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Abstract

We develop a pre-test type estimator of a deterministic parameter vector � in a linear Gaussian regression model. In contrast to
conventional pre-test strategies, that do not dominate the least-squares (LS) method in terms of mean-squared error (MSE), our
technique is shown to dominate LS when the effective dimension is greater than or equal to 4. Our estimator is based on a simple
and intuitive approach in which we first determine the linear minimum MSE (MMSE) estimate that minimizes the MSE. Since
the unknown vector � is deterministic, the MSE, and consequently the MMSE solution, will depend in general on � and therefore
cannot be implemented. Instead, we propose applying the linear MMSE strategy with the LS substituted for the true value of � to
obtain a new estimate. We then use the current estimate in conjunction with the linear MMSE solution to generate another estimate
and continue iterating until convergence. As we show, the limit is a pre-test type method which is zero when the norm of the data is
small, and is otherwise a non-linear shrinkage of LS.
© 2008 Elsevier B.V. All rights reserved.
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1. Introduction

A vast variety of estimation problems in a broad range of application areas can be written in the form of a linear
Gaussian regression model. In this class of problems, the goal is to estimate a deterministic parameter vector � from
noisy observations y = X� + e where X is a known model matrix and e is a Gaussian noise vector. The maximum-
likelihood estimate of � in this model is the well-known least-squares (LS) method, which chooses the vector �̂ that
minimizes the data error ‖y − ŷ‖2 where ŷ = X�̂ is the estimated data vector. In addition to being maximum-likelihood
optimal, the LS approach is minimax over all choices of �, and minimizes the variance among all unbiased strategies.
However, even though unbiasedness may be appealing intuitively, it does not necessarily lead to a small estimation
error ‖�̂ − �‖2 (Efron, 1975). Therefore, in the past 50 years a large body of research has been devoted to the design
of estimates that outperform LS in an estimation error sense (Judge and Bock, 1983, 1978; Hoerl and Kennard, 1970;
Marquardt, 1970; Tikhonov and Arsenin, 1977; Mayer and Willke, 1973; Eldar and Oppenheim, 2003; Eldar et al., 2004,
2005; Ben-Haim and Eldar, 2007; Eldar, 2006).

A direct measure of estimation error is the mean-squared error (MSE). Since � is deterministic, the MSE depends on
�, and therefore cannot be minimized for all parameter values. Consequently, one method may be better than another
for some values of �, but worse for other parameter values. For example, the trivial estimator �̂= 0 will have low MSE
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when the true norm of � is small, but will have large MSE otherwise. Nonetheless, a partial order between estimators
can be imposed by using the concepts of domination and admissability (Lehmann and Casella, 1999). Specifically, an
estimate �̂1 is said to dominate a different estimate �̂2 if the MSE of �̂1 is never larger than that of �̂2 for all choices of
�, and is strictly lower for at least one parameter value. An estimator is admissible if it is not dominated by any other
approach.

In his seminal paper, Stein showed that for X= I and white noise, the LS strategy is inadmissible when the parameter
dimension is larger than 2 (Stein, 1956). Several years later, James and Stein developed a non-linear shrinkage of
the conventional LS and proved that it dominates the LS solution (James and Stein, 1961). Various modifications of
the James–Stein approach have since been developed that are applicable to the general linear model considered here
(Strawderman, 1971; Alam, 1973; Berger, 1976); of these methods, Bock’s (1975) seems to be most quoted. Recently,
a blind minimax framework has been developed which results in LS dominating estimators that are more general than
simple shrinkage techniques (Ben-Haim and Eldar, 2005, 2007).

Another common LS alternative aimed at reducing the MSE is the pre-test approach (Bancroft, 1944; Scolve
et al., 1972; Bock et al., 1973; Judge and Bock, 1978, 1983; Giles and Giles, 1993). This estimation rule depends
on a preliminary test performed on the data. The idea is to first check whether certain restrictions on the parameter are
true; if the hypothesis that the restrictions are true is accepted, then an estimator incorporating these constraints is used.
Otherwise, the LS method is employed. A special case is when the test is for � = 0. In this setting, the test statistic
is the weighted norm of the LS solution, and if the hypothesis is accepted then the estimate is �̂ = 0. Throughout the
paper, we will focus on this class of pre-test methods. Unfortunately, it can be shown that for many choices of � the
pre-test strategy has larger MSE than the LS approach (Bock et al., 1973; Scolve et al., 1972). Nonetheless, it is the
estimator of choice in many applied areas particularly in economics (Giles and Giles, 1993; Aigner and Judge, 1977).

Two of the main features of the pre-test technique is that it is 0 when the data norm is small, and is discontinuous,
thus taking on the form of a test. An alternative strategy with the first property is the positive-part James–Stein estimate
(Baranchik, 1964), which is a modification of the James–Stein approach in which the shrinkage factor is replaced
by 0 whenever it becomes negative. The advantage of this technique is that it dominates the LS strategy for large
enough effective dimension. However, in contrast to the pre-test method, by its definition the shrinkage is continuous.
Furthermore, there is no real test performed on the data but rather the outcome �̂ = 0 is an artifact of the original
James–Stein method which allows for negative shrinkage.

To preserve the main features of the pre-test strategy it would be desirable to develop an estimator that dominates the
LS method, and is based on preliminary testing of the data. In this paper we suggest an estimator with these properties,
using a simple and intuitive approach. The idea behind our strategy is to first find the linear estimator that minimizes the
MSE, which we refer to as the minimum MSE (MMSE) estimate. Unfortunately, since � is deterministic, the MMSE
solution depends explicitly on � which is unknown. To circumvent the dependency on �, we suggest substituting the
LS value for � in the MMSE method, thus obtaining an approximate MMSE estimator. We then use this new value
instead of � and re-apply the MMSE solution to the data. This process is continued iteratively until convergence. In
Section 3 we discuss this strategy in detail and show that the iterations converge. Our final estimate is chosen as the
resulting limit, which we refer to as the iterated MMSE (IMMSE). The IMMSE has a pre-test type form: the estimate
is 0 when the data norm is small and is otherwise a specific non-linear shrinkage of LS. This shrinkage is different than
that obtained from the James–Stein approach and does not have a positive-part form, i.e. it is discontinuous in the data.
In Section 4 we prove that our technique dominates LS for all values of � as long as the effective dimension is greater
than or equal to 4. We then demonstrate the performance of our method and compare it to the pre-test and positive-part
Bock (which is a generalization of James–Stein to the general, dependent case) techniques in Section 5.

Throughout the paper, we use boldface lowercase letters for vectors in Rm and boldface uppercase letters for matrices
in Rn×m. The set of non-negative integers is denoted by N. The norm of a vector � is defined as ‖�‖2 =�′�, and the ith
element of a vector y is represented by yi . The m × m identity matrix is written as Im, (·)′ and tr(·) are the transpose

and the trace of the corresponding matrix, respectively, and ˆ(·) is an estimated vector or matrix. For a scalar a, [a]+ is
equal to 0 for a�0 and a otherwise. The indicator function I[a,b)(x) is equal to 1 for a�x < b and 0 otherwise. Similar
definitions hold for I(a,b)(x), I[a,b](x) where a square bracket means that the corresponding end point is included and
a regular bracket means that it is excluded. The statistical expectation is written as E{·}, the non-central chi-square

distribution with m degrees of freedom and non-centrality parameter � is denoted by �2
m,�, and the normal distribution

with mean � and covariance Im is denoted by N(�, Im).
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2. The pre-test and positive-part estimators

We treat the problem of estimating a deterministic parameter vector � ∈ Rm from observations y ∈ Rn which are
related through the linear Gaussian regression model

y = X� + e. (1)

Here X is a known n × m model matrix with full rank m, and e is a zero-mean Gaussian random vector with known
positive definite covariance C = E{ee′}.

Our goal is to design an estimate �̂ of � that is close to � in an MSE sense, where the MSE between �̂ and � is
defined by

E{‖�̂ − �‖2} = ‖E{�̂} − �‖2 + E{‖�̂ − E{�̂}‖2}. (2)

Since the MSE in general depends on �, it cannot be minimized for all �. A popular approach to overcome this difficulty
is to restrict attention to linear unbiased estimates of the form �̂ = Gy for a matrix G such that GX = I. We can then
choose G to minimize the resulting MSE, which leads to the celebrated LS estimate:

�̂LS = (X′C−1X)−1X′C−1y. (3)

However, this does not mean that the residual MSE is small. In fact, it is well known that the MSE of the LS method
can be large in many estimation problems.

One of the popular approaches in practice to try and improve the LS performance is to use a pre-test estimator. The
reasoning behind this strategy is that if the vector � to be estimated has small norm, then intuitively we should be able
to reduce the MSE by choosing �̂ = 0. In practice, however, we do not know the norm of �. Therefore, the pre-test
technique consists of first checking whether ‖�‖ is small based on the given data y, and then using 0 as an estimate if
this hypothesis is accepted, and the conventional LS method otherwise. More specifically, let

u = �̂
′
LSX′C−1X�̂LS (4)

be the test statistic, which is distributed as a non-central chi-square random variable with m degrees of freedom. Then
the pre-test estimator is defined as

�̂PT =
{

0, u�c,

�̂LS, u > c.
(5)

Here c is determined by the required significance level � of the test so that P(u > c) = � where the probability is with
respect to the null hypothesis so that u ∼ �2

m,0 (see Wan and Zou, 2003; Kibria and Saleh, 2006 and references therein
on methods for choosing c).

To gain more insight into the statistic u of (4) note that �̂LS =�+e where e is a Gaussian noise vector with covariance
Q = (X′C−1X)−1. Since the noise is colored, we can whiten it using

Q−1/2�̂LS = Q−1/2� + ẽ, (6)

where ẽ is a white Gaussian noise vector with covariance I. Since ẽ is white, a reasonable estimate of �′Q−1� is
�̂LSQ−1�̂LS, which is equal to u.

Unfortunately, it can be shown that in most of the parameter range, the pre-test estimator is inferior to the LS approach
and results in a larger MSE. In Fig. 1 we plot the MSE as a function of ‖�‖2/n using �̂LS and �̂PT assuming X = C = I,
n = 15 and a test with significance level � = 0.05. For each value of ‖�‖2/n, a random vector � was generated and
normalized to the required norm. The MSE was computed by averaging over 20,000 noise realizations. As can be seen,
when ‖�‖ is small the pre-test estimator performs well, however as the norm increases, the performance deteriorates.

To overcome this shortcoming of �̂PT, in Scolve et al. (1972) the authors propose an estimation strategy that resembles
the pre-test concept by relying on the James–Stein approach. We refer to this method as the James–Stein pre-test



3072 Y.C. Eldar, J.S. Chernoi / Journal of Statistical Planning and Inference 138 (2008) 3069–3085

0 1 2 3 4 5 6
0

2

4

6

8

10

12

M
S
E

LS

Pre-test

||β||2/n

Fig. 1. MSE of the LS and pre-test estimators as a function of the norm of �.
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Fig. 2. MSE of the LS, pre-test and James–Stein pre-test estimators as a function of the norm of �.

estimator. They first show that if �̂LS in (5) for u > c is replaced by the positive-rule James–Stein estimate (Baranchik,
1964) given by

�̂JS =
[

1 − r

‖�̂LS‖2

]
+
�̂LS, (7)

with 0�r �2(m − 2), then the resulting estimator has smaller MSE than �̂PT for all values of �. However, as can be
seen in Fig. 2, when c > r this approach still does not dominate �̂LS. In the figure, the MSE of the LS, pre-test and
the James–Stein pre-test estimators are plotted as a function of ‖�‖2/n with � = 0.01, n = 10, and r of (7) chosen as
r = 2.5. The remaining conditions are the same as those in Fig. 1.

When c�r , the James–Stein pre-test estimator reduces to the conventional positive-part James–Stein method of (7)
which is known to dominate �̂LS. Note, however, that this strategy is not truly based on a preliminary test as it is a
continuous function of the observations. The thresholding effect resulting from the positive-part operation is more an
artifact of the negative shrinkage in the conventional James–Stein method, than based on pre-test reasoning.
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In the next section we develop an estimation approach similar in spirit to the pre-test strategy that results in a zero
estimate when the norm is small, but dominates the LS method over the entire parameter space for large enough effective
dimension.

3. The iterative MSE estimator

To develop our approach, suppose that we restrict attention to linear estimates of the form �̂ = Gy for some m × n

matrix G. We would like to choose G to minimize the MSE. Using the fact that E{e} = 0 and E{ee′} = C, the MSE
follows from (2) as

E{‖�̂ − �‖2} = �′(GX − I)′(GX − I)� + tr(GCG′). (8)

Noting that the MSE is convex in G, the optimal G can be found by setting the derivative to 0 which results in1

GC + (GX − I)��′X′ = 0. (9)

Since X��′X′ + C is positive definite,

G = ��′X′(X��′X′ + C)−1, (10)

which, using the matrix inversion lemma, can be written as

G =
(

1 − �′X′C−1X�

1 + �′X′C−1X�

)
��′X′C−1 = 1

1 + �′X′C−1X�
��′X′C−1. (11)

Evidently, the MMSE estimate depends on � and therefore cannot be implemented. Instead, we suggest iterating the
MMSE solution (11). Specifically, given an initial estimate �̂0 of �, we obtain a new estimate by choosing �̂1 =G(�̂0)y
where G(�̂0) is the matrix given by (11) with � replaced by �̂0. We can then use �̂1 in conjunction with G to further
improve the solution. Continuing these iterations we obtain

�̂k = G(�̂k−1)y = �̂
′
k−1X′C−1y

1 + �̂
′
k−1X′C−1X�̂k−1

�̂k−1. (12)

In the remainder of this section we show that with �̂0 = �̂LS the iterations defined by (12) converge for large k to the
IMMSE estimate �̂IMMSE, which is a pre-test type method. In Section 4 we prove that �̂IMMSE dominates �̂LS when
the effective dimension is greater than or equal to 4.

If we choose �̂0 = �̂LS, then �̂k of (12) can be expressed as

�̂k = �k�̂0, k�1,

�k = �2
k−1a(y)

1 + �2
k−1a(y)

, k�1, (13)

with initial conditions

�̂0 = �̂LS, �0 = 1 (14)

and

a(y) = �̂
′
LSX′C−1y = �̂

′
LSX′C−1X�̂LS. (15)

Note that a(y) is equal to the statistic u of (4) used in the pre-test estimator.
In Theorem 1 below we show that �̂k converges to a limit that takes on the form of a pre-test estimator.

1 We use the following derivatives: For any symmetric A,

�tr(BAB′)
�B

= 2BA,
��′B′B�

�B
= 2B��′.
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Theorem 1. Let �̂k be defined by the recursion (13) with initial conditions given by (14). Then �̂k+1→k→∞�̂IMMSE
where

�̂IMMSE =
{0, a(y)�4,

1

2

(
1 +

√
1 − 4

a(y)

)
�̂LS, a(y) > 4.

(16)

Proof. To study the convergence of �̂k it is sufficient to study the convergence of the sequence �k . Now, suppose that
�k converges to a finite fixed point �. Then substituting �k = �k−1 = � into (13), � must satisfy

�(1 + �2a(y)) = �2a(y), (17)

from which we conclude that there are three possible fixed points:

�0 = 0, �± = 1

2

(
1 ±

√
1 − 4

a(y)

)
, (18)

where �± exist only if a(y)�4.
To investigate which of the solutions are asymptotically stable, we rely on the fact that � is an asymptotically stable

fixed point of the recursion �k = f (�k−1) if |f ′(�)| < 1 (Mickens, 1990, p. 71), where f ′ denotes the derivative of the
function f ′′. In our case, f (x) = x2a/(1 + x2a) where for brevity we denoted a = a(y), and f ′(x) = 2xa/(1 + x2a)2.
Since f ′(�0) = 0 we conclude that when a(y) < 4, �0 = 0 is asymptotically stable, and �̂k+1 → 0. Next, suppose that
a(y) = 4. In this case, f ′(�±) = 1. Since f ′′(�±) 	= 0, we conclude that �± are unstable and therefore �̂k+1 → 0.

We now consider the case where a(y) > 4. It is easy to see that f ′(�−) > 1 so that this point is unstable, while
f ′(�+) < 1 rendering �+ a stable fixed point. Thus, in principle, for a(y) > 4 the iterations can converge to 0 or �+. It
remains to show that for �0 = 1, �̂k+1 → �+. This can be verified by noting that f ′(x) > 0 for x > 0 so that f (x) is
monotonically increasing, and f ′(x) < 1 for all �+ �x�1. �

To gain some insight into the IMMSE estimate, note that we can express �̂IMMSE for a(y) > 4 as �̂IMMSE = �(a)�̂LS
where

�(a) = 1

2

(
1 +

√
1 − 4

a

)
(19)

and for brevity we denoted a = a(y). It is easy to see that �(4) = 1
2 , �(a) is monotonically increasing for a > 4, and

approaches 1 when a → ∞. Therefore, for large values of a, �̂IMMSE = �̂LS. This is intuitively reasonable since large
values of a imply that the noise is small compared to the norm of �, in which case the LS is close to the true parameter
value. Indeed, when the noise is exactly 0, �̂LS = �.

4. LS domination of the iterative MSE estimator

In this section we prove that �̂IMMSE dominates the LS method when the effective dimension is large enough.
We begin by considering the case in which X = C = I. Under this assumption, the LS estimator reduces to �̂LS = y

and a(y) = y′y ∼ �2
m,� with � = 1

2�′�.

Proposition 1. Consider the model (1) with X = C = I. Let �̂IMMSE be the IMMSE estimate of (16) with a(y) = y′y.
Then �̂IMMSE strictly dominates the LS estimator �̂LS = y for m�4 where m is the length of �.

Proof. The proof is quite involved and is therefore relegated to Appendix A.

We now use the results of Proposition 1 to establish strict dominance for the general linear model (1). In this setting,
�̂IMMSE is given by (16) and the LS estimate is given by (3).



Y.C. Eldar, J.S. Chernoi / Journal of Statistical Planning and Inference 138 (2008) 3069–3085 3075

Theorem 2. Let �̂IMMSE be the IMMSE estimate of (16) for the model y = X� + e with a(y) = �̂
′
LSX′C−1X�̂LS. Let

Q = (X′C−1X)−1, and denote by �max(Q) the largest eigenvalue of the matrix Q. Then �̂IMMSE strictly dominates the
LS estimator �̂LS of (3) for d �4 where is the effective dimension defined by

d = tr(Q)

�max(Q)
. (20)

Proof. We begin by noting that in the general linear model the MSE of �̂LS is

E{‖�̂LS − �‖2} = tr(Q)��0. (21)

Expressing the IMMSE estimate as �̂IMMSE = (1 − �(a))�̂LS with

�(a) = (1 − �(a))I(4,∞) + I[0,4] (22)

and �(a) given by (19), the MSE can be computed as

E{‖�̂IMMSE − �‖2} = E{‖(�̂LS − �) − �(a)�̂LS‖2}
= �0 + E{�̂′

LS�̂LS�2(a)} + 2E{�(a)�̂
′
LS(� − �̂LS)}, (23)

where we used (21). Denoting

	̃ = −E{�̂′
LS�̂LS�2(a)} − 2E{�(a)�̂

′
LS(� − �̂LS)}, (24)

to prove the theorem we need to show that 	̃ > 0 for d �4.
In order to obtain a more convenient characterization of 	̃ we use the eigendecomposition of Q. Specifically, since

Q is positive definite, it has an eigendecomposition of the form Q = V
V′ where V is an m × m unitary matrix and 

is a diagonal matrix with diagonal elements �i > 0, 1� i�m. Next, define

v = VQ−1/2�̂LS, u = VQ−1/2�. (25)

With these definitions we have

�̂
′
LS�̂LS = v′
v,

�̂
′
LS� = v′
u,

a(y) = �̂
′
LSQ−1�̂LS = v′v. (26)

Using (26) we can express 	̃ of (24) as

	̃ = −E{�2(v′v)v′
v} + 2E{�(v′v)v′
v} − 2E{�(v′v)v′
u}. (27)

To evaluate 	̃ we rely on the following lemma (Judge and Bock, 1978, p. 322, Theorem 2).

Lemma 1. Let y ∼ N(�, Im). Then E{g(y′y)y′
y} = tr(
)E{g(�2
m+2,�)} + �′
�E{g(�2

m+4,�)} where � = �′�/2, for
any function g for which the expectations are defined.

Using the fact that v ∼ N(u, Im) together with Lemmas 1 and 2 (see Appendix A), (27) becomes

	̃ = − tr(
)E{�2(�2
m+2,�)} − u′
uE{�2(�2

m+4,�)} + 2tr(
)E{�(�2
m+2,�)}

+ 2u′
uE{(�2
m+4,�)} − 2u′
uE{�(�2

m+2,�)}
= �0E{2�(�2

m+2,�) − �2(�2
m+2,�)} − u′
uE{�2(�2

m+4,�) + 2�(�2
m+2,�) − 2�(�2

m+4,�)}
� �0�1(�, m) − u′
u�2(�, m), (28)
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where � = u′u/2. Now, since 0��(x)�1, 2�(x)��(x)��2(x) for all x, and consequently �1(�, m)�0 for all �.
We also have that �2(�, m)�0 due to the fact that �(x) is decreasing with x so that E{�(�2

m+2,�) − �(�2
m+4,�)}�0.

Therefore,

	̃��0�1(�, m) − �maxu′u�2(�, m)

= �max(d�1(�, m) − 2��2(�, m))

��max (4�1(�, m) − 2��2(�, m)) ��max	̃0(�, m), (29)

where �max = �max(Q), and the last inequality is the result of the fact that d = �0/�max �4 and �1(�, m)�0. Using
the fact that tr(Q)�m�max(Q), we have immediately d �m, so that the requirement d �4 implies m�4. Therefore, to
show that 	̃ > 0 for d �4, it is sufficient to show that 	̃0(�, m) > 0 for m�4.

Proposition 2. 	̃0(�, m) = 4�1(�, m) − 2��2(�, m) > 0 for all � and m�4.

Proof. See Appendix A.

Applying Proposition 2 completes the proof of the theorem.

5. Examples

To illustrate our method, we compare it with the conventional pre-test estimator of (5) and the Bock method (7),
which is an extension of the positive-part James–Stein estimator to the general linear model (1).

It is well known that the Bock approach dominates LS, when the effective dimension d > 2, while the pre-test
estimator does not for any value of d. Nonetheless, due to the test nature of �̂PT it has been the estimator of choice in
many applications, despite the fact that its MSE performance is inferior over a large range of values to that of �̂JS. The
proposed estimator, can be seen as a compromise between these two approaches. On the one hand, we preserve the test
nature of the pre-test method. But, at the same time, this strategy dominates LS and has performance closer to that of
the Bock approach over a wide range of values.

In Fig. 3 we plot the MSE as a function of ‖�‖2/n, where all components of � are equal, using �̂LS, �̂IMMSE, �̂JS

and �̂PT for C = I, n = 4, and X chosen as a diagonal matrix with diagonal elements 1.3, 1.3, 0.7, 0.7. In computing
�̂PT we used � = 0.05. For each value of ‖�‖, the MSE was computed by averaging over 25,000 noise realizations. It
is apparent from the figure that for the parameters chosen the IMMSE estimate has lower MSE than the Bock method
over the entire parameter range. Both of these methods have lower MSE than the pre-test approach for intermediate
and high values of ‖�‖.
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Fig. 3. MSE of the LS, IMMSE, Bock and pre-test estimators as a function of the norm of � for n = 4.
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Fig. 4. MSE of the LS, IMMSE, Bock and pre-test estimators as a function of the norm of � for n = 10.
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Fig. 5. MSE of the LS, IMMSE, Bock and pre-test estimators as a function of the norm of � for n = 6 and a random choice of X.

In general, the IMMSE method does not dominate the Bock approach, as can be seen in Fig. 4. Here we repeat the
simulations used to generate Fig. 3 with n = 10 and X = I. Evidently, the IMMSE has higher MSE than the Bock
method in this setting, but still performs better than the pre-test method over most of the parameter range.

To evaluate the performance for more general choices of X, in Fig. 5 we plot the MSE as a function of ‖�‖2/n, with
n= 6 and X chosen at random. Specifically, X = I + R where the elements of R are zero-mean, Gaussian, independent
and identically distributed (iid) random variables with variance 0.04. The rest of the parameters remain as in Fig. 3.
Evidently, even in the case in which X is random, the results are similar to those of Fig. 3. In particular, the IMMSE
estimate has lower MSE than the Bock method.

The examples illustrate that the pre-test method has good performance only for very small values of ‖�‖. In most
of the regime, its performance is inferior to that of the Bock and IMMSE approaches. Although the IMMSE method
is not guaranteed to perform better than the Bock estimate, it preserves the test nature of the pre-test strategy while
maintaining comparable performance to that of the Bock approach. Most importantly, it dominates LS for all values of
�. Therefore, it may be a good alternative to the conventional pre-test strategy in many settings.
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6. Conclusion

We proposed a pre-test type estimator that dominates the traditional LS method when the effective dimension is
large enough. The estimator is derived from iterations on the optimal linear MSE solution, with the LS as the initial
condition. We then demonstrated via numerical examples that the IMMSE approach can be a good alternative to the
pre-test estimate, since it preserves the test nature of the method, while resulting in MSE performance that is superior
to that of the pre-test over most of the parameter range, and is comparable to that of the Bock (James–Stein) strategy.

The IMMSE estimator can be modified by changing the threshold value of 4. Initial experiments show that using an
adaptive threshold (which depends on the signal dimension) can improve the performance. An interesting question for
future research is whether the IMMSE solution can be improved by using a more sophisticated choice of threshold,
rather than the choice of 4 which is an outcome of the iterations.
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Appendix A.

Proof of Proposition 1. To prove the proposition we first note that the MSE of �̂LS is

E{‖y − �‖2} = E{‖e‖2} = m, (30)

where we used the fact that y = � + e.
Now, the IMMSE estimate can be expressed as

�̂IMMSE = (1 − �(a))y, (31)

where we defined

�(a) = (1 − �(a))I(4,∞) + I[0,4], (32)

with �(a) given by (19). Using (31) the MSE of �̂IMMSE can be computed as

E{‖�̂IMMSE − �‖2} = E{‖(y − �) − �(a)y‖2} = m + E{a�2(a)} + 2E{�(a)y′(� − y)}, (33)

where we used (30) and the fact that a = y′y. Therefore, to prove the proposition we need to show that 	 > 0 where 	
is defined by

	 = −E{a�2(a)} − 2E{�(a)y′(� − y)}. (34)

To this end we first rely on the following lemma Judge and Bock (1978, p. 321, Theorem 1).

Lemma 2. Let y ∼ N(�, Im). Then E{g(y′y)y} = �E{g(�2
m+2,�)} where � = �′�/2, for any function g for which the

expectations are defined.

Using Lemma 2 and the fact that a = y′y ∼ �2
m,� with � = �′�/2, we can write 	 of (34) as

	 = − E{�2
m,��

2(�2
m,�)} − 4�E{�(�2

m+2,�)} + 2E{�2
m,��(�2

m,�)}
= E{�2

m,��(�2
m,�)(1 − �(�2

m,�))} − E{4��(�2
m+2,�)} + E{�2

m,��(�2
m,�)}

� f1 − f2 + f3.

Let us first examine f1. Note that a�(a)(1 − �(a)) = I(4,∞)(a). Therefore,

f1 = E{I(4,∞)(a)} = P(a > 4) = 1 − F�2(4|m, �), (35)
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where F�2(a|m, �) is the cumulative distribution function (CDF) of �2
m,�, and is given by

F�2(a|m, �) =
∞∑

k=0

e−��k

k!
�(m/2 + k, a/2)

(m/2 + k)
, (36)

where �(m, a) is the lower incomplete Gamma function and (m) is the ordinary Gamma function (see Appendix B).
Using relation (63) and the fact that

∑∞
k=0e−��k/k! = 1, f1 can be written as

f1 =
∞∑

k=0

e−��k

k!
(m/2 + k, 2)

(m/2 + k)
�e−�

∞∑
k=0

�k

k! h1(k, m), (37)

where we defined

h1(k, m) = (m/2 + k, 2)

(m/2 + k)
. (38)

We next evaluate f2. To this end we use the probability density function (pdf) of the Noncentral Chi-square distribution

f�2(a|m, �) =
∞∑

k=0

e−��k

k! f�2(a|m + 2k), (39)

where f�2(a|m) is the pdf of the central chi-square distribution

f�2(a|m) = e−a/2am/2−1

2m/2(m/2)
. (40)

Evaluating the expectation using (39) we have

4�E{�(�2
m+2,�)} = 4�

∫ ∞

0
�(x)f�2(x|m + 2, �) dx

=
∞∑

k=0

4e−��k+1

k!
∫ ∞

0

�(x)xm/2+ke−x/20.5m/2+k+1

(m/2 + k + 1)
dx =

x→2x,k→k−1

= e−�
∞∑

k=0

�k

k! 4k

∫ ∞

0

�(2x)xm/2+k−1e−x

(m/2 + k)
dx

� e−�
∞∑

k=0

�k

k! h2(k, m). (41)

Similarly, f3 can be evaluated as

E{�2
m,��(�2

m,�)} =
∫ ∞

0
x�(x)f�2(x|m, �) dx

=
∞∑

k=0

e−��k

k!
∫ ∞

0

�(x)xm/2+ke−x/20.5m/2+k

(m/2 + k)
dx =

x→2x

= e−�
∞∑

k=0

�k

k! 2
∫ ∞

0

�(2x)xm/2+ke−x

(m/2 + k)
dx�e−�

∞∑
k=0

�k

k! h3(k, m). (42)
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Substituting (38), (41) and (42) into (34) we conclude that

	 = e−�
∞∑

k=0

�k

k! [h1(k, m) − h2(k, m) + h3(k, m)]�e−�
∞∑

k=0

�k

k! h(k, m). (43)

Therefore, to prove Proposition 1 it is sufficient to show that h(k, m)�0 for all k ∈ N, and that h(0, m) > 0 for m�4.
To this end, we first establish the following lemma.

Lemma 3. Let h(k, m) = h1(k, m) − h2(k, m) + h3(k, m) with hi(k, m), 1� i�3 given by (38), (41) and (42). Then
h(0, 4) > 0 and also h(k, 4)�0 for integers 1�k�5 and real values k�6.

Proof. We begin by bounding �(a) from below (for h3(k, m)) and above (for h2(k, m)) using its Taylor series expansion:

1

4

(
2

x
+ 1

x2
+ 1

x3

)
��(2x)� 1

4

(
2

x
+ 1

x2
+ 6

x3

)
for x�2. (44)

Substituting (44) into (41) and (42) will allow us to replace the integrals with Gamma functions, yielding a lower bound
on h(k, m). Specifically,

h2(k, m) = 4k

∞∫
0

�(2x)xm/2+k−1e−x

(m/2 + k)
dx

� k

(m/2 + k)

⎛⎝4

2∫
0

xm/2+k−1e−x dx +
∞∫

2

e−x(2xm/2+k−2 + xm/2+k−3 + 6xm/2+k−4) dx

⎞⎠
= k

(m/2 + k)
(4�(m/2 + k, 2) + 2(m/2 + k − 1, 2) + (m/2 + k − 2, 2)

+ 6(m/2 + k − 3, 2)).

Similarly,

h3(k, m)� 1

2(m/2 + k)
(4�(m/2 + k + 1, 2) + 2(m/2 + k, 2) + (m/2 + k − 1, 2)

+ (m/2 + k − 2, 2)).

Using (63) and (65) which can be found in Appendix B, we have for k�6,

h(k, 4)�(4 − 2k) +
(

2k − 4 + 1 − 4/k

(k + 1)

)
(k + 2, 2)

(k + 2)
− e−22k+3

(k + 2)
. (45)

We now show that h(k, 4)�0 for k�6:

h(k, 4)�(4 − 2k) +
(

2k − 4 + 1 − 4/k

(k + 1)

)(
1 − �(k + 2, 2)

(k + 2)

)
− e−22k+3

(k + 2)

= 1 − 4/k

(k + 1)
−
(

2k − 4 + 1 − 4/k

(k + 1)

)
�(k + 2, 2)

(k + 2)
− 8

e−22k

(k + 2)

� 1 − 4/k

(k + 1)
−
(

2k − 3

k + 1

)
�(k + 2, 2)

(k + 1)
− 8

e−22k

(k + 1)(k + 1)

= 1

(k + 1)

(
1 − 4

k
− 8e−22k

(k + 1)
− (2k − 3)�(k + 2, 2)

(k + 1)

)
� 1

(k + 1)
g(k),
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where the first inequality follows from (63) applied to the ratio of Gamma functions, the second inequality is true
since (1 − 4/k)/(k + 1) < 1, and the last equality follows from (61). Since g(k) is monotonically increasing with
k, and g(6) > 0, we have that h(k, 4)�0 for k�6. Note that the inequality is valid for all k�6, not only integer
values.

Unfortunately, applying the bounds (44) to h2(k, 4) and h3(k, 4) for k�5 is not sufficient to establish h(k, 4)�0
for k�5. In order to prove this we need to use higher order approximations of �(2x). However, this will result in
integrals of the form

∫
xt−1e−x dx with t < 1 which are no longer Gamma functions. To evaluate such integrals we

rely on partial integration detailed in Appendix C which allows us to apply an approximation of any desired order to
�(2x), leading to a tighter lower bound on h(k, 4). Using this approach, we obtain the following lower bounds, where
the number in the brackets indicates the order of approximation used in the Taylor expansion of �(2x):

h(1, 4)�0.3421 (Napp = 2),

h(2, 4)�0.0085 (Napp = 10),

h(3, 4)�0.0065 (Napp = 10),

h(4, 4)�0.0543 (Napp = 5),

h(5, 4)�0.0912 (Napp = 4). (46)

Finally, for k = 0, h2(0, m)= 0. Since h1(0, m) and h3(0, m) are positive, then h(0, m) > 0, completing the proof. �

From Lemma 3 it follows that Proposition 1 holds true for m=4. We now use induction on m to show that the results
can be extended to any m > 4.

Lemma 4. Let h(k, m)�0 and h(0, m) > 0 for some integer m�1 and all integers k�1. Then h(k, m + 2�)�0 and
h(0, m + 2�) > 0 for all integers k, ��1.

Proof. To prove the lemma, note that

h(k, m + 1) = h1(k, m + 1) − h2(k, m + 1) + h3(k, m + 1)

= h1(k + 0.5, m) − h2(k + 0.5, m) + h2(k, m + 1)

2k
+ h3(k + 0.5, m)

= h(k + 0.5, m) + h2(k, m + 1)

2k
�h(k + 0.5, m), (47)

where the first and second equalities follow from the definitions of hi(k, m), and the last inequality is a result of the
fact that h2(k, m)�0. From (47) we conclude that h(k, m + 2)�h(k + 0.5, m + 1)�h(k + 1, m), which proves the
lemma. �

Using Lemma 4 it follows immediately that h(k, m)�0 for all m even with m�4. If we can prove that h(k, 5)�0
for all integers k�1, then it will follow that h(k, m)�0 for all m odd with m�5, which in turn means that h(k, m)�0
for all m�4 completing the proof of the proposition.2 It therefore remains to prove that h(k, 5)�0 for all integers
k�1. To this end we rely on the following lemma.

Lemma 5. Let h(k+ 1
2 , m)�0 for some m and all integer k, k�N0. Then h(k, m+2�−1)�0 for all integer k, k�N0,

and ��1.

Proof. The proof follows immediately from (47). �

Since we have shown in Lemma 3 that h(k, 4)�0 for all k�6 (not only integer values) it follows immediately from
Lemma 5 that h(k, 5)�0 for k�6. However, we still need to prove that h(k, 5)�0 for integers k in the range 1�k�5

2 Notice that for all m and k = 0, the inequality is strict, i.e. h(0, m) > 0.
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(note that h(0, 5) > 0 since h2(0, 5)=0). As in (46), we use upper and lower bounds on �(2x) to evaluate lower bounds
on the required integrals, resulting in:

h(1, 5)�0.6902 (Napp = 2),

h(2, 5)�0.2719 (Napp = 3),

h(3, 5)�0.1868 (Napp = 3),

h(4, 5)�0.2033 (Napp = 3),

h(5, 5)�0.2173 (Napp = 3). (48)

Evidently, Proposition 1 holds for m = 4, 5. Therefore, using Lemma 4 it follows that it is correct for all m�4. �

Proof of Proposition 2. To prove the proposition, we begin by noting that the difference in MSE between the LS and
IMMSE estimators in the iid case, 	 of (34), can be expressed as

	(�, m) = m�1(�, m) − 2��2(�, m), (49)

where we used the fact that in this case Q = I and subsequently d = �0 = m. Using (29) and (49), we have that

	̃0(�, m) = 	(�, m) − (m − 4)�1(�, m). (50)

We next express �1(�, m) as

�1(�, m) = E{2�(�2
m+2,�) − �2(�2

m+2,�)} =
∫ ∞

0
(2�(x) − �2(x))f�2(x|m + 2, �) dx

=
∞∑

k=0

e−��k

k!
∫ ∞

0

(2�(x) − �2(x))xm/2+ke−x/2

2m/2+k+1(m/2 + k + 1)
dx

�
∞∑

k=0

e−��k

k! h4(k, m), (51)

where f�2(x|m, �) is the pdf of �2
m,�, defined by (39) and (40). Using (43), (50) and (51) we can write

	̃0(�, m) =
∞∑

k=0

e−��k

k! [h1(k, m) − h2(k, m) + h3(k, m) − (m − 4)h4(k, m)]. (52)

Since ��0 by definition, to complete the proof of the proposition, it is sufficient to show that q(k, m)�0 and q(0, m) > 0
for all m�4, where we defined

q(k, m) = h1(k, m) − h2(k, m) + h3(k, m) − (m − 4)h4(k, m). (53)

First let us show that q(0, m) > 0. From (52) we have that q(0, m) = 	̃0(0, m). Inserting � = 0 into (29) and using
the fact that �1(�, m) > 0 we get,

q(0, m) = 	̃0(0, m) = 4�1(0, m) > 0. (54)

Next we show that q(k, m)�0 for k�1, m�4. Using (52) and the definitions of hi(k, m),

q(k, m + 1) = h1(k, m + 1) − h2(k, m + 1) + h3(k, m + 1) − (m + 1 − 4)h4(k, m + 1)

= h1(k + 0.5, m) − h2(k + 0.5, m) + h2(k, m + 1)

2k
+ h3(k + 0.5, m)

− (m + 1 − 4)h4(k + 0.5, m)

= q(k + 0.5, m) + h2(k, m + 1)

2k
− h4(k, m + 1), (55)
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where h1, h2, h3 and h4 are defined in (37), (41), (42) and (51), respectively. From (41) and (51),

h2(k, m + 1)

2k
− h4(k, m + 1)

=
∫ ∞

0

2�(x)xm/2+k−0.5e−x/2

2m/2+k+0.5(m/2 + k + 0.5)
dx −

∫ ∞

0

(2�(x) − �2(x))xm/2+k+0.5e−x/2

2m/2+k+1.5(m/2 + k + 1.5)
dx

=
∫ ∞

0
2�(x)f�2(x|m + 1 + 2k) dx −

∫ ∞

0
(2�(x) − �2(x))f�2(x|m + 3 + 2k) dx

= E{2�(�2
m+1+2k)} − E{2�(�2

m+3+2k) − �2(�2
m+3+2k)}

�E{2�(�2
m+3+2k)} − E{2�(�2

m+3+2k) − �2(�2
m+3+2k)}

= E{�2(�2
m+3+2k)}�0, (56)

where the inequality is due to the fact that �(x) is monotonically decreasing in x, and consequently E{�(�2
m)} is

monotonically decreasing in m. Substituting (56) into (55),

q(k, m + 1)�q(k + 0.5, m),

q(k, m + 2)�q(k + 1, m). (57)

From Lemma 3, h(k, 4) = q(k, 4)�0 for all integer k as well as for all real k�6. Combined with (57) this implies
that q(k, 5)�0 for k�6. For m=5 and k =1, 2, 3, 4, 5 as in (46), we use upper and lower bounds on �(2x) to evaluate
lower bounds on q(k, 5):

q(1, 5)�0.3055 (Napp = 2),

q(2, 5)�0.1005 (Napp = 5),

q(3, 5)�0.0843 (Napp = 5),

q(4, 5)�0.1296 (Napp = 5),

q(5, 5)�0.1551 (Napp = 5). (58)

Since we have shown that Proposition 2 holds for m = 4, 5, recursively using (57) it follows that the proposition is true
for all m�4. �

Appendix B. Gamma function identities

In this appendix we summarize several Gamma function identities that we use in various parts of the paper.
Throughout, it is assumed that x, y�0.

We begin by recalling the definition of the Gamma function:

(y) =
∫ ∞

0
ty−1e−t dt . (59)

The upper and lower Gamma functions are defined by

(y, x) =
∫ ∞

x

ty−1e−t dt, �(y, x) =
∫ x

0
ty−1e−t dt . (60)

A fundamental property of the Gamma function is the recursion

(y + 1) = y(y). (61)

For integer values we have

(k + 1) = k! for k ∈ N. (62)
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The following identities are used in several of the proofs in the paper:

�(y, x) + (y, x)

(y)
≡ 1, (63)

(k, x)

(k)
= e−x

k−1∑
m=0

xm

m! = 1 − e−x
∞∑

m=k

xm

(m + 1)
for k ∈ N, (64)

(y, x) = (y + 1, x) − xye−x

y
, �(y, x) = �(y + 1, x) + xye−x

y
, for y 	= 0. (65)

Appendix C. Gamma “like” functions

In this appendix we show how to evaluate Gamma-like integrals with negative powers.
Suppose first that � = 2k > 0 is an even positive integer, and consider the integral

∫∞
x

t−(�+1)e−t dt for x > 0. Using
integration by parts we have that

∞∫
x

e−t

t�+1
dt =

[
−e−t

�t�

]∣∣∣∣t=∞

t=x

− 1

�

∫ ∞

x

e−t

t�
dt

= e−x

�x�
− 1

�

∫ ∞

x

e−t

t�
dt = e−x

�x�
− e−x

�(� − 1)x�−1
+ 1

�(� − 1)

∫ ∞

x

e−t

t�−1
dt = · · ·

= e−x

�!
�∑

m=1

(−1)m
(m − 1)!

xm
+ 1

�!
∫ ∞

x

e−t

t
dt

= e−x

�!
�∑

m=1

(−1)m
(m − 1)!

xm
+ Ei(x)

�! ,

where

Ei(x)�
∫ ∞

x

e−t

t
dt , (66)

is the exponential integral.
In a similar way, we can show that for � = 2k + 1 and odd positive integer,∫ ∞

x

e−t

t�+1
dt = e−x

�!
�∑

m=1

(−1)m+1 (m − 1)!
xm

− Ei(x)

�! . (67)
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