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Abstract—In continuation to an earlier work, we further develop
bounds on the mean-squared error (MSE) when estimating a de-
terministic parameter vector 6, in a given estimation problem, as
well as estimators that achieve the optimal performance. The tra-
ditional Cramér—Rao (CR) type bounds provide benchmarks on
the variance of any estimator of 8, under suitable regularity con-
ditions, while requiring a priori specification of a desired bias gra-
dient. To circumvent the need to choose the bias, which is imprac-
tical in many applications, it was suggested in our earlier work
to directly treat the MSE, which is the sum of the variance and
the squared-norm of the bias. While previously we developed MSE
bounds assuming a /inear bias vector, here we study, in the same
spirit, affine bias vectors. We demonstrate through several exam-
ples that allowing for an affine transformation can often improve
the performance significantly over a linear approach. Using convex
optimization tools we show that in many cases we can choose an
affine bias that results in an MSE bound that is smaller than the
unbiased CR bound for all values of 8, . Furthermore, we explicitly
construct estimators that achieve these bounds in cases where an
efficient estimator exists, by performing an affine transformation
of the standard maximum likelihood (ML) estimator. This leads to
estimators that result in a smaller MSE than ML for all possible
values of 6,.

Index Terms—Affine bias, biased estimation, Cramér-Rao
bound (CRB), dominating estimators, maximum likelihood,
mean-squared error (MSE) bounds, minimax bounds.

I. INTRODUCTION

HE Cramér—Rao lower bound (CRLB) [1], [2] is a clas-
T sical performance measure which is used pervasively in
a wide range of applications. Given a set of measurements y,
the CRLB characterizes the smallest achievable total variance
of any unbiased estimator of a deterministic parameter vector
0o, where the relationship between y and 8 is described by the
probability density function (pdf) p(y; o) of y parameterized
by 00.

When the measurements y are related to the unknowns 6
through a linear Gaussian model, the maximum likelihood (ML)
estimate of @y, which is given by the value of 6 that maximizes
p(y;0), is efficient, i.e., it achieves the CRLB. Furthermore,
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when 6 is estimated from independent identically distributed
(i.i.d.) measurements, under suitable regularity assumptions, the
ML estimator is asymptotically unbiased and efficient [2]. Al-
though the CRLB is a popular performance benchmark, it only
provides a bound on the variance of the estimator assuming zero
bias. In many cases, the variance can be made smaller at the ex-
pense of increasing the bias, while ensuring that the overall esti-
mation error is reduced [3]-[5]. Furthermore, in some problems,
restricting attention to unbiased approaches leads to unreason-
able estimators; see [6] and [7] for several examples. To allow
for a nonzero bias, the CRLB has been extended to characterize
the total variance of any estimator with a given bias [1]. How-
ever, the specification of the biased CRLB requires an a priori
choice of the bias gradient, which in typical applications is not
obvious.

Instead of dealing separately with the bias and variance, we
can use the biased CRLB to develop a bound on the mean-
squared error (MSE), which is the sum of the total variance and
the squared-norm of the bias [9]. This bound depends in general
on the specific bias vector and on the true unknown parameter
vector By. To improve the CRLB it was suggested to restrict
attention to choices of bias that are linear in g, and then op-
timize the resulting MSE bound over all linear possibilities. A
similar strategy was introduced in [10] for certain scalar estima-
tion problems, and later extended in [11] to vector-valued esti-
mates with bias gradient matrix proportional to the identity, and
restricted parameter values. Two minimization strategies were
developed depending on the structure of the CRLB: In some
simple settings it was shown that the MSE bound can be directly
minimized. The more typical scenario is that the optimal linear
choice depends on 8 and therefore cannot be implemented. To
overcome this difficulty, a minimax framework was proposed in
which the linear bias is determined such that it minimizes the
maximum difference between the MSE bound and the CRLB.
The MSE using this minimax linear bias was then shown to be
smaller than the CRLB for all possible values of 6. Further-
more, the minimax bias was used to construct a new estimator
which is a linear transformation of the ML strategy. When the
ML solution is efficient, this approach was shown to achieve the
minimax MSE bound and as such to have smaller MSE than ML
for all .

Here we extend the framework developed in [9] to allow for
affine bias vectors. Although the ideas we present are rooted
in [9], the addition of an affine term renders the mathematics
associated with both problems somewhat different, as becomes
evident from the derivations in this paper. Furthermore, as we
show, an affine choice can in some cases significantly improve
the performance over linear bias vectors and lead to bounds that
are intuitively more appealing.
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We begin in Section II by summarizing the relevant results
from [9] and introducing the affine MSE bound. In Section III
we motivate the use of an affine bias in contrast to a linear one
via a simple example. Based on ideas of [9] and [12] we present,
in Section IV, a minimax optimization problem that provides a
concrete method for finding an affine bias vector such that the
resulting MSE bound is smaller than the CRLB for all values
of 8y. We then restrict our attention to estimation problems in
which the CRLB is quadratic in 6y, and analyze the resulting
problem using convex analysis methods for two special cases: In
Section V, we consider the case in which 8y is not restricted. In
Section VI, we treat the case in which 6 lies in a quadratic set;
this includes the scenario in which we seek to estimate a nonneg-
ative parameter such as the variance or the signal-to-noise ratio
(SNR). In both settings we show that an affine bias vector exists
such that the resulting MSE bound is smaller than the CRLB
for all possible values of 8. Such a bias can be found as a so-
lution to a semidefinite programming problem (SDP) which is
a tractable convex problem that can be solved very efficiently
[13], [14]. We then develop necessary and sufficient optimality
conditions in both scenarios which lead to further insight into
the solution and in some cases can be used to derive closed
form expressions for the optimal bias vector. As an example,
we discuss the minimax MSE estimator for the linear Gaussian
model and show how our general results apply to this problem.
In Section VII, we demonstrate through an example that by an
affine transformation of the ML estimator, we can reduce the
MSE for all values of 8y, and improve the performance over a
linear approach.

In the sequel, we denote vectors in C™ (rn arbitrary) by bold-
face lowercase letters and matrices in C"*™ by boldface upper-
case letters. The identity matrix of appropriate dimension is de-
noted by I, diagmm(&l, ..., b)) is an m X n diagonal matrix
with diagonal elements 6; and (A) denotes an estimated vector
or matrix. For a given matrix A, A* and AT are the Hermi-
tian conjugate and Moore-Penrose pseudoinverse, and x; is the
ith component of the vector @. The true value of an unknown
vector parameter 6 is denoted by 8. The gradient of a vector
09b(0y)/00 is a matrix, with ¢jth element equal to 9b,(0y) /0.
For a square matrix A, Tr(A) is the trace of A, A > 0 (A » 0)
means that A is Hermitian and positive (nonnegative) definite,
and A > B means that A — B > 0. The notation R{a} denotes
the real part of the variable a.

II. MSE BOUND
We treat the problem of estimating a deterministic parameter
vector g € C™ from a given measurement vectory € C”, that
is related to @y through the pdf p(y;#o). As our performance
measure, we focus on the MSE which is defined by

E{16 - 8012} = [[b(80) |12 + Tr(C,) ()

where b(fy) = E{@} — 8, is the bias vector of # and
Cy = E {10 - BE{81)6 - E{8)]"} @)

is its covariance matrix.
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Under suitable regularity conditions on p(y; ) (see, e.g., [1],
[2], and [15]), the MSE of any unbiased estimator 8 of 8 is
bounded below by the CRLB

E {116 - 8o[I*} > Tx (3-(60)) 3)

where J(6y) is the Fisher information matrix

st b { [Py o] [orsrtso0))

and is assumed throughout to be nonsingular. An estimator
achieving the CRLB is referred to as efficient, and has min-
imum variance among all unbiased strategies. There are a
variety of estimation problems in which the CRLB cannot
be achieved, but nonetheless a minimum variance unbiased
(MVU) approach exsits. The discussion in the remainder of
the paper also holds true when we replace the CRLB J~1(6,)
everywhere by the variance of an MVU estimator. In this
case, the proposed estimators are affine transformations of the
corresponding MVU strategy.

Using a biased version of the CLRB [1] it can be readily
shown (see, e.g., [9]) that the MSE of any estimator with bias
b(8y) is bounded by

[b(8o)|1% + Tr (T+D(8o)) I~ (86) T+ D(8,))") (5

where D(6y) = 0b(8y)/00. If the bias vector b(fy) is not
restricted, then it can be chosen such that the MSE bound is
equal to 0; thus, minimizing the bound over all bias vectors leads
to a useless result. Instead, it was proposed in [9] to restrict
attention to linear bias vectors of the form b(6y) = M6, for
some matrix M, in which case the bound of (5) becomes

MSEB(M, ) =65 M*M6,+Tr (I+M)J *(8,)(I+M)*)
(0)
and then optimizing (6) over all matrices M.

The advantage of considering linear bias vectors is twofold:
The first reason is computational. The second is statistical and
relates to the fact that once we find a lower bound we would
also like to determine a method that achieves it at least in some
special cases. With linear bias vectors this is possible. Specif-
iAcally, if @ is an Aefﬁcient unbiased estimator, then the MSE of
0, = (I + M)# is given by (6). Therefore, if we find an M
such that MSEB (M, 8y) < Tr(J~'(y)) for a suitable set of
0, then the MSE of 8, will be smaller than that of @ for all 8, in
the set. In contrast, if we consider more general nonlinear bias
vectors, then even if we find a bias that leads to an MSE bound
that is lower than the CRLB, and an efficient estimator exists, it
is still unclear in general how to obtain an estimator achieving
the resulting MSE bound.

Two approaches to optimizing M in (6) were discussed in
[9]. When estimating a scalar with Fisher information satisfying
J=1(8y) = ab? for some v > 0, it was shown that the linear
bound can be minimized for all §y. In more general settings,
the optimal choice of M depends on 6, and therefore cannot
be implemented. Instead, it was suggested to consider an ad-
missible and dominating choice [16], i.e., a matrix M such that
MSEB (M, 8y) < Tr(J~1(8y)) for all values of 8 in a desired
class, with the additional property that no other matrix M’ # M
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satisfies MSEB (M, 6,) < MSEB (M, #,) for all 6. Using
ideas developed in [12] in the context of estimation in linear
models, a minimax convex optimization problem was formu-
lated whose solution M is both admissible and dominating over
a bounded set U/. Specifically

M = arg min sup {MSEB (M, 8) — MSEB (0,6)}.  (7)
M gcu

Various techniques were then derived to solve (7).
Here we extend these results to affine bias vectors of the form

b(8y) = Mb, +u. @®)

Although the ideas in this paper stem from [9] we will see that
the mathematics associated with the affine bias leads to some
challenges and are not a direct extension of the linear bias case.
Furthermore, we demonstrate throughout the paper via several
examples that allowing for an affine bias can often improve the
performance significantly over a linear choice, and leads to more
meaningful bounds.

When the bias has an affine form as in (8), the MSE bound of
(5) becomes

MSEB (M, u, 8,) = (M# + u)* (M6, + u)
+ Tr((T+ M)T 1 (0p) (T4 M)*). (9)

With a slight abuse of notation we refer to this bound as the
affine MSE bound. Note that when M = 0, u = 0, we have
MSEB (0,0,8,) = Tr(J~(6)) which is equal to the CRLB.
Asin [9], our goal is to find an admissible dominating pair M, u
such that

MSEB (M, u,6,) < MSEB (0,0,8,),
MSEB (M’ u’,8y) < MSEB (M, u, ),
= (M',u') = (M, u).

forall@y e U
forall 6y € U

(10)
If M, u satisfy (10) and 6 is efficient, then the estimator

f, = (I+M)d+u (11)
achieves the affine MSE bound and will have smaller MSE than
0 for all values of 8, € U. Thus an admissible and dominating
M, u lead to an improved estimation strategy with lower MSE.

Before we discuss how to find such a pair M, u in the next
section we provide motivation for affine bias vectors by consid-
ering a simple example.

III. MOTIVATION FOR AFFINE BIAS

Consider the problem of estimating a constant f from noisy
measurements
yln]=04+wn], 1<n<N (12)
where w[n] are iid, zero-mean Gaussian random vari-
ables with variance o2. The CRLB for estimating  is
J1() = 02/N = A and is achieved by the empirical
average § = (1/N) Zf:f:l y[n].
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Fig. 1.
6 e[-1,1]and A = 1.

Suppose in addition that  lies in the interval [—1,1]. In order
to improve the MSE of § we multiply it by 1 + M where M is
the solution to (7). This guarantees that the MSE of (1 + M)
is smaller than that of 6 for all 6 € [—1,1]. Adapting (7) to our
model, M is determined by the minimax problem

min max {92M2 + ((l—i—M)2 — 1) A}.

13
M 6e[-1,1] (13)

Since the objective is monotonically increasing in ||, the max-

imum is obtained at # = =1, and (13) reduces to a simple
quadratic minimization problem whose solution is
A
M=———-:. 14
A+1 (14)

The resulting linear MSE bound of (6), which is the MSE of the
modified estimator, becomes

A%0% + A

15)

InFig. 1 we plot MSEB; as a function of 6 in the interval [—1,1]
with A = 1. As can be seen from the figure, the linear modifi-
cation of 8 reduces the MSE for all values of # (the MSE of 6 is
equal to A, i.e., 1).

Now, suppose instead that § is restricted to the interval [1,3].
We can express the unknown value of 6 as § = 6’ +2 where #' €
[—1, 1]. Defining the modified observations ¥'[n] = y[n] — 2,
we have from (12) that

y'[n]=0 +wn], 0<n<N-1. (16)
Evidently, estimating # from y[n] is equivalent to estimating ¢’
from y'[n]. Consequently, we expect the MSE bound for this
setup to have the same form as MSEB1, shifted by 2. Following
the same steps as before we can evaluate the minimax linear M
over the interval [1,3] which results in M = —A/(A 4+ 9). The
corresponding MSE bound is plotted in Fig. 2 as a function of
for A = 1. Comparing Figs. 1 and 2 we see that counter to our
intuition, the form of the bounds is very different. As we now
show, the reason for this behavior is that we constrain the
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Fig. 2. Minimax MSE bound for estimating € in the model (12) assuming that
6 ell.3]and A = 1.

bias to be linear as opposed to affine. Allowing for an affine bias
will render the shape of the resulting bounds independent of the
specific region chosen.

To see this, suppose we seek M and u that optimize the affine
bound (9) in a minimax sense. Specifically, they are chosen as
the solution to the problem (20) which we discuss in the next
section. From Proposition 4, developed later on in Section VI, it
follows that the minimax M and w over the interval § € [L, U]
are given by

A A U+ L
M = —m7 u = o OLF ; (17)
+ = + S5~
and the corresponding MSE bound is
2 4
U+L U—L
A(A(g_(2)) +(16>>
MSEB, = (18)

)

When L = —1, U = 1 we have that u = 0 so that the optimal
M of (17) and the corresponding bound (18) are equivalent to
(14) and (15) which are obtained by optimizing only over M.
For L = 1, U = 3, (17) becomes

A 24
A+1’ u_A+1

(19)

so that M is now the same as in the previous case and only u
changes. Therefore, the shape of the MSE bound is the same but
it is shifted around 2, as can be seen in Fig. 3.

This simple example demonstrates that allowing for an affine
bias is necessary in order to obtain meaningful results. In the
next section we show how to find an admissible and dominating
pair M, u by solving a minimax optimization problem.

IV. DOMINATING THE CRLB WITH AFFINE BIAS

In analogy to the linear case, it turns out that an admissible
dominating pair M, u can be found as a solution to a convex
optimization problem, as incorporated in the following theorem.
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Fig. 3. Affine minimax MSE bound for estimating 6 in the model (12) as-
suming that § € [1,3] and A = 1.

Theorem 1: Let 'y be a random vector with pdf p(y; 8o), and
let

MSEB (M, u, 8y) = (M8 + u)* (M6, + u)
+Tr ((T+ M)I1(8)(1 + M)*)

be a bound on the MSE of any estimate ) of B¢ with affine bias
b(0y) = MO, + u, where J(0¢) is the Fisher information ma-
trix. Define

(M, @) = arg minsup {MSEB (M, u,6) — MSEB(0,0,6)}

1 ocu
(20)
where U C C™. Then

1. M and 0 are unique;

2. M and u are admissible on U; .

3.If M # 0oru # 0, then MSEB(M,,0) <

MSEB (0,0, 8) forall 8 € U.

Note that the minimum in (20) is well defined since the ob-
jective is continuous and coercive [17].

Proof: The proof follows immediately from the proof of
[12, Theorem 1] by noting that MSEB (M, u, ) is continuous,
coercive and strictly convex in M and u. o

From Theorem 1 we conclude that if we find a pair (M, @) #
0 that is the solution to (20), and if @ achieves the CRLB, then
the MSE of

6, =(I+M)d+1u 1)
is smaller than that of @ for all 0, € U; furthermore, no other
estimator with affine bias exists that has a smaller (or equal)
MSE than 6y, for all values of 8y € U.

For arbitrary forms of J=1() we can solve (20) by known
iterative algorithms for solving minimax problems, such as sub-
gradient algorithms [18] or the prox method [19]. To obtain
more efficient solutions, we follow the same path as in [9] and
restrict J71(6p) to the quadratic form

¢ k
J710)=> Bi#"B; + > (Cifz; +2:6°C})+ A (22)
=1 =1
for some matrices A > 0, B;, C; and vectors z; chosen such

that J-1(8) = O for all , € U. [Alternatively, when consid-
ering MVU estimators, we assume that the minimum variance
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has the form (22)]. The motivation for studying the class (22) is
that there are many cases of interest in which the inverse Fisher
information can be written in this form; several examples are
presented in [9] and throughout the paper. As we show in the
ensuing sections, assuming this structure we can obtain efficient
representations of (20) and in many cases even closed form so-
lutions. Specifically, we prove that (20) can be converted into an
SDP, which is a broad class of convex problems for which poly-
nomial-time algorithms exist [13], [14]. These are optimization
problems that involve minimizing a linear function subject to
linear matrix inequalities (LMIs), i.e., matrix inequalities of the
form G(M) > 0 where G(M) is linear in M. Once a problem
is formulated as an SDP, standard software packages, such as the
Self-Dual-Minimization (SeDuMi) package [20], can be used
to solve the problem in polynomial time within any desired ac-
curacy. Using principles of duality theory in vector space opti-
mization, the SDP formulation can also be used to derive nec-
essary and sufficient optimality conditions which often lead to
closed from solutions.

In the next section, we demonstrate these ideas for the case
in which ) is not restricted. In some settings, we may have
additional information on 6y which can result in a lower MSE
bound. The set U/ is then chosen to capture these properties of
0. For example, we may know that the norm of 8 is bounded:
0300 < U for some U > 0. There are also examples where
there are natural restrictions on the parameters, for example if
fo represents the variance or the SNR of a random variable,
then 6y > 0. More generally, 6y may lie in a specified interval
a < fp < [. These constraints can all be viewed as special
cases of the quadratic restriction 8y € Q where

Q={016"A16 +2b%6 + c; < 0} (23)
for some A1, b; and c;. Note that we do not require that A; >
0 so that the constraint set (23) is not necessarily convex. In
Section VI, we discuss the scenario in which 8y € Q, and show
that again admissible and dominating M, u can be found by
solving an SDP. Using the results of [21], the ideas we develop
can also be generalized to the case of two quadratic constraints
of the form Q.

V. DOMINATING BOUND ON THE ENTIRE SPACE

We first treat the case in which i/ = C™ so that 6 is not
restricted. As we will show, if B; # 0 for some ¢ in (22), then a
strictly dominating pair IM, u over the entire space can always
be found. This implies that under this condition, the CRLB can
always be improved on uniformly.

With J=1(8y) given by (22), the difference between the
MSE bound and the CRLB can be written compactly as
05A0(M)8, + 2R {bj(M,u)8y} + co(M,u), where we
defined

MM+ B (I+M)"(I+M)-1)B;

i=1

(1>

Ay(M)

k
S CHA+M)* T+ M) —T)z; + M*u;
=1

Tr((T+M)*I+ M) —T)A) + u*u.

bO(M7 11) =

co(M, u) (24)
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From Theorem 1, an admissible dominating matrix M and
vector u can then be found as the solution to

{\n/lin max {67 Ao(M)8 + 2R {bj(M, u)8} + co(M,u)}
| (25)
or equivalently

min {£ 18" Ag(M)B+2R{bj(M, )8} +co(M, u) < 1, V6.

(26)
Problem (26) can be written in matrix form as [22, p. 163]
i : ,u) <
tl{\l/}lh{t G(M,u) < 0} 27
where
a | Ao(M)  bo(M, u)
GMW = T peu) coMyu)—t] Y

Since the choice of parameters M = 0, u = 0, ¢t = 0 satisfies
(28), our problem is always feasible.

In our development below, we consider the case in which the
constraint (28) is strictly feasible, i.e., there exist M and u such
that G(M, u) < 0. Conditions for strict feasibility are given in
the following lemma.

Lemma 1: [9] The constraint (28) is strictly feasible if and
only if Y'_, BB, > 0.

If (28) is not strictly feasible then it is shown in [9, App. II]
that it can always be reduced to a strictly feasible problem with
additional linear constraints on M. A similar approach to that
taken here can then be followed for the reduced problem. Due
to the fact that any feasible problem can be reduced to a strictly
feasible one, in the remainder of this section we assume that our
problem is strictly feasible.

Next, we show that the optimal M, u can be found as a solu-
tion to an SDP. We then develop an alternative SDP formulation
via the dual program, that also provides further insight into the
solution, in Section V-C. Finally, in Section V-D we derive a set
of necessary and sufficient optimality conditions on M and u,
which are then used, in Section V-E, to develop closed form so-
lutions for some special cases.

A. SDP Formulation of the Problem

In order to apply standard convex algorithms or Lagrange du-
ality theory to find the optimal IM, u the constraint (28) must be
written in convex form. Fortunately, this nonconvex constraint
can be converted into a convex one, as incorporated in the fol-
lowing lemma.

Lemma 2: The problem (27) with G(M, u) given by (28) is
equivalent to the convex problem

min {t: X +Z(W,X) <0, WW <X} (29
W, X
where W = [M u]
¢ k
S BIOB, Y Crdgz
Z(W, X) — i:kl i=1 (30)

2:3C; Tr(A®)—t

i=1
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and for brevity we denoted ® = I*XI + WI + I*W* where
I = diag,,41,,(1,...,1).
Note that WI = M and I*XT is the upper left m x m block
of the matrix X.
Proof: See Appendix A. O
From Lemma 2 we see that (27) can be written as a convex
problem. Moreover, the optimal M and u can be found using
standard software packages by noting that (29) can be written
as an SDP. Indeed, the matrix Z(W, X)) is linear in both W
and X, and the inequality W*W =< X is equivalent to the LMI

[X W+

X Wy,

€1y

This is a direct consequence of the following result, referred to
as Schur’s lemma:
Lemma 3: [23, p. 28] Let

X Y*
M=y ]
be a Hermitian matrix. Then M = (>) 0 if and only if Z > (>
)0, X-Y*Z'Y = (=) 0and Y*(1-ZZ") = 0. Equivalently,
M = (=) Oifand only if X = (=) 0,Z — YXTY* = (=) 0
and Y (I — XX) = 0.

B. Dual Problem

To gain more insight into the form of the optimal M and u,
and to provide an alternative method of solution which in some
cases may admit a closed form, we now rely on Lagrange duality
theory.

Since (29) is convex and strictly feasible, the optimal value
of ¢ is equal to the optimal value of the dual problem. The dual
is derived in Appendix B in which we show that it is given by

min Tr (S(n,w) (S(IL, w) + I — ww*) * S(n,w))

ww*
(32)
where we defined
‘ k
S(Lw) £ Y BIIB;+» (zw"C;+Ciwz})+A. (33)
i=1 i=1
Using Lemma 3, (32) can be written as an SDP
miny wn  Tr(Y)
Y S(IT, w) 0
.t. s s > 0
s.b S(II, w) S(H,w*)—i—H w | = 0; (34)
0 w 1
[H W] = 0.
w 1|~

We also show that the optimal M and u are related to the dual
solutions by

M= — S(IT, w) (S(I, w) + I — ww*)

1
u=

C1-wr(S(ILw) + ) 1w

(35)
S(IL, w) (S(IL, w)+11) ™" w.

(36)
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Note that since II > ww*

S(II,w) + I —ww* = S(ww*,w)=J"'(w) =0 (37)
so that the inverses in (35), (36) are well defined. Furthermore,
(37) implies that S(II, w) + II > ww*, or

1> (S(I,w) +II)~Y2ww*(S(II,w) + I)~Y/2  (38)
which is equivalent to w*(S(II,w) + II) 'w < 1.

An important observation from (35) is that regardless of II,
M is not equal 0. Furthermore, u of (36) is 0 only if w = 0. If
z; = 0or C; = 0sothat J~! does not include a linear term, then
it is easy to see that w = 0 and consequently u = 0. Indeed, in
this case S(II, w) = S(II) is only a function of II. Therefore,
if XA’,/I::I, XAV are an optimal solution to the dual problem (34),
then Y, II, w = 0 also satisfy the constraints of (34) and are
therefore also optimal. Since the solution is unique we conclude
that w = 0 is optimal.

C. Necessary and Sufficient Optimality Conditions

To complete our description of the optimal M and u, we now
use the Karush-Kuhn-Tucker (KKT) theory [17], [22] to develop
necessary and sufficient optimality conditions.

The KKT conditions state that X, W and # are optimal if and
only if there exist matrices II, A > 0 such that

1. d£/dX =0,dL/dW = 0 and dL/dt = 0 where L is the

Lagrangian defined by (80);
2. Feasibility: X +Z(W, X) < 0 where Z(W, X) is defined
by (30); .
3. Complementary slackness: Tr(II(X + Z(W,X))) = 0
and Tr (A(W*W — X)) = 0.
From the derivations in Appendix B it follows that the first con-
dition results in 7 = 1, M, u given by (35) and (36), and

H+S(P7W) W] ‘

w 1 (39

A =11 + IS(IL, w)I* = [
We also showed that II + S(II,w) > 0 and w*(IIl +
S(II,w))~'w < 1 which from Lemma 3 leads to A > 0.

The second complementary slackness condition then becomes
X = W*W. Using the fact that

Te(TIZ) = 2Tr (WTS(H,W)) +Tr (T*XTS(H,W)) —t
. . . (40)
and WII = —S(II, w)I — MS(II, w)I* where we substituted
WI = M, the first complementary slackness condition reduces
to

Tr(II(X + Z(M, X))) = Te(MS(I,w)) —t = 0.  (41)

Thus, the matrix M and the vector u are optimal if and only
if there exists a matrix II and a vector w such that II > ww™
and the following conditions hold:

M = —S(I, w) (S(II, w) + I — ww*) ™"
u = S(I,w) (S(T,w) + 1T — ww*)f1 w
Ao(M) bo(M,u)

bi(M,u) co(M,u) — Tr (MS(I, w)) | =Y

(42)
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were Ag(M), bo(M,u),co(M,u) are defined by (24), and
S(II, w) is given by (33).

D. Special Cases

Using conditions (42) we can derive explicit expressions for
the optimal M and u in some special cases.

We first assume that # = 6 is a scalar with inverse Fisher
information

J10) =b%02 +2c0 +a (43)
where b, c are real constants and ¢ > 0. In this case the dual pro-
gram can be solved directly. Instead of presenting the detailed
derivation of the dual solution, we prove optimality by showing
that the proposed solution satisfies the necessary and sufficient
conditions of (42).

Proposition 1: Let'y be a random vector with pdf p(y;0o)
such that the Fisher information with respect to 0y has the form
(43). Then the minimax M and u that are the solution to (20)
with U = R are given by

)
M = —%7 |b|<1 _ _%7 |b|<1
-1, |b] > 1, - >1
) (44)
Furthermore, if there exists an efficient estimator 0, then
—)2 ) C
éb:{ﬁ"—fw b < 1
_5%7 |b| Z 1

has smaller MSE than éfor all fg.
Proof: If |b| > 1, then it is easy to see that the optimality
conditions are satisfied with 7 = w? and w = —c/b?. If, on the
other hand, |b| < 1, then the optimality conditions are satisfied

with
~2¢2 + (ab® — 2¢7)(1 — b?) e S

bi(1 + b2) ’ b2

(45)

To see this, note that with this choice

2(ab? — ¢?) 5 (1 =0%)(ab?® - c?)
Smw) = ey Y T T )
(46)
completing the proof. O

We next treat the case in which the optimal solution is M =
—I which results in a constant estimator: #,, = u. The condi-
tions for this solution are stated in the following proposition.

Proposition 2: Let y be a random vector with pdf p(y;6o)
such that the Fisher information with respect to 0y has the form
(22). Then M = —1 is the solution to (20) withid = C™ if and

only if

l
Z B!B; = I (47)
=1

In this case, the optimal u is u = —(Zle B:B,) ! Zle
C?z;. Furthermore, if there exists an efficient estimator 0, then
the estimator 0y, = u has smaller MSE for all 0.

Proof: See Appendix C. ]
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VI. DOMINATING BOUND ON A QUADRATIC SET

We now treat the case in which the parameter vector @ is re-
stricted to the quadratic set Q of (23). To find an admissible
dominating matrix in this case we need to solve

min max{MSEB (M, u,8) — MSEB (0,0, 6)}. (48)

M,u 0€Q
We assume that the set Q is not empty, and that there exists an
0 in the interior of Q. However, we do not make any further
assumptions on the parameters A1, by and c;; In particular, we
do not assume that A; > 0.
We first consider the inner maximization in (48) which, omit-
ting the dependence on M and u, has the form

mgtx{ﬂ*Aoﬂ—i-%‘E{bSﬂ}-l-cO 10" A10+2b70+c; < 0}. (49)

The problem of (49) is a trust region problem, for which strong
duality holds (assuming that there is a strictly feasible point)
[24]. Thus, it is equivalent to

min t

A>0,¢,M,u
st /\A1 /\bl . AO(M bo(M,u)
o Abl Aep+t| ~ | bi(M,u) c¢o(M,u)

(50)

It is easy to see that (50) is always feasible, since both matrices
in (50) can be made equal to 0 by choosing M = 0, u = 0,
and A = t = 0. A necessary and sufficient condition for strict
feasibility is given in the following proposition.

Proposition 3: The constraint in (50) is strictly feasible if and
only if

J4
ZB;‘B,L-VZO,V¢0 = Vv*A;v>0. (5]

i=1

In particular, (50) is strictly feasible if Zle BB, >~ 0or
A > 0.
Proof: See Appendix D. O
We assume in the remainder of this section that (50) is strictly
feasible.
Our minimization problem is very similar to that of (29). In-
deed, it can be written compactly as

i : ,u) =X
o {t : G(M,u) < \F} (52)
where G(M, u) is defined in (28) and
A1 by
= lu o) Y

Therefore, the development of the solution is analogous to the
development in the previous section. We begin with the equiva-
lent of Lemma 2, which shows that the optimal M can be found
by solving an SDP.

Lemma 4: The problem (52) with G(M, u) and F given by
(28) and (53) respectively, is equivalent to the convex problem

min

{t: X +Z(M,X) < \F, W*W < X}
t,A>0,W,X

(54)

where Z(W , X)) is defined in (30).
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A. Dual Problem

We can now use Lagrange duality theory, as in Section V-C,
to gain more insight into the optimal choice of M, u.
The Lagrangian associated with (54) is

L£=1t+Tr(II(X + Z(M,X) — AF)) + Tr (A(W*W — X))
N (55)
where A > 0 and II is defined by (81). Since A > 0, the min-
imum of the Lagrangian is finite only if
Tr(IIF) = Tr(ITA;) + 2R{w*b;} + ¢; < 0. (56)
The optimal value is then obtained at A = 0, and the Lagrangian
becomes the same as that associated with the unconstrained
problem (29).
We conclude that the optimal M and u are given by (35) and
(36), where II and w are the solution to

min_ Tr(Y)
Y ,w,II
YS(IT, w) 0
st. | S(I,w) S(IM,w)+IT w| =0
0 w* 1
I w
[w 1 =0

Tr(TTA ) + 2R{w*b;} + ¢; < 0. (57)

B. Necessary and Sufficient Optimality Conditions

Following the same steps as in Section VI-C we can show,
using the KKT conditions, that M and u are optimal if and only
if there exists a matrix II and a vector w such that II > ww™
and the following conditions hold:

M = —S(II, w) (S(II, w) + IT — ww*) ™"
u=S(II,w) (S(II,w) + 1T — WW*)_1 w
Tr(ITA1) + 2R{w*b1} +¢; <0
A(Tr(TTA1) + 2R{w*b1} +¢1) =0
Ay(M) bo(M, u) }

b§(M,u)  co(M,u) — Tr (MS(II, w)) </\[

A by
b’lk C1
(58)

were Ag(M), bo(M, u),co(M, u) are defined by (24), and
S(II, w) is given by (33).

The optimality conditions can be used to verify that a solu-
tion is optimal, as illustrated in the following proposition for
J-1(8) = A.

Proposition 4: Let'y be a random vector with pdf p(y; 0y).
Assume that the Fisher information with respect to 0y has the
form J(6o) = A=, and that 6y € Q with

Q= {00 : 6500 + 2R{b70} +c1 <0} . (59)

Then the optimal M and u that are the solution to (48) are

Mo Tr(A) Lu=-— Tr(A) by.
TI‘(A) + bibl — C1 TI‘(A) + bTbl — C1
(60)
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The corresponding affine MSE bound is

{116 - 60’}
Tr(A)
- (TI'(A) + bfbl — 61)2

(Tr(A)[|8o + by [|*+(bib1—c)?).
(61)

Furthermore, if there exists an efficient estimator 0, then

1
Tr(A) + bib; — ¢

b, = ((biby = c1)f = Te(A)by)
achieves the bound (61), and has smaller MSE than ] for all
0y € Q with Q given by (59).

Proof: The proof follows from noting that since / = k = 0,
the choice

b*bl — C1
I=—1"_"A +bb", =-b
Te(A) + bib;, w 1
Tr?(A
A= rA) (62)
(Tr(A) + biby — ¢1)
satisfies (58). O

Closed form expressions for 9}, when J(fp) = A~! can also
be obtained in the case when A; = T for certain choices of
T > 0 using similar techniques as those used in [12].

It is interesting to consider the relative improvement over the
CRLB afforded by using the optimal affine bias. Denoting by
r(A, ) the ratio between the affine bound (61) and the CRLB
(which is equal to Tr(A)) we have

Tr(A)||6o + b1||? + (bjb; —¢)?

r(A,8) = (Tr(A) + biby —¢1)?

(63)

It is easy to see that the derivative of (A, #) with respect to
Tr(A) is negative, as long as
||00 + b1||2 < 2(bIb1 - Cl). (64)

Since g € Q with Q defined by (59) we have that || +by||? <
bib; —c¢; and therefore (64) is satisfied as long as bib; —c¢1 >
0, or equivalently, as long as there is more than one possible
value of 8, which is our standing assumption. Thus, (A, 6y)
is monotonically decreasing in Tr(A) and consequently the rel-
ative improvement is more pronounced when the CRLB is large.
This makes intuitive sense: When the estimation problem is dif-
ficult (such as small sample size, low SNR), we can benefit from
biased methods.

We now discuss some special cases of the set Q defined by
(59). Suppose first that ||§ — v||?> < ¢ for some vector v and
¢ > 0. From (60) we have that

Tr(A)
Tr(A)+c¢”’

Tr(A)

M= — = —
v Tr(A) + ¢

v. (65)

The minimax linear choice of M for this setting with v = 0 was
derived in [9]. The resulting optimal value of M coincides with
that given by (65). Therefore, the effect of shifting the center
of the set is to shift the estimator in the direction of the center,
with magnitude that takes into account both the set (via ¢) and
the Fisher information (via A).
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Another interesting case is when
Q=1{8:(6-v1)"(B—v2) <0}

where v, and vy are arbitrary vectors such that vivs is real.
This choice of Q arises for example when we have an interval
constraint on a scalar parameter L. < x < U, as in the example
in Section III, which corresponds to (66) with v; = L and
vy = U.Inthiscase by = —(v1+vs)/2and ¢; = vjvs. Using
the fact that bib; — ¢; = ||vy — v2|?/4, the optimal choice
of M depends only on the norm of the difference ||vi; — va|.
Furthermore, the MSE bound can be written as

Tr(A)
(TI(A) + w) 2

: <Tr(A) ‘

Therefore, for fixed vi — v the form of the MSE bound is the
same; the only effect is a shift towards the mean value (v; +
V2)/2.

C. Minimax MSE Estimation in the Linear Gaussian Model

(66)

(Vi +v2)

0 + 5

2 _ 2
4 v 4V2” ) 67)

A special case of Proposition 4 is the linear Gaussian model
in which

y — Hby+ w (68)

where H is a known full-rank matrix, and w is a zero-mean
Gaussian random vector with covariance C > 0. The Fisher
information in this setting is independent of 6, and given by
J=1(8y) = (H*C~'H)~". For this model, the ML solution is
the well-known least-squares estimator

0.s = (H*C™'H)"'H*C'y. (69)
Since éLS is efficient, Proposition 4 implies that éb will dom-
inate the least-squares approach for all feasible parameter vec-
tors. This result has been proven for arbitrary closed feasible
sets in [25]. .

Noting that J=1(8y) is independent of By, it is easy to show
that the minimax problem (48) is equivalent to minimizing the
worst-case MSE of an affine estimator # = Gy + u where
M and G are related through I — GH = M. The minimax
MSE estimator for this model in the special case of b; = 0
has been treated in [26] and [12]. Earlier results for H = 1
and white noise can be found in [27]; minimax MSE estimation
with a rank-one weighting was discussed in [28]. Using Propo-
sition 4 the minimax MSE strategy can be extended to arbitrary
quadratic constraint sets.

As an example, suppose we know that ||§ —v||? < ¢ for some
v and ¢ > 0. From Proposition 4 the minimax MSE estimator
under this constraint is

Tr((H*C~'H)™)
c+ Te((H*C—1H)-1)
(70)

C

b= rm(@cm

_1)9Ls +

For v = 0, (70) is a simple shrinkage estimate [29]. In Fig. 4
we compare the MSE of the affine modification (70) which is
given by the corresponding affine MSE bound, with the MSE of
the minimax linear estimator. Note that the resulting transfor-
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—CRLB
—e— Linear+CRLB
—— Affine+CRLB

10 i i i i
-5 0 5 10 15 20

SNR [dB]

Fig. 4. MSE in estimating & in a linear Gaussian model as a function of the
SNR using the least-squares, linear modification and affine modifications of the
least-squares estimator.

mations M are different in both cases. We also plot the CRLB
which is the MSE of the least-squares method. We assume that

C = 021 where o2 is varied to achieve the desired SNR, de-
fined by
2
SNR [dB] = 10log # (71)
o
In this particular example, we chose n = 5, m = 4, v =

[1,...,1]%, ¢ = 4,6 = 2v and H*H was generated ran-
domly. As can be seen from the figure, allowing for an affine
transformation improves the performance significantly. It is also
apparent that as o increases, the relative improvement in per-
formance is more pronounced. This follows from our general
analysis in which we have shown that the relative advantage in-
creases when the CRLB is large.

VII. EXAMPLE

Up until this point we have shown analytically that the CRLB
can be uniformly improved upon using an affine bias. We also
discussed how to construct an estimator whose MSE is uni-
formly lower than a given efficient method. Here we demon-
strate that these results can be used in practical settings even
when an efficient approach is unknown. Specifically, we pro-
pose an affine modification of the ML estimator regardless of
whether the ML strategy is efficient. Furthermore, we illustrate
the possible performance advantage when considering an affine
modification in contrast to a linear choice. To this end, we con-
sider the same example that was introduced in [9].

Suppose we wish to estimate the SNR of a constant signal in
Gaussian noise, from N i.i.d. measurements

Yyi=ptw, 1<i<N (72)

where w; is a zero-mean Gaussian random variable with vari-
ance o2, and the SNR is defined by 6 = /ﬁ / 2. In addition,
suppose the SNR satisfies a < § < ( for some values of o and
(3. The ML solution is

uQ:»
Q
IN
w| :
IN
=

>
&)

f. = (73)

L

[SS

= Q>|§>

=
Q|
[
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2.5 T \
—ML
—e— Linear+ML
oL —*— Affine+ML |

MSE

0 i i i i i
10 15 20 25 30 35 40
N

Fig. 5. MSE in estimating the SNR as a function of the number of observa-
tions IV for an SNR of 2 using the ML, linearly transformed ML and affine
transformed ML estimators subject to the constraint (76).

where

oLy 2oLy 1) 74
M—N;y“ 4 —N;(yz_ﬂ)~ (74)
In general f is biased and does not achieve the CRLB which is
given by
-1 1 2
J7H0) = —(40 + 267). (75)
N

To develop an affine modification of ML we note that the

constraint & < 6 < (3 can be written as

@—a)(0-B)=0>—(a+B)0+aB<0. (76)
Since the constraint is quadratic, the optimal M and u can be
found using the SDP formulation of Section VI.

In Fig. 5, we compare the MSE of the ML, the linear ML and
affine ML estimators subject to (76), for an SNR of §# = 2 and
SNR bounds o« = 1, 3 = 5. For each value of V, the MSE is av-
eraged over 10 000 noise realizations. As can be seen from the
figure, the affine modification of the ML estimator performs sig-
nificantly better than the ML approach and also better than the
linearly transformed ML method. It is also interesting to note
that in this particular example, the affine modification always
lies in the interval [, 3]. This was not the case for the linear
correction which often resulted in an estimate outside this re-
gion. When this happens, in principle, we can always project
the estimated value onto the given interval to further reduce the
MSE. Here, however, projecting the linearly modified ML solu-
tion has only a minor impact on the MSE performance.

In Figs. 6 and 7, we plot the values of 1 + M and u as a func-
tion of N. Note that the values of M are different in the linear
and affine strategies. In Fig. 8 we plot the CRLB, the linear MSE
and affine MSE bounds as a function of N. As we expect, the
affine bound is much lower than the other two. Note, however,
that in the presence of constraints, the ML estimate is typically
biased so that the CRLB does not necessarily bound its perfor-
mance. Nonetheless, as Fig. 5 shows, our general approach is
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— Linear
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+

0.6
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N

Fig. 6. 1+ M as a function of the number of observations /N when estimating
an SNR of 2 using the linear and affine modifications subject to the constraint
(76).

0.65-
0.6
0.55
0.5¢
0.45¢
0.4r
0.35F
0.3r

0.25 * * ; : *
10 15 20 25 30 35 40
N

Fig. 7. w as a function of the number of observations N when estimating an
SNR of 2 subject to the constraint (76).

1.6 . :
: ‘ —CRLB
1.4 L . : —o— Linear+CRLB ||
: ‘ —— Affine+CRLB
1.2

MSE

"0 15 20 25 30 35 40
N

Fig. 8. MSE bound in estimating the SNR as a function of the number of ob-
servations N for an SNR of 2: CRLB, linear minimax and affine minimax.

useful in deriving an estimate with improved performance de-
spite the fact that the ML strategy is no longer efficient, and in
fact may have lower MSE than that predicted by the CRLB.
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APPENDIX A
PROOF OF LEMMA 2

Here, we prove that (27) is equivalent to (29).

Substituting X = W*W and M = W1 into G(M, u), and
noting that W*W + Z(W , W*W) = G(M, u) (27) can be
written as

tnl\}ll%( {t: X4+Z(W,X) <0, X =W*"W}. an
The problem is that the constraint X = W*W is not convex. To
obtain a convex problem we would like to relax this constraint
to the convex form X > W*W, leading to (29). As we now
show, the original and relaxed problems have the same solution
and are therefore equivalent. To this end, it is sufficient to show
that if £, W X are optlmal for (29), then we can achieve the
same value £ with X = W*W,

To prove the result we therefore need to show that if
X + Z(W X) < 0 with X » W*W, then W*W +

(W W*W) =< 0. Now

X +Z(W,X) - W*W — Z(W, W*W)

¢ - k JU
BI*YIB; CI*Y1z; ~ o~
=Y+ ;1 ' ;1 ' “il 2y + FIYT)
>z I*YIC, Tr(AT*YT)
(78)
where we defined
Y 2 X_-W*W. (79)

In[9, App. I1T] it was shown that F(Q) > 0 for all Q = 0. Since
X and W are feasible, Y > 0, which implies that I*YTI > 0,
completing the proof.

APPENDIX B
DERIVATION OF THE DUAL (32)

To find the dual of (29), we first write the Lagrangian associ-
ated with our problem

L =1t+Tr(Il(X + Z(W,X))) + Tr (A(W*W — X)) (80)
where A > 0 and

= [ v W} 81)
w* T
are the dual variables.
Differentiating the Lagrangian with respect to ¢ and equating
to 0, we have m = 1. Setting the derivative with respect to X to

0 results in,

4 k
A=T+1Y BiIB/T'+I)  (z:w"C;+Ciwz]) T' +IAT*
=1 =1

=11+ IS(II, w)I* (82)
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where we defined

4 k
S(ILw) £ > BillBj+) (ziw"C;+Ciwz})+A. (83)
1=1 =1

Finally, the derivative with respect to W yields WA =
—S(IT, w)I*, which after substituting the value of A from (82),
becomes

w (ﬁ +Is(1I, w)i*) — —S(IL, w)I*. (84)
Using the definitions of W, T and ﬁ, (84) can be written more
explicitly as

SILw)+1II w

g[SV fsatw) 0] 69
which is equivalent to
Mw = — u (86)
M (S(IT, w) + II) + uw* = — S(II, w). (87)
Substituting (86) into (87) we have
M (S(IL,w) + I — ww*) = —S(ILw).  (88)

The condition I > 0 implies that IT > ww*. Therefore

S(I,w) = S(ww*, w) =J " (w) =0 (89)

and S(IT, w) + IT — ww™ > 0. Thus, from (88) and (86)
M= — SIL,w) (S(ILw) +II—ww*) ' (90)
=S(ILw) (S(IL,w) + Il —ww*) 'w. (91

To simplify the expression for u we would like to apply
the matrix inversion lemma, which states that for an invertible
matrix A

1

—1 * A —1
1T b A 1D b*A—le bb*A

(A—bb*) '=A 14 (92)
as long as b*A~'b < 1. Using the fact that S + 1T = ww*, we
have I > (S + I1)~'/2ww*(S + I1)~'/2, which is equivalent
to w*(S + II)~"'w < 1, where for brevity we denoted S =

S(II, w). Therefore we can use (92) to reduce (91) to

! -1
B W (S w) D) ) (S W)
©3)

Substituting (90) and (93) into the Lagrangian, the dual problem
becomes

pmin Tr (S(H,w) (S(IL, w) + T — ww*) ™" S(H,w)) :
(%94)
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APPENDIX C
PROOF OF PROPOSITION 2

To prove the proposition, note that with M = —1I

l
Ao(M) =1-> B;B;;
=1

k
bo(M,u) = — ZCZ‘zi —u;
i=1

co(M,u) = — Tr(A) + u*u. (95)

Since we must have that Ag(M) =< 0 this implies (47), so that
this condition is necessary.

We now establish that (47) is also sufficient by showing that
the conditions (42) are satisfied with w = u and II = ww*.
The first two equalities clearly hold. It remains to prove that the
matrix in (42) is nonnegative. From Lemma 3, this is equivalent
to

Ao(-T) =0; (96)
co(~T,u) + Tr(S(uu*, u)) < bj(~L,u)A}(~T)bj(~T,u);
C0)

(I— Aog(=I)A}(~I))by(~I,u)= 0. (98)

The first inequality (96) holds from (47). To prove (97), we first
note that

co(=L,u) + Tr(S(uu*, u))
k k
= > zC;(F'(F+DF ' -2F ") ) Cjz
=1 1=1

by (=T, u)A{(~T)bj(~T, u)
k k
=Y ZCI-FHI-F)T-F")) Ciz (99
=1

i=1

where for brevity we denoted F' = Zle B;B,. Using (99), the
condition (97) is satisfied if

FYF+D)F ! 2F~! < (I-F H(I-F)"(I-F~'). (100)

Multiplying (100) on the left and on the right by F > 0, this
requirement is equivalent to
I-F<(I-F)I-F)I-F). (101)
Using the fact that for any matrix Z, ZZ'Z = Z establishes
(101).
It remains to prove (98). From the properties of the pseudoin-
verse, this condition is equivalent to

k
bo(~T,u) = (F~' 1)) Cjz € R(Ao(-T)) = R(I-F).
i=1
(102)
Clearly bo(—I,u) € R(F~!'-I).Since F~!' -I = (I-F)F~!
we have immediately that R(F~! —I) = R(I-F), establishing
(102).
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APPENDIX D
PROOF OF PROPOSITION 3

Using arguments similar to those used in proving [9, Lemma
1] we can show that strict feasibility is equivalent to the condi-
tion that there exist M and A > 0 such that
Ag(M) —AA; <0. (103)
We now show that (103) is equivalent to (51). Suppose first
that (51) does not hold; this implies that there exists a vector
v such that Fv = 0 and v*A;v < 0, where we denoted
F = Ele B;B,. Since F is a sum of positive semidefinite
matrices, Fv = 0 if and only if B;B,;v = 0 for all 4, or equiv-
alently, B;,v = 0 for all 7. It then follows that v*Ay(M)v =
v¥M*Mv > 0 and

v (Ao(M) — AA )v=v* M*Mv — Av¥A ;v >0 (104)
for all A > 0, so that (103) cannot be satisfied.

Next, suppose that (51) is satisfied. Since A; and F are Her-
mitian and F' > 0, there exists an invertible matrix Q such that

F = Q*diag(dy,...,dn)Q, A; = Q*diag(oy,...,0m)Q
(105)
where dy,...,d, = 0 withr = dimN(F), and 0 < d,41 <
dyt2, .-, dp. Now, any vector in N/ (F) can be written as
V=) aq; (106)
k=1

where a; are arbitrary constants and q; is the ¢th column of
Q. From (51), v*A;v > 0 for any v of the form (106). Since
v¥*A v =Y, _, gila;|?, this implies that o; > 0,1 <7 <.

If d,, = 0, then o; > 0 for all « which implies that A; > 0.
In this case (103) is satisfied with M = 0 and any A > 0. If
r = 0, then F > 0. Choosing A = 0 it remains to show that
there exists an M such that Ag(M) < 0; this is shown in [9,
Lemma 1].

Next suppose that » > 0,d,, > 0 and A; is not positive
definite. Let § = 1/Anin(Q*Q), £+ = arg min;.,,~0 0, and
K_ = argmax;.,<o |o;|. Our assumptions imply that x4 and
Kk_ exist. We now establish that (103) is satisfied with A =
o?(dp, + B)/0., and M = ol where @ = —d,41/(dy 41 +
B = (dm + B)0x_ /0, ). With this choice

Ao(M) — MA; =T+ Q*((a? + 20)diag(dy, . .., d,,)
— Mdiag(o1,...,0m))Q

< Q*(?BI + (a? + 2a)diag(dy, - . -
— Mdiag(o1,...,0m))Q

7dm)
(107)

where we used the fact that I < §Q* Q. Thus, to prove (103) it
is sufficient to establish that

a? <ﬂ+di—< i )(dm+[9’)>+2ad1;<0, re1<i<m
Oky

(108)
where we substituted the value of \. For indices ¢ such that o; >
0, (108) is trivially satisfied since Ui/dn+ >1,d; <d,,,dy, >
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0 and o < 0. Consider next indices r + 1 < ¢ < m such that
o; < 0. For these values, (108) is equivalent to
2d;
B+di — %

O

o >

(109)

(dm + )

Since the right-hand expression is monotonically decreasing in
d; and o; < 0 our choice of « satisfies (109).

i
+
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