0? = 0.51 and 7 = 2.02 are merely to ensure iterative
contraction in (II.2). For analysis, the parameter pair (7, 0?)
can be selected in a range as long as ¢ € (0,1) in (ITL.2). In
practice, the algorithm converges with b = 1 and a choice of
small stepsize 7, or by using backtracking linesearch for the

stepsize 7.

nlog® n) by a tighter

B. A Sketch of the Analysis

In this subsection, we briefly highlight some major chal-
lenges and new ideas behind the analysis. All the detailed
proofs are postponed to Section VI. The core idea behind the
analysis is to show that the iterate contracts once we initialize
close enough to the optimum. In the following, we first
describe the basic ideas of proving iterative contraction, which
critically depends on bounding a certain nonlinear function
of a random circulant matrix. We sketch the core ideas of
how to bound such a complicated term via the decoupling
technique.

1789

1) Proof sketch of iterative contraction Our iterative analy-
sis is inspired by the recent analysis of alternating direction
method (ADM) [11]. In the following, we draw connections
between the gradient descent method (II.1) and ADM, and
sketch the basic ideas of convergence analysis.

a) ADM iteration. ADM is a classical method for solving
phase retrieval problems [11], [28], [35], which can be consid-
ered as a heuristic method for solving the following nonconvex
problem

1Az —youl”.

min
zeCn,|u|=1

At every iterate 2", ADM proceeds in two steps:
Y = yoexp (AE(T)) ,
S(r+1) - (1]
z = argmm—HAz—c’“ H ,
z 2
which leads to the following update
2 = Al (yoep (420))

where AT = (A*A)™" A* is the pseudo-inverse of A. Let
‘. The distance between

— in- 2(1) _ ppif
Or = argmingcp o Hz e

2" and X is bounded by

dist (2(’"“), X)

_ H/Z\(T’Jrl) _ wei§7v+1

< HATH HA:ceia" - (y ® exp (AE(T))) H ) (111.3)

b) Gradient descent with b = 1. For simplicity
and illustration purposes, let us first consider the gra-
dient descent update (II.1) with b = 1. Let 6, =

i0 1. The

distance between the iterate 2("*") and the optimal set X is
bounded by

dist (z(rﬂ), X)

_ HZ(T’+1) _ w6197v+1

argminge[mﬁ) Hz(’“) —xe H, with stepsize 7 =

IN

1 .
—|A] HAa:e“gT —y ®exp (iqb(Az(’“))) H

1 )
n HI _ —A*AH Hz<’“> — x| (I11.4)
m

¢) Towards iterative contraction. By measure concentration,
it can be shown that

1
HI——A*AH = o(1), (IIL.5a)
m

1//m, (IIL.5b)

jAl ~ v, 4| ~
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holds with high probability whenever m > € (npoly logn).
Therefore, based on (III.3) and (II.4), to show iterative
contraction, it is sufficient to prove

||A:Bei‘9 —y ®exp (ip(Az)) H
< (- )iz - ae?],
for some constant € (0,1) sufficiently small, where 6 =
arg min@e[o,%) z
By borrowing ideas from controlling (II.6) in the ADM
method [11], this observation provides a new way of analyzing
the gradient descent method. As an attempt to show (IIL.6)
for the random circulant matrix A, we invoke Lemma A.l

in the appendix, which controls the error in a first order
approximation to exp(i¢(-)). Let us decompose

(I1L.6)

— we?|| such that ¢ = x*z/ |[o*2|.

z = ax + Pw,

where w € CS" ™! with w L @, and o, 3 € C. Notice that
¢(a) = 0, so that by Lemma A.1, for any p € (0,1) we have

’Aweie —y Oexp (ip(Az)) ||

<2 [142]© 1)) iz s

T

118« :
e H S (Aw) © exp (—ig(A=)))] .

P

The first term 77 is relatively much smaller than 75, which
can be bounded by a small numerical constant using the
restricted isometry property of a random circulant matrix [14],
together with some auxiliary analysis. The detailed analysis
is provided in Section VI-D. The second term 75 involves
a nonlinear function exp (—i¢(Ax)) of the random circulant
matrix A. Controlling this nonlinear, highly dependent random
process for all w is a nontrivial task. In the next subsection,
we explain why bounding 7> is technically challenging, and
describe the key ideas on how to control a smoothed variant
of 75, by using the weighting b introduced in (III.1). We also
provide intuitions for why the weighting b is helpful.

2) Controlling a smoothed variant of the phase term T
As elaborated above, the major challenge of showing iterative
contraction is bounding the suprema of the nonlinear, depen-
dent random process 72(w) over the set

S = {wE(CS"71|wJ_w}.

By using the fact that $(u) =
we have

%(u—ﬂ) for any u € C,

i

sup T2 (w) < & sup [w' AT diag (y(Az)) Aw
weS weS

L(a,w)
2
+ 3114
where we define ¢(t) = exp(—2i¢(t)). As from (IIL.5),

we know that ||A|| & /m. Thus, to show (IIL.6), the major
task left is to prove that

sup |L(a, w)| < (1 —7")m
weS

(I1L.7)

for some constant ’ € (0, 1).
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a) Why decoupling? Let a; (1 < k < m) be a row vector
of A, then the term

L(a,w) = w' A" diag (¢(Az)) Aw

m
Z Y(ajz)w ' ara, w

k=1

dependence across k

is a summation of dependent random variables. To address
this problem, we deploy ideas from decoupling [12]. Infor-
mally, decoupling allows us to compare moments of random
functions to functions of more independent random variables,
which are usually easier to analyze. The book [12] provides
a beautiful introduction to this area. In our problem, notice
that the random vector a occurs twice in the definition of
L(a,w) — one in the phase term ¢)(Ax) = exp(—2ip(Ax)),
and another in the quadratic term. The general spirit of
decoupling is to seek to replace one of these copies of a with
an independent copy a’ of the same random vector, yielding
a random process with fewer dependencies. Here, we seek to
replace L(a,w) with

Qfiec(a, a’, w)
= w' A" diag (v(A'x)) Aw.
c

The utility of this new, decoupled form Qf .(a,a’ w)
of L(a,w) is that it introduces extra randomness —
Q% (a,a’,w) is now a chaos process of a conditioned on a’.
This makes analyzing sup,,.s Q%..(a,a’,w) amenable to
existing analysis of suprema of chaos processes for random
circulant matrices [46].

However, achieving the decoupling requires additional
work; the most general existing results on decoupling per-
tain to fetrahedral polynomials, which are polynomials with
no monomials involving any power larger than one of any
random variable. By appropriately tracking cross terms, these
results can also be applied to more general (non-tetrahedral)
polynomials in Gaussian random variables [59]. However,
our random process L(a,w) involves a nonlinear phase term
1 (Aw) which is not a polynomial, and hence is not amenable
to a direct appeal to existing results.

(I1L.8)

b) Decoupling is ‘“recoupling”. Existing results [59] for

decoupling polynomials of Gaussian random variables are

derived from two simple facts:

(1) orthogonal projections
independent’;

(2) Jensen’s inequality.

For the random vector @ ~ CN(0, T ), let us introduce an

independent copy 6 ~ CN(0, I). Write

g'=a+d,

of Gaussian variables are

g =a-4.

Because of Item 1, g' and g2 are two independent CN'(0, 21)
vectors. Now, by taking conditional expectation with respect
to d, we have

Es [QL..(9", g% w)]

=Es [Q4..(a+8,a — 8, w)] = L(a,w). (I11.9)

3If two random variables are jointly Gaussian, they are statistically inde-
pendent if and only if they are uncorrelated.
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Thus, we can see that the key idea of decoupling £(a, w) into
Q% (a,a’,w), is essentially “recoupling” Qdﬁec(gi7 g%, w)
via conditional expectation — the “recoupled” term L can be
reviewed as an approximation of £(a,w).

Notice that by Fact 2, Jensen’s inequality, for any convex

function ¢,

Eq [sup © (E(a,w))}

weS

=E, {sup © (E; [Qdﬁec(a +4d,a — J,w)])]
weS

< Eas {Sup ¢ (QLc(a+d,a— J,w))]
weS

= E91792 [SUI;SO (Qd[:ec(glng; w)):| .
we

Thus, by choosing ¢ appropriately, i.e., as ¢(t) = [t|”, we can
control all the moments of sup,,cs £(a,w) via

sup E(a,'w)‘
wes Le
< ||sup | Q4. (9", 9%, w)| (I11.10)
weS Lr
This type of inequality is very useful because it

relates the moments of supwes‘f(a,w)‘ to those of

SUDyes ‘Qﬁec(a, a’,w)|. As discussed previously, QF,. is a
chaos process of g! conditioned on g2. Its moments can be
bounded using existing results [14].

If £ was a tetrahedral polynomial, then we have
L = L, i.e., the approximation is exact. As the tail bound
of sup,es|L(a, w)| can be controlled via its moments
bounds [60, Chapter 7.2], this allows us to directly control
the object of interest £. The reason of achieving this bound is
because the conditional expectation operator Es [- | a] “recou-
ples” Q4 (a,a’,w) back to the target L(a,w). In other
words, (Gaussian) decoupling is recoupling.

¢) “Recoupling” is Gaussian smoothing. In convolutional
phase retrieval, a distinctive feature of the term L(a,w)
is that ¢(-) is a phase function and therefore L is nor a
polynomial. Hence, it may be challenging to posit a Qdﬁec
which “recouples” back to L. In other words, as L # L
in the existing form, we need to tolerate an approximation
error. Although L is not exactly £, we can still control

SUP,,cs |L(a, w)| through its approximation L,
sup [£(a,w)| < sup |Z(a,w) — L(a, w)|
weS weS

-+ sup E(a,'w)‘ .
weS

(IIL11)

As we discussed above, the term sup,cs ‘E(a,w)‘ can
be controlled by using decoupling and the moments bound
in (II1.10). Therefore, the inequality (ITI.11) isA useful to derive
a sufficiently tight bound for L(a,w) if L(a,w) is very
close to L(a,w) uniformly, i.e., the approximation error is
small. Now the question is: for what L is it possible to
find a “well-behaved” Qdﬁec such that the approximation
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Plot of functions with 2 = 0.51
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Fig. 1. Plots of functions h(t), ¢(t) and (,2(t) over the real line with
02 = 0.51. The v(t) function is discontinuous at 0, and cannot be uniformly
approximated by h(t). On the other hand, the function h(t) serves as a good
approximation of the weighting ().

error is small? To understandA this question, recall that the
mechanism that links Q.. to L is the conditional expectation
operator Es [- | a]. For our case, from (III.9) orthogonality
leads to

Z(a,'w) = w' A" diag (h(Ax)) Aw,
h(t) = Egono,a)?) [+ 9]

Thus, by using the results in (III.11) and (III.12), we can
bound sup,,cs |£(a, w)| as

(IIL.12)

sup | £(a,w)| < sup |£(a, w)|
weS wEeS

+ =l (A%
—_————

approximation error

(I11.13)

Note that the function A is not exactly 1, but generated by con-
volving 1) with a multivariate Gaussian pdf: indeed, recoupling
is Gaussian smoothing. The Fourier transform of a multivariate
Gaussian is again a Gaussian; it decays quickly with frequency.
So, in order to admit a small approximation error, the target
1 must be smooth. However, in our case, the function ¢ (¢) =
exp(—2i¢(t)) is discontinuous at ¢ = 0; it changes extremely
rapidly in the vicinity of ¢ = 0, and hence its Fourier
transform (appropriately defined) does not decay quickly at all.
Therefore, the term £(a, w) is a poor target for approximation
by using a smooth function £(a,w) = Es[Q% .(g', g, w)].
From Figure 1, the difference between £ and ) increases as
|t| "\ 0. The poor approximation error ||¢) — f||; « = 1 results
in a trivial bound for sup,,cs |£(a, w)| instead of the desired
bound (II1.7).

d) Decoupling and convolutional phase retrieval. To reduce
the approximation error caused by the nonsmoothness of ¢ at
t = 0, we smooth . More specifically, we introduce a new
weighted objective (I.3) with Gaussian weighting b = (,2(y)
in (I.2), replacing the analyzing target 75 with

T = Hdiag (bl/Q) 3 ((Aw) ® exp (—igb(Aw)))H .
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Consequently, we obtain a smoothed variant Ls(a,w) of
La,w),

Lo(a,w) = w' AT diag (2 (y) © ¥(A)) Aw.
Similar to (III.13), we obtain

sup |Ls(a, w)|
weS
< sup | (@, w)| + (1) = G2 (0 (0) | I AI

Now the approximation error ||h —|; . in (IIL13) is
replaced by ||h(t) — (o2 (£)Y(t)] . As observed from
Figure 1, the function (,2(t) smoothes ¥ (t) especially near
the vicinity of ¢ = 0, such that the new approximation
error ||f(t) — (52 (t)1(t)|| , is significantly reduced. Thus,
by using similar ideas above, we can provide a nontrivial
bound

sup |Ls(a,w)| < (1 —mns) m,

weS
for some 71 € (0,1), which is sufficient for showing iterative
contraction. Finally, because of the weighting b = (,2(y),
it should be noticed that the overall analysis needs to be
slightly modified accordingly. For a more detailed analysis,
we refer the readers to Section VI

IV. EXPERIMENTS

In this section, we conduct experiments on both synthetic
and real datasets to demonstrate the effectiveness of the
proposed method.

A. Experiments on Synthetic Dataset

a) Dependence of sample complexity on |C.||. First,
we investigate the dependence of the sample complexity m
on ||Cy|l. We assume the ground truth € CS"', and
consider three cases:
e x — ey with ey to be the standard basis vector, such that
ICall = 1:
o « is uniformly random generated on the complex sphere
(CSnfl;
o T = \/151, such that ||C|| = v/n.
For each case, we fix the signal length n = 1000 and vary
the ratio m/n. For each ratio m/n, we randomly generate
the kernel @ ~ CA(0,I) in (I.1) and repeat the experiment
100 times. We initialize the algorithm by the spectral method
in Algorithm 1 and run the gradient descent (II.1). Given the
algorithm output Z, we judge the success of recovery by

inf ||@ — x| < e (IV.1)
$€0,2m)
where ¢ = 107°. From Figure 2, for the case when

|Cx|| = O(1), the number of measurements needed is far
less than Theorem 3.1 suggests. Bridging the gap between the
practice and theory is left for the future work.

Another observation is that the larger ||C|| is, the more
samples we needed for the success of recovery. One possibility
is that the sample complexity depends on |C||, another
possibility is that the extra logarithmic factors in our analysis
are truly necessary for worst case (here, spectral sparse) inputs.
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e
N}
:

e
e
:

—-—x=ey, ||Cx|]| =1
——X uniform randn, ||Cx| =1
—.—X = %1, |Cx|| = 31.62

S
IS

Recovery Probability
=) )
[O8] W

e
[S)

o
-

0 10 20 30 40 50
Ratio: m/n

1

Fig. 2. Phase transition for signals @ € CS"~! with different signal
patterns. We fix n = 1000 and generate a with different patterns. We vary
the ratio m/n.

b) Necessity of initializations. As has been shown
in [38], [39], for phase retrieval with generic measurement,
when the sample complexity satisfies m > Q(nlogn), with
high probability the landscape of the nonconvex objective (1.4)
is nice enough that it enables initialization free global opti-
mization. This raises an interesting question of whether spec-
tral initialization is necessary for the random convolutional
model. We consider a similar setting as the previous experi-
ment, where the ground truth € C” is drawn uniformly at
random from CS" "', We fix the dimension n = 1000 and
change the ratio m/n. For each ratio, we randomly generate
the kernel @ ~ CN'(0,I) in (I.1) and repeat the experiment
100 times. For each instance, we start the algorithm from
random and spectral initializations, respectively. We choose
the stepsize via backtracking linesearch and terminate the
experiment either when the number of iterations is larger than
2 x 10% or the distance of the iterate to the solution is smaller
than 1 x 1075,

As we can see from Figure 3, the number of samples
required for successful recovery with random initializations
is only slightly more than that with the spectral initialization.
This implies that the requirement of spectral initialization is
an artifact of our analysis. For convolutional phase retrieval,
the result in [40] shows some promises for analyzing global
convergence of gradient methods with random initializations.

c¢) Effects of weighting b. Although the weighting b in (III.1)
that we introduced in Theorem 3.1 is mainly for analysis, here
we investigate its effectiveness in practice. We consider the
same three cases for @ as we did before. For each case, we fix
the signal length n = 100 and vary the ratio m/n. For each
ratio m/n, we randomly generate the kernel @ ~ CN(0,1)
in (I.1) and repeat the experiment 100 times. We initialize
the algorithm by the spectral method in Algorithm 1 and
run the gradient descent (II.1) with weighting b = 1 and b
in (IIL.1), respectively. We judge success of recovery once the
error (IV.1) is smaller than 10~°. From Figure 4, we can see
that the sample complexity is slightly larger for b = (,2(y),
the benefit of weighting here is more for the ease of analysis.
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Fig. 3. Phase transition with different initializations schemes. We fix

n = 1000 and « is generated uniformly random from CS™~'. We vary the
ratio m/n.

d) Comparison with generic random measurements.
Another interesting question is that, in comparison with a pure
random model, how many more samples are needed for the
random convolutional model in practice? We investigate this
question numerically. We consider the same three cases for
x as we did before, and consider two random measurement
models

y1:|a®w|a y2:|A1}|7

where a ~ CN(0,1I), and ay, ~; ;4. CN(0,I) is a row vector
of A. For each case, we fix the signal length » = 100 and vary
the ratio m/n. We repeat the experiment 100 times. We ini-
tialize the algorithm by the spectral method in Algorithm 1 for
both models, and run gradient descent (II.1). We judge success
of recovery once the error (IV.1) is smaller than 10~°. From
Figure 5, we can see that when « is typical (e.g., * = e
or x is uniformly random generated from CS"™'), under
the same settings, the samples needed for the two random
models are almost the same. However, when x is Fourier
sparse (e.g., x = ﬁl), more samples are required for the
random convolution model.

B. Experiments on Real Problems

a) Experiments on real antenna data for 5G
communication. We demonstrate the effectiveness of the
proposed method on a problem arising in 5G communication,
as we mentioned in the introduction. Figure 6 (left) shows an
antenna pattern a € C3%! obtained from Bell labs. We observe
the modulus of the convolution of this pattern with the signal
of interest. For three different types of signals with length
n = 20, (1) * = e, (2) x is uniformly random generated
from CS"™ !, 3) = = \/Lﬁl, our result in Figure 6 (right)
shows that we can achieve almost perfect recovery.

b) Experiments on real images. Finally, we run the experi-
ment on some real images to demonstrate the effectiveness and
the efficiency of the proposed method. We use m =5 nlogn
samples for reconstruction. The kernel @ € C™ is randomly
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generated as complex Gaussian CN'(0, I'). We run the power
method for 100 iterations for initialization, and stop the
algorithm once the error is smaller than 1 x 10~%. We first test
the proposed method on a gray 468 x 1228 electron microscopy
image. As shown in Figure 7, the gradient descent method with
spectral initialization converges to the target solution in around
64 iterations. Second, we test our method on a color image
of size 200 x 300 as shown in Figure 8, it takes 197.08s to
reconstruct all the RGB channels. In contrast, methods using
general Gaussian measurements A € C"*" could easily run
out of memory on a personal computer for problems of this
size.

V. DISCUSSION AND FUTURE WORK

In this work, we showed that via nonconvex optimiza-
tion, the phase retrieval problem with random convolu-
tional measurement can be solved to global optimum with

IC= .
m > € =l npolylogn | samples. Our result raises sev-

eral interesting questions that we discuss below.

a) Tightening sample complexity. Our estimate of the sam-
ple complexity is only tight up to logarithm factors: there
is a substantial gap between our theory and practice for the
dependence of the logarithm factors. We believe the high
order dependence of the logarithm factors is an artifact of our
analysis. In particular, our analysis in Appendix VI-D is based
on the result of RIP conditions for partial circulant random
matrices, which is in no way tight. We believe that by using
advanced tools in probability, the sample complexity can be
tightened to at least m > Q (nlog® n).

b) Geometric analysis and global result. Our convergence
analysis is based on showing iterative contraction of gradient
descent methods. However, it would be interesting if we could
characterize the function landscape of nonconvex objectives as
in [38]. Such a result would provide a better explanation of
why the gradient descent method works, and help us design
more efficient algorithms. The major difficulty we encountered
is the lack of probability tools for analyzing the random
convolutional model: because of the nonhomogeneity of ||C ||
over the sphere, it is hard to tightly uniformize quantities
of random convolutional matrices over the complex sphere
CS" . Our preliminary analysis results in suboptimal bounds
for sample complexity.

¢) Tools for analyzing other structured nonconvex
problems. This work is part of a recent surge of research
efforts on deriving provable and practical nonconvex algo-
rithms to central problems in modern signal processing and
machine learning [42], [44], [45], [61]-[81]. On the other
hand, we believe the probability tools of decoupling and
measure concentration we developed here can form a solid
foundation for studying other nonconvex problems under the
random convolutional model. Those problems include blind
calibration [82]-[84], sparse blind deconvolution [16], [78],
[85]-[94], and convolutional dictionary learning [17], [18],
[95]-[97].
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(b) z ~U(CS" ), ||Cy | = 4.04.

(c) x = \/Lﬁl, |Czl|l = 10.
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Fig. 4. Phase transition for different signal patterns with weightings b. We fix n = 1000 and vary the ratio m/n.
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Experiments on real antenna filter for 5G communication.

VI. PROOFS OF TECHNICAL RESULTS

In this section, we provide the detailed proof of Theo-
rem 3.1. The section is organized as follows. In Section VI-A,
we show that the the initialization produced by Algorithm 1
is close to the optimal solution. In Section VI-B, we sketch

the proof of our main result, i.e., Theorem 3.1, where some

key details are provided in Section VI-C. All the other sup-
porting results are provided subsequently. We provide detailed
proofs of two key supporting lemmas in Section VI-D and
Section VI-E, respectively. Finally, other supporting lemmas
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(a) Original colored image.

(b) Initialization.

Time = 321s

(c) 8-th iteration.

Time = 430s
Fig. 7. Experiment on a gray 468 x 1228 electron microscopy image.

(a) Original colored image.

Fig. 8.

Experiment on colored images.

are postponed to the appendices: (i) in Appendix A, we intro-
duce the elementary tools and results that are useful throughout
analysis; (ii) in Appendix B, we provide results of bounding
the suprema of chaos processes for random circulant matrices;
(iii) in Appendix C, we provide concentration results for
suprema of some dependent random processes via decoupling.

A. Spectral Initialization

Proposition 6.1: Suppose zg is produced by Algorithm 1.
Given a fixed scalar § > 0, whenever m > 05’2n10g7 n,
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(d) 16-th iteration.

Time = 543s

(e) 32-th iteration.

(b) Recovered colored image.

we have
dist? (2o, X) < & ||z|?

with probability at least 1—c; m™2.

The proof is similar to that of [7]. However, the proof
in [7] only holds for generic random measurements. Our
proof here is tailored for random circulant matrices. We sketch
the main ideas of the proof below: more detailed analysis
for concentration of random circulant matrices is retained to
Appendix B and Appendix C.
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Proof Without loss of generality, we assume that ||z| = 1.
Let z; be the leading eigenvector of

m

1 2
Y = — * *
m Z lajx|” aray,
k=1
with ||Zo|| = 1, and let o1 be the corresponding eigenvalue.
We have
diSt(ZQ, X) < HZO — EQ” + dist (EQ, X) .
First, since zg = \zg, we have
[zo = Zol = [A —1].

By Theorem B.1 in Appendix B, for any ¢ > 0, whenever
m > Ce 2nlog* n, we know that

A—1] < |A*-1|

‘ m

1 . 12
— z”—1
— 3" lajal

k=1

< e/2 (VL1)

with probability at least 1 — 2 m—clos’ ", where ¢,C' > 0 are
some numerical constants. On the other hand, we have

dist?(Zo, X) = argmain |Z0 — weiOHQ =2-2x"Z].

Theorem C.1 in Appendix C implies that for any § > 0,
whenever m > C'6 2nlog” n

o 1) < 5

with probability at least 1 — 2m~“. Here ¢; > 0 is some
numerical constant. It further implies that

%Yz - |5l -1 < 4,
so that
|E;w|2 > 01—1—5,

where o7 is the top singular value of Y. Since o, is the top
singular value, we have

o > Ye = (Y —xx* — ||z|* D)z + 2
> 24
Thus, for § > 0 sufficiently small, we obtain
dist?(Zo, X) <2—-2V1—-26 < 26. (V1.2)

Choose § = £2/8. Combining the results in (VI.1) and (VL.2),
we obtain that

dist(zo, X') < ||zo — Zol| + dist (20, X) < ¢,

holds with high probability. [ ]
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B. Proof of Main Result

In this section, we prove Theorem 3.1. Without loss of
generality, we assume ||z| = 1 for the rest of the section.
Given the function

7(2) =5~ [672 0 (-~ 42|

we show that simple generalized gradient descent

2
)

zZ =z- Taf(z)7 (VL3)
0 1.,
92 (z) = EA diag (b) x
[Az — y ©®exp (ip(Az))], (VL4)

with spectral initialization converges linearly to the target
solution. We restate our main result below.

Theorem 6.2 (Main Result): Whenever m > Cj nlog31 n,
Algorithm 1 produces an initialization z(*) that satisfies

dist (z<0>,X) < colog O n ||z

with probability at least 1 — ¢; m ™ 2. Suppose b = (,2(y),
where

1 —2m02¢,2(t),

1 Ik
o _n
org2 P 202 |’

(o2 (t) =
£ (t) =

(VL5)

(VL6)

with ¢ > 1/2. Starting from 2, with ¢> =
0.51 agld stepsize T = 2.02, whenever m >
ICx |’

C
T )?

least 1 — ¢3 m~° for all iterate z(" (r > 1) defined
in (VL.3), we have

max {log'"n,nlog" n}, with probability at

dist (z(r), X) < (1 —p)"dist (z(o), X) ,

holds for some small numerical constant g € (0, 1).

Our proof critically depends on the following result, where
we show that with high probability for every z € C" close
enough to the optimal set X, the iterate produced by (VL.3) is
a contraction.

Proposition 6.3 (Iterative Contraction): Let o> = 0.51
and 7 = 2.02. There exists some positive con-

stants c¢1,co,c3 and C, such that whenever m >
C”ﬁ’ﬂf max {1og17 n,nlog? n}, with probability at least
l—cym™ for every z € C" satisfying dist (z,X) <
cslog % n x|, we have

dist (z—T%f(z),X) < (1—p)dist (2, X)

holds for some small constant o € (0,1). Here, 2 f(2) is
defined in (VI1.4).
To prove this proposition, let us first define

M = M/(a)
202 + 1
- ”m+ A* diag (G2 () A, (VL7)
H = H(a) = P,.M(a)P,., (VL8)
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and introduce

h(t) = Eguno,1) [(t+5)]. (VL9)

Given some scalar € > 0 and 02 > 1 /2, let us introduce a
quantity
Bun(e) = (1420%) |1+ 2Bmenion [0+ o)
— G2 (D)Y(?) = (VL.10)
where ¥(t) = exp (—2i¢(t)) and (,2 is defined in (VL5).

We sketch the main idea of the proof below. More detailed
analysis is postponed to Appendix VI-C, Appendix VI-D and
Appendix VI-E.

Proof [Proof of Proposition 6.3] By (VIL.3) and (VL.4), and
with the choice of stepsize 7 = 202 + 1, we have

R 202 +1
zZ =z—

A” diag (C,2 (y)) x
[Az —y O exp (ip (Az))]

20" 41 4+ ding (Cya () %
[y © exp (i6) (A2))].

For any z € C", let us decompose z as

=z—-—Mz+

z = axr + fw,

(VL11)

where o, € C, and w € CS" ! with w L , and
a = |a|e?(®) with the phase ¢(a) of « satisfies e¢(®) =
x*z/ |x* z|. Therefore, if we let

i0

‘z—we

0 = arg minée[o,zw) , (VL12)

then we also have ¢ («) = 6. Thus, by using the results above,
we observe

dist* (2,X) = _min o
0€[0,2m)

< ||z - | < | Py d|® + | Pad|?,

’ 2

‘E—we‘

where we define
202 +1

diz)=T-M)(z— eiew) —eé'Max +
A" diag (C2 (y)) [y © exp (i (A2))].

Let 6 > 0, by Lemma 6.7 and Lemma 6.8, whenever
m>C ||Cw|\2max {log17 n, 0 nlog? n}, with probability
at least 1—cym = for all z € C™ such that ||z - sceiQH <
363 log ™% n, we have

X

(VIL.13)

|1Pprd| < ||z — weiQH

5+(y+®<%v@ﬁ44
11 \/1+(2+5)5+(1+5)AO@(5)>

TS5 2

2 2
1Pod| < [ —=—
14202

holds for any p € (0,1), where A (¢) be defined in (VI.10)
with ¢ € (0,1). Here, c,2 is a numerical constant only

+ 0025> ||z — weiOH

1797

depending on ¢2. With ¢ = 0.2 and 02 = 0.51, Lemma 6.7
implies that A(e) < 0.404. Thus, we have

[Pl < [l act] [5- 1) (25

+

11 \/1 +2.25 + 0.404(1 + 6)
1—pl—9¢ 2
[Ped| < (0.505+ cy20).

By choosing the constants § and p sufficiently small, direct
calculation reveals that

dist? (2, X)

IN

1Pod||* + || Pod|?
0.96 ||z — e
= 0.96dist® (2, X),

IN

as desired. |

Now with Proposition 6.3 in hand, we are ready to prove
Theorem 6.2 (in other words, Theorem 3.1).
Proof [Proof of Theorem 6.2] We prove the theorem by
recursion. Let us assume that the properties in Proposition 6.3
holds, which happens on an event £ with probability at
least 1 — cym ™~ for some numerical constants ci,co > 0.
By Proposition 6.1 in Appendix VI-A, for any numerical con-
stant 6 > 0, whenever m > C‘é’mnlog?’1 n, the initialization
29 produced by Algorithm 1 satisfies

dist (z(o), X) < c36%log % n ||z,

with probability at least 1 — ¢4 m ™. Therefore, conditioned
on the event £, we know that

dist (z(l), X) = dist (z(o) - T%f(Z),X)
< (1 - p)dist (2(0)7 X)

holds for some small constant ¢ € (0,1). This proves (IIL.2)
for the first iteration z(1). Notice that the inequality above also
implies that dist (21, X) < c¢36° log % n||x||. Therefore,
by reapplying the same reasoning, we can prove (III.2) for
the iterations r = 2,3, -. [ |

C. Bounding || Pprd(2)|| and || Pzd(2)||

Let d(z) be defined as in (VI.13) and assume that ||x| = 1.
In this section, we provide bounds for ||Pd| and || P,.d||
under the condition that z and x are close. Before presenting
the main results, let us first introduce some useful preliminary
lemmas. First, based on the decomposition of z in (VL.11)
and the definition of 6 in (VI.12), we can show the following
result.

Lemma 6.4: Let 0 = arg minge[o o) ’z — ze'?|| and sup-
pose dist (z,x) = Hz — sceiGH < € for some € € (0, 1), then
we have

g 1 i0
Bl —|z- .
e
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Proof Given the facts in (VL.11) and (VI.12) that z = ax + The analysis of bounding || P d|| is similar to that of [11].
fw with w € CS" ™" and w L @, and $(a) = 6, we have Proof Let A, = A" diag ((,2(y)). By the definition (VI.13)
of d(z), notice that

19 2
2 = 2e|* = (Jal = 1)* +|8]°. |
o IPyedl < [Py (I - M) |z — ] +
This implies that 2092 + 1 ) .
’ ’ Hpmi { o’ + A, |:y®61¢(Az):| _ eleMsc}H
91 12— ] ol 2 1 = - 2|
3 |z — ze?|| " For the second term, by (C.9) in Theorem C.4, for any § > 0,
= |al=1C [z—ze?] ~1—¢ |z — e whenever m > C1672||C||* nlog® n, we have
as desired. m [Ppr (I —M)| <6, (VL.14)

On the other hand, our proof is also critically depends on  with probability at least 1 —c;m ™2 log” n_ For the first term,
the concentration of M (a) in Theorem C.4 of Appendix C, we observe

and the following lemmas. Detailed proofs are given in 2052 41 ) )
P, { ot A,y [y@el¢(Az)] —elGMw}
m

Appendix VI-D and Appendix VI-E.
Lemma 6.5: For any given scalar § € (0,1), let v =

: 2
003 log ™% n, whenever _ prL { 20% 4+ 1Ay><
m > Cmax{HC’mH2 log'” n, 6~ 2nlog* n}, with probability
at least 1—cym ™~ for all w with ||lw]|| < |||, we have the (|Aa:| o [ (Az) _ 19+i¢(Aw)D }H
inequality
202 4+ 1 .
A% © 1) wps aar]| < 6V ] < | Pas A ding ((L2w) | x

1 2 i z 160+1 x
Lemma 6.6: For any scalar 6 € (0,1), whenever Hdl&g( / (y )) (|Aw|® {6 PAz) _ 0o )DH

> —
m T gg ”S p ” 611 g log(cn " V}thh ErObabIhLy at least 1 By (C.9) in Theorem C.4 and Lemma C.10 in Appendix C, for
em orall we with w 1 @, we have any 0 > 0, whenever m > C162||Cy||* nlog® n, we have

H\/m 1/2 ) S (Aw ® 67i¢(Aa:)) HWP%.LA* diag (C;£2(y))

c 1+ @2+e)0+ (1 +0)A ()I\wIIQ- < |H|'? < (|E[H]|| + | H - E[H]|)!/

- 2
< (1+0Y? <1
Here, A (¢) is defined in (VI.10) for any scalar € € (0,1). < (1+9) s 149,

In particular, whep o? = 0.51 and.gj = 0.2, we have  jith probability at least 1—c;m 2 log? n_Apd by Lemma A.1
A(e) < 0.404. With the same probability for all w € C"  and decomposition of z in (VI.11) with ¢(c) = 6, we obtain

with w L x, we have .
(204 4+ 1 .
H " 202m+ ! diag (Ciﬁz(y)) 3 (Aw © e_i¢(Aw)) 2 H m e (CiéQ(y)) x
(|Ax| ® { i9(Az) _ 19+1¢(Aw>D H

14225 +0.404(1+8) , o
< DAL .

2
1) Bounding the “x-perpendicular” term || Py d|| = H\/ 2o 1 diag (Cl 2 )
. m U'

Lemma 6.7: Let d be defined in (VI.13), and suppose
o2 > 1/2 be a constant. For any 0 > 0, whenever " s(Aws A
m > C'||Cyl|* max {log'"n, 6 2nlog* n}, with probability (|A$| ©) { io(Az) _ =t w)D

at least 1—cym—°2 for all z € C" such that ||z — sce‘eH <

363 log™%n, we have /202 +1 H

||PdeH<||z—we‘9H d+( 1—|—5)<p(S 202 +1

2

o

202 +1
- =" diag (<;£2<y>) x
—pla m

11 \/1+25+(1+5)Am(a)
1 —-pl—=9 2 ' R (AwQe’i‘z’(A““)) H,

Here, A (¢) is defined in (VI.10) for any scalar € € (0,1) s
In particular, when £ = 0.2 and 02 = 0.51, we have A (c) < for any p € (0,1). By Lemma 6.4, we know that p ‘E‘ =

0.404. % |z — ze?|| < ¢,6°log™®n holds under our assumption,
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where ¢, is a constant depending on p. Thus, whenever m >
Cs max{|\C’m|\210g1771,5’2nlog4 n} for any 6 € (0,1),

with probability at least 1—cym ™ for all w € Ccs™ 1,
Lemma 6.5 implies that

]

p
< %EMHz — x|

2l

«

H'Aw|®1lé|\Aw| > plAc]

Moreover, for any § € (0,1), whenever m >
Cs||Cal?  nlog® n, with probability at least
l—cy m—clog® n for all w € CS" ' with w | =,
Lemma 6.6 implies that

H 20 41
where A () is defined in (VL.10) for some ¢ € (0,1).

\/1+25+(1+5)A = (2)
— 2 )

In addition, whenever Hz — weiGH < ¢56° log_6 n Hz — xe
for some constant ¢; > 0, Lemma 6.4 implies that

(W) s (Awe o)

1

T 1—c50%log % n

1
|z - e

1-946

B

6
. )|

Hz—we

IN

ic9||

for & > 0 sufficiently small. Thus, combining the results above,
we have the bound

|IPprd| < ||z we‘eu

J+( 1+5)<5 202 +1
p

1 1 1120+ (1+0)Ax(e)
+1—p1—5\/ 2 ﬂ

holds as desired. Finally, when 02 = 051 and ¢ = 0.2,
the bound for A, (¢) can be found in Lemma 6.15 in
Appendix VI-E. |

2) Bounding the “x-parallel” term || Ppd||
Lemma 6.8: Let d(z) be defined in (VL13), and let
o2 > 1/2 be a constant. For any 6 > 0, whenever
m > C|Cyl” max {log'" n,d 2nlog* n}, with probabll—
ity at least 1—cym ™~ for all z such that ||z ‘9H

¢36%log™%n, we have

2 2
|Pad]| < (L

2 cgza) |z - ]

Here, c,2 > 0 is some numerical constant depending only
2

on o°.

Proof Let A, = A™ diag ((,2(y)). Given the decomposition

of z in (VL11) with w L « and ¢(or) = 6, and by the

1799

definition of d(z) in (VI.13), we observe
| Ped]

w{ (I-M)(z—é%) -

Mz +

2
20"+ 1 4+ ding (s () [y @ exp (16 (A))] }\
< |-z E[M]z)(la| — 1) e — 2" Mx +
2
20"+ L e A" ding (G (9)) [y © exp (i6) (A2))] \
+ || M —E[M]|| ||z — weiQH
< |(1- & E[M] )| ||o] - 1]
T
+ || M —E[M]|| ||z - weiQH
2 .
+ 207+ 1:(:*Ay {(Ax) ® (eid’(Az_id)(Am))_e]el)} ‘,

T2

where for the second inequality, we used Lemma C.10 such
that * (I — E [M])w = 0. For the first term 77, notice that

|z = 2| = \fllal = 17+ |Bw|® > [la] - 1],

wa in

and by using the fact that E[M] = I +
Lemma C.10, we have

202 202 .
_0 [la] = 1] < _0 Hz — welGH
1+ 202 1+ 202
For the term 75, using the fact that z =
0 = ¢(a), and by Lemma A.2, notice that

1+20

7—1:

ax + [fw and

2

ei¢(Az)7i¢(Am) _ 101+16 %<

o) 1 s (240

62

«

Aw|?

<6
Ax

)

whenever }QA“" < 1/2. Thus, by using the result above,
we observe

T
202+1 *
<9 ——a A, {(AII!)@H%“Aw\Z%\AwJ
202 +1 * 3
+ w*A dlag (Co'2 (y)®
( ip(Az)—ip(Az) _ 1) ®1|[’||Aw<%|Aw|>Aw
202+1 *
<9 — T A,y {(Aa:)®1|g|Aw|2§|AwH
202 + 1 A
s o (222)] o
202 +1

. |Aw|®
¥ A" diag | (,2(y) © 5 | Az
|Az|
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207 + 1
<2 - | Al HAw®1|§|\Aw|§%|Aw\ ’
2 2
2 1
+6 A 7t A diag (¢,2(y)) Aw‘
« m
1 20% + 1
21227 e A ding (o () Aw
2
% B|]20% + 1a:*Ay [eQiqb(Aa:) Q—Aw}
«

Given the fact that 1 w, by Lemma C.10 again we have
2*E [M]w = 0. Thus

202 +1
m

0" A" g (G (1) Au)
_ o' Mw - o"E[M]w| < |M ~E[M]|,

and similarly we have

202 +1 . -
"m+ z* A* diag (C,2 (y) [621¢<Aw> ® Aw} ‘

2
= %‘mi—'—leAT diag (¢,2(y)) {6721(1)(14%‘) ©) Aw}

202 +1 . -
= TWTAT diag (¢o2(y)) Az

202 +1
_ "m+ 2" A* diag (ng(y))A’w‘

< [|M -E[M]|.

Thus, suppose ||z — ze'?|| < 1, by using Lemma 6.4 we know
that Lg‘ < 2 Hz — wewH. Combining the estimates above,
we obtain

202 +1
7§§2U+

141142 © 12 i<

+24|| M| ||z — e
+2|M -E[M]| ||z — =z’ .

Combining the estimates for 7; and 75, we have

| Pod||
< 27 e o 43 M —E M) |2 — o
— 14202
202 +1
+22 | Al HAw®1|§|\Aw|§%\Am\

+24 || M| ||z — e

By Theorem C.4, for any § >
C1072||Cx|* nlog* n, we have

0, whenever m >

|IM —-E[M]| < 4,
1+ 402
M| < |E[M 6 = ——=+96
M| < |[E[M]|| + 7252+

holds with probability at least 1 — cym ™ log® n By Corol-
lary B.2, for any & € (0, 1), whenever m > Cy8 2nlog* n,
we have

IAll < (1 +48)v/m

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 66, NO. 3, MARCH 2020

holds with probability at least 1 — 2m™ log® n for some
constant ¢5 > 0. If %‘g‘ < ||z—a:ei9H < ¢48%log % n,

whenever m > (s max{||Cm||21og17n,5*2nlog4 n},
Lemma 6.5 implies that

1421 © 12 g » 5 4w

< 25‘5 Vi < 48y ||z — e

holds for all w € CS™™! with probability at least 1—c5m .
Given Hz — w619|| < %‘53 log_6 n, combining the estimates
above, we have

20?2
P.d| < |——— +35+8(1+0)5 (20° +1
IPadll < |35z +30+8140)3 (20° 4 1)
1 +40° 37..-6 i0
+ 24c¢y (m—f—&)(s log™"n ||z—a:e H
202 i
< (125 end) -]
for § sufficiently small. Here, c,2 is some positive numerical
constant depending only on 2. |

D. Proof of Lemma 6.5

In this section, we prove Lemma 6.5 in Section VI-C, which
can be restated as follows.

Lemma 6.9: For any given scalar § € (0,1), let v =
cod3 1og_6 n, whenever
m > C ' max {HC:,;H2 log'” n, 6~2nlog* n}, with probability
at least 1—cym ™2 for all w with ||lw]|| < |||, we have the
inequality

Az © 1 aw|>|aq|| < SVm|w].

We prove this lemma using the results in Lemma 6.10 and
Lemma 6.11.
Proof By Corollary B.2, for some small scalar ¢ €
(0,1), whenever . > Cnlog* n, with probability at least
1—m=c18" " for every w with ||w|| < 7|z, we have

[wl < (o) lwl] < (1+<)al
L4e\ 12
< (1) ool < 2y)4a.

Let us define a set

§= (k| lajw| > |ajal}.

(VIL.15)

By Lemma 6.10, for every set S with |S| > pm (with
some p € (0,1) to be chosen later), with probability at least
4

1 —exp ( , we have

__pm
21Ca P
3/2
3/

A 1 — ||Ax|| .
I(Az) @ 1] > £ Aa

3/2
Choose p such that v = 27—, we have

|Aw| > [(Aw) & 1] > [(Az)© L]
> 27]|Az].
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This contradicts with the fact that ||[Aw]| < 2v|Ax]|.
Therefore, whenever ||w|| < ~ ||/, with high probability

we have |S| < pm holds. Given any § > 0, choose 7=
c63log %n for some constant ¢ > 0. Because 7y = ”64 ,
we know that p = ¢/62/ log* n. By Lemma 6.11, whenever
m > Cd 2nlog* n, with probability at least 1 —2 m—clog” n

for all w € CS" !, we have

[1AZ| © 1) gw|> e[| < [[[Aw] O 1s]] < 6v/m [[w].

Combining the results above, we complete the proof. [ ]

Lemma 6.10: Let p € (0,1) be a positive scalar, with

probability at least 1 —exp 2|l|)4c T z) for every set S € [m]
with |S| > pm, we have
[[Az| © 1s]| > 3—2/)3/2 |Az]|.
To prove this, let us define
1 if |u] <w,
go(u) = ¢ 2 (20— |u) v<|u <20 (VIL.16)
0 otherwise,

for a variable v € C and a fixed positive scalar v € R.
Proof Let p € (0,1) be a positive scalar, from Lemma 6.12,
we know that

lgo(Az)|l, = Hl\Aw|§p||1

holds uniformly. Thus, for an independent copy a’ of a,
we have

|H9/}(Cwa)||1 -
< |lgp(Cza) — 9/)(Cwa/)|‘1 <

Jm
< e [Cz| lla—a.

||9/)(Cwu/)”1‘
I Caa— Cad|

Therefore, we can see that ||g,(Cga)|, is L-Lipschitz with

respect to a, with L = @ IICz||. By Gaussian concentration
inequality in Lemma A.3, we have

P(‘ng(Cwa)Hl -

By using the fact that v/2|ajz| follows the x distribution,
we have

E [ng(cwa)HJ
(lajz| < 2p) < pm.

E [lg,(Cxa)l,]| > t) < 2¢ 7322,

IN

gE[ﬂ
S

Thus, with probability at least 1 —2 exp ( 2H o Hz) we have
||1|Aw|§/)||1 < ng(AiB)Hl < 2pm
holds. Thus, for any set S such that |S| > 4pm, we have
2
I(Az) © 1s[* > [[(A®) © 1) aa<,||” = 20° m.

Thus, by replacing 4p with p, we complete the proof. [ ]

1801

Lemma 6.11: Given any scalar § > 0, let p € (0, cslog—*n)

with ¢s be some constant depending on 9, whenevezr m >
Cé2nlog* n, with probability at least 1 — 2 m—¢1°&" »for
any set S € [m] with |S| < pm and for all w € C”, we have

I(Aw) © 1s]| < 6v/m|lw].

Proof Without loss of generality, let us assume that [|w| = 1.
First, notice that

sup
veCS™ 1, supp(v)CS

[Aw © 1s|| (v, Aw)

< sup |A* V]| .

veCS™ 1, supp(v)CS

By Lemma A.11, for any positive scalar § > 0 and any

p € (0,c6%log™*n), whenever m > Cd 2nlog* n, with
/ 2

probability at least 1—m~¢ 198" " we have

[A™ ]| < dv/m.

sup
veCS™~1, supp(v)CS

Combining the result above, we complete the proof. [ ]

Lemma 6.12: For a variable u € C and a fixed positive
scalar v € R, the function g,(u) introduced in (VI.16) is
1/v-Lipschitz. Moreover, the following bound

gv(u) > ]l\u|§v

holds uniformly for v over the whole space.
Proof The proof of Lipschitz continuity of g, (u) is straight
forward, and the inequality directly follows from the definition

of g, (u). m

E. Proof of Lemma 6.6

In this section, we prove Lemma 6.6 in Section VI-C, which
can be restated as follows.

Lemma 6.13: For any scalar 6 € (0,1), whenever
m > C|Cg|*6 2nlog" n, with probability at least
1 —em~¢198° " for all w € C" with w L z, we have

H 2211,

< 1+24¢€)0+ .

(20) > (Awo e o)

(1+5)A (©)

2
[[wll

holds. In particular, when 02 = 0.51 and £ = 0.2, we have
A(e) < 0.404. With the same probability for all w € C™ with
w L x, we have

H [202 —|— 1 1/2 ) 3 (Aw o e_id)(Aw))

14226+ 0.404(1 +9)
= 2

2

2
[[wl]”
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Proof Without loss of generality, let us assume w € CS™ .
For any w € CS" ! with w | x, we observe

H«/W“ (L) (Aw o o4
A )

2
[(Aw) © e 1449 _ (Aw) o ei¢(Aw)}

2

2

1 1

IN

202 4+ 1
70— i ’U)TP;LAT
m

x diag (C,2(Ax)yp(Ax)) AP, w‘

1|20%2 +1
W+ w'

IN

1 1
SIE(H]| + 5 | H - E[H

x Pl AT diag ((,2 (Az)y(Ax)) APwL'w‘

holding for all w € CS" ' with w L x, where M and

H are defined in (VL7) and (VL8), and ¢(t) = (Z/ |t|)
By Lemma C.10, we know that
|IE[H]|| = [|Pp.] < 1. (VL17)

By Theorem C.4, we know that for any § > 0, whenever
m > C1672||Cyl® nlog*n, we have

|H - E[H]| <4,

with probability at least 1 — c¢;m™* log®n  Ip addition,
Lemma 6.14 implies that for any 6 > 0, when m >
025’2n10g4 n for some constant Co > 0, we have

202 +1

w' Pl AT diag (C,2(Ax)(Ax)) APwLw‘
< (14 0)As(e) + (1 + )3,

holds with probability at least 1 — 2m™ log® n for some
constant c3 > 0. Combining the results above, we obtain

H /202+1

_ 1 2+56+(1+6)A (¢)
5 .

(220) > (Awo )|

Finally, by using Lemma 6.15, when ¢2 = 0.51 and € = 0.2,
we have

’W diag (¢ L2(9)) & (Aw @ o040

_ 14225+ 0404(1 +9)
2 )

2

let Ax(e)
0, whenever

as desired.

Lemma 6.14: For a fixed scalar ¢ > 0,
be defined as (VI.10). For any § >

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 66, NO. 3, MARCH 2020

m > C5 2nlog* n, with probability at least 1 — m—clog” n
for all w € CS™ ! with w L x, we have
202 4+ 1
ot w' A" diag (o2 (Az)ih(Ax)) Aw‘
< (140) Ao(e) + (142

Proof Let g = a and let § ~ CA(0,I) independent of g.
Let v = erm]'w. Given a small scalar € > 0, we have

202 +1 )
T T vTC] diag (¢2 (g ® @)1(g ® @) Cyv

202 +1 .
T'UTC; diag (Caz (g®x)Y(g® x)

—(1+¢)Es [¥((g — ) ® )] )Cgv| + (14 €)%

207417 CT diag (Es (g — 8) ® @) Cyv

m
AOO N
< HRMC 17+ (1 +)x
2 1
"m+ v’y diag (Es [b((g — 8) ® 2)]) Cgv |.

D(g,w)

By Corollary B.2, for any § > 0, whenever m >
005_2n10g4 n for some constant Cjy > 0, we have

w112

[RpmCol|” < (1 +0)m
with probability at least 1—m™ log”m for some constant
¢o > 0. Next, let us define a decoupled version of D(g, w),

202 +1
QdDec(gl7927w) wTR[l;n]Cglx

diag (¥(g° ® x)) Cg1 Rfy.,jw.

where g' = g + 6 and g> = g — 8. Then by using the fact
that w L x, we have

(VIL.18)

‘Eg [QdDec(gla 927 w)} |

diag (Es [¢ (g — 8) ® @)]) Cg Ry, yw

Then for any positive integer p > 1, by Jensen’s inequality
and Theorem B.3, we have

sup
lwl=1, w il

ID(g, w)|

Lpr

<| sup |QF..(g" g% w)|

llwl=1

Lr
<C,2 (,lﬁlog3/2nlog1/2m+1/£\/]_}+ 2p) ;
m m m

where C,2 > 0 is some positive constant depending on o2,
and we used the fact that ||¢/(g® ® )|| _ < 1 holds uniformly
for all g2. Thus, by Lemma A.6, then for any 6 > 0, whenever
m > C16~ nlog nlogm, we have

D(g,w)| <6

sup
lwl|=1, wle
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(@) Plot of functions with 02 = 0.51, e = 0.2

Co (t)
v f(t): analytic 1
f(t): numerical integral

0.8 -

(-]

> 06 a (1+e)f(t)
04+
02+ 1
0
0 1 2 3 4 5 6 7 8 9 10
t

Fig. 9.
function (,2(t) — (1 4 e)h(t) with e = 0.2.

holding with probability at least 1 — m ™! log®m Combining
the results above completes the proof.
|

F. Bounding A (¢)

Given h(t) and As(e) introduced in (VI1.9) and (VI.10),
we prove the following results.
Lemma 6.15: Given 02 = 0.51 and ¢ = 0.2, we have

Ao (g) <0.404.

Proof First, by Lemma 6.17, notice that the function h(t) can
be decomposed as

h(t) = g(t)¥(t)

where g(¢) : C — [0, 1) is rotational invariant with respect to .
Since (,2(t) is also rotational invariant with respect to ¢, it is
enough to consider the case when ¢ € [0, +0c0), and bounding
the following quantity

sup
te[0,+00)

|(1+e)h(t) = o2 (1) -
Lemma 6.18 implies that

h(t) = Egwenro,) [U(t + 5)]
1tz 1>,
o t=0.

When ¢t = 0, we obtain that |(1 + &)h(t) — (,2(t)] = 0. For
t > 0, when £ = 0.2 and 02 = 0.51, we have

Co2(t) = (1 +)h(?)
t2 2
= —02—¢e T2 +1.2¢t2-12¢ 32t

From Lemma 6.16, we can prove that
[1¢o2(t) = (1 4+ e)h(t)|| ;o < 0.2 by a tight approximation of

1803

(b) Plot of function difference (,2(t) — (1 + €)h(t)

0.2

0.15 -

0.1

0.05 -

=N 0

-0.05 -

-0.1 1
-0.15

T S S S T

Computer simulation of the functions ¢, 2(t) and h(t). (a) displays the functions (,2(¢) and h(t) with o2 = 0.51; (b) shows differences two

the function (,2(t) — (1 + €)h(t). Therefore, we have
Ass(e) = (1+420%) [|Go2(t) = (1 +€)h(t)]| e
< 0.2x (14+2x0.51) = 0.404,
when 2 = 0.51 and € = 0.2. ]

Lemma 6.16: For t > 0, when ¢ = 0.2 and o2 = 0.51,
we have

[C2(t) — (14 e)h(t)] < 0.2.
Proof Given ¢ = 0.2 and 02 = 0.51, we have
9(t) = C2() — (L +e)h(t)
t2 2
= —02—e 102 412t 2-12¢ 2%,
When ¢ = 0, we have |g(t)| = 0. When ¢ > 10, we have

t +2 . -
g () = ——e 102 —2.4t3 (1 - e*tz)

~0.51
2
+24t7 e < 0.

So the function ¢(t) is monotonically decreasing for ¢ > 10.
As limy_ 1 g(t) = —0.2 and [¢g(10)| < 0.2, we have

lg(t)] < 0.2, VYt > 10.

For 0 < t < 10, since h(t) is continuously differentiable,
Figure 9b implies that |g(t)] < 0.2 for all ¢ € (0,10) (we
omit the tedious proof here). |

Lemma 6.17: Let ¢(t) = (t/ |1f|)2 , then we have
ht) = Esenon [0 +9)] = g(0)p().
where g(t) : C +— [0,1), such that

([t +v1)* — v}
9@t) = Euyvann(o,1/2) {m v

where vy ~ N(0,1/2), and vy ~ N(0,1/2).
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Proof By definition, we know that

Eseno,) [¥(t + 5)]

T+s5\° t T¥s\°

(f520) ‘ESKWHNW'
g(t)

Next, we estimate ¢(¢) and show that it is indeed real.
We decompose the random variable s as

§R(fs) t Lig (ts) t t 4 t
s = i iy T = Vit 109 —
It/ It] It/ It] It] It

where v; = R (%) and vo = & (|tq\
nary parts of a complex Gaussian variable ts/ [¢t| ~ CN(0,1).
By rotation invariant property, we have v; ~ A(0,1/2) and
v ~ N(0,1/2), and v; and vo are independent. Thus, we have

<|t| + vy —iv2>2
[t + s

(It + v1)* —v3
jt + s

(Jt] + v1)* —v}
(It] 4 v1)? + v2

) are the real and imagi-

h(t) = E,

:]ES

S

(] +v1>v2]

It + s/

V1,V2

(|t] + v1) v2
)
UL 4 vn)? + 03
([t[+v1)ve

We can see that is an odd function of wvs.

([t]+v1)vs
(It[+v1)*>+v3

([tl+v1)*+v3
Therefore, the expectation of
is zero. Thus, we have

2
t t+s
t) = Es | om0
g(t) Sl(m |t+s|>
. {M]
v1,v2~N(0,1/2) (|t|+v1)2+v§ ’

which is real. u

with respect to v

Lemma 6.18: For t € [0,400), we have

f(t) = Eseeno,n) [0t +5)]

1—t241 2% >0
- e =% (VI19)
0 t=0.

Proof Let s, = R (s) and s; = I (s), and let s = rexp (i0)
with r = |s| and exp (i) = s/ |s|. We observe

Escnro,1) [U(t + 5)]

/ / 5r+15 ) —\sr+is7¢—t|2dsrdsi
sp=—00 Js;=—o0 |Sr +1sz|
/ / —1296—7“ —t262rt cosé,rd(gd,r

r= 6=
= —e / / cos(20)r r?g2rtcost g gy,

r= 6=

2
—e~ / / cos(20)r
™ r= 6=0
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cosh (2rt cos ) dfdr

w/2
= —e / / cos(20)r ’ %
r= 0=

[cosh (2rt cos 0) — cosh(2rt sin 0)] dfdr

where the third equality uses the fact that the integral of an
odd function is zero. By using Taylor expansion of cosh(x),
and by using the dominated convergence theorem to exchange
the summation and integration, we observe

Ech(o 1 [(t +s)]

= / / cos(20)r
r= 6= O

E
+oo
Z l 2rtcos€ B (27"15;1;1'9) ] d0dr
= (2k)!
2
== / / cos(26) x
7T r= 0= O
io [ 2tcos€) p2ktle=r’
k=0 2k)!
(2t sin §)%F p2kt1e—r?
oh)! dfdr
too 2k ptoo
2 (2t) 2k+1 ,—r?
=_e Z 2h)! /_ r e " drx
k=0 r=0
[/ cos(26) cos** 0dh — cos(26) sin?* Hdﬁ] .
0=0 0=0

We have the integrals

oo L(k+1
/ e (k+1)
r=0

2 Y
" ok  JTkI(k+1/2)
/0 0(:05(26‘)(:05 0do = 2 T2
T : kD (k+1/2)
92 2k - _ﬁi
/00COS( ) sin*" 0do > ThT2)

holds for any integer & > 0, where I'(k) is the Gamma
function such that

|
Nk+1)=k!, T(k+1/2)=-—7.
Thus, for ¢t > 0, we have

Esvcenro,1) [Y(t + 5)]

2 o R@0)* T(k+1) kT (k +1/2)
¢ 2(21@)! S F(k+2)

+oo thk

i al
- kz(kﬂ (Z K k:+1 )
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When ¢ = 0, by using L’Hopital’s rule, we have

n(0) = }g% Escn(o,1) [W(t + 5)]

1—et’ —
i Eiaal B i
We complete the proof. [ ]

In the appendix, we provide details of proofs for some
supporting results. Appendix A summarizes basic tools used
throughout the analysis. In Appendix B, we provide results of
bounding the suprema of chaos processes for random circulant
matrices. In Appendix C, we present concentration results for
suprema of some dependent random processes via decoupling.

APPENDIX A
ELEMENTARY TOOLS AND RESULTS

Lemma A.1: Given a fixed number p € (0,1), for any
z, 2’ € C, we have

lexp (ig(z" + 2)) — exp (ip(2"))]
1
< 2]]-\2\2p|z’\ + 1— |% (Z/Zl)| :
—p
Proof See the proof of Lemma 3.2 of [11]. [ |

Lemma A.2: Let p € (0,1), for any z € C with |z] < p,
we have

2 _
11— exp (ig(1 + 2)) +iS(2)| < ﬁ 2. (A
Proof For any t € R, let g(t) = 1/(1 + R(2))* + 2, then
t t
"it) = < .
o = TR0

(14 R(2))? + 2
Hence, for any z € C with |z| < p, we have

1T+ 2[ = (1 +R(=2))|
‘\/(1 +R(2)" +3%(z) — (L + 9‘3(3))‘

32(2) 1.
TRE ST, )

Let f(z) = 1—exp (i¢(1 + 2)). By using the estimates above,
we observe

£(2) +13(2)]

= 19(3(2)) = g(0)] <

N+z—(142) .
= |—— 4i%¥(z
|1+ z| (2)
1 .
1
< |1+Z|(|S(Z)||1—|1+Z||

Il 2]~ (14 RE))
! S(z LSQZ
T (HIsE+ 9%
2—02 FL3

Si
(1-p)
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Lemma A.3 (Gaussian Concentration Inequality): Let w €
R™ be a standard Gaussian random variable w ~ A(0, I), and
let g : R™ — R denote an L-Lipschitz function. Then for all
t >0,

P(lg(w) —E[g(w)]| > t) < 2exp (~t?/(2L?)).

Moreover, if w € C™ with w ~ CN(0,I), and g : C" — R
is L-Lipschitz, then the inequality above still holds.

Proof The result for real-valued Gaussian random variables
is standard, see [98, Chapter 5] for a detailed proof. For the
complex case, let

_ L M, vr, v ~iia N(0.T).

By composition theorem, we know that g’ o h : R?" s R is
L-Lipschitz. Therefore, by applying the Gaussian concen-

Ur

tration inequality for ¢’ o h and , we get the desired

i
result. |

Theorem A.4 (Gaussian tail comparison for vector-valued
functions, Theorem 3, [99]): Let w € R"™ be standard Gaussian
variable w ~ N(0, I), and let f : R™ + R’ be an L-Lipschitz
function. Then for any ¢ > 0, we have

P (Ifw) - Elf )l 20) < @ (ol > 7).

where v € R? such that v ~ N(0, I). Moreover, if w € C"
with w ~ CN(0,I) and f : C" — R’ is L-Lipschitz, then
the inequality above still holds.

The proof is similar to that of Lemma A.3.

Lemma A.5 (Tail of sub-Gaussian Random Variables): Let
X be a centered o sub-Gaussian random variable, such that

2
P(IX[>1) <2exp <—2—2> ;
o

then for any integer p > 1, we have
2
E[IXI"] < (20%)" pT(p/2).
In particular, we have

X0 = EIXPDY? < o0ee B, p>2,

and E[| X|] < ov2m.
Lemma A.6 (Sub-exponential tail bound via moment
control): Suppose X is a centered random variable satisfying

(E [|X|p])1/p <ap+ai/p+azp, forall p>py
for some o, a1, a2, pg > 0. Then, for any u > pg, we have
P (|X| > e(ag + a1vu + as u)) < 2exp(—u).
This further implies that for any ¢ > «1./po + a2 po, we have
[t
P(|X|>ciap+1t) <2exp | —comin{ —, — ,
a7 Q2

for some positive constants ci, co > 0.
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Proof The first inequality directly comes from Proposi-
tion 2.6 of [14] via Markov inequality, also see Proposi-
tion 7.11 and Proposition 7.15 of [60]. For the second, let
t = a1/u+ as u, if a1/u < ay u, then
t
t:al\/ﬂ—l—aguSZagu = u> —.
2042
Otherwise, similarly, we have u > t?/(4a2). Combining the
two cases above, we get the desired result. |

In the following, we describe a tail bound for a class of
heavy-tailed random variables, whose moments are growing
much faster than sub-Gaussian and sub-exponential.

Lemma A.7 (Tail bound for heavy-tailed distribution via
moment control): Suppose X is a centered random variable
satisfying

1
E XD < plao+ai1y/b+az p), ¥p > po,
for some o, a1, a2, pg > 0. Then, for any u > pg, we have

P (|X| > eu (o + arvu+ az u)) < 2exp (—u).

This  further  implies that for any ¢ >
po (@0 + a1/Po + @2 po), we have
P(|X| > eit)

t t
< 2exp | —cymin _ ,
- P < 2 { 2(0[1 + 042) 20 })

for some positive constant ¢y, co > 0.
Proof The proof of the first tail bound is similar to that of
Lemma A.6 by using Markov inequality. Notice that
P (1X] > eu(ao + (a1 + as)u))
<P(IX]| > eu(ap+avu+az u)) < 2exp(—u).
Let t = ag u+ (a1 + o) u?, if ap u < (a1 + az) u?, then

t=ap u+(a1+a2)u2 §2(0z1—|—0z2)u2

/ t
= u> | —-.
- 2(041 —I—Oég)

Otherwise, we have u > t/(2ap). Combining the two cases
above, we get the desired result. |

Definition A.8 (da(-), dp(-) and ~g functional): For
a given set of matrices B, we define

dp(B) = sup || B, d2(B)= sup [|B],

BeB BeB

For a metric space (7', d), an admissible sequence of T is a
collection of subsets of T, {7} : r > 0}, such that for every
s> 1, |T,| <22 and [Tp| = 1. For § > 1, define the 4
functional by

v8(T,d) = inf sup > 2/Pd(t,T,),
teT r=0

where the infimum is taken with respect to all admissible
sequences of 7. In particular, for y2 functional of the set B
equipped with distance ||-||, [100] shows that

da2(B)
B < e / log'2 N (B, ||, €)de,
0
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where NV (B, ||| , €) is the covering number of the set B with
diameter ¢ € (0, 1).

Theorem A.9 (Theorem 3.5, [14]): Let og > 1 and & =
(fj);l:l, where {¢; }?:1 are independent zero-mean, variance
one, U?—subgaussian random variables, and let B be a class of
matrices. Let us define a quantity

Cs (&) = sup |IBE|* ~E[I1BE)[. a2
BeB

For every p > 1, we have

sup [|BEl|| < Coz[r2 (B, [I-) + dr(B)
BeB

p
+ Vi (B))
sup || BE|* — E [ B¢
BeB Lr
< Coz {02 (B, ) b2 (B, |- + dr(B)]
VB (B) [z (B, I1) + dr(B)] + pd(B)}

where C' 2 is some positive numerical constant only depending

on O’?, and da(-),dp(-) and (B, ||-||) are given in Defini-
tion A.8.

The following theorem establishes the restricted isometry
property (RIP) of the Gaussian random convolution matrix.

Theorem A.10 (Theorem 4.1, [14] ): Let &€ € C™ be a
random vector with & ~;,; 4 CN(0,1), and let Q be a
fixed subset of [m] with |2 = n. Define a set & =
{v e C™||vl||, < s}, and define a matrix

® = RoCy € ™,

where R : C™ — C" is an operator that restrict a vector to
its entries in €. Then for any s < m, and 7,d, € (0,1) such
that

n > C6;251og2 slog® m,

the partial random circulant matrix ® € R™*"™ satisfies the
restricted isometry property

(1=0d0) vnlo| < @]l < (1+0)Vnllv|

for all v € &, with probability at least 1 —m™ log? slogm

Lemma A.11 Let the random vector £ € C™ and the ran-
dom matrix @ € C"*"™ be defined the same as Theorem A.10,
and let & = {v € C™ | ||v||, < s} for some positive integer
s < n. For any positive scalar § > 0 and any positive integer
s < n, whenever m > C6*2nlog4 n, we have

[@v]| < ov/m vl

for all v € &, with probability at least 1 — m—clos” s,
Proof The proof follows from the results in [14]. Without
loss of generality, we assume ||v|| = 1. Let us define sets

(A3)

Dsm = {veC”: [lv| =1, |lv], < s},

. 1 1.
Yy = {%R[lm]le diag (Fpv) Fp, | v € Ds,m} ,
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where Rjj.,) : R™ — R" denotes an operator that restricts a
vector to its first n coordinates. Section 4 of [14] shows that

sup
vEDs m

= g, [Iveel’ - e [Ivael’]| = oo

1
Lyo)? - 1'
n

where Cy (&) is defined in (A.2). Theorem 4.1 and
Lemma 4.2 of [14] implies that
dr(V) =1, dY) < /7,

W, ) < C\/glogslogm,

for some constant ¢ > 0. By using the estimates above,
Theorem 3.1 of [14] further implies for any ¢ > 0

P (CV(S) > cl\/%log2 slog? m+ t)

exp| —coming ——5—,— > | .
o P E slog® slog® m’ s

For any positive constant § > 0, choosing t = 62 m/n,
whenever m > C62nlog? slog? m for some constant C' > 0
large enough, we have

1
sup —||‘I>’U|2—1‘ < cl\/glog2 slog2 m—|—5m
vEDs m | T n n
< 252
n

with probability at least 1—m ™ log” s Therefore, we have

[@v] < Vn+252 m < C'5ym,

holds for any v € D, ,,, with high probability. [ ]

APPENDIX B
MOMENTS AND SPECTRAL NORM OF PARTIAL
RANDOM CIRCULANT MATRIX

Let g € C™ be a random complex Gaussian vector with
g ~ CN (O,JgI ). Given a partial random circulant matrix
CgR[Tlm] € C™*™ (m > n), we control the moments and the
tail bound of the terms in the following form

Ti(g) =
T2(g) =

where b € R™, and b € C™. The concentration of these
quantities plays an important role in our arguments, and the
proof mimics the arguments in [13], [14]. Prior to that, let us
define the sets

]. . *
ER[lzn] Cg diag (b) CgR[lzn]a

1 T 3. T *
ER[L"]CQ dlag (b) CQR[I:n]’

D = {veCS™": supp(v) € [n]}, (B.1)
1
V(d) = {Vv: V= ﬁdiag (d)'"? F %
diag (F,v) Fy,, v € D}, (B.2)

for some d € C™.
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A. Controlling the Moments and Tail of T1(g)

Theorem B.1 Let g € C™ be a random complex Gaussian
vector with g ~ CN(0,02I) and any fixed vector

b= by, - ,bn] € R™. Given a partial random circulant
matrix CgRjy,,,) € C™*" (m > n), let us define
L(g) =
1 .
— Ry, Cy diag (b) Co R - <Z bk>

Then for any integer p > 1, we have

L@ » < Coz [l X

(,/Elog3/2nlog1/2m+\/ﬁw/ﬁ—kpﬁ).

In addition, for any ¢ > 0, whenever m > (7, 5 2

Hb|| nlog n, we have

L(g) <0 (B.3)

. . —c o5 log®n

holds with probability at least 1 — 2 m “9 . Here,
Co2, C[,;z/, and C!, 2 are some numerical constants only depend-
ing on ag.

Proof Without loss of generality, let us assume that 03 =1.
Let us first consider the case b > 0, and let A = diag (b).

For any w € CS" ™!, let us denote

v = er:n]wv
S, = {veCS™ " supp(v) € [n]},
then
L(g) = sup |—v"C AC4v — — Zbk

veS,

By the convolution theorem, we know that

1 1
ﬁAl/QCgv = ﬁAl/Q (g®v)
1 1 5.
= ﬁAl/Qle diag (F',,v) F,g
= V’vg

Since E [ nm]CyAC R n]} = (>"p, bi) I, we observe

Lig) = sw [IVagl’ —E[[Vagl’]|,
V,EV(b)

where the set V(b) is defined in (B.2). Next, we invoke
Theorem A.9 to control all the moments of L(a), where
we need to control the quantities da(-), dp(-) and 2 (-, ||]])
defined in Definition A.8 for the set V(b). By Lemma B.7 and
Lemma B.8, we know that

dr(V(b)) < |Ib]|1/?, (B.4)
da(V(b)) <\f 8122, (B.5)
2o (V(B), 1) <cof|b|”2

log®/? nlog'/? (B.6)
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for some constant C; > 0. Thus, combining the results
in (B.4), (B.5) and (B.6), whenever m > C’lnlog‘3 nlogm
for some constant C; > 0, Theorem A.9 implies that

1£(g) v
< Co{v2(V(b), [I1]) [v2 (V(B), [|-]]) + dr (V(b))] +
Vpda(V(b) vz (V, [[1]) + dr (V(D))] + pd3(V(b)) }

n
< Cs[b]| (\/ - log”? nlog'/?
n n
* \/Wf”ap)

holds for some constants Cy, C3 > 0. Based on the moments
estimate of £(g), Lemma A.6 further implies that

( >c4,/ Bl nlog/m—i—t)
<2exp< C5 ||bH_ mm{|b” t}),

for some constants Cy, C5 > 0. Thus, for any § > 0, when-
ever m > Cgd~?2 Hb||iO nlog® nlogm for some constant
Cs > 0, we have

L(g) <9

holds with probability at least 1 — 2 m—Crlos® n,

Now when b is not nonnegative, let b = b, — b_, where
b, = + +17 _ — -7 m

+ = [bl,--- ,bm} , b = [bl,--- ,bm} € R are the
nonnegative and nonpositive part of b, respectively. Let A =
diag (b), Ay = diag (b;) and A_ = diag (b_), we have

1
L(g) = — sup |[v"C,ACgqv — > by
(9) = sup o Z
1 m
S—suvaAC'v— bJr
m ves, e ;
L1(g)
1
—|—— sup [0 CyA_ Cgv—Zb
myes, 1

L_(g)

Now since by,b_ € R, we can apply the results above
for £ (g) and £_(g), respectively. Then by Minkowski’s
inequality, we have

1£@) e < 1£+@)0 + | £-(9)] |, < Collbllc

X ( 2log?’/inogl/Qm—i— 2\/1_)—1— Ep)
V' 'm V'm m

for some constant Cg > 0. The tail bound can be simi-
larly derived from the moments bound. This completes the
proof. [ |

The result above also implies the following result.
Corollary B.2 Let g € C™ be a random complex Gaussian
vector with g ~ CN(0,02I), and let G = Ry,
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C, € C"™ (n < m). Then for any integer p > 1, we have
1/ n
E[IGI)"” < a,gm(l 2

+ n log?’/2 n10g1/2 m) .
V' 'm

Moreover, for any € € (0,1), whenever m > C’(S’inog4 n
for some constant C' > 0, we have
< |G w|?

(1 = &)m fwlf? < (1+8)m|jw||?

—C O, 3 n
holds for w € C™ with probability at least 1 —2 m o8

Here Co2, ng > 0 are some constants depending only on ¢
Proof Flrstly, notice that

2
g°

Gl

sup [{(w, Gr)|

weCsm—1,reCsm 1
1G]l

IA

sup
weCsn—1

= sup ||C R[l n]wH

weCsn—1
= sup
veCS™ 1, supp(v)€[n]

ICqv] -

Thus, similar to the argument of Theorem B.1, let the set D
and V(1) define as (B.1) and (B.2), we have

1
WHGH < 29| -

sup |V
V(1)

v

By Lemma B.7 and Lemma B.8, we know that
n
dr(V(1)) < 1, d2(V(1)) = /—,

(V) ) < Coy/ = log*? nlog!* m

Thus, using Theorem A.9, we obtain
sup ||

p11/p
V,EV(1) ]

[T 6372 1/2 [
<C,,g< mlog nlog /" “m+ 1+ m\/}_7>,

where Cag > (0 is constant depending only on 03. The concen-
tration inequality can be directly derived from Theorem B.1,
noticing that for any § > 0, whenever m > C15_2n10g4 n
for some positive constant C; > 0, we have

E Vgl

1
sup —(w*GG*w—l)‘ <34
wecsn—1 |
— (1-6m < sup ||Gw|® < (1+8)m
weCsSn—1

) log3 n

holds with probability at least 1 -2 m 79 , where Co2 >
0 is some constant depending only on ag. [ ]
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B. Controlling the Moments of T2(g)

Theorem B.3 Let g € C™ are a complex random Gaussian
variable with g ~ CN(0,021), and let

1
—w
m

N(g) =

sup
weCsn—1

TR C, ding (E) CyR}y,w

where b € C™. Then whenever m > Cn log4 n for some
positive constant C' > 0, for any positive integer p > 1,
we have

”N(g)”m < ng EHOOX

[n [n n
< — log®? nlog"? m + —\/]_7+—p) ,
m m m

where Cag is positive constant only depending on 03.
Proof Let A — diag (g), similar to the arguments of
Theorem B.1, we have

N(g) =

sup |<V1,g,V—vg>‘ , (B.7)

V,eV(b)

where V E) is defined as (B.2). Let g’ be an independent
copy of g, by Lemma B.4, for any integer p > 1 we have

IV (@)l <4

sup

(Vog, Vog')|
V,eV(b)

Lr

For convenience, let V =

V (Z) By Lemma B.5 and
Lemma B.6, we know that

sup ‘ vg,Wg’N
V€V Lp
< oy [, 1) sup 1V.g')
VL,V Lr
+sup H<Vv9,Vv9’>||Lp]
< Clala (V, ) GV ) +de(¥))
£ VB ([de(V) 20, () +pdO0) |

By Lemma B.7 and Lemma B.8, we know that

o < <ﬁuzui:<
D <O\beH

where C' > 0 is constant. Thus, combining the results above,
we have

V@, <l (/2 [B] e
n ||+ n ||~
Vo B+ Bl )

where C”, > 0 is some constant depending on og. |
g

nlog V2m

nlogl/2
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Lemma B.4 Let N(g) be defined as (B.7), and let g’ be an
independent copy of g, then we have

IN(g)ll» <4

sSup |<va7 va/>|

V,eV(d)

3

e

for some vector d € C™.

Proof Let & ~ CN(0,021) which is independent of g, and
let

g'=g+6, g’=g-3o,
so that g' and g? are also independent with g', g? ~
CN(0,2021). Let oN (g', g% = val,Vv92>, then we
have
Es [Qdec(g g )} <va;va>~

Therefore, by Jensen’s inequality, we have

IN ()l
p 1/p
= <Eg < sup |Es [sz\gc(glvf)”) ])
V,eV(d)

P\ 1/p
<E91792 [( sup |Qé\£c(91792)|> ])
V,eV(d)

(Vug, Vog')|

IN

=4| sup

V,eV(d)

)
Lpr
as desired. |

Lemma B.5 Let g’ be an independent copy of g, for every
integer p > 1, we have

sup(V4g, Vog')

Lr
< Coz |2 V@), )| sup [[Vog'l
vEV(d) i
+  sup ||<va,va’>HLp],
V,eVv(d)

for some vector d € C™, where ng > (0 is a constant
depending only on Ug

Proof The proof is similar to the proof of Lemma 3.2 of [14],
and it is omitted here. [ |

Lemma B.6 Let g’ be an independent copy of g, for every
integer p > 1, we have

sup |V

V., EV(d) e
< Coz [v2(V(d), [I']]) + dr(V) + /pd2(V(d))],
||<V”Q7W>HLP

sup
V,eV(d)

< Coz [pdr(V(d)) - d2(V(d)) + pd3(V(d))] ,

for some vector d € C™, where ng > (0 is a constant
depending only on Ug

Proof The proof is similar to the proofs of Theorem 3.5 and
Lemma 3.6 of [14], and it is omitted here. |
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C. Auxiliary Results

The following are the auxiliary results required in the main
proof.

Lemma B.7 Let the sets D, V(d) be defined as (B.1)
and (B.2) for some d € C™, we have

2(V(d) < ([ |d] L7
m

Proof Since each row of V,, € V(d) consists of weighted
shifted copies of v, the ¢5-norm of each nonzero row of V,,
is m~1/2 |d;€|1/2 |v]]. Thus, we have

dp(V(d)) < ||}/, d

dr(V(d) = sup |[Valp
V,eV(d)
1/2 1/2
< ||d||X? sup [Jo]| = ||d]| 2.
veED

Also, for every v € D, we observe

[Vl |||/ ||diag (Fv)|

IA

7
\/— ]l

It is obvious for any v € D that ||F,,v|_

Vv ||vll, = v/n, so that

n 1/2
Vol < «/—|1d|"?.
SlelgH ol <4/ ldll

Lemma B.8 Let the sets D, V be defined as (B.1) and (B.2)
for some d € C™, we have

O/ = ||d|l:L* 1og®* nlog/* m

where ~y,(-) is defined in Definition A.8.
Proof By Definition A.8, we know that

d2(V)
Y2 V(). |I]) < C/O log"? N (V(d), ||]| , ) de

for some constant C' > 0, where the right hand side is known
as the “Dudley integral”. To estimate the covering number
N (V(d), |l ,€), we know that for any v, v’ € D,

YR Fol -

< ||'UH1 <

dz(V(d)) =

12(V(d), [I-]))

Vo=Vl = [[Vool
1
< [[diog @2 | 1P (o — )
< = 1L | P(o =)
Let |[vls = [[Fmv|, that ||v)s < ||v|1|15 we have
NE@LIHe < N(Dm 2 d) e
Next, we bound the covering number
N(D,m’l/QHdHiéQH-H@,e) when ¢ is small and large,
respectively.
When e is small (e, ¢ < O(1/y/m)), let Bgn] =
{veC™: ||v]|; <1,supp v € [n]}, then it is obvious that
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DC \/EBE”]. By Proposition 10.1 of [13], we have
N (D2 L2 s )

< N (VaB w2 d L )

n _ m
< NB Ll =)

- <1+_2¢%ndn12>
- /me

Thus, we have

log A" (D,m /2 ]2 |5 )

9 1/2
< nlog <1 + %) .
me

If the scalar € is large, let us introduce a norm

loll} = > 1R(ow)] + (v

k=1

VovecCm, (B.8)

which is the usual ¢;-norm after identification of C™ with

R2™, Let BHnI]I* {ve (Cm : v} < 1,supp (v) € [n]},

then we have D C \/an’j'” e By Lemma B.9, we obtain

log N (D,m ™2 d]| L |1 <)

m —1/2
< 1o (Bff Ml Y= 11
C
< _712 ||d|| . log m logn.
me

Finally, we combine the results above to estimate the “Dudley
integral”,

d2(V(d))
1= [T P o de
0

K d 1/2
g\/ﬁ/ 1og1/2<1+2,/ﬁ& d
0 m €

/\/:,:,uvnééz

+C\/£|d| logmlogn € de
m

/2 |22

2
< =2 |jd|) 2 log"/? (1++") dt
m 0

+ C\/E lld|| ., log mlognlog (\/E|d|ié2 //@)
m m
2
2 )
K m
C\/ﬁ ||d|| . log mlognlog ( [ ”d”iéQ /H) 7
m m

where the last inequality we used Lemma 10.3 of [13]. Choose
ld):?

K= "m

we obtain the desired result. |

Lemma B.9 LetB |I ={veC™: |v|] <1, supp(v) €
[n]}, and [|-]|] is defined in (B.8), we have
log V" (B]'}. Il

e) < % logmlogn (B.9)
€
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for some constant C' > 0, where the norm ||v|| 5 = || F ||,
Proof Let U = {*e,---,+te,, tiey, -, *ie,}, it is
obvious that B” . C conv(U), where conv(i/) denotes the
convex hull of /. Fix any v € U, the idea is to approximate
v by a finite set of very sparse vectors. We define a random
vector
sign (R(v;)) ej, with prob. |R (w;)|, j € [n]

z = < sign (3(vj)) e;, with prob. [ (w;)], j € [n]
0, with prob. 1 — ||w]|} .
Since |lv||; < 1, this is a valid probability distribution with
E[z] = wv. Let z1,---,z; be independent copies of z,
where L is a number to be determined later. We attempt to
approximate v with a L-sparse vector

1 L
= — Zk.
s L; k

By using a classical symmetrization argument (e.g.,
Lemma 6.7 of [13]), we obtain

S€e

L
1
Efllzs —vlz] = E ZZ(zk—lE[zk]) ]
k=1 =
9 L
< EE Zakzk
k=1 =
9 L
= 7E max ;Ek <f£vzk>]

where € = [e1,- -+ ,e1]" is a Rademacher vector, independent
of {zk’}izr Fix a realization of {zk}izl, by applying the
Hoeffding’s inequality to €, we obtain

5<L >\/Et>

Zak <févzk>

L
<F. (
k=1

> ek (Forzn)

< 2exp (—t?/2)

L
Z féazk
k=1

)

for all ¢ > 0 and ¢ € [m]. Thus, by combining the result above
with Lemma 6.6 of [13], it implies that

ka Foze)|| < Cy/Llog(8m),
k_
with C = v2 + (4v/2log8)

we obtain

max
Le[m)]

< 1.5. By Fubini’s theorem,

|

(B.10)

IN

2
Eflzs - vls) < FE-Ee |max

L
> er (fo k)
k=1

3
< —+/log(8m).
< 7 g(8m)
This implies that there exists a vector zg = %Z£=1 Z
where each zj, € U such that ||zg — v| & < log(8m).
Since each z; can take 4n + 1 values, so that zg can take
at most (4n + 1)L values. And for each v € conv(i),

1811

according to (B.10), we can therefore find a vector zg such
that [|v — z5 < e with the choice L < |5 log(10m)].
Thus, we have

log V' (Bf'].. [l »€) < Tog A (conv(@d), |1l )
9
< Llog(4n + 1) < — log(10m) log(4n + 1),
€
as desired. ]
APPENDIX C

CONCENTRATION VIA DECOUPLING

In this section, we assume that ||| = 1, and we develop
concentration inequalities for the following quantities

1 . o
Y(g9) = ER[L”]CQ diag (|g ® $C|2) %
Cgerznb (C.1)
202 +1 .
M(g) = o R, C g%
diag (Co2(g ® @) Cg Ry, (C2)

via the decoupling technique and moments control, where
Co2(-) is defined in (VL5) and 02 > 1/2. Suppose g € C™
is complex Gaussian random variable g ~ CN (0, I). Once
all the moments are bounded, it is easy to turn the moment
bounds into a tail bound via Lemma A.6 and Lemma A.7.
To bound the moments, we use the decoupling technique
developed in [12], [14], [101]. The basic idea is to decouple
the terms above into terms like

1 - 2
QdYec(glaQQ) = ER[lzn]Cgl diag (‘92 ®$| ) X

Cg Ry, (C3)
1+ 202
Q(Ii\gc(glaQQ) = R[1 n]C 1 X
diag (11,2 (9 ®x)) Co R}y, (C.4)

where 7,2 (t) = 1 — 210%¢,>_1(t), and g" and g* are two
independent random variables with

1

g' =g+6, g

=g-—9, (C5)

where § ~ CN(0, I) is an independent copy of g. As we dis-
cussed in Section III, it turns out that controlling the moments
of the decoupled terms QY (g',g*) and QY (g',g?) for
convolutional random matrices is easier and sufficient for
providing the tail bound of Y and M. The detailed results
and proofs are described in the following subsections.

A. Concentration of Y (g)

In this subsection, we show that
Theorem C.1 Let g ~ CN(0,I), and let Y (g) be defined
as (C.1). For any 6 > 0, when m > 05’2n10g7 n, we have

1Y (g) —za™ —I|| <,

—C

holds with probability at least 1 — 2m

Authorized licensed use limited to: Weizmann Institute of Science. Downloaded on February 25,2020 at 10:14:06 UTC from IEEE Xplore. Restrictions apply.



1812 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 66, NO. 3, MARCH 2020

Proof Suppose g', g? are defined as (C. 5), and Qdec(g .g ) < 03< [ <log3/2 nlog?/? m) »
is defined as (C.3). Let [g° ® 2], = (97) x and C, Ry, = B m

1 *
(91) /m 32, 1 2
-+ |, then by Lemma C.2, we have + m (logm) p™= + m (logm)p” ),
(g "’/) where the first inequality follows from the triangle inequality,
IE5 [QY (g" 2)} the second inequality follows from Theorem B.1, and the
dec\9 > 9 . . ..
m last inequality follows from Lemma C.3. Thus, combining the
—— ZE‘s [ — &))" .’1:‘2 (g, + 0x) (g5, + 5“*} estimates for 7; and 73 above, we have
1
L 2 2 (g [IY (9) ~ EY (g))I")""
= g1]” 9.9k + 9xgr + |grz|” T + 2 no
m;( §C4( E(log‘s/inog?’/Qm)p
I o * * * * n n
+ TL JeGr — IrIuTT ) +4/— (logm) p*/? + — (logm)p2>.
1 m m m
=4I +Y(g9) —E4[Y(g)] + m (9r9r — 1) Therefore, by using Lemma A.7, for any § > 0, whenever
k=1 m > Cs6 2nlog* mlog® n
1 m
- = (zx'g,g; + gygiwa’ — 227 Y —E[Y]| < o,
k=1
1 . with probability at least 1 — 2m~™¢, where ¢ > 0 is some
+ m (|gkw| - 1) I numerical constant. Finally, using Lemma C.2, we get the
k=1

desired result. [ |
Thus, by Minkowski inequality and Jensen’s inequality, for

.. L 2 " with = 1. L ~
any positive integer p > 1, we have emma C.2 Suppose z € C" with || et g

CN(0,I), and let Y (g) be defined as (C.1), then we have

1
(B [Y ()~ E[Y (g)]|")"” E[Y(g)] = @z” + 1.
r P\ /P
§4(E9 ‘_ lnC*C R[ln] ) gT
) 1/p Proof Let Cy4R[;,, = | @ |. Since we have
+ (Bg [[Es [QYc(a",6%)] - 4I||”}) o
r P\ 1/P
<4(Ey |||— C,C4R},,, 1| &
- < g ‘ ] el = ) E[Y(g9)] = —E|)_ (gix) gng]
T mo =
1p = E|(g"z)" 99",
+ (Bgr g [ Q¥cla g®) —41|"]) [ ]
pa we obtain the desired result by applying Lemma 20
? of [38]. ]

By using Theorem B.1 with b = 1, we have - »
Lemma C.3 Suppose g ~ CN(0,2I), for any positive

i >
T < Gy (,/310g3/21og1/2m+,/ﬁx/z‘wﬁp), mieger p = 1, we have
m m m

(E5[Ilg ® z|”.))""" < 6y/logmy/p.

Proof By Minkowski inequality, we have

where C > 0 is some numerical constant. For 75, we have
7>

1/p Eg[Ig ® =||”.]'" < E[|g® =||..]
- (]Egl,y2 [HQdYec@l’gQ) _4I||pD ’ ~ ~ P\ 1/P
+(Ez[(Ig®zl.. —Ellge| )"

1 9 p 1/p
Y (1 2 2
< (Egly2 HQdec(g 19 )_QEHQ ®a| 1 ]) We know that ||g® x|, is 1-Lipschitz w.r.t. g. Thus,
PN 1/p by Gaussian concentration inequality in Lemma A.3, we have
C* Ry, —21 ~ ~ _
( [H i Cat O i D B(|lg® ] ~E5llg®2l.] > 1) < 27
1/p
<y <Eg2 [HQQ ® a:HOO} + 2) X By Lemma A.5, we know that ||g ® x|| is sub-Gaussian, and

satisfies

no. 32 1/2 n n ~ ~
(/2 082 1o m+\/;ﬁ+mp) (B (|17 ® @l ~Egllg @2l ][")"" < 4vp.
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g1
Besides, let g® x = , then by Jensen’s inequality, for
e
all A > 0, we have

exp (AE[lg ® x| ]) < Elexp(A|g®x|)]

=E Lg}ﬁxm exp (x\ﬁ,*cw)]

m

~ % 2
S B[] < me
k=1

IA

where we used the fact that the moment generating function
of gpx satisfies E [exp (Agyx)] < exp(A\?). Taking the
logarithms on both sides, we have

Eflg® (] < logm/A+A.

Taking A = +/logm, so that the right hand side of the
inequality above achieves the minimum, which is

Ellg®al.] < 2/logm.

Combining the results above, we obtain the desired result. W

B. Concentration of M (g)
Given M (g) as in (C.2), let us define

H(g) = P,.MP_. (C.6)
and correspondingly its decoupled term
Qieelg'.9%) = PorQgi(g'. 9°)Pyr,  (CT)
and let
Ne2(t) = 1-— 27r02§‘72_% (1), (C.8a)
va(t) = 1- ;7;7"_41502,% (),  (C8b)

where 02 > 1 /2. In this subsection, we show the following
result.

Theorem C.4 For any 6 > 0, when m > C62||C,|
n10g4 n, we have

|H(g) = Pyl <0 (€9
M(g)—I 20° | < 35 (C.10)
g 14 202 - '
HPwLM(g)_PwL” < 20 (C.11)
holds with probability at least 1 — em—<' 108" where e,

and C' are some positive numerical constants depending only

on o2.

Proof Let QX (g',g?) be defined as (C.7). We calculate its

dec
expectation with respect to 4,

(1-1—202

—1
) EslOfia+s.9-0)
= PwiR[lzn]C; diag (E5 [7702 (|(g - 5) @ :13|)])
C"l]]:{'f(l:n]13:1:L +(1,Es [n52 ((g — 0) ® z)]) Py
= (1,¢2 (lg@ ) Py +
PmiR[lzn]C; dlag (€U2 (|g ® $|)) (j‘l]‘l:{'?(l:n]P)acL

X

1813

where the last equality follows from the second equality in
Lemma C.9. Using the results above and Lemma C.10, for
all integer p > 1, we observe

(E[|H —E[H]|")"?
(=] \Ea (0 (g+ 6,9~ 8)] - Py

1+ 202 p})l/p

(Eg “|E6 [Qﬁc(g +08,9—0)] —2P,. Hp})l/p

(1,62 (lg ® ) Py

IN

_ 14 202 p\ 1/p
(B [J1 - 12 s Ggw o] )
| 1/p )
< (Bgg [|QM (0" 9% —21]["])
_ 14 202 pqN /P
(o[- e tgman| ])

where O (g', g?) is defined as (C.2), and we have used the
Minkowski’s inequality and the Jensen’s inequality, respec-
tively. By Lemma C.5 and Lemma C.11, we obtain

(E[|H —E[H]|")"?

< Cye2 < ﬁ10g3/2n10g1/2m—|—\/]_7 ﬁ—|—p£),
V'om V' m m

where C2 is some numerical constant depending only on o2.
Thus, by using the tail bound in Lemma A.6, for any ¢ > 0,
we obtain

P (|H—E[H]|| > 01,/%10g3/2n10g1/2m+t>

2
< 2exp <—C2m—>
n

for some constants C,Cy > 0. This further implies that for
any 0 > 0, if m > C36 2nlog® nlogm for some positive
numerical constant C'3, we have

| H —E[H]| <,

holds with probability at least 1 — 2 m~C* log” n where

C4 > 0 is numerical constant. Next, we use this result to
bound the term || M — E[M]||, by Lemma C.10, notice that

1M —E[M]|

[Pgr (M —E[M]) Py ||

+ [Pz (M — E [M]) Pyl
+2||Pyi (M —E[M]P,)|

IH — E[H]| + |z* (M — E[M]) z|
+2||Pyr Mz .

IN

IN

Hence, by using the results in Lemma C.6 and Lemma C.7,
whenever m > C'||Cg||* 6 2nlog* n we obtain

IM —E[M]] < 34,
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holds with probability at least 1 — em =< 1°8" " Here ¢, >0 For the term 73, Lemma C.11 implies that
are some numerical constants. Similarly, we have

1+ 202 9
P, (M~ E[M])| B H (e (9" @ 2]) — 1]
< ||P M —E[M]) P
< 1Py ( [M]) P || < % e vp
+ [|[Pgr (M — E[M]) P \/_
= |[H - E[H]| + || Per Mz|| . for some constant C’, > 0. Combining the results above and
Again, by Lemma C.7, we have use the fact that ||C|| < +/n, we obtain
1/p
VP, (- {aa) < 5 (50 I8t )21
holds with probability at least 1 — em—¢'1og” By using n. 5 n n
/ /2 1/2 /
Lemma C.10, we obtain the desired results. ] < Cp» ( m log™ " nlog™“m + /p m + p%) ’

. . 1 2
Lemma C.5 Suppose g', g* are independent with g, g° ~ where C”, > 0 is some numerical constant only depending

C./\/(.O7 2I), and let Q)7 (g*, g*) be defined as (C.4), then for |~ 2 =
any integer p > 1, we have
1/p Lemma C.6 Let g € C™ be a complex Gaussian random
(]Eg1792 “’Qé‘gc(gl,QQ) - QIHPD variable g ~ CN(0,I). Let M (g) be defined as (C.2). For
any & > 0, whenever m > C,20~1||Cy|*> nlogm, we have
< (2 21og3/2nlog1/2m—|—\/jr_) 2—l—p2 ,
V' m Vm  “m le* (M —E[M])x| < ¢
Zvlilzrg C,2 > 0 is some numerical constant only depending holds with 1 — m—ClzllCall®n Here, Cs, C', are some
' [bl'l numerical constants depending on 2.
Proof Let b = (202+1)n,2 (9 ®x), set b = | : |, Proof  Let h(g) = |sc*M(g)a:|1/2 =/ %
{bmJ ‘ diag (C /2 (ng)) C.g ’ Then we have its Wirtinger

and write Q}7.(g',9%) = SRy C,diag (b) Cg R}y,  gradient
By Minkowski’s inequality, we observe

202 +1
1/ Hd 1/2 . )Cm
(Eyl,g2 {HQ%C(QI,QQ) - QIHPD 3 \/ 5 (Cag) g

’—1

P\ x [CZ diag (C,2(Cg)) Cag +
< Eg ,g? Qdec g g - Zbk‘[
Csding (/(Ca) Cat].
T
1+ 202 2
+2H +m0 <177702 (|gQ®w|)>—1 . where gﬂt)z%exp( ‘2’22) so that
Lo
2 1 -1
" 1Vgh(g)] =y 27 aing (¢42(Cog) Cut
For the term 77, conditioned g2 so that b is fixed, Theorem B.1
implies that for any integer p > 1, C: diag (¢,2(C.g)) Czg
9 I P 1/p
(Egl HQé‘fc(glaf) == bl | 92D + C;, diag (91(Cg)) Cag ‘
k=1
Thus, h
< Cy2 ||b]| o, (Uﬁlog?’/inogl/Qm 5, we have
m
202 +1 .
[T apn IVeh@ < ICall (o (42(Co)]
p m pm ) »
where C,> > 0 is some numerical constant depending only + Hdlag (ng (Cag )) H )’
on o?. Given the fact that ||b]| < c,2 for some constant
cy2> > 0, and for any choice of g2, we have where go2(t) = gi(t) _1/2(15). By using the fact that
1/2
n ) HCUQ N <1 and ||g2]|;c < C} for some constant C'; > 0,
T <Cy2 (,/E10g3/2n10g1/2m we havﬁ:
n n 202 +1
VB +pg)- IVeh(@)ll < C ICall.

Authorized licensed use limited to: Weizmann Institute of Science. Downloaded on February 25,2020 at 10:14:06 UTC from IEEE Xplore. Restrictions apply.



QU et al.: CONVOLUTIONAL PHASE RETRIEVAL VIA GRADIENT DESCENT

for some constant C > 0. Therefore, we can see that the

Lipschitz constant L of h(g) is bounded by C5 4/ % (ICl.
Thus, by the Gaussian concentration inequality, we observe

2
C_omt
ICal?

P(lh(g) —E[h(g)]] > t) < 2¢ (C.12)

holds with some constant C,2 > 0 depending only on o~.
Thus, we have

—t < h(g) (C.13)

C62mt2)
IC=1? )

—Efh(g)] <t

holds with probability at least 1 — 2exp (—

By Lemma C.10, we know that

402 +1

E [h? = *E[M = - _
[h*(9)] z"E[M(g)] = %7 11

This implies that

h¥(g) < (Elh(g) +1)° =
h*(g) —E [h*(g)] < 2t\/E[h%(g)] + ¢*
1+ 402
< 2/ rgog (C.14)
holds with probability at least 1 — 2 exp <_ ﬁg:lllt; ) On the

other hand, (C.12) also implies that h(g) is subgaussian,
Lemma A.5 implies that

E|(h(g) ~Er(g)])’] < G ICa

m

. |Call?
— 5[h(g)] < Eln(g))? + Sl
for some constant cl,
m 2 " |IC e |* for some large constant
on o2 > 0, from (C.13), we have

> 0 only depending on o2. Suppose
", > 0 depending

h(g) = E[h(g)] —t
Cl, ||Cull®
> \/E () - Z2 1=y
Suppose t < \/IE [h2(g)] — Oo ||Cm||2’ by squaring both sides,
we have
) > Epeg) - SISl o
. %\/ gy - CoxlCell
This further implies that
g - [1¥(g)] > ¢ - CezlCell
) , 2
_ Zt\/g; j: _ G ”nf“”” , (C.15)

holds 1 — 2 exp (—1 2mi? ) Therefore, combining the results

in (C.14) and (CIS) for any 6 > 0, whenever m >
C4671||Co|I> nlogm, choosing t = C4, we have

|h*(g) —E [h*(g)]| < 4,

holds with probability at least 1 —m

~ColCa?n -
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Lemma C.7 Let g € C™ be a complex Gaussian random
variable g ~ CN(0, I), and let M (g) be defined as (C.2). For
any 6 > 0, whenever m > C,262||Cyl|* nlog* n, we have

[Py Mz| < 0,

holds with probability at least 1 — 2m™%? log® n Here,
cy2,C2 are some positive constants only depending on o2,
Proof First, let us define decoupled terms

QMs* (g1 g2y — 2T+ 1

diag (v,2 (¢° ® x)) Cg2 Ry,
202 +1
9% = =2

diag (v,2 (92 ®x))

wLR[l:n] Cy

X

Qdec (

R[l:n] C,

gl
Cy erm]w, (C.16)
g1

where v,2(t) is defined in (C.8). Let CyR[;,,,) = and

Im

o

CsR[., = , then by Lemma C.9, we observe
5*

m

1

) Es[o g o0 0)

202 +1
m

_ [PELR[M] C 5 ding (v,2 (g — 8) ® 7)) x

Cg—éerzn] w:|

= ZEfS {Vaz ((gr, — 0k) @) Pyox

k=1

(g5 + 0x) (g, — 0r)" 53}

= ZPngkEézm [V02 ((gk -
k=1
m

= Z Co2 (9253) P
k=1

= PmiR[ln]C; dlag (€U2 (g ® ZC)) Cgerzn]w

o) x) (g), — 01)" ]

*
21 9rgET

Thus, for any integer p > 1, we have

(=]

x CgR[j.,x

202 +1

PmLR[ln] C; diag (Caz (g @ IIS))

e

(B, [|Bs [0z (g + 5.9~ 0)] HPDUP

< (e [Jeti= w01
< (e [Je @ )
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By Lemma C.8, we have

L P\ L/p
(Borer [[ 28 (68,07 ]) " < CorliCall %
[1/2 <1+ ,/ﬁlog:’)/inogl/Qm) N ﬁp} )
m m m

Therefore, by Lemma A.6, finally for any § > 0, whenever
m > C62||Cql* nlog" n we obtain

P(||Py.Mz|| > §) < 2m clos"

where ¢, C' > 0 are some positive constants. |

Lemma C.8 Let g' an g? be random variables defined as
in (C.5), and let Q¥* (g', g?) be defined as (C.16). Then

dec
for any integer p > 1, we have

L P\ /P
(B oe [tz 602 ]) " < Corlcall x
[”ﬁ (1—|— ~/£10g3/2nlog1/2m) VD + ﬁp} 7
m m m
2

where C2 is some positive constant only depending on o~.
Proof First, we fix g, and let h(g?) = ngL(gl,QQ). Let
g(t) = tv,2(t), for which the Lipschitz constant Ly < C,
for some positive constant C,> only depending on o2, Then
given an independent copy g2 of g2, we observe

|n(g®) = hig?)|
202 +1

m
/
00'2
m

| Rp1:n)Cn | HQ(CmQQ) - g(Cm.;g)H

IN

| R Cy [ 1€ 9? — 92|

Ly

where Lj, is the Lipschitz constant of h(g?). Given the fact
that Eg2 [h(g?)] = 0, by Lemma A4, for any ¢ > \/nL;, we

have
t
P > —
e (Iol > )
2
1 t
e exp <—§ (L—h—\/ﬁ> ),

where v € R"™ with v ~ A(0, I), and we used the Gaussian
concentration inequality for the tail bound of ||v||. By a change
of variable, we obtain

IA

P (|ln(g)] = ¢)

IN

1
h
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holds for all ¢ > 0. By using the tail bound above, we obtain
L p
B2 [|| o (9" 0%)]
_ / P (|[n(g?)|]" = t) at
t=0
(vVaLa)” .
/ P (||n(g?)]” = t) at
t

=0

+ /t:ﬁwp P (Hh(g2)H > tl/p) dt

(VnLy)" +p/oo

u=+/nLy
o [ (g 2 ut vaLy) x
(u+nLy)" " du + (VaLy)"
(vVaLy)" +2°72p (VL)™' e/oo ¢ au

u=0

IN

P (Hh(gz)H > u) uP tdu

IN

2

oo u

— - 2 —

+ 2P 2pe/ e FhuPldu
u=0

s -
= (VnLn)" + \/;2’)2;)\/5” "LPe

[}
7=0

< 3vn"L, <1 + \/§2p1p + 23p/23pr(p/2)>
<3 (4\/ﬁLh)ppmaX {(p/Z)p/Q, \/%} ,

where we used the fact that T'(p/2) < max {(p/2)?/?,V2r}
for any integer p > 1. By Corollary B.2, we know that

Egr || R Cinll"] < chavim” =

p

n 3/2 1/2 n

1 —1 1 —
(ﬂ/mog nlog mﬂ/m\/ﬁ) ;

where c,2 is some constant only depending only on o2. There-
fore, using the fact that L, = C/, || Rj1.,)Cig1 || |Cel| /m and
pl/P < el/e, we obtain

ot P\ /P
(Eglgz H‘deéc (QlaQQ)H D
<" \lC n n. 372 1/2
< CL||Cxll /P - 1+ mlog nlog™/“m
n
Z)
— Il | Zp+

n n 3/2 1/2
— |1 — 1 1
\/m(+\/mog nlog m)x/ﬁ],

where C”, > 0 is some constant depending only on 2. n

— P _
e "2 ldr

C. Auxiliary Results

The following are some auxiliary results used in the main
proof.
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Lemma C.9 Let £,2,(,2, 1,2 and v,2 be defined as (VL.5)
and (C.8), for t € C, we have

Eoveno) [€o2(t +5)] = 5 2+4 (1)
Esveno) o2 (t + )] = Co2(t)
1
EQNCN(O 1) [CU (S)] - 20.2 +1
402 +1
Escaro,1) {|t| Co2 ( } m
1
Esvcn(0,2) [Mo2(s)] = m

ESNCN(O,l) [(t + 5)V02 (t + 8)] = (2 (t)

Proof Let s, = R(s), s; = $(s) and ¢, = R(t), t; = S(¢t),
by definition, we observe

Esnen(o,1) [§o2 (t + )]
Lt (s
T 2mo? 7w J, P 20

1 (sr +1:)" +t
= 27r202 . exp ( sz) dsyx
+

/sflexp( L)

_ 1 |t]
T o (02 +1/2) P\ 202 +1/2)
= 502+%(t)'

by definition of 7,2 and (,2, we have

>ex ( H )ds

Thus,

ESNCN(O,l) [7702 (t + S)]
=1-210"Escno1) [Er2—1/2(t + 5)]
=1-2710%,2(t) = (o (t).

For E;car(0,1) [¢o2 ()], we have

Eieno,1) [Co2 (1)]
=1- QWUQEthN((m) (€52 ()]

1t
=1-E;cn,1) |€xp Gy

202 N 1
2024+1 14202

For ¢ car(0,1) {|t| Coa(t )}, we observe

Ev-cxon) It G2 (0)]

_! [t 1 —ex —ﬁ ex (—|t|2) dt
A P72 P

5 1 2 20241
= Eiveno,1) [|t| } - It]
t

e 202 II‘/‘2dt
20?2

2
T 3R 1t (0.2 [|t| }

_1 < 20 >2_ 402 41
= 20_2+1 - (20_2+1)2'
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In addition, by using the fact that E,car(0,1) [§02 (t + 5)] =
o241 (t), we have

= Etl,t2~7‘,.i.d.cf\f(0,1) [7702 (tl + t2)]
= Ei nenvon) [Co2 ()]
1
14202

Eien(0,2) 102 ()]

For the last equality, first notice that

Esenro,1) [5602 (t + )]
1 1
o), “ono? P
1 Y.
= e J—
922 P 1+ 202
/sexp <—

1 It|? o O
= ex — ™
9202 TP\ T 902 1+ 202

« —t
1+ 202

—t 1t
=————exp|—
(142027 P\ 14207

—t

= Wfau%(ﬂ-

|t + s/
202

) exp (— |s|2) ds

1+ 202
202

Therefore, we have
Eswcaro,1) [(f +8)&ez_ 1 (t+ 5)}
=1-Esueno,) [5027% (t+ 5)}
(8604t +9)

t 202 —1
rﬂflﬂ(t) =

+Esveno,)

= t&,2(t) — €2 (t).

Using the result above, we observe

IEsr\zC./\/'(O,l) [(t + 8)1/02 (t + S)]
4

4o
=t mESNcN(OJ) [(t + 5)502,% (t + s)}
=t (1 - 210%6,2(1)) = G,2(0),
as desired. .

Lemma C.10 Let g ~ CN(0,I), and M(g), H(g) be
defined as (C.2) and (C.6), we have

1+ 402
PwL —+ mww*v
- P,..

«Q

2

L
I
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g
Proof By Lemma C.9 and suppose CgR[i.,,; = | : |,
Im
we observe
E [M]
202 + 1 & . .
= —— ) E[(2(gi)9,97]
m
k=1
20% + 1 & . .
= > {E (2 (9;2) E [Py1gygi Po-]
k=1
+E [<a2 (gzw)ngngPm]}
202 + 1 * < * *
=Py + —ax ZE [@2 (grx) |Qk9'3|2
k=1
402 +1
Thus, we have
E[H] = P, . E[M]|P,.
402 + 1
= PmL PmL =+ wa* PmL = PmL,
202 +1
as desired. |

Lemma C.11 Let g ~ CN(0,I) and g ~ CN(0,2I), for
any positive integer p > 1, we have

1+ 202
b————%L@Mg®m>
Lp
3 (202+1)
< 7
—m o HCfEH\/I_)?
1+ 202 ~
1——=" (1,7,
- e ge )|
3 02(202+1)
<————2||C.| VP
7 |
Vi (o2 - 4)

2 ~
Izroof Let h(g) = 127 (1,(,2 (g® x)) — 1 and let b/ (g) =

(1,712 (|]g ® x[)), by Lemma C.9, we know that
Eg [h(g)] = 0, Eg[r'(g)] = 0.

And for an independent copy g’ of g, we have

[h(g) — h(g")]
2 ’
ety
2 .
< 1+20' Heiﬁlg®m‘2_67ﬁ|g,®w|z
- m 1
1+ 202 1+ 202
< ——||Cxlg -9 < ———||C —q
< 27 Calg - )] < T2 | Cal I - 4
where we used the fact that exp (—%) is Le-1/2.

Lipschitz. By applying the Gaussian concentration inequality

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 66, NO. 3, MARCH 2020

in Lemma A.3, we have

P(h(g)] > ¥
2
=PQL%34LQMM®M»—42Q
o2 mt?
é eXp | — )

2(202 +1)%||Co |

for any scalar ¢ > 0. Thus, we can see that h(g) is a centered
241)%Co 2 ) .
%—subgaussmn random variable, by Lemma A.5,

we know that for any positive p > 1

(202 +1) |Ca|

h » <3
Ihg)ll, < 3 —— L

\/}_ja

as desired. For h/(g), we can obtain the result similarly. M
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