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Given a frame for a subspace W of a Hilbert space H , we consider all possible families of oblique dual frame vectors on an
appropriately chosen subspace V. In place of the standard description, which involves computing the pseudoinverse of the frame
operator, we develop an alternative characterization which in some cases can be computationally more efficient. We first treat
the case of a general frame on an arbitrary Hilbert space, and then specialize the results to shift-invariant frames with multiple
generators. In particular, we present explicit versions of our general conditions for the case of shift-invariant spaces with a single
generator. The theory is also adapted to the standard frame setting in which the original and dual frames are defined on the same
space.
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1. INTRODUCTION

Frames are generalizations of bases which lead to redundant
signal expansions [1–4]. A frame for a Hilbert space is a set
of not necessarily linearly independent vectors that has the
property that each vector in the space can be expanded in
terms of these vectors. Frames were first introduced by Duf-
fin and Schaeffer [1] in the context of nonharmonic Fourier
series, and play an important role in the theory of nonuni-
form sampling [1, 2, 5, 6]. Recent interest in frames has
been motivated in part by their utility in analyzing wavelet
expansions [7, 8], and by their robustness properties [3, 8–
13].

Frame-like expansions have been developed and used in a
wide range of disciplines. Many connections between frame
theory and various signal processing techniques have been
recently discovered and developed. For example, the theory
of frames has been used to study and design oversampled fil-
ter banks [14–17] and error correction codes [18]. Wavelet
families have been used in quantum mechanics and many
other areas of theoretical physics [8, 19].

One of the prime applications of frames is that they lead
to expansions of vectors (or signals) in the underlying Hilbert
space in terms of the frame elements. Specifically, if H is a
separable Hilbert space and { fk}∞k=1 is a frame for H , then
any f in H can be expressed as

f =
∞∑
k=1

〈
f , gk

〉
fk, (1)

for some dual frame {gk}∞k=1 for H . In order to use this
representation in practice, we need to be able to calculate
the coefficients 〈 f , gk〉. A popular choice of {gk}∞k=1 is the
minimal-norm dual frame, that is, the canonical dual frame.
However, computing the minimal-norm dual is highly non-
trivial in general. Another issue is that the frame { fk}∞k=1
might have a certain structure which is not shared by the
minimal-norm dual. This complication appears, for exam-
ple, if { fk}∞k=1 is a wavelet frame: there are cases where the
canonical dual of a wavelet frame does not have the wavelet
structure (cf. [8]). One way to circumvent these types of
problems is to search for more general choices of duals. Usu-
ally, one requires additional constraints on the choice of
{gk}∞k=1; for example, if { fk}∞k=1 has a shift-invariant struc-
ture, it is natural to require that {gk}∞k=1 also share this struc-
ture.

More recently, the traditional concept of frames has been
broadened to include frames on subspaces. Oblique frame
decompositions, which were suggested in [10, 20] and fur-
ther developed in [21–23], allow for frame expansions in
which (1) is restricted to signals f in a given closed subspace
X of H . The vectors { fk}∞k=1 and {gk}∞k=1 are still required
to be frames, but only for subspaces of H ; { fk}∞k=1 forms a
frame forX and {gk}∞k=1 constitutes a frame for a possibly dif-
ferent subspace S such that H = X⊕S⊥, where S⊥ denotes the
orthogonal complement of S in H . By choosing S = X =H ,
we recover the conventional dual frames; however, oblique
dual frames allow for more freedom in the design since the
analysis space S is not restricted to be equal to the synthe-
sis space X as in traditional frame expansions. A further
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generalization of this concept leads to pseudoframes [24]. As
in oblique dual frames, (1) is restricted to f ∈ X , but { fk}∞k=1
and {gk}∞k=1 are no longer constrained to be frame sequences.
Since, in this paper, we are interested in frame decompositions,
we focus our attention on oblique dual frames which provide
a general setting for frame analysis.

Given a frame { fk}∞k=1 for a subspace X , a complete char-
acterization of all possible oblique dual frames on a sub-
space S has been obtained in [22, 24]. This characterization
involves computing the pseudoinverse of the frame opera-
tor TT∗, where T is the preframe operator associated with
the frame { fk}∞k=1. In many cases, computing this pseudoin-
verse is computationally demanding. An interesting question
therefore is whether there is an alternative characterization
for all oblique duals which does not necessarily involve the
pseudoinverse of TT∗. Our main result, derived in Section 3,
shows that the oblique dual frames can be characterized in
an alternative way in which the pseudoinverse of TT∗ is re-
placed by the pseudoinverse of HT∗, where H is an appro-
priately chosen operator. The advantage of this characteriza-
tion is that there is freedom in choosing the operator H so
that it can be tailored such that the pseudoinverse of HT∗ is
easier to compute than the pseudoinverse of TT∗. Concrete
examples demonstrating this computational advantage have
recently been explored in [25–27] in the context of Gabor
expansions.

An important class of frames in signal processing ap-
plications are shift-invariant frames, which are generated
by translates of a set of generators [6]. The advantage of
these frames is that the corresponding frame expansion can
be implemented using linear time-invariant (LTI) filters.
In Section 4, we specialize our results to the case of shift-
invariant frames. As we show, while the classical frame rep-
resentation may involve ideal filters which cannot be imple-
mented in practice, by using the proposed alternative repre-
sentation, the ideal filters can often be replaced by non ideal
realizable filters. Furthermore, our general conditions take a
particular simple form in the case of a shift-invariant space
generated by a single function.

Before proceeding to the detailed development, in the
next section, we summarize the required mathematical pre-
liminaries.

2. DEFINITIONS AND BASIC RESULTS

We now introduce some definitions and results that will be
used throughout the paper.

Given a transformation T , we denote by N (T) and R(T)
the null space and range space of T , respectively. The Moore-
Penrose pseudoinverse of T is written as T† and the adjoint is
denoted by T∗. The inner product between vectors x, y ∈H
is denoted by 〈x, y〉, and is linear in the first argument. We
useR and Z to denote the reals and integers, respectively. The
complex conjugate of a complex function f (x) is denoted by
f (x). For a subspace W of a Hilbert space H , W⊥ is the or-
thogonal complement of W in H . Given a sequence of vec-
tors {gk}∞k=1 ⊂ H , we let span{gk}∞k=1 be the closure of the
span of {gk}∞k=1, that is, the smallest closed subspace contain-
ing {gk}∞k=1 (the span of a set of vectors consists by definition

of all finite linear combinations of the vectors with complex
coefficients).

Projection operators play an important role in our devel-
opment. Given closed subspaces W and V of a Hilbert space
H such that H =W ⊕V⊥ (a direct sum, not necessarily or-
thogonal), the oblique projection EWV⊥ onto W along V⊥ is
defined as the unique operator satisfying

EWV⊥w = w for any w ∈W ,

EWV⊥v = 0 for any v ∈ V⊥.
(2)

Thus, R(EWV⊥) = W and N (EWV⊥) = V⊥. If W = V, then
EWV⊥ is the orthogonal projection onto W , which we denote
by PW . On the other hand, any projection P (i.e., a bounded
linear operator on H for which P2 = P) leads to a decompo-
sition of H ; in fact, as proved in, for example, [28, Proposi-
tion 38.4],

H =R(P)⊕N (P). (3)

That is, there is a one-to-one correspondence between de-
compositions of H and projections on H . Thus, our results
in this paper obtained via the splitting assumption H =
W ⊕ V⊥ could as well be formulated starting with a projec-
tion.

For f ∈ L1(R), we denote the Fourier transform by

F f (ω) = f̂ (ω) =
∫∞
−∞

f (x)e−2πixωdx. (4)

As usual, the Fourier transform is extended to a unitary op-
erator on L2(R). For a sequence c = {ck} ∈ �2, we define the
discrete-time Fourier transform as the 1-periodic function in
L2(0, 1) given by

F c
(
e2πiω) = C

(
e2πiω) = ∑

k∈Z
cke

−2πikω. (5)

The discrete-time convolution ak = ck ∗ dk between two
sequences c,d ∈ �2 is defined by

ak =
∑
m∈Z

cmdk−m. (6)

The continuous-time convolution between two functions
φ,φ1 ∈ L2(R) is given by

φ(x)∗ φ1(x) =
∫∞
−∞

φ(y)φ1(x − y)dy. (7)

A set of vectors { fk}∞k=1 forms a Bessel sequence for a
Hilbert space H if there exists a constant B <∞ such that

∞∑
k=1

∣∣〈x, fk
〉∣∣2 ≤ B‖x‖2, (8)
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for all x ∈H . The vectors { fk}∞k=1 form a frame for a Hilbert
space H if there exist constants A > 0 and B <∞ such that

A‖x‖2 ≤
∞∑
k=1

∣∣〈x, fk
〉∣∣2 ≤ B‖x‖2, (9)

for all x ∈H [3].
The preframe operator associated with a Bessel sequence

{ fk}∞k=1 is given by

T : �2 −→H , T
{
ck
} = ∑

k∈Z
ck fk, (10)

and its adjoint is given by

T∗ : H −→ �2, T∗ f = {〈 f , fk
〉}∞

k=1. (11)

The assumption H = W ⊕ V⊥ will play a crucial role
throughout the paper. Lemma 1, proved by Tang (see [29,
Theorem 2.3]), deals with this condition, and relies on the
concept of the angle between two subspaces. The angle from
V to W is defined as the unique number θ(V, W) ∈ [0,π/2]
for which

cos θ(V, W) = inf
f∈V,‖ f ‖=1

∥∥PW f
∥∥. (12)

Lemma 1. Given closed subspaces V, W of a separable Hilbert
space H , the following are equivalent:

(i) H =W ⊕V⊥;
(ii) H = V ⊕W⊥;
(iii) cos θ(V, W) > 0 and cos θ(W , V) > 0.

More information on the condition H = W ⊕ V⊥ in
general Hilbert spaces can be found in [22].

3. CHARACTERIZATION OF DUALS

3.1. Oblique dual frames

Let { fk}∞k=1 be a frame for a closed subspace W ⊆ H , and
let {gk}∞k=1 be a frame for a closed subspace V ⊆H such that
H =W⊕V⊥. The vectors {gk}∞k=1 in V form an oblique dual
frame of { fk}∞k=1 on V [10, 20–22] if

f =
∞∑
k=1

〈
f , gk

〉
fk, ∀ f ∈W . (13)

The terminology oblique dual frame originates from the re-
lation of these frames with oblique projections, as incorpo-
rated in the following lemma [22].

Lemma 2. Assume that { fk}∞k=1 and {gk}∞k=1 are Bessel se-
quences in H , let W = span{ fk}∞k=1 and V = span{gk}∞k=1,
with H =W ⊕V⊥. Then the following are equivalent.

(i) f =∑∞
k=1〈 f , gk〉 fk, for all f ∈W .

(ii) EWV⊥ f =∑∞
k=1〈 f , gk〉 fk, for all f ∈H .

(iii) EVW⊥ f =∑∞
k=1〈 f , fk〉gk, for all f ∈H .

(iv) 〈EVW⊥ f , g〉 =∑∞
k=1〈 f , fk〉〈gk, g〉, for all f , g ∈H .

(v) 〈EWV⊥ f , g〉 =∑∞
k=1〈 f , gk〉〈 fk, g〉, for all f , g ∈H .

gk

v

g̃k
w

Figure 1: Geometrical interpretation of oblique dual frames. The
vector g̃k is a dual vector in W and gk is an oblique dual vector in V.

In case the equivalent conditions are satisfied, {gk}∞k=1 is an
oblique dual frame of { fk}∞k=1 on V, and { fk}∞k=1 is an
oblique dual frame of {gk}∞k=1 on W . Furthermore, { fk}∞k=1
and {PWgk}∞k=1 are dual frames for W (in the sense of classi-
cal frame theory), and {gk}∞k=1 and {PV fk}∞k=1 are dual frames
for V.

Lemma 2 leads to a simple geometric interpretation of
the oblique dual frames. Given a classical dual {g̃k}∞k=1
of { fk}∞k=1, that is, a dual in W , we can extend {g̃k}∞k=1
to an oblique dual on V by constructing the sequence
{gk}∞k=1 ∈ V whose orthogonal projection onto W is the
sequence {g̃k}∞k=1. The corresponding vectors are {gk}∞k=1 =
{EVW⊥ g̃k}∞k=1. This interpretation is illustrated in Figure 1.

Denoting by T the preframe operator of the frame
{ fk}∞k=1, it was shown in [22, 24] that the oblique dual frames
of { fk}∞k=1 on V are the families

{
gk
}∞
k=1=

{
EVW⊥

(
TT∗

)†
fk+hk−

∞∑
j=1

〈(
TT∗

)†
fk, f j

〉
hj

}∞
k=1

,

(14)

where {hk}∞k=1 ∈ V is a Bessel sequence. The characteri-
zation (14) involves computing the pseudoinverse of TT∗

which can be computationally demanding. An interesting
question therefore is whether there is an alternative char-
acterization for the duals which does not involve the pseu-
doinverse of TT∗. Our main result, Theorem 1, shows that
the oblique dual frames can be characterized in an alterna-
tive way in which the pseudoinverse (TT∗)† is replaced by
(HT∗)†, where H is an appropriately chosen operator. The
advantage of this characterization is that there is freedom in
choosing the operator H so that it can be tailored such that
(HT∗)† is easier to compute than (TT∗)†. Furthermore, in
this representation, the infinite sum is no longer required.

In Section 4, we specialize the results to the case of shift-
invariant frames which are important in signal processing
applications since frame expansions involving shift-invariant
frames can be implemented using LTI filters.
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3.2. Mathematical preliminaries

The proof of our main theorem is based on some general re-
sults from the theory of operators on Hilbert spaces. There-
fore, before stating our result, we collect the needed facts in
Lemma 4. We first present a well-known identity, which we
will use in the sequel.

Lemma 3. Let A and B be bounded operators with closed
range. If R(B) = N (A)⊥, N (AB) = N (B), and R(AB) =
R(A), then

(AB)† = B†A†. (15)

Proof. The lemma is proven in a straightforward manner by
showing that under the conditions of the lemma, B†A† satis-
fies the Moore-Penrose conditions [30].

Lemma 4. Let H1, H2 be separable Hilbert spaces, and let W ,
V be closed subspaces of H2 such that H2 =W ⊕V⊥. Further,
let Y : H1 → H2 and U : H1 → H2 be bounded operators
with R(Y) =W , R(U) = V. Then the following hold.

(i) R(Y∗U) = R(Y∗) and (Y∗U)† is a bounded oper-
ator from H1 to H1.

(ii) (Y∗U)†Y∗U is the orthogonal projection onto
N (U)⊥.

(iii) The oblique projection onto V along W⊥ can be wri-
tten as

EVW⊥ = U
(
Y∗U

)†
Y∗. (16)

(iv) The operator

M = U
(
Y∗U

)†
(17)

is independent of the choice of the bounded operator U :
H1 →H2, as long as R(U) = V.

(v) The bounded operators U : H1 → V for which
UY∗ = EVW⊥ are the operators having the form
EVW⊥(HY∗)†H , where H : H1 → H2 is a bounded op-
erator with closed range, satisfying that H1 = N (H) ⊕
R(Y∗).

For the proof, see the appendix.
We note that Lemma 4(iii) provides an explicit method

for computing the oblique projection EVW⊥ ; it is especially
convenient if we choose H1 = �2, in which case Y∗U be-
comes an operator on �2.

3.3. Oblique dual families

We now present our main result, which provides an alterna-
tive characterization of all oblique duals.

Theorem 1. Let { fk}∞k=1 be a frame for a subspace W ⊆ H
with preframe operator T , and let V be a closed subspace such
that H = W ⊕ V⊥. Then the oblique dual frames of { fk}∞k=1
on V are precisely the families

{
gk
}∞
k=1 =

{
EVW⊥

(
HT∗

)†
hk
}∞
k=1

, (18)

where {hk}∞k=1 is a frame sequence with preframe operator H ,
satisfying that N (H)⊕R(T∗) = �2. Alternatively,

{
gk
}∞
k=1 =

{
B
(
T∗B

)†
ER(T∗)Sδk

}∞
k=1

, (19)

where B : �2 → H is any bounded operator with R(B) = V,
S is a closed subspace of �2 such that �2 = R(T∗) ⊕ S, and
{δk}∞k=1 is the canonical orthonormal basis for �2.

Note that from Lemma 4(iv), it follows that the families
defined by (19) differ only in the choice of S.

Proof. The proof of the theorem relies on the following
lemma.

Lemma 5 (see [22]). Let { fk}∞k=1 be a frame for W , and let V
be a closed subspace such that H = W ⊕ V⊥. Let {δk}∞k=1 be
the canonical orthonormal basis for �2. The oblique dual frames
for { fk}∞k=1 on V are the families {gk}∞k=1 = {Vδk}∞k=1, where
V : �2 → V is a bounded operator for which VT∗ = EVW⊥ .

By Lemmas 4 and 5, we can characterize the oblique dual
frames on V along W⊥ as all families of the form

{
gk
}∞
k=1 =

{
EVW⊥

(
HT∗

)†
Hδk

}∞
k=1

, (20)

where H : �2 → H is a bounded operator with closed range,
satisfying that �2 = N (H) ⊕R(T∗). Such an operator has
the form H{cj}∞j=1 =

∑∞
j=1 cjhj with {hk}∞k=1 ∈ H a frame

sequence. By inserting this expression for H in (20), we get

{
gk
}∞
k=1 =

{
EVW⊥

(
HT∗

)†
hk
}∞
k=1

. (21)

From Lemma 4(iii), we can write EVW⊥ as

EVW⊥ =MT∗, (22)

where M = B(T∗B)†. Substituting (22) into (18), we have
that

gk =MT∗
(
HT∗

)†
Hδk =MER(T∗)Sδk, (23)

with S = N (H), thus completing the proof.

In the special case in which W = H , Theorem 1 implies
that the classical dual frames of { fk}∞k=1 are the families

{
gk
}∞
k=1 =

{(
HT∗

)†
hk
}∞
k=1

, (24)

where {hk}∞k=1 is a frame sequence, satisfying that N (H) ⊕
R(T∗) = �2. This should be compared with the known char-
acterization [31]

{
gk
}∞
k=1 =

{(
TT∗

)†
fk + hk −

∞∑
j=1

〈(
TT∗

)−1
fk, f j

〉
hj

}∞
k=1

,

(25)

where {hk}∞k=1 ∈H is a Bessel sequence.
Note that if { fk}∞k=1 is a Riesz basis, then R(T∗) = �2,

that is, the condition N (H) ⊕ R(T∗) = �2 is satisfied if
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and only if H is injective. However, if { fk}∞k=1 is overcom-
plete, then R(T∗) is a subspace of �2; the more redundant
the frame is, the “smaller” R(T∗) is, that is, the larger the
kernel of H is forced to be.

In [25–27], it is shown that using the characterization
(24) in a finite-dimensional setting can lead to Gabor expan-
sions that are computationally much more efficient than con-
ventional Gabor expansions. Furthermore, by proper choice
ofH , one can improve the condition number ofHT∗. Specif-
ically, consider the case in which we are given the Gabor
expansion of a finite-length signal, and the goal is to re-
construct the signal from these samples. Instead of using
the minimal-norm dual for reconstruction, corresponding
to (TT∗)†T , it is suggested to use a nonminimal norm dual
of the form (HT∗)†H , where H is chosen such that HT∗

is efficient to compute. For example, if T is a frame opera-
tor corresponding to a Gabor frame with a Gaussian window
φ[k] = e−k2/σ2

1 for some σ2
1 > 0, then we can choose H as a

frame operator corresponding to a Gabor frame with a Gaus-
sian window h[k] = e−k2/σ2

2 , where σ2 is chosen such that the
effective spread of h[k] is equal to a. If L/b is divisible by a,
where L is the length of the signal and a and b are the shifts
along the time and frequency axes, respectively, then the ma-
trix HT∗ is invertible for any choice of σ2. Because of the lim-
ited spread of h[k], the matrix HT∗ can be computed very
efficiently, resulting in an efficient method for reconstruct-
ing the signal from its Gabor coefficients.

One more advantage of the approach is that for large val-
ues of σ1, the matrix TT∗ can be poorly conditioned. By ap-
propriately selecting the spread σ2 of h[k], it is possible to
improve the condition number of HT∗, leading to a more
stable reconstruction algorithm.

3.4. Minimal-norm duals

We now use the representation of Theorem 1 to develop al-
ternative forms of the minimal-norm oblique duals.

Given a bounded operator B with R(B) = V, the
minimal-norm oblique dual vectors of { fk}∞k=1 on V along
W , that is, the oblique dual vectors leading to coefficients
with minimal �2 norm, can be written as [10, 20]

gk = B
(
T∗B

)†
δk. (26)

The representation (26) follows from Theorem 1 if we choose
S = N (T). Indeed, in this case, ER(T∗)S = PR(T∗). Since
N ((T∗B)†) = R(T∗B)⊥ = R(T∗)⊥, (19) reduces to (26).
Alternatively, it was shown in [22] that the minimal-norm
oblique duals can be expressed as

gk = EVW⊥
(
TT∗

)†
fk. (27)

This characterization also follows from Theorem 1, withH =
T . More generally, we can obtain this characterization by
choosing H as an arbitrary operator with N (H) = N (T),
as incorporated in the following theorem.

Theorem 2. Let { fk}∞k=1 be a frame for a subspace W ⊆ H
with preframe operator T , and let V be a closed subspace such

that H = W ⊕ V⊥. Then the minimal-norm oblique dual
frames of { fk}∞k=1 on V can be expressed as

{
gk
}∞
k=1 =

{
EVW⊥

(
HT∗

)†
hk
}∞
k=1

, (28)

where {hk}∞k=1 is a frame sequence with preframe operator H ,
satisfying that N (H) = N (T). Alternatively,

{
gk
}∞
k=1 =

{
B
(
T∗B

)†
δk
}∞
k=1

, (29)

where B is a bounded operator with R(B) = V and {δk}∞k=1 is
the canonical orthonormal basis for �2.

Proof. The proof of the theorem follows from the fact that if
T : H1 → H2 is a bounded operator with closed range, then
the operator

M = (UT∗
)†
U (30)

is independent of the choice of the bounded operator U :
H1 → H2, as long as N (U) = N (T) and the range of U is
closed. Indeed, since R(U∗) = N (U)⊥ = N (T)⊥ =R(T∗),
we have that H1 = R(T∗) ⊕ R(U∗)⊥. From Lemma 4, it
then follows that the pseudoinverse (UT∗)† is a well-defined
bounded operator. Because U is bounded with N (U) =
N (T), it can be expressed as U = XT for a bounded op-
erator X : H2 → H2 with N (X) = R(T)⊥. In particular, we
can choose

X = UT†. (31)

From Lemma 3, it then follows that
(
UT∗

)† = (XTT∗)† = (TT∗)†X†. (32)

Therefore,
(
UT∗

)†
U=(TT∗)†X†XT=(TT∗)†PN (X)⊥T=

(
TT∗

)†
T ,

(33)

thus completing the proof.

If V = W , then the vectors gk defined by Theorem 2 are
the conventional minimal-norm dual frame vectors. Thus,
Theorem 2 provides an alternative method for computing
the conventional dual frame vectors, which are typically
given by

gk =
(
TT∗

)†
fk = T

(
T∗T

)†
δk. (34)

By using Theorem 2, we may choose B so that (T∗B)† is eas-
ier to compute than (T∗T)†; alternatively, we may choose
H such that (HT∗)† can be evaluated more efficiently than
(TT∗)†.

4. FRAME SEQUENCES IN SHIFT-INVARIANT SPACES

We now consider frames of translates in shift-invariant
spaces. The importance of this class of frames stems from the
fact that the corresponding frame expansions can be imple-
mented using LTI filters.



6 EURASIP Journal on Applied Signal Processing

f (x)

h0(−x) � φ0(x)

...
...

∑
kεZ δ(x − k)

hN−1(−x)

∑
kεZ δ(x − k)

φN−1(x)

f (x)

�

+

Figure 2: Filter bank representation of a shift-invariant frame expansion.

4.1. Shift-invariant frames

A shift-invariant frame with multiple generators is a frame
{ fk j}k∈Z, j∈J of the form

{
fk j
}
k∈Z, j∈J =

{
φj(x − k)

}
k∈Z, j∈J �

{
Tkφj

}
k∈Z, j∈J , (35)

where J is an index set, φj ∈ L2(R) and we define the trans-
lation operator acting on functions in L2(R) by Tk f (x) =
f (x − k), x ∈ R, k ∈ Z. The corresponding space

W := span
{
Tkφj

}
k∈Z, j∈J =

{ ∑
k∈Z, j∈J

ck jTkφj :
{
ck j
} ∈ �2

}

(36)

is said to be shift-invariant.
A shift-invariant frame expansion of the form f =∑N−1

j=0

∑
k∈Z 〈 f ,hk j〉φk j , where hk j = Tkhj and φk j = Tkφj ,

can be implemented using a bank of LTI filters, as depicted
in Figure 2. To see this, we first note that for fixed j, the coef-
ficients

ck j =
〈
f ,hk j

〉 =
∫∞
−∞

f (x)hj(x − k)dx, k ∈ Z, (37)

can be expressed as samples at x = k of a convolution integral

ck j =
∫∞
−∞

f (x)hj(k − x)dx = f (x)∗ g(x)|x=k, k ∈ Z,

(38)

where g(x) = hj(−x). Thus, the sequence ck j can be viewed
as samples at x = k of the output of an LTI filter with impulse
response hj(−x), with f (x) as its input. Next, we note that
the sum

∑
k∈Z ck jφj(x− k) can be expressed as a convolution

∑
k∈Z

ck jφj(x − k) = p(x)∗ φj(x), (39)

where p(x) is the modulated impulse train

p(x) =
∑
k∈Z

ck jδ(x − k). (40)

4.2. Shift-invariant duals

Having defined shift-invariant frames, our goal now is to ob-
tain shift-invariant oblique dual frames via Theorem 1.

For φj ,hj ∈ L2(R), j ∈ J , we let

W = span
{
Tkφj

}
k∈Z, j∈J , V = span

{
Tkhj

}
k∈Z, j∈J . (41)

We further denote by T and H the preframe operators of
the sequences {Tkφj}k∈Z, j∈J and {Tkhj}k∈Z, j∈J , respectively.
Throughout the section, we make the following assumptions:

(i) L2(R) =W ⊕V⊥;
(ii) �2 =R(T∗)⊕N (H).

Note that if {Tkφj}k∈Z, j∈J is a frame sequence, then these
conditions can be formulated entirely in terms of the oper-
ators T and H via

L2(R) =R(T)⊕R(H)⊥, �2 = N (T)⊕N (H)⊥. (42)

This formulation shows that in general, the two conditions
are unrelated. In fact, if {Tkφj}k∈Z, j∈J and {Tkhj}k∈Z, j∈J are
frames for L2(R), then the first condition holds; but if, for
example, {Tkφj}k∈Z, j∈J is a Riesz basis and {Tkhj}k∈Z, j∈J is
overcomplete, then the second condition does not hold. On
the other hand, if {Tkφj}k∈Z, j∈J and {Tkhj}k∈Z, j∈J are Riesz
sequences, then the second condition holds; but in case one
of these sequences spans L2(R) and the other does not, then
the first condition is not satisfied.

Theorem 3. Let φj ,hj ∈ L2(R), j ∈ J , and assume that
{Tkφj}k∈Z, j∈J and {Tkhj}k∈Z, j∈J are frame sequences. Then,
under assumptions (i) and (ii), the sequence

{
gk j
}
k∈Z, j∈J =

{
EVW⊥

(
HT∗

)†
Tkhj

}
k∈Z, j∈J =

{
Tkgj

}
k∈Z, j∈J

(43)

is a shift-invariant oblique dual frame of {Tkφj}k∈Z, j∈J on V,
with {gj} j∈J = {EVW⊥(HT∗)†hj} j∈J .
Proof. We first show that

TkHT∗ = HT∗Tk. (44)

Indeed, for any f ∈H ,

HT∗Tk f =
∑
mj

〈
Tk f ,Tmφj

〉
Tmhj =

∑
mj

〈
f ,Tm−kφj

〉
Tmhj

=
∑
mj

〈
f ,Tmφj

〉
Tm+khj = TkHT∗ f .

(45)
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Now, hj = Haj for some aj . From assumption (ii), we can
express aj as aj = aH j + aT j , where aH j ∈ N (H) and
aT j ∈ R(T∗). Therefore, hj = Haj = HaT j . But since
aT j ∈ R(T∗), we have that aT j = T∗bj for some bj ∈
N (T∗)⊥ = R(T) = W . We conclude that hj = HT∗bj for
some bj ∈W , and

gk j = EVW⊥
(
HT∗

)†
TkHT∗bj . (46)

Substituting (44) into (46), we have that

gk j = EVW⊥
(
HT∗

)†
HT∗Tkbj = EVW⊥PTkbj , (47)

where P is an orthogonal projection onto N (HT∗)⊥. But, by
assumption (ii), N (HT∗) = N (T∗) = R(T)⊥ = W⊥, so
that P = PW . Since EVW⊥PW = EVW⊥ , (47) reduces to

gk j = EVW⊥Tkbj . (48)

Now, it was shown in [22, Corollary 4.2] that if W and V are
shift-invariant, then EVW⊥Tk = TkEVW⊥ , which from (47)
implies that

gk j = TkEVW⊥bj = Tkgj , (49)

where gj = EVW⊥(HT∗)†hj .

4.3. Single generator

An important special case of a shift-invariant frame is a
frame of the form {Tkφ}k∈Z, with a single generator φ. These
frames are especially easy to analyze. In particular, as the fol-
lowing proposition shows, one can immediately characterize
the generators that create a frame for their closed linear span
({Tkφ}k∈Z cannot be a frame for all of L2(R), cf. [32]).

Proposition 1 (see [4, 33]). Let φ ∈ L2(R),

Φ
(
e2πiω) = ∑

k∈Z

∣∣φ̂(ω + k)
∣∣2

,

N (Φ) = {ω : Φ
(
e2πiω) = 0

}
.

(50)

Then {Tkφ}k∈Z is a frame sequence with bounds A, B if and
only if

A ≤ Φ
(
e2πiω) ≤ B, a.e. on

{
ω : Φ(ω) �= 0

}
. (51)

It turns out that for single-generated systems, the condi-
tions L2(R) =W ⊕V⊥ and �2 =R(T∗)⊕N (H) of the pre-
vious section are also easy to verify. Suppose that {Tkφ}k∈Z
and {Tkh}k∈Z are frame sequences, and let

W := span
{
Tkφ

}
k∈Z, V := span

{
Tkh

}
k∈Z. (52)

The following proposition, proved in [22], provides an eas-
ily verifiable condition on the generators φ and h such that
L2(R) =W ⊕V⊥.

Proposition 2. Let φ,h ∈ L2(R), and assume that {Tkφ}k∈Z
and {Tkh}k∈Z are frame sequences. Define Φ and N (Φ) as in
(50), and introduce Ψ, N (Ψ)similarly for the function h. Then

the following are equivalent:

(i) L2(R) =W ⊕V⊥;
(ii) N (Φ) = N (Ψ) and there exists a constant A > 0
such that

A ≤
∣∣∣∣∣
∑
k∈Z

φ̂(ω + k)ĥ(ω + k)

∣∣∣∣∣ on
{
ω : Φ

(
e2πiω) �= 0

}
.

(53)

We now show that the second condition �2 = R(T∗) ⊕
N (H) is actually contained in the first condition L2(R) =
W ⊕ V⊥. Thus, only the first condition needs to be veri-
fied, which can be done in a straightforward way by using
Proposition 2.

Proposition 3. Assume thatT andH are preframe operators of
shift-invariant frames {Tkφ} and {Tkh}, respectively. Define Φ
and N (Φ) as in (50), and introduce Ψ, N (Ψ) similarly for the
function h. Then, R(T∗)⊕N (H) = �2 if and only if N (Φ) =
N (Ψ).

Proof. It was shown in [22, Lemma 4.7] that the range of
the adjoint of the preframe operator associated to any single-
generated shift-invariant frame is

R
(
T∗
) = {c ∈ �2 : C

(
e2πiω) = 0 on N (Φ)

}
. (54)

Applying this result to the preframe operator H , it follows
that

N (H) =R
(
H∗)⊥ = {c ∈ �2 : C

(
e2πiω) = 0 on N (Ψ)

}⊥
= {c ∈ �2 : C

(
e2πiω) = 0 on N (Ψ)c

}
.

(55)

Thus, if N (Ψ) = N (Φ), then N (H) = R(T∗)⊥ and �2 =
N (H)⊕R(T∗).

Conversely, suppose that R(T∗) ⊕N (H) = �2. We now
show that if we identify N (Φ), N (Ψ) with subsets of [0, 1],
then N (Φ)∪N (Ψ)c = [0, 1] and N (Φ)∩N (Ψ)c = ∅; this
implies that N (Φ) = N (Ψ).

We first show that R(T∗) ∩ N (H) = {0} implies that
N (Φ) ∪ N (Ψ)c = [0, 1]. To see this, we note that if c ∈
R(T∗) ∩ N (H), then from (55), we have that C(e2πiω) =
0 on N (Φ) ∪ N (Ψ)c. Now, suppose that N (Φ) ∪ N (Ψ)c

was just a subset of [0, 1]; then we could construct a func-
tion C(e2πiω) = ∑

k cke
−2πikω which is zero on the subset,

but nonzero on the rest of [0, 1]. Since C(e2πiω) = 0 on
N (Φ)∪N (Ψ)c, we have that c ∈R(T∗)∩N (H) = {0}, and
therefore C(e2πiω) is forced to be zero on [0, 1]. This contra-
diction shows that indeed N (Φ)∪N (Ψ)c = [0, 1].

Next, we show that R(T∗) + N (H) = �2 implies that
N (Φ) ∩ N (Ψ)c = ∅. If R(T∗) + N (H) = �2, then any
c ∈ �2 can be written as c = c1 + c2, where c1 ∈ R(T∗) and
c2 ∈ N (H). This in turn implies that

C
(
e2πiω) = C1

(
e2πiω) + C2

(
e2πiω),

C1
(
e2πiω) = 0 on N (Φ),

C2
(
e2πiω) = 0 on N (Ψ)c.

(56)
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From (56), we conclude that C(e2πiω) = 0 on N (Φ)∩N (Ψ)c.
Thus, if R(T∗) + N (H) = �2, then (56) implies that for
any c ∈ �2, its discrete-time Fourier transform satisfies
C(e2πiω) = 0 on N (Φ) ∩ N (Ψ)c, from which we conclude
that N (Φ)∩N (Ψ)c = ∅.

Combining our results leads to the following charac-
terization of all oblique duals in the single-generated shift-
invariant case.

Theorem 4. Let φ,h ∈ L2(R), let

Φ
(
e2πiω)=∑

k∈Z

∣∣φ̂(ω+k)
∣∣2

, Ψ
(
e2πiω)=∑

k∈Z

∣∣ĥ(ω+k)
∣∣2

,

(57)

and let

N (Φ)={ω : Φ
(
e2πiω)=0

}
, N (Ψ)={ω : Ψ

(
e2πiω)=0

}
.

(58)

Suppose that {Tkφ}k∈Z is a frame sequence so that

A ≤ Φ
(
e2πiω) ≤ B, a.e. on

{
ω : Φ(ω) �= 0

}
(59)

for some A > 0. Then, the sequence

{
gk
}
k∈Z =

{
EVW⊥

(
HT∗

)†
Tkh

}
k∈Z =

{
Tkg

}
k∈Z (60)

is a shift-invariant oblique dual frame of {Tkφ}k∈Z on V, with
g = EVW⊥(HT∗)†h, if and only if

α ≤ Ψ
(
e2πiω) ≤ β, a.e. on

{
ω : Ψ(ω) �= 0

}
(61)

for some α > 0, N (Φ) = N (Ψ), and there exists a constant
C > 0 such that

C ≤
∣∣∣∣∣
∑
k∈Z

φ̂(ω + k)ĥ(ω + k)

∣∣∣∣∣ on
{
ω : Φ

(
e2πiω) �= 0

}
.

(62)

4.3.1. LTI representation of minimal-norm duals

We now develop an LTI representation of the minimal-norm
duals of a single-generated shift-invariant frame.

We have seen in Theorem 2 that the minimal-norm
oblique duals can be characterized as gk = B(T∗B)†δk, where
B : �2 → H is a bounded operator with range V such that
H = W ⊕ V⊥. Suppose now that we let T be the pre-
frame operator of a shift-invariant frame {Tkφ}k∈Z for W
and choose B as the preframe operator of a shift-invariant
frame {Tkb}k∈Z. Proposition 2 provides necessary and suffi-
cient conditions on b̂(ω) such that H = W ⊕ V⊥. Given a
generator b(x) satisfying these conditions, we now show how
to implement the operator B(T∗B)† using LTI filters.

Lemma 6. Let φ, b ∈ L2(R), and assume that {Tkφ}k∈Z and
{Tkb}k∈Z are frame sequences with preframe operators T and
B, respectively. Then, the operator B(T∗B)† : �2 → H can be

implemented using the block diagram of Figure 3, where

A
(
e j2πω

)=
⎧⎪⎨
⎪⎩

1∑
k∈Z φ̂(ω+k)b̂(ω+k)

, Φ
(
e2πiω

) �=0,

0, Φ
(
e2πiω

)=0.
(63)

Proof. We first show that if c = (T∗B)†d, then the sequence
ck can be obtained by filtering the sequence dk with the filter
A(e j2πω). To this end, we note that if d = T∗Bg, then d can
be obtained by filtering the sequence gk with a filter

H
(
e j2πω

) = ∑
k∈Z

φ̂(ω + k)b̂(ω + k). (64)

Indeed,

dk =
∑
m∈Z

∫
φ(x − k)gmb(x −m)dx

=
∑
m∈Z

gm

∫
φ(x)b(x + k −m)dx = gk ∗ hk,

(65)

where hk =
∫
φ(x)b(x+k)dx. Now, we can express hk as hk =

f (k), where

f (x) =
∫
φ(y)b(y + x)dy = φ(x)∗ b(−x). (66)

It then follows that hk are the samples at the points x = k
of the function f (x) whose Fourier transform is given by

f̂ (ω) = φ̂(ω)b̂(ω). Therefore,

H
(
e j2πω

) = ∑
k∈Z

f̂ (ω + k) =
∑
k∈Z

φ̂(ω + k)b̂(ω + k). (67)

Thus, (T∗B)† is equivalent to filtering the input sequence
with the filter A(e j2πω). To conclude the proof, we note that if
f = Bg, then f (x) =∑k∈Z gkb(x− k), which is equivalent to
modulating the sequence gk by an impulse train, and filtering
the modulated sequence with a filter with impulse response
b(x).

Lemma 6 can be used to develop an efficient method for
reconstructing a signal g(x) in W from coefficients c = T∗g.
Specifically, the reconstruction is obtained as g = B(T∗B)†c
which is the output of the block diagram in Figure 3 with
the sequence c as its input. Now, the kth coefficient ck can be
written as

ck =
〈
fk, g

〉 =
∫
f (t − x)g(x) = g(x)∗ f (−x)|x=k, (68)

and thus can be obtained by filtering the input signal g(x)
with a filter with impulse response f (−x) and frequency re-
sponse f̂ (ω), and then sampling the output at x = k.

The advantage of this reconstruction is that given the
samples c, we have freedom in choosing the filter b̂(ω) so that
it can be tailored such that the filters b̂(ω) and A(e2πiω) are
easy to implement.

Note that if the signal g(x) does not lie in the space
W spanned by the signals { f (x − k)}, then the output
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A(e j2πω) � b̂(ω)

∑∞
k=−∞ δ(t − k)

Figure 3: Filter-based implementation of the oblique dual frame vectors.

of the block diagram of Figure 3 will be equal to PWg(x).
This follows immediately from the fact that B(T∗B)†T∗ =
T(T∗T)†T∗ = PR(T) = PW .

A similar idea was first introduced in [34] in the con-
text of consistent sampling. In that setting, it was suggested
to choose a filter b̂(ω) that spans a space V, different from
the sampling space W , that is easy to implement, and then
use a discrete-time correction filter in order to compensate
for the mismatch between the sampling filter and the recon-
struction filter. Here we use a similar idea where the essential
difference is that in the scheme of Figure 3, the overall recon-
struction is equivalent to an orthogonal projection onto the
reconstruction space, while the scheme of [34] is equivalent
to an oblique projection.

5. CONCLUSION

We have obtained a complete characterization of the oblique
dual frames associated with a frame for a subspace of a
Hilbert space. Compared to the use of the classical dual
frame, this leads to considerable freedom in the design. In
[25, 26], we demonstrated that these results can lead to
much more efficient representations in the case of finite-
dimensional spaces; we believe that the results presented here
will lead to similar gains in the general case. As an impor-
tant special case, we considered frame expansions in shift-
invariant spaces. For the case of a single generator, our gen-
eral conditions take a particular simple form.

APPENDIX

PROOF OF LEMMA 4

We prove each part of the lemma separately.

(i) By Lemma 1, H2 = V ⊕W⊥; since W⊥ = R(Y)⊥ =
N (Y∗), this implies that

R
(
Y∗U

) = Y∗V =R
(
Y∗
)
, (A.1)

where we use the notation Y∗V to denote the image
of the space V under the operator Y∗. By assumption
R(Y) = W , which is closed, this implies that R(Y∗)
is closed, from which we conclude using (A.1) that
R(Y∗U) is closed. The fact that R(Y∗U) is closed and
Y∗U is bounded implies that (Y∗U)† is a bounded
operator from H1 into H1.

(ii) It is well known that (Y∗U)†Y∗U is the orthogonal
projection onto N (Y∗U)⊥. Now,

N
(
Y∗U

)⊥ =R
(
U∗Y

) =R
(
U∗) = N (U)⊥, (A.2)

where we used the fact that from (i), R(U∗Y) =
R(U∗), which is closed.

(iii) Suppose that x ∈ V. Then x = Uy for some y ∈
N (U)⊥ so that

U
(
Y∗U

)†
Y∗x = U

(
Y∗U

)†
Y∗Uy = Uy = x. (A.3)

On the other hand, if x ∈ W⊥ = R(Y)⊥ = N (Y∗),
then U(Y∗U)†Y∗x = 0. These calculations show that
U(Y∗U)†Y∗ has the properties characterizing EVW⊥ .

(iv) Suppose that U , Z : H1 → H2 are bounded oper-
ators with R(U) = R(Z) = V. Then, Z = UX
for some bounded operator X : H1 → H1 with
R(X) = N (U)⊥ (in particular, we can choose X =
U†Z. Indeed, since U is a bounded operator with
closed range, U† is bounded. Furthermore, using the
fact that R(Z) = R(U) = N (U†)⊥, we have R(X) =
R(U†) = N (U)⊥).
With Z = UX , we have that (Y∗Z)† = (Y∗UX)†.
To simplify (Y∗UX)†, we use Lemma 3, from which
it follows that

(
Y∗UX

)† = X†
(
Y∗U

)†
. (A.4)

Therefore,

Z
(
Y∗Z

)† = UXX†
(
Y∗U

)†
= UPR(X)

(
Y∗U

)† = U
(
Y∗U

)†
.

(A.5)

(v) If H1 = N (H)⊕R(Y∗), then

H1 =R
(
H∗)⊥ ⊕R

(
Y∗
) =R

(
H∗)⊕R

(
Y∗
)⊥
. (A.6)

Applying (ii) with Y replaced by H∗ and U replaced by
Y∗ shows that (HY∗)†HY∗ = PW . Since EVW⊥PW =
EVW⊥ , we have that EVW⊥(HY∗)†HY∗ = EVW⊥ .
On the other hand, if U : H1 → V satisfies that UY∗ =
EVW⊥ , then it follows from [21, Proposition 3.4] that
N (U)⊕R(Y∗) =H1. By taking H = U ,

EVW⊥
(
HY∗

)†
H = EVW⊥

(
EVW⊥

)†
U = PVU = U. (A.7)
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Special Issue on

Transforming Signal Processing Applications into
Parallel Implementations

Call for Papers
There is an increasing need to develop efficient “system-
level” models, methods, and tools to support designers to
quickly transform signal processing application specification
to heterogeneous hardware and software architectures such
as arrays of DSPs, heterogeneous platforms involving mi-
croprocessors, DSPs and FPGAs, and other evolving multi-
processor SoC architectures. Typically, the design process in-
volves aspects of application and architecture modeling as
well as transformations to translate the application models
to architecture models for subsequent performance analysis
and design space exploration. Accurate predictions are indis-
pensable because next generation signal processing applica-
tions, for example, audio, video, and array signal processing
impose high throughput, real-time and energy constraints
that can no longer be served by a single DSP.

There are a number of key issues in transforming applica-
tion models into parallel implementations that are not ad-
dressed in current approaches. These are engineering the
application specification, transforming application specifi-
cation, or representation of the architecture specification as
well as communication models such as data transfer and syn-
chronization primitives in both models.

The purpose of this call for papers is to address approaches
that include application transformations in the performance,
analysis, and design space exploration efforts when taking
signal processing applications to concurrent and parallel im-
plementations. The Guest Editors are soliciting contributions
in joint application and architecture space exploration that
outperform the current architecture-only design space ex-
ploration methods and tools.

Topics of interest for this special issue include but are not
limited to:

• modeling applications in terms of (abstract)
control-dataflow graph, dataflow graph, and process
network models of computation (MoC)

• transforming application models or algorithmic
engineering

• transforming application MoCs to architecture MoCs
• joint application and architecture space exploration

• joint application and architecture performance
analysis

• extending the concept of algorithmic engineering to
architecture engineering

• design cases and applications mapped on
multiprocessor, homogeneous, or heterogeneous
SOCs, showing joint optimization of application and
architecture
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Special Issue on

Video Adaptation for Heterogeneous Environments

Call for Papers
The explosive growth of compressed video streams and
repositories accessible worldwide, the recent addition of new
video-related standards such as H.264/AVC, MPEG-7, and
MPEG-21, and the ever-increasing prevalence of heteroge-
neous, video-enabled terminals such as computer, TV, mo-
bile phones, and personal digital assistants have escalated the
need for efficient and effective techniques for adapting com-
pressed videos to better suit the different capabilities, con-
straints, and requirements of various transmission networks,
applications, and end users. For instance, Universal Multime-
dia Access (UMA) advocates the provision and adaptation of
the same multimedia content for different networks, termi-
nals, and user preferences.

Video adaptation is an emerging field that offers a rich
body of knowledge and techniques for handling the huge
variation of resource constraints (e.g., bandwidth, display ca-
pability, processing speed, and power consumption) and the
large diversity of user tasks in pervasive media applications.
Considerable amounts of research and development activi-
ties in industry and academia have been devoted to answer-
ing the many challenges in making better use of video con-
tent across systems and applications of various kinds.

Video adaptation may apply to individual or multiple
video streams and may call for different means depending on
the objectives and requirements of adaptation. Transcoding,
transmoding (cross-modality transcoding), scalable content
representation, content abstraction and summarization are
popular means for video adaptation. In addition, video con-
tent analysis and understanding, including low-level feature
analysis and high-level semantics understanding, play an im-
portant role in video adaptation as essential video content
can be better preserved.

The aim of this special issue is to present state-of-the-
art developments in this flourishing and important research
field. Contributions in theoretical study, architecture design,
performance analysis, complexity reduction, and real-world
applications are all welcome.

Topics of interest include (but are not limited to):

• Heterogeneous video transcoding
• Scalable video coding
• Dynamic bitstream switching for video adaptation

• Signal, structural, and semantic-level video
adaptation

• Content analysis and understanding for video
adaptation

• Video summarization and abstraction
• Copyright protection for video adaptation
• Crossmedia techniques for video adaptation
• Testing, field trials, and applications of video

adaptation services
• International standard activities for video adaptation
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Special Issue on

Knowledge-Assisted Media Analysis for Interactive
Multimedia Applications

Call for Papers
It is broadly acknowledged that the development of enabling
technologies for new forms of interactive multimedia ser-
vices requires a targeted confluence of knowledge, semantics,
and low-level media processing. The convergence of these ar-
eas is key to many applications including interactive TV, net-
worked medical imaging, vision-based surveillance and mul-
timedia visualization, navigation, search, and retrieval. The
latter is a crucial application since the exponential growth
of audiovisual data, along with the critical lack of tools to
record the data in a well-structured form, is rendering useless
vast portions of available content. To overcome this problem,
there is need for technology that is able to produce accurate
levels of abstraction in order to annotate and retrieve con-
tent using queries that are natural to humans. Such technol-
ogy will help narrow the gap between low-level features or
content descriptors that can be computed automatically, and
the richness and subjectivity of semantics in user queries and
high-level human interpretations of audiovisual media.

This special issue focuses on truly integrative research tar-
geting of what can be disparate disciplines including image
processing, knowledge engineering, information retrieval,
semantic, analysis, and artificial intelligence. High-quality
and novel contributions addressing theoretical and practical
aspects are solicited. Specifically, the following topics are of
interest:

• Semantics-based multimedia analysis
• Context-based multimedia mining
• Intelligent exploitation of user relevance feedback
• Knowledge acquisition from multimedia contents
• Semantics based interaction with multimedia
• Integration of multimedia processing and Semantic

Web technologies to enable automatic content shar-
ing, processing, and interpretation

• Content, user, and network aware media engineering
• Multimodal techniques, high-dimensionality reduc-

tion, and low level feature fusion

Authors should follow the EURASIP JASP manuscript
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Prospective authors should submit an electronic copy of
their complete manuscript through the EURASIP JASP man-
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Special Issue on

Super-resolution Enhancement of Digital Video

Call for Papers
When designing a system for image acquisition, there is gen-
erally a desire for high spatial resolution and a wide field-
of-view. To achieve this, a camera system must typically em-
ploy small f-number optics. This produces an image with
very high spatial-frequency bandwidth at the focal plane. To
avoid aliasing caused by undersampling, the corresponding
focal plane array (FPA) must be sufficiently dense. However,
cost and fabrication complexities may make this impractical.
More fundamentally, smaller detectors capture fewer pho-
tons, which can lead to potentially severe noise levels in the
acquired imagery. Considering these factors, one may choose
to accept a certain level of undersampling or to sacrifice some
optical resolution and/or field-of-view.

In image super-resolution (SR), postprocessing is used to
obtain images with resolutions that go beyond the conven-
tional limits of the uncompensated imaging system. In some
systems, the primary limiting factor is the optical resolution
of the image in the focal plane as defined by the cut-off fre-
quency of the optics. We use the term “optical SR” to re-
fer to SR methods that aim to create an image with valid
spatial-frequency content that goes beyond the cut-off fre-
quency of the optics. Such techniques typically must rely on
extensive a priori information. In other image acquisition
systems, the limiting factor may be the density of the FPA,
subsequent postprocessing requirements, or transmission bi-
trate constraints that require data compression. We refer to
the process of overcoming the limitations of the FPA in order
to obtain the full resolution afforded by the selected optics as
“detector SR.” Note that some methods may seek to perform
both optical and detector SR.

Detector SR algorithms generally process a set of low-
resolution aliased frames from a video sequence to produce
a high-resolution frame. When subpixel relative motion is
present between the objects in the scene and the detector ar-
ray, a unique set of scene samples are acquired for each frame.
This provides the mechanism for effectively increasing the
spatial sampling rate of the imaging system without reduc-
ing the physical size of the detectors.

With increasing interest in surveillance and the prolifera-
tion of digital imaging and video, SR has become a rapidly
growing field. Recent advances in SR include innovative al-
gorithms, generalized methods, real-time implementations,

and novel applications. The purpose of this special issue is
to present leading research and development in the area of
super-resolution for digital video. Topics of interest for this
special issue include but are not limited to:

• Detector and optical SR algorithms for video
• Real-time or near-real-time SR implementations
• Innovative color SR processing
• Novel SR applications such as improved object

detection, recognition, and tracking
• Super-resolution from compressed video
• Subpixel image registration and optical flow

Authors should follow the EURASIP JASP manuscript
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Prospective authors should submit an electronic copy of
their complete manuscript through the EURASIP JASP man-
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Special Issue on

Advanced Signal Processing and Computational
Intelligence Techniques for Power Line Communications

Call for Papers
In recent years, increased demand for fast Internet access and
new multimedia services, the development of new and fea-
sible signal processing techniques associated with faster and
low-cost digital signal processors, as well as the deregulation
of the telecommunications market have placed major em-
phasis on the value of investigating hostile media, such as
powerline (PL) channels for high-rate data transmissions.

Nowadays, some companies are offering powerline com-
munications (PLC) modems with mean and peak bit-rates
around 100 Mbps and 200 Mbps, respectively. However,
advanced broadband powerline communications (BPLC)
modems will surpass this performance. For accomplishing it,
some special schemes or solutions for coping with the follow-
ing issues should be addressed: (i) considerable differences
between powerline network topologies; (ii) hostile properties
of PL channels, such as attenuation proportional to high fre-
quencies and long distances, high-power impulse noise oc-
currences, time-varying behavior, and strong inter-symbol
interference (ISI) effects; (iv) electromagnetic compatibility
with other well-established communication systems work-
ing in the same spectrum, (v) climatic conditions in differ-
ent parts of the world; (vii) reliability and QoS guarantee for
video and voice transmissions; and (vi) different demands
and needs from developed, developing, and poor countries.

These issues can lead to exciting research frontiers with
very promising results if signal processing, digital commu-
nication, and computational intelligence techniques are ef-
fectively and efficiently combined.

The goal of this special issue is to introduce signal process-
ing, digital communication, and computational intelligence
tools either individually or in combined form for advancing
reliable and powerful future generations of powerline com-
munication solutions that can be suited with for applications
in developed, developing, and poor countries.

Topics of interest include (but are not limited to)

• Multicarrier, spread spectrum, and single carrier tech-
niques

• Channel modeling

• Channel coding and equalization techniques
• Multiuser detection and multiple access techniques
• Synchronization techniques
• Impulse noise cancellation techniques
• FPGA, ASIC, and DSP implementation issues of PLC

modems
• Error resilience, error concealment, and Joint source-

channel design methods for video transmission
through PL channels

Authors should follow the EURASIP JASP manuscript for-
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Special Issue on

Numerical Linear Algebra in Signal Processing
Applications

Call for Papers
The cross-fertilization between numerical linear algebra and
digital signal processing has been very fruitful in the last
decades. The interaction between them has been growing,
leading to many new algorithms.

Numerical linear algebra tools, such as eigenvalue and sin-
gular value decomposition and their higher-extension, least
squares, total least squares, recursive least squares, regulariza-
tion, orthogonality, and projections, are the kernels of pow-
erful and numerically robust algorithms.

The goal of this special issue is to present new efficient and
reliable numerical linear algebra tools for signal processing
applications. Areas and topics of interest for this special issue
include (but are not limited to):

• Singular value and eigenvalue decompositions, in-
cluding applications.

• Fourier, Toeplitz, Cauchy, Vandermonde and semi-
separable matrices, including special algorithms and
architectures.

• Recursive least squares in digital signal processing.
• Updating and downdating techniques in linear alge-

bra and signal processing.
• Stability and sensitivity analysis of special recursive

least-squares problems.
• Numerical linear algebra in:

• Biomedical signal processing applications.
• Adaptive filters.
• Remote sensing.
• Acoustic echo cancellation.
• Blind signal separation and multiuser detection.
• Multidimensional harmonic retrieval and direc-

tion-of-arrival estimation.
• Applications in wireless communications.
• Applications in pattern analysis and statistical

modeling.
• Sensor array processing.
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Wavelets in Source Coding, Communications, and
Networks

Call for Papers
Wavelet transforms are arguably the most powerful, and
most widely-used, tool to arise in the field of signal pro-
cessing in the last several decades. Their inherent capac-
ity for multiresolution representation akin to the operation
of the human visual system motivated a quick adoption
and widespread use of wavelets in image-processing appli-
cations. Indeed, wavelet-based algorithms have dominated
image compression for over a decade, and wavelet-based
source coding is now emerging in other domains. For ex-
ample, recent wavelet-based video coders exploit techniques
such as motion-compensated temporal filtering to yield ef-
fective video compression with full temporal, spatial, and fi-
delity scalability. Additionally, wavelets are increasingly used
in the source coding of remote-sensing, satellite, and other
geospatial imagery. Furthermore, wavelets are starting to be
deployed beyond the source-coding realm with increas ing-
interest in robust communication of images and video over
both wired and wireless networks. In particular, wavelets
have been recently proposed for joint source-channel cod-
ing and multiple-description coding. This special issue will
explore these and other latest advances in the theory and ap-
plication of wavelets.

Specifically, this special issue will gather high-quality, orig-
inal contributions on all aspects of the application of wavelets
and wavelet theory to source coding, communications, and
network transmission of images and video. Topics of interest
include (but are not limited to) the theory and applications
of wavelets in:

• Scalable image and video coding
• Motion-compensated temporal filtering
• Source coding of images and video via frames and

overcomplete representations
• Geometric and adaptive multiresolution image and

video representations
• Multiple-description coding of images and video
• Joint source-channel coding of images and video
• Distributed source coding of images and video
• Robust coding of images and video for wired and

wireless packet networks

• Network adaption and transcoding of images and
video

• Coding and communication of images and video in
sensor networks

Authors should follow the IJIVP manuscript format de-
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tive authors should submit an electronic copy of their com-
plete manuscript through the IJIVP manuscript tracking sys-
tem at http://www.hindawi.com/mts/, according to the fol-
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