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Abstract— Pilot contamination is a limiting factor in multicell
massive multiple-input multiple-output (MIMO) systems because
it can severely impair channel estimation. Prior works have
suggested coordinating pilot design across cells in order to reduce
the channel estimation error caused by pilot contamination.
In this paper, we propose a method for coordinated pilot
design using fractional programming to minimize the weighted
mean squared-error (MSE) in channel estimation. In particular,
we apply the recently proposed quadratic transform to the
MSE expression which allows the effect of pilot contamination
to be decoupled. The resulting problem reformulation enables
the pilots to be optimized in closed form if they can be
designed arbitrarily. When the pilots are restricted to a given
set of orthogonal sequences, pilot optimization reduces to an
assignment problem which can be solved by weighted bipartite
matching. Furthermore, we consider the max-min fairness of
data rates with orthogonal pilots and obtain an extension of the
proposed method to correlated Rayleigh fading. Finally, simu-
lations demonstrate the advantage of the proposed (orthogonal
and nonorthogonal) pilot designs as compared with state-of-the-
art methods in combating pilot contamination.

Index Terms— Pilot contamination, massive MIMO systems,
weighted MSE minimization, max-min fairness of rates, orthog-
onal and nonorthogonal pilot designs, correlated Rayleigh fading.
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I. INTRODUCTION

ACQUISITION of channel state information (CSI) is cru-
cial in massive multiple-input multiple-output (MIMO)

wireless networks. A main challenge in channel estimation
is that due to the limited coherence time, pilot sequences
assigned to multiple users across multiple cells cannot all
be orthogonal. The nonorthogonality between the pilots, e.g.,
when the same set of pilots is reused across cells, causes the
channel estimation for one user to be affected by the pilots of
other users. This effect is referred to in the literature as pilot
contamination [2], [3].

This work pursues a strategy of designing pilot sequences
of user terminals across cells as a function of their large-scale
fading (assuming that user terminals are relatively stationary)
in order to minimize pilot contamination. Following the recent
works of [4], [5], the idea is that the effect of pilot conta-
mination mainly depends on the large-scale fading between
user terminals and base stations (BSs). For example, if some
interfering pilot signal is weak, then the desired pilots can
afford to have higher correlation with it. Thus, judicious pilot
design for the different users across multiple cells can help
alleviate the pilot contamination effect.

The above goal can be further characterized as minimiz-
ing some suitable system-level metric of channel estimation
performance by choosing the pilot sequences properly. The
authors in [4], [5] consider the minimum mean squared-error
(MMSE) as the error metric. Here we additionally include
weights, each reflecting the extent to which a particular user
is affected by pilot contamination; thus weaker users may be
assigned higher weights. We begin with the nonorthogonal
case as illustrated in Fig. 1(a). Pilot design in this setting
entails solving a multidimensional nonconvex problem. In con-
trast to standard tools such as greedy methods [4], [5] and
successive optimization [6], our approach is tailored to the
fractional structure of the nonorthogonal pilot design problem.
Specifically, minimizing the weighted MMSE using arbitrary
pilots can be interpreted as a continuous sum-of-ratios pro-
gramming problem. We simplify the problem by separating
the numerator and denominator of each ratio. We achieve this
separation by using the quadratic transform [7], [8], which is
capable of decoupling more than one ratio. Earlier approaches
to fractional programming (FP) such as the Dinkelbach’s
method [9], [10] cannot perform such a separation.

Although nonorthogonal pilots provide more accurate
channel estimation, an orthogonal pilot scheme shown
in Fig. 1(b) may still be favored in practice owing to its
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Fig. 1. Orthogonal pilots versus nonorthogonal pilots. The solid line is the
desired pilot while the dashed lines are the interfering pilots; the width of the
dashed lines is proportional to the correlation with the desired pilot.

simple implementation. The assignment of orthogonal pilots
to users involves a challenging combinatorial optimization.
In comparison to the state-of-the-art method [11] that assigns
the orthogonal pilots to one cell at a time, we show that by
using our decoupling approach, coordinated pilot design may
be reformulated as a multi-cell assignment problem which
can be efficiently solved via weighted bipartite matching.

While [12]–[14] consider blind channel estimation without
using pilots, it is common in the literature of massive MIMO
to enhance channel estimation accuracy via pilot optimization.
The allocation of fixed orthogonal pilots across users is a
well-studied problem in this area. In order to mitigate the
pilot contamination effect, [15] proposes assigning pilots based
on the orthogonality between the users’ channels, which is
quantified by the angle of arrival (AoA) of the received signal.
Alternatively, [11] suggests a greedy method that optimizes
the pilot assignment for one cell at a time. Another common
heuristic [16], [17] is to partially reuse pilots among cell-edge
users; pilots are fully reused only among those center users
that are more resistant to pilot contamination. In contrast to
the above works assuming orthogonal pilots with fixed powers,
a more sophisticated pilot design [18]–[22] incorporates power
control into the orthogonal pilot assignment. As a further
extension, [23] allows each user to combine multiple orthogo-
nal pilots, but the resulting pilot sequences cannot be arbitrary
as discussed in Section II-A. Arbitrary nonorthogonal pilots
are considered in [4], [5], [24]. A multi-cell precoding scheme
is used in [24] to combat pilot contamination, while [4], [5]
design the pilot symbols sequentially in a greedy fashion.
In contrast to these existing works that consider only a par-
ticular type of pilot design, the FP-based framework proposed
here can be used for both the orthogonal and nonorthogonal
cases.

Prior works on pilot design can also be categorized accord-
ing to their objective functions. The MSE-based metric has
been considered extensively in the literature, including the
sum-of-MSEs minimization [4], [5], [15] and the sum-of-
normalized-MSEs minimization [20]–[22], [25]. This work
considers a general sum-of-weighted-MSEs minimization; the
extension for correlated Rayleigh fading is also studied.
Achievable rate is another common metric, e.g., [18] con-
siders maximizing an increasing concave utility function of

rates, [19] aims to minimize the total power consumption
under the rate constraint, and [11], [23] seek max-min fairness
across user rates. In Section V-D we show that max-min-rate
optimization can be addressed from an FP perspective as well.
We further provide a closed-form rate expression for arbitrary
nonorthogonal pilots, whereas the result in [23] is for pilots
which are nonnegative combinations of some fixed orthogonal
sequences.

The main contributions of this work include:

• Unified framework for pilot design: The existing works
mostly consider a particular type of pilot design. Based
on our proposed approach of viewing weighted MSE
minimization from an FP perspective, this work suggests
a unified framework that accounts for both orthogonal
pilot design and nonorthogonal pilot design.

• Achievable rate analysis: The achievable rate of massive
MIMO is typically considered for orthogonal pilots;
the recent work [23] gives an extension for a spe-
cial type of nonorthogonal pilots. This paper further
generalizes the closed-form rate expression to arbitrary
pilots.

• Max-min fairness of user rates: The well-known “smart
pilot assignment” in [11] aims to maximize achievable
rates with max-min fairness. We in addition consider
the optimal pilot powers assuming that a given set of
normalized orthogonal pilots have been assigned. It turns
out that the power control problem, though nonconvex,
can be efficiently solved via max-min-ratio FP.

• Correlated channel case: The MSE term has a matrix
ratio form in the presence of correlated Rayleigh fading.
We show that the numerator and denominator of each
matrix ratio can still be decoupled by using a recent
technique in [26]. As a result, the proposed FP framework
for pilot design can be readily extended to the correlated
channel case.

The rest of the paper is organized as follows. Section II
describes the massive MIMO system and formulates the pilot
design problem. Section III briefly reviews the quadratic
transform—a new FP technique [7], [26]. Section IV examines
the nonorthogonal pilot design while Section V treats the
orthogonal setting. Section VI extends the results to correlated
channel estimation. Section VII analyzes both computational
complexity and communication complexity for the proposed
algorithms. Numerical results are presented in Section VIII.
Finally, Section IX concludes the paper.

Throughout the paper we use the following notation. We use
‖·‖ to denote the Euclidean norm, (·)� the transpose, (·)H the
conjugate transpose, vec(·) the vectorization, tr(·) the trace.
We let R be the set of real numbers, R+ the set of nonnegative
numbers, Cm×n the m×n dimensional complex space, Hm×m

the set of m×m Hermitian matrices. In addition, � is the real
part of a complex number, In is an n×n identity matrix, [1 : n]
is the discrete set {1, 2, . . . , n}, en

m is an m×1 all-zeros vector
except its n entry being 1, and E[n1:n2]

m is an m×(n2−n1+1)
matrix [en1

m , en1+1
m , . . . , en2

m ]. We use underline to denote a
collection of variables, e.g., X = {X1,X2, . . . ,Xn}. For ease
of reference, we list the main variables in Table I.
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TABLE I

LIST OF MAIN VARIABLES

II. SYSTEM MODEL

A. Pilot Design Settings

Consider an uplink massive MIMO system with L cells,
each cell consisting of one BS and K user terminals. Assume
that every BS has M antennas and every user terminal has a
single antenna. The full coherence bandwidth is reused across
the cells. We use (l, k) to index the kth user in the lth cell, for
l ∈ [1 : L] and k ∈ [1 : K]; another index (i, j) is similarly
defined. Let hlij ∈ CM be the uplink channel from user (i, j)
to BS l. Each channel is modeled as

hlij =
√

βlijglij , (1)

in which the large-scale fading βlij is known a priori while the
Rayleigh fading glij is drawn i.i.d. from a complex Gaussian
distribution CN (0, IM ). We begin with the above uncorrelated
channel model. An extension with correlated glij is provided
in Section VI.

Every pilot sequence consists of τ symbols. Assume that
each channel hlij is fixed throughout the pilot sequence. Let
φlk ∈ Cτ be the pilot sequence of user (l, k). The received
pilot signal Yl ∈ CM×τ at BS l can be expressed as

Yl =
∑
(i,j)

hlijφ
�
ij + Zl, (2)

where the additive background noise Zl ∈ CM×τ has each
entry drawn i.i.d. from CN (0, σ2). We compare three types of
pilot design as follows:

1) Orthogonal Pilots: Each pilot φlk is structured as

φlk =
√

plkψlk with 0 < plk ≤ Pmax, (3)

where Pmax is the power constraint, and ψlk is selected from a
given set of normalized orthogonal pilots {ϕ1, . . . ,ϕτ} with
each ‖ϕs‖2 = τ . In particular, the convention requires that
the users in the same cell be assigned different pilots, e.g.,
ψlk �= ψlk′ for k �= k′. This type of pilot design is common
in the existing literature.

2) Restricted Nonorthogonal Pilots: The recent work [23]
proposes that each user (l, k) sends a nonnegative combination
of some fixed orthogonal sequences:

φlk =
τ∑

s=1

c
(s)
lk ϕs with

τ∑
s=1

∣∣c(s)
lk

∣∣2 ≤ Pmax and c
(s)
lk ∈ R+.

(4)

Since each c
(s)
lk is nonnegative, the choice of pilot is restricted

to the positive orthant of the linear space spanned by the
normalized orthogonal pilots {ϕ1, . . . ,ϕτ}. This assumption
is critical to the geometric programming method in [23].

3) Nonorthogonal Pilots: A further generalization allows
each φlk to be an arbitrary sequence in the τ -dimensional
space under the power constraint:

φlk ∈ C
τ with ‖φlk‖2 ≤ τPmax. (5)

This general form of pilots has been studied in [4], [5], [24].
Note that (4) is equivalent to (5) when each c

(s)
lk can be an

arbitrary complex number not restricted to R+.

B. Weighted MSE Minimization

Based on the received pilot signal Yl, each BS l aims
to recover its own channels {hll1, . . . ,hllK}. The channel
estimate of hllk is chosen to minimize the MSE, i.e.,

ĥllk = arg min
h

E
[‖hllk − h‖2

]
, (6)

where the expectation is taken over Rayleigh fading g. Fol-
lowing the standard steps as shown in [4], [5], we obtain the
MMSE estimator at BS l:

ĥllk =
(
βllkφ

H
lk ⊗ IM

)(
Dl ⊗ IM

)−1vec
(
Yl

)
, (7)

where Dl is the covariance matrix of Yl, i.e.,

Dl = σ2Iτ +
∑
(i,j)

βlijφijφ
H
ij . (8)

The corresponding MSE of user (l, k) is

MSElk = Mβllk − Mβ2
llk

(
φH

lkD
−1
l φlk

)
. (9)

In contrast, the MMSE estimator of hllk in [23] is suboptimal
because it is based on a partial projection Ylφlk rather than
the complete received signal Yl; it attains the minimum MSE
in (9) only when the orthogonal pilot design is assumed.

Given a set of positive weights αlk > 0, we seek a set of
pilots that lead to the minimum weighted sum MSE of channel
estimation throughout the multicell system, i.e.,

minimize
φ

∑
(l,k)

αlkMSElk. (10)

The MSE weights αlk are chosen on a case-by-case basis.
For instance, we may set αlk = 1 to minimize the sum of
MSEs [5], or αlk = 1/βllk to minimize the sum of normalized
MSEs [20]–[22], [25].

With (9) substituted in (10) and some constant terms
removed, the above problem can be converted to

maximize
φ

∑
(l,k) αlkβ2

llk

(
φH

lkD
−1
l φlk

)
(11a)

subject to ‖φlk‖2 ≤ Pmax. (11b)
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Here we assume that the pilots can be arbitrarily designed.
If an orthogonal pilot scheme is used, then an additional
constraint (3) is included in (11). As a result, the problem
involves the assignment of (normalized) orthogonal pilots
{ϕ1, . . . ,ϕτ} along with power control of plk.

III. QUADRATIC TRANSFORM

Our proposed approach to the pilot design problem in (11)
is based on the quadratic transform [7], [26]. This technique
is capable of decoupling multiple (matrix) ratios simultane-
ously, whereas the traditional Dinkelbach’s method [9], [10]
is restricted to a single scalar ratio.

Theorem 1 (Quadratic Transform [7]): Given a nonempty
constraint set X as well as N tuples of function an(x) ∈
Cm, function Bn(x) ∈ Hm×m, and nondecreasing function
fn : R+ 	→ R, for n ∈ [1 : N ], the sum-of-functions-of-ratio
problem

maximize
x

N∑
n=1

fn

(
aH

n (x)B−1
n (x)an(x)

)
(12a)

subject to x ∈ X (12b)

is equivalent to

maximize
x,λ

N∑
n=1

fn

(
2�{aH

n (x)λn} − λH
n Bn(x)λn

)
(13a)

subject to x ∈ X (13b)

λn ∈ C
m, (13c)

where λn is an auxiliary variable introduced for each ratio
term aH

n (x)B−1
n (x)an(x).

The equivalence between (12) and (13) no longer holds
when the argument of fn(·) is a negative ratio. As shown
in [26], the quadratic transform amounts to constructing a
surrogate function so that the original objective function is
lower bounded by the new objective function given any λ;
this can be guaranteed if and only if the value of each
aH

n (x)B−1
n (x)an(x) is positive.

The quadratic transform can be further extended to the
matrix ratio case as stated in the following theorem.

Theorem 2 (Matrix Quadratic Transform [26]): Given a
nonempty constraint set X as well as N tuples of functions
An(x) ∈ Cm1×m2 , functions Bn(x) ∈ Hm1×m1 , and
nondecreasing functions Fn : Hm2×m2 	→ R in the sense
that Fn(C) ≥ Fn(C′) if C � C′, for n ∈ [1 : N ],
the sum-of-functions-of-matrix-ratio problem

maximize
x

N∑
n=1

Fn

(
AH

n (x)B−1
n (x)An(x)

)
(14a)

subject to x ∈ X (14b)

is equivalent to

maximize
x, Λ

N∑
n=1

Fn

(
2�{AH

n (x)Λn} − ΛH
n Bn(x)Λn

)
(15a)

subject to x ∈ X (15b)

Λn ∈ C
m1×m2 , (15c)

where Λn is an auxiliary variable introduced for each matrix
ratio term AH

n (x)B−1
n (x)An(x).

The quadratic transform in Theorem 1 suffices to deal with
the problem in (11), while its matrix version in Theorem 2
is used when we consider the correlated channel case in
Section VI. We then show that the (matrix) quadratic transform
leads to an iterative optimization with provable convergence.

Theorem 3 (Convergence Analysis [26]): If x and λ are
optimized alternatingly in (13) or (15), the value of the original
objective function is nondecreasing after each iteration. Fur-
thermore, if the original objective function is differentiable,
it converges to a stationary point of (12) or (14).

IV. NONORTHOGONAL PILOT DESIGN

In this section we explore the use of the quadratic transform
in nonorthogonal pilot design based on minimizing the MSE.
The difficulty of problem (11) lies in its fractional term
φH

lkD
−1
l φlk , wherein the numerator and denominator are both

affected by the pilot variable φ. It is natural to decouple the
numerator and denominator by using the quadratic transform
in Theorem 1. The resulting problem reformulation is stated
in the following proposition.

Proposition 1: The nonorthogonal pilot design problem
in (11) is equivalent to

maximize
φ,λ

f(φ, λ) (16a)

subject to ‖φlk‖2 ≤ τPmax (16b)

λlk ∈ C
τ , (16c)

where the new objective function is

f(φ, λ) =
∑
(l,k)

αlk

(
2βllk�{λH

lkφlk} − λH
lkDlλlk

)
. (17)

Proof: The reformulation is obtained by treating βllkφlk

and Dl as an and Bn in Theorem 1, respectively, along
with the nondecreasing function fn

(
aH

n (x)B−1
n (x)an(x)

)
=

aH
n (x)B−1

n (x)an(x).
We propose optimizing λ and φ alternatingly. As already

shown in [7], the auxiliary variable λ can be optimally updated
by solving ∂f/∂λlk = 0 when φ is held fixed, resulting in

λ�
lk = βllkD−1

l φlk. (18)

It remains to optimize the pilot variable φ for fixed λ. It turns
out that the solution can be obtained in closed form. To this
end, we express f(φ, λ) as

f(φ, λ) =
∑
(l,k)

2αlkβllk�{λH
lkφlk}

−
∑
(l,k)

φH
lk

(∑
(i,j)

αijβilkλijλ
H
ij

)
φlk + const,

(19)

in which the last term const =
∑

(l,k) αlkσ2‖λH
lk‖2 does not

depend on φ. The optimal pilots in terms of f(φ, λ) are then
easily solved, resulting in

φ�
lk =

(∑
(i,j)

αijβilkλijλ
H
ij + ηlkIτ

)−1

αlkβllkλlk, (20)
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where the Lagrange multiplier ηlk accounts for the power
constraint and is optimally determined as

η�
lk =

{
0, if ‖φ�

lk‖2 ≤ τPmax already;
ηlk > 0 with ‖φ�

lk‖2 = τPmax, otherwise.
(21)

The evaluation of (21) can be done by bisection search.
It can be readily obtained from Theorem 3 that the iteration

between (18) and (20) leads to convergence.
Proposition 2: The sum of weighted MSEs in (10) is non-

increasing after each iteration in Algorithm 1, while the pilot
variable φ converges to a stationary point of the nonorthogonal
pilot design problem in (11).

To avoid the Lagrange multiplier ηlk, we take advantage
of the observation in [5] that multiplying all the pilots with
the same nonzero scalar δ does not change the MSE values
provided that the noise level σ2 tends to zero. Thus, when the
signal-to-noise ratio (SNR) is sufficiently high, we enforce the
power constraint by scaling the pilots, without computing the
Lagrange multiplier in (21).

Proposition 3 (Nonorthogonal Pilot Design Without Using
Lagrange Multiplier): If the noise level σ2 → 0, we can set
ηlk = 0 and determine φlk as

φ�
lk = δφ̃lk, for each (l, k), (22)

where φ̃lk is obtained from (20) with ηlk = 0 and the scaling
factor δ is computed as

δ = min
(l,k)

√
τPmax

‖φ̃lk‖
. (23)

The resulting φ� is a stationary point of the nonorthogonal
pilot design problem in (11).

Proof: For ease of discussion, we use (P1) to denote
the original problem (11), and (P2) the unconstrained version
of (11) with the power constraint removed. If φ′ is a stationary
point of (P2), then it is also a stationary point of (P1) so long
as it meets the power constraint automatically.

According to Theorem 3, φ̃ must be a stationary point of
(P2). In addition, it can be shown that the first-order condition
of (P2) remains the same after scaling every φ̃lk with δ, so φ�

must be a stationary point of (P2) as well. Note that φ� already
meets the power constraint because of (23), so it is also a
stationary point of (P1).

Algorithm 1 summarizes the main procedure of the pro-
posed nonorthogonal pilot design. Next we discuss the
resulting achievable rate. In the existing literature, the
achievable rate of massive MIMO systems is typically con-
sidered for the orthogonal pilot case. Progress has been
made in the recent work [23] to take a special type of
nonorthogonal pilots into account. The following theorem
provides a further generalization that holds for arbitrary
pilots.

Algorithm 1 Proposed nonorthogonal pilot design for
weighted MSE minimization

1 Initialize the pilot variable φ to some feasible value
2 repeat
3 Update the auxiliary variable λ by (18)
4 Option 1: Update the pilots φ by (20) along with the

Lagrangian multiplier ηlk in (21)
5 Option 2 (when σ2 → 0): Update φ by (20) with

ηlk = 0, then scale it as in (22) and (23)
6 until the weighted sum MSE converges

Theorem 4 (Achievable Rate with Nonorthogonal Pilots):
Given a set of nonorthogonal pilots φ in (5), the data rate
Rlk in (24), as shown at the bottom of the page is achievable
for user (l, k).

Proof: See Appendix A.

V. ORTHOGONAL PILOT DESIGN

We now assume orthogonal pilots by imposing the con-
straint (3) on the weighted MMSE problem (11). With each
φlk expressed as (plk,ψlk), the orthogonal pilot design prob-
lem can be formulated as

maximize
p,ψ

∑
(l,k)

αlkβ2
llkplk

(
ψH

lkD−1
l ψlk

)
(25a)

subject to 0 ≤ plk ≤ Pmax (25b)

ψlk ∈ {ϕ1, . . . ,ϕτ} (25c)

ψlk �= ψlk′ , for any k �= k′, (25d)

where the covariance matrix Dl of Yl becomes

Dl = σ2Iτ +
∑
(i,j)

βlijpijψijψ
H
ij . (26)

The above problem has a mixed discrete-continuous form since
it involves continuous variable p and discrete variable ψ.

A. Orthogonal Pilot Assignment via Power Control

The mixed discrete-continuous problem in (25) is difficult to
tackle directly. A naive idea is to reformulate it as a continuous
power control problem. Specifically, introducing a new power
variable p̃

(s)
lk for each user (l, k) and each possible orthogonal

pilotϕs, we optimize the new power variable p̃ and then assign

some ϕs with nonzero p̃
(s)
lk to each user (l, k).

However, the resulting problem is still difficult because of
the orthogonal pilot constraint. Since every user can choose
only one pilot in {ϕ1, . . . ,ϕτ}, it requires that∥∥p̃(1)

lk , . . . , p̃
(τ)
lk

∥∥
0

= 1, l ∈ [1 : L], k ∈ [1 : K]. (27)

Rlk = log2

⎛⎝1 +
β2

llk

(
φH

lkD
−1
l φlk

)2
1
M

(∑
(i,j) βlij + σ2

)
φH

lkD
−1
l φlk +

∑
(i,j) β2

lijφ
H
lkD

−1
l φijφH

ijD
−1
l φlk − β2

llk

(
φH

lkD
−1
l φlk

)2
⎞⎠ . (24)
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Algorithm 2 Proposed orthogonal pilot design for
weighted MSE minimization

1 Initialize (p,ψ) to some feasible point
2 repeat
3 Update the auxiliary variable λ by (18)
4 Option 1: Update (p,ψ) by solving the weighted

bipartite matching problem in (33)
5 Option 2 (when constraint (25d) is removed): Update

(p,ψ) by the linear search in (36)
6 until the value of

∑
(l,k) αlkMSElk converges

Moreover, if the users in the same cell cannot choose the same
ϕs, then we further have the following constraint:

p̃
(s)
lk p̃

(s)
lk′ = 0, l ∈ [1 : L], k �= k′ ∈ [1 : K], s ∈ [1 : τ ]. (28)

Both (27) and (28) are difficult to handle.
Scalability is another issue since the new power variable

p̃
(s)
lk needs to be coordinated not only across users, but across

all possible pilots ϕs. Thus, rewriting (25) in a continuous
form does not necessarily make the problem easier. The rest of
this section shows that the mixed discrete-continuous problem
in (25) can be efficiently addressed by means of weighted
bipartite matching after the quadratic transform.

B. Ratio Decoupling in Orthogonal Pilot Case

The quadratic transform [7] still works in spite of the above
changes. Following Proposition 1, we recast problem (25) as

maximize
p,ψ,λ

f(p,ψ, λ) (29a)

subject to (25b)–(25d) (29b)

λlk ∈ C
τ , (29c)

in which the new objective function is given by

f(p,ψ, λ) =
∑
(l,k)

2
√

plkαlkβllk�{λH
lkψlk}

−
∑
(l,k)

plkψ
H
lk

(∑
(i,j)

αijβilkλijλ
H
ij

)
ψlk+const,

(30)

where const refers to terms not depending on (p,ψ).
As before, we propose to optimize the original variable

(p,ψ) and the auxiliary variable λ in an iterative fashion.
When (p,ψ) are held fixed, the optimal λ is still determined
by (18) except that φ is replaced with (p,ψ). In contrast,
the optimization of pilots under fixed λ is quite different from
the nonorthogonal case discussed in the previous section.

The key observation is that due to the convexity of (30),
the power variable plk of user (l, k) can be optimally deter-
mined for the new objective function f(p,ψ, λ) by solving the
first-order equation ∂f/∂plk = 0, so long as the corresponding
normalized sequence ψlk is fixed. Hence, assuming that ψlk =
ϕs, for some s ∈ [1 : τ ], the optimal plk in terms of f(p,ψ, λ)

can be computed as

p
(s)
lk = min

{
Pmax,

(
αlkβllk�{λH

lkϕs}
ϕH

s

(∑
(i,j) αijβilkλijλH

ij

)
ϕs

)2}
.

(31)

C. Orthogonal Pilot Design via Weighted Bipartite Matching

The new objective function f in (30) plays a crucial role
in allowing each plk to be optimized separately. Otherwise,
the optimal plk in terms of f(p,ψ, λ) would depend on
the other variables pij and ψij as in the original problem.
Given ψlk = ϕs, the tentative contribution of user (l, k) to
f(p,ψ, λ) is

π
(s)
lk = 2

√
p
(s)
lk αlkβllk�{λH

lkϕs}

−p
(s)
lk ϕ

H
s

(∑
(i,j)

αijβilkλijλ
H
ij

)
ϕs. (32)

As a result, the maximization of f(p,ψ, λ) boils down to

finding the optimal pair (ϕs, p
(s)
lk ) for each individual user,

recognized as a weighted bipartite matching problem

maximize
x

∑
(l,k,s)

π
(s)
lk x

(s)
lk (33a)

subject to
τ∑

s=1

x
(s)
lk = 1, for each (l, k) (33b)

K∑
k=1

x
(s)
lk ≤ 1, for each (l, s) (33c)

x
(s)
lk ∈ {0, 1}, (33d)

where x
(s)
lk being 1 or 0 indicates whether or not ψlk =

ϕs, the constraint (33b) implies that each user (l, k) can be
assigned only one pilot, and the constraint (33c) implies that
the users in the same cell cannot be assigned the same pilot.

The weighted bipartite matching problem in (33) is solvable
in polynomial time, e.g., by the Hungarian algorithm [27].
After finding the solution of x, we recover the solution of the
original variables as

p�
lk =

τ∑
s=1

x
(s)
lk p

(s)
lk and ψ�

lk =
τ∑

s=1

x
(s)
lk ϕs. (34)

The above matching-based optimization is carried out with the
auxiliary variable λ iteratively updated by (18).

Because the orthogonal case involves the discrete variable
ψ, it is hard to establish convergence in terms of ψ. How-
ever, the convergence of the objective function can still be
guaranteed.

Proposition 4: The sum of weighted MSEs in (10) is
monotonically decreasing after each iteration in Algorithm 2.

Solving the matching problem in (33) incurs cubic com-
putational complexity O((K + τ)3). However, this can be
simplified to a linear search if we remove the constraint that
the users in the same cell cannot be assigned the same pilot,
as specified in the following proposition.
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Proposition 5 (Orthogonal Pilot Design via Linear Search):
Without the assumption that the users in the same cell cannot
be assigned the same pilot, i.e., when constraint (25d) is
removed, (p,ψ) can be optimally determined for the new
objective function in (33a) as

p�
lk = p

(slk)
lk and ψ�

lk = ϕslk
, (35)

where the index slk is obtained by the following linear search:

slk = arg max
s∈[1:τ ]

π
(s)
lk . (36)

The main steps of the proposed orthogonal pilot design are
summarized in Algorithm 2.

D. Max-Min Rate Optimization

So far we have focused on weighted MSE minimization.
In this section, we extend the problem setting to rate max-
imization with max-min fairness as in [11], [23]. Toward
this end, we first specialize the rate expression (24) to the
orthogonal pilot case in the following corollary which is a
well-known result in the literature of massive MIMO.

Corollary 1: As M → ∞, the data rate (24) with orthogo-
nal pilots plkψlk reduces to

R∞
lk = log2

(
1 +

β2
llkp2

lk∑
(i,j) �=(l,k) β2

lijp
2
ij1

ψlk

ψij

)
, (37)

where the indicator variable 1
ψlk

ψij
equals to 1 if ψij = ψlk

and equals to 0 otherwise.
Our goal is to maximize the minimum rate R∞

lk across all
users, i.e.,

maximize
p,ψ

min(l,k)

{
R∞

lk

}
(38a)

subject to (25b)–(25d). (38b)

Dropping logarithm and substituting

ξlk = p2
lk, (39)

we rewrite (38) as

maximize
ξ,ψ

min(l,k)

{
β2

llkξlk
�

(i,j)�=(l,k) β2
lijξij1

ψlk
ψij

}
(40a)

subject to (25b)–(25d). (40b)

We propose to optimize ξ and ψ alternatingly. Since the
optimization of ψ under fixed ξ, i.e., orthogonal pilot assign-
ment, has been well studied in the existing literature [11],
we concentrate on optimizing ξ with ψ held fixed. The key
step is to recognize (50) as a concave-convex1 max-min-ratio
problem, so the generalized Dinkelbach’s method [10] can be
used to find the optimal solution. Specifically, with an auxiliary
variable

λ′ = min
(l,k)

{
β2

llkξlk∑
(i,j) �=(l,k) β2

lijξij1
ψlk

ψij

}
, (41)

1An FP problem is said to be concave-convex if its numerator function is
concave while its denominator function is convex.

Algorithm 3 Proposed orthogonal pilot design for
max-min optimization of data rates

1 Initialize (ψ, p) to some feasible point
2 repeat
3 Optimize ψ via the smart pilot assignment [11]
4 repeat
5 Update the auxiliary variable λ̃ by (41)
6 Update the power variable p by solving the linear

program in (33)
7 until the value of λ′ converges
8 until the value of min(l,k) γlk converges

we decouple the SINRs in (40) as

maximize
ξ

min(l,k)

{
β2

llkξlk −∑(i,j) �=(l,k) λ′β2
lijξij1

ψlk

ψij

}
(42a)

subject to 0 ≤ ξlk ≤ P 2
max. (42b)

According to the generalized Dinkelbach’s method [10], solv-
ing the linear programming problem in (42) iteratively leads
to the optimal ξ in (40). Algorithm 3 summarizes the above
steps.

We remark that the quadratic transform in Theorem 1 can be
applied to the max-min-ratio (40) as well. The corresponding
new problem is

maximize
ξ

min
(l,k)

{
2λlkβllk

√
ξlk

−
∑

(i,j) �=(l,k)

λ2
lkβ2

lijξij1
ψlk

ψij

}
(43a)

subject to 0 ≤ ξlk ≤ P 2
max, (43b)

with the auxiliary variable λlk iteratively updated as

λlk =
βllk

√
ξlk∑

(i,j) �=(l,k) β2
lijξij1

ψlk

ψij

. (44)

Compared to the quadratic transform, the generalized Dinkel-
bach’s method is more efficient here since it introduces only
one auxiliary variable λ′. However, the generalized Dinkel-
bach’s method does not work for a general multi-ratio problem
as in (11).

VI. CORRELATED RAYLEIGH FADING

This section aims at an extension of the foregoing algorith-
mic framework to include channel correlation. We now assume
that each Rayleigh fading glij is drawn from CN (0,Rlij)
where the covariance matrix Rlij ∈ CM×M is not necessarily
IM ; other settings remain the same as before. The MMSE
channel estimate now becomes

ĥllk = WlkU−1
l vec

(
Yl

)
, (45)

where Wlk ∈ CM×τM and Ulk ∈ CτM×τM are given by

Wlk = βllkφ
H
lk ⊗ Rllk (46)
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and

Ul = σ2IτM +
∑
(i,j)

βlijφijφ
H
ij ⊗ Rlij . (47)

The resulting MSE is computed as

MSElk = βllktr(Rllk) − tr
(
WlkU−1

l WH
lk

)
. (48)

We remark that similar forms of MSE have been derived
in [28]–[31], albeit for the single-cell case. The correlated
version of problem (11) is therefore

maximize
φ

∑
(l,k) αlktr

(
WlkU−1

l WH
lk

)
. (49a)

subject to ‖φlk‖2 ≤ τPmax. (49b)

Observe that WlkU−1
l WH

lk is a matrix ratio. In light of the
recently developed matrix FP in [26], our ratio-decoupling
approach continues to work for (50), as specified in the
following proposition.

Proposition 6: The matrix problem in (49) is equivalent to

maximize
φ, Λ

f(φ, Λ). (50a)

subject to ‖φlk‖2 ≤ τPmax (50b)

Λlk ∈ CτM×M , (50c)

where the new objective function is

f(φ, Λ) =
∑
(l,k)

αlktr
(
2�{WlkΛlk} − ΛH

lkUlΛlk

)
. (51)

Proof: The reformulation is obtained by treating WH
lk

as An(x) and Ul as Bn(x) in Theorem 2, along with
the nondecreasing function Fn

(
AH

n (x)B−1
n (x)An(x)

)
=

tr
(
AH

n (x)B−1
n (x)An(x)

)
.

In an iterative fashion, when φ is fixed, each auxiliary
variable Λlk is optimally determined as

Λ�
lk = U−1

l WH
lk . (52)

This update of Λ is optimal regardless of the pilot structure.
Before proceeding to the optimization of φ under fixed Λ,
we introduce some shorthand notation:

• The mth row vector of the matrix Rlij is

Rm
lij = (em

M )�Rlij . (53)

• The sth M × 1 vector on the mth column of Λlk is

Λm,s
lk =

(
E[1+(s−1)M :sM ]

τM

)�
Λlkem

M . (54)

• The square of Λij is

Λ̃ij = ΛijΛH
ij . (55)

• The sth M × 1 vector on the
(
m + (q + 1)M

)
th column

of Λ̃ij is

Λ̃m,sq
ij =

(
E[1+(s−1)M :sM ]

τM

)�
Λ̃ije

m+(q−1)M
M . (56)

Nonorthogonal pilots and orthogonal pilots are discussed
separately in what follows.

1) Nonorthogonal Case: In optimizing nonorthogonal
pilots, the central idea is to complete the square for each φlk

in the new objective function f(φ, Λ). To this end, we first
express f(φ, Λ) in an alternative form.

Proposition 7: The objective function f(φ, Λ) in (51) can
be rewritten as

f(φ, Λ) =
∑
(l,k)

2�{φH
lkvlk

}−∑
(l,k)

φH
lkQlkφlk + const,(57)

in which const refers to terms not depending on φ, the vector
variable vlk ∈ Cτ is given by

vlk =
M∑

m=1

αlkβllk

(
Rm

llkΛ
m,1
lk , . . . ,Rm

llkΛ
m,τ
lk

)�
, (58)

and the matrix variable Qlk ∈ Cτ×τ is defined as

Qlk =
∑

(i,j,m)

αijβilk

⎛⎜⎝Rm
ilkΛ̃

m,11
ij . . . Rm

ilkΛ̃
m,1τ
ij

...
...

Rm
ilkΛ̃

m,τ1
ij . . . Rm

ilkΛ̃
m,ττ
ij

⎞⎟⎠ . (59)

Proof: See Appendix B.
By completing the square in (57), the optimal φlk in terms of
f(φ, Λ) can be readily obtained as

φ�
lk =

(
Qlk + ηlkIτM

)−1
vlk, (60)

where the Lagrange multiplier ηlk is again determined by (21).
Furthermore, we can make use of Proposition 3 to simplify the
update of φlk: when the SNR is sufficiently high, we just scale
the pilots properly to meet the power constraint, thus getting
rid of the Lagrange multiplier ηlk.

The convergence of Algorithm 1 as stated in Proposition 2
carries over to this correlated channel case.

2) Orthogonal Case: We next generalize the orthogonal
pilot design to correlated Rayleigh fading. The main procedure
here follows that of Section V. Replacing φlk with (plk,ψlk)
in (57), we express the objective function of the orthogonal
pilots in (3) as

f(p, ψ ,Λ) =
∑
(l,k)

2
√

plk �
{
ψH

lkvlk

}
−
∑
(l,k)

plkψ
H
lkQlkψlk + const, (61)

where const refers to terms not depending on (p,ψ), and Qlk

is defined in (59).
If a particular normalized pilot ϕs is assigned to user (l, k),

the corresponding optimal plk for f(p, ψ ,Λ) is given by

p
(s)
lk =

�{ϕH
s vlk

}
ϕH

s Qlkϕs
. (62)

The contribution of user (l, k) to f(p, ψ ,Λ) is then computed
as

π
(s)
lk = 2

√
p
(s)
lk �{ϕH

s vlk

} − p
(s)
lk ϕ

H
s Qlkϕs. (63)

We aim to find the optimal assignment of {ϕ1, . . . ,ϕτ} such
that value of f(p, ψ ,Λ) is maximized. This target can be
reached by solving the same weighted bipartite matching
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TABLE II

COMPUTATIONAL COMPLEXITY AND COMMUNICATION COMPLEXITY OF PROPOSED ALGORITHMS

problem as in (33) except that the link weight is evaluated
as (63). Again, if we allow the users in the same cell to be
assigned the same pilot, each user (l, k) simply chooses its
(plk,ψlk) according to π

(s)
lk by linear search. The property of

Algorithm 2 stated in Proposition 4 continues to hold in the
correlated channel case.

In contrast, the max-min-rate method in Algorithm 3 cannot
be extended for the correlated channel case because the max-
min-ratio problem in (40) is no longer concave-convex.

VII. COMPLEXITY ANALYSIS

This section examines how the computational complexities
and communication complexities of the proposed algorithms
scale with the system parameters (K, L, M, τ). Our discussion
focuses on the general form of each algorithm, e.g., Option
1 of Algorithm 1.

We begin with computational complexities. The following
analysis is for each iteration in the proposed algorithms:

• Algorithm 1: First, it requires a computational complexity
of O(KLτ2) to compute each Dl in (8), then O(τ3)
operations to compute the inverse matrix D−1

l in (18);
because the above operations are done for each cell l,
the overall complexity is O(KL2τ2 + Lτ3). Second,
it requires O(τ2) operations to compute each λlk in (18),
so that the overall complexity across a total of KL users
is O(KLτ2). Third, it requires O(KLτ2+τ3) operations
to compute each φlk in (20), leading to the overall com-
putational complexity across all users of O(K2L2τ2 +
KLτ3). Summarizing, the overall computational com-
plexity is O(KL2τ2 +KLτ3). Likewise, it can be shown
that Algorithm 1 for the correlated channel case has a
computational complexity of O(KL2M2τ2+KLM3τ3).

• Algorithm 2: The update of λ in Algorithm 2 is the same
as that in Algorithm 1, with a computational complexity
of O(KL2τ2 + Lτ3). We focus on the matching part.
It requires O(KLτ2) operations to compute the weight
π

(s)
lk with respect to each (l, k, s), leading to a total

computational complexity O(K2L2τ3). The subsequent
weighted bipartite matching requires O((τ +K)3) opera-
tions per cell. Thus, the overall computational complexity
of Algorithm 2 is O(K2L2τ3) + O((τ + K)3L) =
O(K2L2τ3 + K3L). When extended to the correlated
channel case, the algorithm requires a computational
complexity of O(K2L2M2τ3 + K3L).

• Algorithm 3: First, it requires O(K2L2) operations to
compute the auxiliary variable λ′ in (41). We then update
p by solving a linear programming problem with KL

scalar variables. According to the classic work [32],
the problem can be solved with a computational com-
plexity of O(K2.5L2.5).

Next we consider the communication complexities. It is
assumed that every BS l knows a priori the large-scale fading
related to its cell, i.e., {βlij , ∀(i, j)} and {βilk, ∀(i, k)}, and
the correlation matrices {Rlij , ∀(i, j)} and {Rilk, ∀(i, k)} in
addition for the correlated channel case. Our analysis focuses
on the communication of the pilot variable, the power variable,
and the auxiliary variable between different cells.

• Algorithm 1: Each BS l needs to let other BSs know its
pilot variable {φlk ∈ Cτ , k ∈ [1 : K]} and auxiliary
variable {λlk ∈ C

τ , k ∈ [1 : K]}; the resulting total
communication complexity across L cells is O(KL2τ).
In the correlated channel case, the auxiliary variable
becomes {Λlk ∈ CτM×M , k ∈ [1 : K]}, so that the
communication complexity rises to O(KL2M2τ).

• Algorithm 2: Each BS l needs to let other BSs know
the orthogonal pilot indices s ∈ [1 : τ ] used in its
cell, leading to a total communication complexity across
L cells of O(KL2 log(τ)). Likewise, the total cost of
communicating the power variable p is O(KL2). The
communication of the auxiliary variable λ has the same
complexity as in Algorithm 1. Thus, the overall commu-
nication complexity of Algorithm 2 is still O(KL2τ).
The correlated channel case requires O(KL2M2τ).

• Algorithm 3: Differing from Algorithm 1 or 2 that lets
each cell update its own variables in a distributed fashion,
Algorithm 3 employs a central controller to optimize
the entire network. Because the auxiliary variable λ′ is
computed locally at the central controller, the communi-
cation cost is only caused by ψ and p, which amounts to
O(KL log(τ)).

The above complexity results are summarized in Table II.

VIII. NUMERICAL RESULTS

We validate the performance of the proposed algorithms in a
wireless network with 7 hexagon-shape cells wrapped around.
In each cell, there is one BS located at the center and 6 users
uniformly distributed. The BS-to-BS distance equals 500m.
We assume that each BS has 100 antennas and that a 20MHz-
wide spectrum band is reused in each cell. The channel model
follows ITU-R M.1225 PedA [33]: the pathloss is computed
as 128.1+37.6 log10(d) in dB, where d refers to the distance
in km; the shadowing in dB between any pair of transmitter
and receiver is modeled as an i.i.d. Gaussian random variable
drawn from N (0, 64). Moreover, we set the background noise
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Fig. 2. Sum MSEs minimization in the uncorrelated channel case.

σ2 at −169dBm/Hz [34], and set the maximum transmit power
level Pmax at 23dBm [35].

In the rest of this section, Algorithm 1, Algorithm 2, and
Algorithm 3 are referred to as nonorthogonal FP, orthogonal
FP, and max-min FP, respectively, and are compared with the
following benchmarks:

• Orthogonal Method: Fix a set of τ orthogonal pilots, and
randomly assign a subset of K orthogonal pilots to each
cell; the pilots are all transmitted at full power Pmax.

• Random Method: Generate each pilot symbol randomly
and independently according to the Gaussian distribution
under the maximum power constraint.

• GSRTM [5]: This method optimizes the nonorthogonal
pilot symbols successively in order to minimize the sum
MSEs of channel estimation.

• Lower Bound: We obtain a lower bound on the sum MSEs
of channel estimation by ignoring pilot contamination.

• Smart Pilot Assignment [11]: It assigns the set of fixed
orthogonal pilots to the users in each cell in a greedy
fashion iteratively.

We do not compare with the method in [23], because the
complexity involved in successive geometric programming
only allows very short pilots to be designed.

We first consider minimizing the sum MSEs for uncor-
related channels, i.e., problem (11) with each αlk set to 1.
As shown in Fig. 2, the proposed nonorthogonal FP method
outperforms the other techniques significantly, e.g., as com-
pared to the random method, it reduces the sum MSEs by
around 10dB when τ = 16. The figure shows that the
algorithms using nonorthogonal pilots tend to yield lower sum
MSEs. But this is not always the case as we observe that the
GSRTM method and the random method are inferior to the
proposed orthogonal FP approach when τ is sufficiently small.
Observe also that the random technique is even worse than the
orthogonal method at τ = 8. Thus, nonorthogonal pilot design
becomes quite crucial when short pilots are used.

Fig. 3 further shows the cumulative distribution func-
tion (CDF) of sum MSEs with respect to a large number of

Fig. 3. CDF of MSEs in the uncorrelated channel case.

Fig. 4. Convergence of sum MSEs in the uncorrelated channel case.

random network realizations. Remarkably, the nonorthogonal
FP method achieves smaller sum MSEs than the random and
GSRTM techniques at any percentile. The figure also shows
that the two orthogonal approaches, the orthogonal FP method
and the orthogonal baseline, outperform the nonorthogonal FP
algorithm only in the low MSE regime, but are much worse
elsewhere.

Fig. 4 shows the convergence of sum MSEs for the proposed
FP methods. The two algorithms are both initialized by the
orthogonal baseline. Observe that the orthogonal FP method
converges after only 10 iterations. In comparison, it takes
many more iterations for the nonorthogonal FP approach
to converge, but the improvement achieved in the first few
iterations is considerable, e.g., the sum MSEs is already
reduced by 10dB after 10 iterations τ = 16.

We further plot in Fig. 5 the convergence of sum MSEs for
a correlated channel case with τ = 5. For ease of simulations,
we set K = 3, the other parameters remaining the same
as before. The channel covariance matrix Rlij is obtained
from the exponential model in [23], [36]: randomly generate
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Fig. 5. Convergence of sum MSEs in the correlated channel case.

Fig. 6. CDF of sum rates in the uncorrelated channel case.

ωlij = νejθ wherein ν is set to 0.5 and θ is drawn i.i.d. from
the uniform distribution U [0, 2π), then set the (m, n)th entry
of the matrix Rlij as

Rm,n
lij =

{
ωm−n

lij , if m ≥ n;

(Rm,n
lij )H , otherwise.

(64)

The convergence shown in Fig. 5 is slightly slower than that
of the uncorrelated channel case, but their overall profiles are
similar.

The remainder of this section considers uncorrelated chan-
nels along with K = 6 and τ = 10. We now compare the
sum rate performance of the different methods, assuming that
pilots have been optimized for the normalized sum MSEs
with αlk = 1/βllk [20]–[22], [25]. According to Fig. 6,
the nonorthogonal FP algorithm improves upon the other
techniques by about 10% at the 50th percentile, even without
using any sophisticated power control and receiver design
as assumed in (24). It is also worthwhile to note that the

Fig. 7. Max-min-rate optimization in the uncorrelated channel case.

orthogonal FP approach is superior to GSRTM, although the
latter allows arbitrary nonorthogonal pilots.

Finally, we evaluate the performance of the max-min FP
approach. For simplicity, the outer-loop iteration in Algo-
rithm 3 is run only once. Despite this simplification, the max-
min FP method can already significantly outperform the smart
pilot assignment in [11]. For example, max-min FP reaches a
minimum rate higher than 2 Mbps/Hz with probability 58%,
whereas the smart pilot assignment only with 10%.

IX. CONCLUSION

This work proposes an FP framework for coordinating the
uplink pilots across multiple cells in order to mitigate pilot
contamination in massive MIMO. This approach produces a
closed-form method for the nonorthogonal pilot design, and
a weighted bipartite matching for orthogonal pilot assign-
ment and power control. Further extensions to the max-min-
rate optimization and the correlated channel estimation are
obtained using max-min-ratio FP and matrix FP, respectively.
Numerical results show that the proposed algorithms are
superior to the state-of-the-art techniques for both weighted
MSE minimization and max-min-rate optimization.

APPENDIX A
PROOF OF THEOREM 4

Let x̃lk ∼ CN (0, 1) be the data signal transmitted from user
(l, k) and let z̃ ∼ CN (0, σIM ) be the AWGN at BS l during
the uplink transmission. With respect to each user (l, k), BS l
uses the conjugate transpose of the corresponding channel esti-
mation ĥllk as the maximum-ratio combining (MRC) receiver,
thus obtaining

ỹlk = ĥH
llk

(
hllkx̃lk +

∑
(i,j) �=(l,k) hlij x̃ij + z̃l

)
. (65)

Because the exact value of hllk is unknown at BS l, it is
difficult to compute the achievable rate based on (65) directly.
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Following the use-and-then-forget method in [37], we intro-
duce the correlation variable

μlk = E
[
ĥH

llkhllk

]
, (66)

and rewrite (65) as

ỹlk = μlkx̃lk + Δlk, (67)

where

Δlk =
∑
(i,j)

ĥH
lijhlij x̃ij + ĥH

llk z̃lk − μlkx̃lk. (68)

It turns out that E[(μlkxlk)HΔik] = 0 (with the expectation
taken over all random variables from channel estimation and
data transmission, i.e., h,Z, x̃, z̃), so (67) can be treated as
if x̃lk passed through the channel μ with added uncorrelated
noise Δlk .

Most importantly, the exact value of μlk is available to
BS l so long as it knows how the channels and noise are
distributed. Henceforth, according to (67), the following data
rate is achievable for user (i, k):

Rlk = log2

(
1 + |μlk|2 · E

[
|x̃lk|2

]
E

[
|Δlk|2

]), (69)

which can be rewritten as in (24) after some algebra.

APPENDIX B
PROOF OF PROPOSITION 7

We first introduce a lemma used to simplify the calculation
with a Kronecker product.

Lemma 1: The following identity holds true given any a ∈
Cn1 , b ∈ Cn2 , C ∈ Cn3×n4 , and F ∈ Cn2n4×n1n3 :

tr
((

(abH) ⊗ C
)
F
)

= bHTa, (70)

where the (i, j)th entry of T ∈ Cn2×n1 is computed as

Tij =
n3∑

m=1

(em
n3

)�C
(
E[1+(i−1)n4:in4]

n3

)�
Fej+(m−1)n1

n1n3
. (71)

Observe that (em
n3

)�C corresponds to the mth row of C while(
E[1+(i−1)n4:in4]

n3

)�
Fej+(m−1)n1

n1n3 corresponds to the ith n4×1
vector on the

(
j + (m − 1)n1

)
th column of F. The proof

is based on expanding the Kronecker product (abH) ⊗ C,
followed by some elementary linear algebra.

We now return to the new objective function f(φ, Λ)
in (51). Its positive terms can be rewritten as∑

(l,k)

αlktr
(
2�{WlkΛlk}

)
=
∑
(l,k)

αlktr
(
2�{βllkφ

H
lk ⊗ RllkΛlk}

)
(72a)

=
∑
(l,k)

2�
{
tr
((

αlkβllkφ
H
lk ⊗ Rllk

)
Λlk

)}
(72b)

=
∑
(l,k)

2�{φH
lkvlk

}
, (72c)

where the last equality is due to Lemma 1 with a, b, C,
and F set to 2αlkβllkφ

H
lk , 1, Rllk, and Λlk, respectively.

Furthermore, the negative terms of f(φ, Λ) can be rewritten
as∑
(l,k)

αlktr
(
ΛH

lkUlΛlk

)
=
∑
(l,k)

αlktr
(
UlΛ̃lk

)
(73a)

=
∑
(l,k)

αlktr

(∑
(i,j)

((
βlijφijφ

H
ij

)⊗ Rlij

)
Λ̃lk

)
+ const

(73b)

(∗)
=
∑
(l,k)

αlk

(∑
(i,j)

βlij

(
φH

ijTlijφij

))
+ const (73c)

=
∑
(l,k)

φH
lktr

(∑
(i,j)

αijβilkTilk

)
φlk + const (73d)

=
∑
(l,k)

φH
lkQlkφlk + const, (73e)

where const = τσ2
∑

(l,k) αlktr(Λ̃lk) does not depend on φ;
step (∗) follows Lemma 1 by letting a = b = φij , C = Rlij ,
and F = Λ̃lk. Combining (72c) and (73e) gives the new form
of f(φ, Λ) in (57).
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