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Compressed Sensing of Analog Signals in
Shift-Invariant Spaces

Yonina C. Eldar, Senior Member, IEEE

Abstract—A traditional assumption underlying most data con-
verters is that the signal should be sampled at a rate exceeding
twice the highest frequency. This statement is based on a worst-case
scenario in which the signal occupies the entire available band-
width. In practice, many signals are sparse so that only part of the
bandwidth is used. In this paper, we develop methods for low-rate
sampling of continuous-time sparse signals in shift-invariant (SI)
spaces, generated by kernels with period . We model spar-
sity by treating the case in which only out of the generators
are active, however, we do not know which are chosen. We show
how to sample such signals at a rate much lower than , which
is the minimal sampling rate without exploiting sparsity. Our ap-
proach combines ideas from analog sampling in a subspace with
a recently developed block diagram that converts an infinite set
of sparse equations to a finite counterpart. Using these two com-
ponents we formulate our problem within the framework of finite
compressed sensing (CS) and then rely on algorithms developed
in that context. The distinguishing feature of our results is that in
contrast to standard CS, which treats finite-length vectors, we con-
sider sampling of analog signals for which no underlying finite-di-
mensional model exists. The proposed framework allows to extend
much of the recent literature on CS to the analog domain.

Index Terms—Analog compressed sensing, sparsity, sub-Nyquist
sampling.

I. INTRODUCTION

D IGITAL applications have developed rapidly over the last
few decades. Signal processing in the discrete domain in-

herently relies on sampling a continuous-time signal to obtain
a discrete-time representation. The traditional assumption un-
derlying most analog-to-digital converters is that the samples
must be acquired at the Shannon–Nyquist rate, corresponding
to twice the highest frequency [1], [2].

Although the bandlimited assumption is often approximately
met, many signals can be more adequately modeled in alterna-
tive bases other than the Fourier basis [3], [4], or possess further
structure in the Fourier domain. Research in sampling theory
over the past two decades has substantially enlarged the class of
sampling problems that can be treated efficiently and reliably.
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This resulted in many new sampling theories which accommo-
date more general signal sets as well as various linear and non-
linear distortions [4]–[11].

A signal class that plays an important role in sampling theory
are signals in shift-invariant (SI) spaces. Such functions can be
expressed as linear combinations of shifts of a set of genera-
tors with period [12]–[16]. This model encompasses many
signals used in communication and signal processing. For ex-
ample, the set of bandlimited functions is SI with a single gen-
erator. Other examples include splines [4], [17] and pulse am-
plitude modulation in communications. Using multiple genera-
tors, a larger set of signals can be described such as multiband
functions [18]–[23]. Sampling theories similar to the Shannon
theorem can be developed for this signal class, which allows to
sample and reconstruct such functions using a broad variety of
filters.

Any signal in a SI space generated by functions
shifted with period can be perfectly recovered from sam-
pling sequences, obtained by filtering with a bank of
filters and uniformly sampling their outputs at times . The
overall sampling rate of such a system is . In Section II,
we show explicitly how to recover from these samples by
an appropriate filter bank. If the signal is generated by out of
the generators, then as long as the chosen subset is known,
it suffices to sample at a rate of corresponding to uniform
samples with period at the output of filters. However, a
more difficult question is whether the rate can be reduced if we
know that only of the generators are active, but we do not
know in advance which ones. Since in principle may be
comprised of any of the generators, it may seem at first that the
rate cannot be lower than .

This question is a special case of sampling a signal in a union
of subspaces [24]–[26]. In our problem, lies in one of the
subspaces expressed by generators, however we do not know
which subspace is chosen. Necessary and sufficient conditions
where derived in [24], [25] to ensure that a sampling operator
over such a union is invertible. In our setting this reduces to
the requirement that the sampling rate is at least . How-
ever, no concrete sampling methods where given that ensure ef-
ficient and stable recovery, and no recovery algorithm was pro-
vided from a given set of samples. Finite-dimensional unions
where treated in [26], for which stable reconstruction methods
where developed. Another special case of sampling on a union
of spaces that has been studied extensively is the problem un-
derlying the field of compressed sensing (CS). In this setting,
the goal is to determine a length vector from linear
measurements, where is known to be -sparse in some basis
[27], [28]. Many stable and efficient algorithms have been pro-
posed to recover in this setting [26], [28]–[33].
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Fig. 1. Nonideal sampling and reconstruction.

A fundamental difference between our problem and main-
stream CS papers is that we aim to sample and reconstruct con-
tinuous signals, while CS focuses on recovery of finite vectors.
The methods developed in the context of CS rely on the finite
nature of the problem and cannot be immediately adopted to in-
finite-dimensional settings without discretization or heuristics.
Our goal is to directly reduce the analog sampling rate, without
first requiring the Nyquist-rate samples and then applying fi-
nite-dimensional CS techniques.

Several attempts to extend CS ideas to the analog domain
were developed in a set of conferences papers [34], [35]. How-
ever, in both papers an underlying discrete model was assumed
which enabled immediate application of known CS techniques.
An alternative analog framework is the work on finite rate of in-
novation [36], [37], in which is modeled as a finite linear
combination of shifted diracs (some extensions are given to
other generators as well). The algorithms developed in this con-
text exploit the similarity between the given problem and spec-
tral estimation, and again rely on finite dimensional methods.

In contrast, the model we treat in this paper is inherently in-
finite dimensional as it involves an infinite sequence of samples
from which we would like to recover an analog signal with infin-
itely many parameters. In such a setting the measurement matrix
in standard CS is replaced by a more general linear operator. It
is therefore no longer clear how to choose such an operator to
ensure stability. Furthermore, even if a stable operator can be
implemented, it will result in infinitely many compressed sam-
ples. As standard CS algorithms operate on finite-dimensional
optimization problems, they cannot be applied to infinite dimen-
sional sequences.

In our previous work, we considered a sparse analog sam-
pling problem in which the signal has a multiband struc-
ture, so that its Fourier transform consists of at most bands,
each of width limited by [21]–[23]. Explicit sub-Nyquist sam-
pling and reconstruction schemes were developed in [21]–[23]
that ensure perfect recovery of multiband signals at the min-
imal possible rate, without requiring knowledge of the band lo-
cations. The proposed algorithms rely on a set of operations
grouped under a block named continuous-to-finite (CTF). The
CTF, which is further developed in [38], essentially transforms
the continuous reconstruction problem into a finite dimensional
equivalent, without discretization or heuristics. The resulting
problem is formulated within the framework of CS, and thus
can be solved efficiently using known tractable algorithms.

The sampling methods used in [21] and [23] for blind multi-
band sampling are tailored to that specific setting, and are not
applicable to the more general model we consider here. Our goal
in this paper is to capitalize on the key elements from [21], [23],
and [38] that enable CS of multiband signals and extend them
to the more general SI setting by combining results from stan-
dard sampling theory and CS. Although the ideas we present are
rooted in our previous work, their application to more general

analog CS is not immediately obvious. To extend our work, it is
crucial to setup the more general problem treated here in a par-
ticular way. Therefore, a large part of the paper is focused on
the problem setup, and reformulation of previously derived re-
sults. We then show explicitly how signals in a SI union created
by generators with period , can be sampled and stably re-
covered at a rate much lower than . Specifically, if out of

generators are active, then it is sufficient to use
uniform sequences at rate , where is determined by the
requirements of standard CS.

The paper is organized as follows. In Section II we provide
background material on Nyquist-rate sampling in SI spaces. Al-
though most of these results are known in the literature, we re-
view them here since our interpretation of the recovery method
is essential in treating the sparse setting. The sparse SI model is
presented in Section III. In this section we also review the main
elements of CS needed for the development of our algorithm,
and elaborate more on the essential difficulty in extending them
to the analog setting. The difference between sampling in gen-
eral SI spaces and our previous work [21] is also highlighted. In
Section V we present our strategy for CS of SI analog signals.
Some examples of our framework are discussed in Section VI.

II. BACKGROUND: SAMPLING IN SI SPACES

Traditional sampling theory deals with the problem of re-
covering an unknown function from its uniform
samples at times where is the sampling period.
More generally, the signal may be pre-filtered prior to sampling
with a filter [4], [7], [11], [16], [39], where denotes
the complex conjugate, as illustrated in the left-hand side of
Fig. 1. The samples can be represented as the inner prod-
ucts where

(1)

In order to recover from these samples it is typically as-
sumed that lies in an appropriate subspace of .

A common choice of subspace is a SI subspace generated by
a single generator . Any has the form

(2)

for some generator and sampling period . Note that
are not necessarily pointwise samples of the signal. If

(3)

where we defined

(4)

then can be perfectly reconstructed from the samples
in Fig. 1 [6], [39]. The function is the discrete-time
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Fig. 2. Sampling and reconstruction in shift-invariant spaces.

Fourier transform (DTFT) of the sampled cross-correlation
sequence

(5)

To emphasize the fact that the DTFT is -periodic we use the
notation . Recovery is obtained by filtering the samples

by a discrete-time filter with frequency response

(6)

followed by modulation by an impulse train with period and
filtering with an analog filter . The overall sampling and re-
construction scheme is illustrated in Fig. 1. Evidently, SI sub-
spaces allow to retain the basic flavor of the Shannon sampling
theorem in which sampling and recovery are implemented by
filtering operations.

In this paper we consider more general SI spaces, generated
by functions , . A finitely generated SI
subspace in is defined as [12], [13], [15]

(7)

The functions are referred to as the generators of . In the
Fourier domain, we can represent any as

(8)

where

(9)

is the DTFT of . Throughout the paper, we use upper-case
letters to denote Fourier transforms: is the continuous-
time Fourier transform of the function , and is the
DTFT of the sequence .

In order to guarantee a unique stable representation of any
signal in by coefficients , the generators are typi-
cally chosen to form a Riesz basis for . This means that there
exists constants and such that

(10)

where , and the norm in the
middle term is the standard norm. By taking Fourier trans-

forms in (10), it follows that the generators form a Riesz
basis if and only if [13]

(11)

where

...
...

... (12)

Here, is defined by (4) with re-
placing . Throughout the paper we assume that
(11) is satisfied.

Since lies in a space generated by functions, it makes
sense to sample it with filters , as in the left-hand side
of Fig. 2. The samples are given by

(13)

The following proposition provides a simple Fourier-domain re-
lationship between the samples of (13) and the expansion
coefficients of (7):

Proposition 1: Let ,
be a set of sequences obtained by filtering of (7) with

filters and sampling their outputs at times , as de-
picted in the left-hand side of Fig. 2. Denote by
the vectors with th elements , respectively.
Then

(14)

where

...
...

... (15)

and are defined by (4).
Proof: The proof follows immediately by taking the

Fourier transform of (13)

(16)

where we used (8) and the fact that is -periodic. In
vector form, (16) reduces to (14).
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Proposition 1 can be used to recover from the given
samples as long as is invertible a.e. in . Under
this condition, the expansion coefficients can be computed as

. Given , is formed by
modulating each coefficient sequence by a periodic impulse
train with period , and filtering with the
corresponding analog filter . In order to ensure stable re-
covery we require a.e. In particular, we
may choose due to (11). The resulting sampling
and reconstruction scheme is depicted in Fig. 2.

The approach of Fig. 2 results in sequences of samples,
each at rate , leading to an average sampling rate of .
Note that from (7) it follows that in each time step ,
contains new parameters, so that the signal has degrees
of freedom over every interval of length . Therefore, this
sampling strategy has the intuitive property that it requires one
sample for each degree of freedom.

III. UNION OF SHIFT-INVARIANT SUBSPACES

Evidently, when subspace information is available, perfect re-
construction from linear samples is often achievable. Further-
more, recovery is possible using a simple filter bank. A more
interesting scenario is when lies in a union of SI subspaces
of the form [26]

(17)

where the notation means a union (or sum) over at most
elements. Here we consider the case in which the union is over
out of possible subspaces , where is

generated by . Thus

(18)

so that only out of the sequences in (18) are not iden-
tically zero. Note that (18) no longer defines a subspace.

In principle, if we know which sequences are nonzero, then
can be recovered from samples at the output of filters

using the scheme of Fig. 2. The resulting average sampling rate
is since we have sequences, each at rate . Alterna-
tively, even without knowledge of the active subspaces, we can
recover from samples at the output of filters resulting
in a sampling rate of . Although this strategy does not re-
quire knowledge of the active subspaces, the price is an increase
in sampling rate.

In [24] and [25], the authors developed necessary and suffi-
cient conditions for a sampling operator to be invertible over a
union of subspaces. Specializing the results to our problem im-
plies that a minimal rate of at least is needed in order to en-
sure that there is a unique SI signal consistent with the samples.
Thus, the fact that we do not know the exact subspace leads to
an increase of at least a factor two in the minimal rate. However,
no concrete methods were provided to reconstruct the original
signal from its samples. Furthermore, although conditions for
invertibility were provided, these do not necessarily imply that
a stable and efficient recovery is possible at the minimal rate.

Our goal is to develop algorithms for recovering from a
set of sampling sequences, obtained by sampling

the outputs of filters at rate . Before developing our sam-
pling scheme, we first explain the difficulty in addressing this
problem and its relation to prior work.

A. Compressed Sensing

A special case of a union of subspaces that has been treated
extensively is CS of finite vectors [27], [28]. In this setup, the
problem is to recover a finite-dimensional vector of length
from linear measurements , where

(19)

for some matrix of size . Since (19) is underdetermined,
more information is needed in order to recover . The prior
assumed in the CS literature is that , where is an

invertible matrix, and is -sparse, so that it has at
most nonzero elements. This prior can be viewed as a union
of subspaces where each subspace is spanned by columns of

.
A sufficient condition for the uniqueness of a -sparse so-

lution to the equations is that has a
Kruskal-rank of at least [32], [40]. The Kruskal-rank is the
maximal number such that every set of columns of is
linearly independent [41]. This unique can be recovered by
solving the optimization problem [27]

(20)

where the pseudo-norm counts the number of nonzero entries.
Therefore, if we are not concerned with stability and computa-
tional complexity, then measurements are enough to recover

exactly. Since (20) is known to be NP-hard [27], [28], several
alternative algorithms have been proposed in the literature that
have polynomial complexity. Two prominent approaches are to
replace the norm by the convex norm, and the orthog-
onal matching pursuit algorithm [27], [28]. For a given spar-
sity level , these techniques are guaranteed to recover the true
sparse vector as long as certain conditions on are satisfied,
such as the restricted isometry property [28], [42]. The efficient
methods proposed to recover all require a number of mea-
surements that is larger than , however still considerably
smaller than . For example, if is chosen as random rows
from the Fourier transform matrix, then the program will re-
cover with overwhelming probability as long as
where is a constant. Other choices for are random matrices
consisting of Gaussian or Bernoulli random variables [33], [43].
In these cases, on the order of measurements are
necessary in order to be able to recover efficiently with high
probability.

These results have also been generalized to the multiple-mea-
surement vector (MMV) model in which the problem is to re-
cover a matrix from matrix measurements , where

has at most nonzero rows. Here again, if the Kruskal-rank
of is at least , then there is a unique consistent with .
This unique solution can be obtained by solving the combinato-
rial problem

(21)
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where is the set of indexes corresponding to the nonzero
rows of [40]. Various efficient algorithms that coincide with
(21) under certain conditions on have also been proposed for
this problem [38], [40], [44].

B. Compressed Sensing of Analog Signals

Our problem is similar in spirit to finite CS: we would like to
sense a sparse signal using fewer measurements than required
without the sparsity assumption. However, the fundamental dif-
ference between the two stems from the fact that our problem is
defined over an infinite-dimensional space of continuous func-
tions. As we now show, trying to represent it in the same form
as CS by replacing the finite matrices by appropriate opera-
tors, raises several difficulties that precludes direct application
of CS-type results.

To see this, suppose we represent in terms of a sparse ex-
pansion, by defining an infinite-dimensional operator cor-
responding to the concatenation of the functions ,
and an infinite sequence which consists of the concate-
nation of the sequences . We may then write
which resembles the finite expansion . Since is
identically zero for several values of , will contain many
zero elements. Next, we can define a measurement operator

so that the measurements are given by , where
.

In analogy to the finite setting, the recovery properties of
should depend on . However, immediate application of

CS ideas to this operator equation is impossible. As we have
seen, the ability to recover in the finite setting depends on
its sparsity. In our case, the sparsity of is always infinite.
Furthermore, a practical way to ensure stable recovery with
high probability in conventional CS is to draw the elements of

at random, with the number of rows of proportional to
the sparsity. In the operator setting, we cannot clearly define
the dimensions of or draw its elements at random. Even if
we can develop conditions on such that the measurement
sequence uniquely determines , it is still not clear
how to recover from . The immediate extension of basis
pursuit to this context would be

(22)

Although (22) is a convex problem, it is defined over infinitely
many variables, with infinitely many constraints. Convex pro-
gramming techniques such as semi-infinite programming and
generalized semi-infinite programming, allow only for infinite
constraints while the optimization variable must be finite.
Therefore, (22) cannot be solved using standard optimization
tools as in finite-dimensional CS.

This discussion raises three important questions we need to
address in order to adapt CS results to the analog setting:

1) How do we choose an analog sampling operator?
2) Can we introduce structure into the sampling operator and

still preserve stability?
3) How do we solve the resulting infinite-dimensional re-

covery problem?

C. Previous Work on Analog Compressed Sensing

In our previous work [21]–[23], we treated a special case of
analog CS. Specifically, we considered blind multiband sam-
pling in which the goal is to sample a bandlimited signal
whose frequency response consists of at most bands of length
limited by , with unknown support. In Section VI we show that
this model can be formulated as a union of SI subspaces (18).
In order to sample and recover at rates much lower than
Nyquist, we proposed two types of sampling methods: In [21]
we considered multicoset sampling while in [23] we modulated
the signal by a periodic function, prior to standard low-pass sam-
pling. Both strategies lead to sequences of low-rate uniform
samples which, in the Fourier domain, can be related to the un-
known via an infinite measurement vector (IMV) model
[21] and [38]. This model is an extension of the MMV problem
to the case in which the goal is to recover infinitely many un-
known vectors that share a joint sparsity pattern. Using the IMV
techniques developed in [21], [38], can then be recovered
by solving a finite-dimensional convex optimization problem.
We elaborate more on the IMV model below, as it is a key in-
gredient in our proposed sampling strategy.

The sampling method described above is tailored to the multi-
band model, and exploits the fact that the spectrum has many
intervals that are identically zero. Applying this approach to
the general SI setting will not lead to perfect recovery. In order
to extend our previous results, we therefore need to reveal the
key ideas that allow CS of analog signals, rather than analyzing
a specific set of sampling equations as in [21]–[23]. Further
study of blind multiband sampling suggests two key elements
enabling analog CS:

1) Fourier domain analysis of the sequences of samples;
2) choosing the sampling functions such that we obtain an

IMV model.
Our approach is to capitalize on these two components and ex-
tend them to the model (18).

To develop an analog CS system, we design sampling
filters that enable perfect recovery of . In view of our
previous discussion, our task can be rephrased as determining
sampling filters such that in the Fourier domain, the resulting
samples can be described by an IMV system. In the next section
we review the key elements of the IMV problem. We then show
how to appropriately choose the sampling filters for the general
model (18).

IV. INFINITE MEASUREMENT MODEL

In the IMV model the goal is to recover a set of unknown
vectors from measurement vectors

(23)

where is a set whose cardinality can be infinite. In particular,
may be uncountable, such as the frequencies . The

-sparse IMV model assumes that the vectors , which
we denote for brevity by , share a joint sparsity pattern,
that is, the nonzero elements are supported on a fixed location
set of size [38].

As in the finite-case it is easy to see that if , where
is the Kruskal-rank of , then is the unique -sparse
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Fig. 3. Fundamental stages for the recovery of the nonzero location set � in an IMV model using only one finite-dimensional problem.

solution of (23) [38]. The major difficulty with the IMV model
is how to recover the solution set from the infinitely many
(23). One suboptimal strategy is to convert the problem into an
MMV by solving (23) only over a finite set of values . How-
ever, clearly this strategy cannot guarantee perfect recovery. In-
stead, the approach in [38] is to recover in two steps. First,
we find the support set of , and then reconstruct
from the data and knowledge of .

Once is found, the second step is straightforward. To see
this, note that using , (23) can be written as

(24)

where denotes the matrix containing the columns of
whose indexes belong to , and is the vector consisting
of entries of in locations . Since is -sparse,

. Therefore, the columns of are linearly indepen-
dent (because ), implying that , where

is the pseudo-inverse of and
denotes the Hermitian conjugate. Multiplying (24) by on
the left gives

(25)

The components in not supported on are all zero. There-
fore, (25) allows for exact recovery of once the finite set

is correctly identified.
It remains to determine efficiently. In [38] it was shown

that can be found exactly by solving a finite MMV. The steps
used to formulate this MMV are grouped under a block referred
to as the continuous-to-finite (CTF) block. The essential idea
is that every finite collection of vectors spanning the subspace

contains sufficient information to recover , as in-
corporated in the following theorem [38].

Theorem 1: Suppose that , and let be a matrix
with column span equal to . Then, the linear system

(26)

has a unique -sparse solution whose support is equal .
The advantage of Theorem 1 is that it allows to avoid the infi-

nite structure of (23) and instead find the finite set by solving
the single MMV system of (26). The additional requirement of
Theorem 1 is to construct a matrix having column span equal
to . The following proposition, proven in [38], sug-
gests such a procedure. To this end, we assume that is
piecewise continuous in .

Proposition 2: If the integral

(27)

exists, then every matrix satisfying has a column
span equal to .

Fig. 3, taken from [38], summarizes the reduction steps that
follow from Theorem 1 and Proposition 2. Note, that each block
in the figure can be replaced by another set of operations having
an equivalent functionality. In particular, the computation of
the matrix of Proposition 2 can be avoided if alternative
methods are employed for the construction of a frame for

. In the figure, indicates the joint support set of
the corresponding vectors.

V. COMPRESSED SENSING OF SI SIGNALS

We now combine the ideas of Sections II and IV in order to
develop efficient sampling strategies for a union of subspaces
of the form (18). Our approach consists of filtering with

filters , and uniformly sampling their outputs at rate
. The design of , relies on two ingredients:

1) a matrix chosen such that it solves a discrete CS problem
in the dimensions (vector length) and (sparsity);

2) a set of functions , which can be used to
sample and reconstruct the entire set of generators ,

, namely such that is stably invert-
ible a.e.

The matrix is determined by considering a finite-dimen-
sional CS problem where we would like to recover a -sparse
vector of length from measurements . The value
of can be chosen to guarantee exact recovery with combina-
torial optimization, in which case , or to lead to effi-
cient recovery (possibly only with high probability) requiring

. We show below that the same chosen for this dis-
crete problem can be used for analog CS. The functions
are chosen so that they can be used to recover . However,
since there are such functions, this results in more measure-
ments than actually needed.

We derive the proposed sampling scheme in three steps: First,
we consider the problem of compressively measuring the vector
sequence , whose th component is given by , where
only out of the sequences are nonzero. We show that
this can be accomplished by using the matrix above and IMV
recovery theory. In the second step, we obtain the vector se-
quence from the given signal using an appropriate
filter bank of analog filters, and sampling their outputs. Fi-
nally, we merge the first two steps to arrive at a bank of
analog filters that can compressively sample directly. These
steps are detailed in the three ensuing subsections.

A. Union of Discrete Sequences

We begin by treating the problem of sampling and recovering
the sequence . This can be accomplished by using the IMV
model introduced in Section IV. Indeed, suppose we measure
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Fig. 4. Analog compressed sampling with arbitrary filters � ���.

with a size matrix , that allows for CS of -sparse
vectors of length . Then, for each ,

(28)

The system of (28) is an IMV model: For every the vector
is -sparse. Furthermore, the infinite set of vectors

has a joint sparsity pattern since at most of the sequences
are nonzero. As we described in Section IV, such a system

of equations can be solved by transforming it into an equivalent
MMV, whose recovery properties are determined by those of

. Since was designed such that CS techniques will work,
we are guaranteed that can be perfectly recovered for each

(or recovered with high probability). The reconstruction algo-
rithm is depicted in Fig. 3. Note that in this case the integral in
computing becomes a sum over :
(we assume here that the sum exists).

Instead of solving (28) we may also consider the frequency-
domain set of equations

(29)

where are the vectors whose components are
the frequency responses . In principle, we may
apply the CTF block of Fig. 3 to either representations, de-
pending on which choice offers a simpler method for deter-
mining a basis for the range of .

When designing the measurements (28), the only freedom
we have is in choosing . To generalize the class of sensing
operators we note that can also be recovered from

(30)

for any invertible matrix with elements .
The measurements of (30) can be obtained directly in the time
domain as

(31)

where is the inverse transform of , and denotes
the convolution operator. To recover from , we note
that the modified measurements
obey an IMV model

(32)

Therefore, the CTF block can be applied to . As in (31),
we may use the CTF in the time domain by noting that

(33)

where is the inverse DTFT of , with
.

The extra freedom offered by choosing an arbitrary invertible
matrix in (30) will be useful when we discuss analog
sampling, as different choices lead to different sampling func-
tions. In Section VI, we will see an example in which a proper
selection of leads to analog sampling functions that are
easy to implement.

B. Biorthogonal Expansion

The previous section established that given the ability to
sample the sequences we can recover them exactly
from discrete-time sequences obtained via (30) or (31).
Reconstruction is performed by applying the CTF block to the
modified measurements either in the frequency domain (32) or
in the time domain (33). The drawback is that we do not have
access to but rather we are given .

In Fig. 2 and Section II, we have seen that the sequences
can be obtained by sampling with a set of functions
for which of (15) is stability invertible, and then
filtering the sampled sequences with a multichannel discrete-
time filter . Thus, we can first apply this front-end
to , which will produce the sequence of vectors . We
can then use the results of the previous subsection in order to
sense these sequences efficiently. The resulting measurement
sequences are depicted in Fig. 4, where is a matrix
satisfying the requirements of CS in the appropriate dimensions,
and is a size filter bank that is invertible a.e.

Combining the analog filters with the discrete-time
multichannel filter , we can express as

(34)

where

(35)

Here are the vectors with th elements
and denotes the conjugate of the inverse.

The inner products in (34) can be obtained by filtering
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with the bank of filters , and uniformly sampling the
outputs at times .

To see that (34) holds, let be the samples resulting from
filtering with the filters and uniformly sampling
their outputs at rate . From Proposition 1

(36)

Therefore, to establish (34) we need to show that
. Now, from (15),

(37)

where is the th element of the matrix , and
are the th row and column, respectively, of . Therefore, as
required, .

The functions have the property that they are
biorthogonal to , that is

(38)

where if , and 0 otherwise. This follows from the
fact that in the Fourier domain, (38) is equivalent to

(39)

Evidently, we can construct a set of biorthogonal functions
from any set of functions for which is stably
invertible, via (35). Note that the biorthogonal vectors in the
space are unique. This follows from the fact that if two sets

satisfy (38), then

(40)

where . Since span , (40)
implies that lies in for any . However, if both

and are in , then so is , from which we
conclude that . Thus, as long as we start with a
set of functions that span , the sampling functions
resulting from (35) will be the same. However, their implemen-
tation in hardware is different, since represents an analog
filter while is a discrete-time filter bank. Therefore,
different choices of lead to distinct analog filters.

C. CS of Analog Signals

Although the sampling scheme of Fig. 4 results in com-
pressed measurements , they are still obtained by an
analog front-end that operates at the high rate . However,
our goal is to reduce the rate at the analog front-end. This
can be easily accomplished by moving the discrete filters

, back to the analog domain. In this way,
the compressed measurement sequences can be obtained

directly from , by filtering with filters and
uniformly sampling their outputs at times , leading to a
system with sampling rate . An explicit expression for the
resulting sampling functions is given in the following theorem.

Theorem 2: Let the compressed measurements ,
be the output of the hybrid filter bank in Fig. 4. Then
can be obtained by filtering of (18) with filters

and sampling the outputs at rate , where

(41)

Here, are the vectors with th elements
respectively, and the components of

are Fourier transforms of generators
such that are biorthogonal to .

In the time domain

(42)

where is the inverse transform of and

(43)

where is the inverse transform of .
Proof: Suppose that is filtered by the filters and

then uniformly sampled at . From Proposition 1, the samples
can be expressed in the Fourier domain as

(44)

In order to prove the theorem we need to show that
.

Let

(45)

so that . Then,

(46)

where are the th row and column respectively of the
matrix . The first equality follows from the fact that
is periodic. From (46)

(47)

where we used the fact that due to the biorthog-
onality property.
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Fig. 5. Compressed sensing of analog signals. The sampling functions � ��� are obtained by combining the blocks in Fig. 4 and are given in Theorem 2.

Finally, if , then

(48)

where is the inverse DTFT of . Using (45)
together with the fact that the inverse transform of is

, results in (42). The relation (43) follows from the same
considerations.

Theorem 2 is the main result which allows for compressive
sampling of analog signals. Specifically, starting from any ma-
trix that satisfies the CS requirements of finite vectors, and
a set of sampling functions for which is in-
vertible, we can create a multitude of sampling functions
to compressively sample the underlying analog signal . The
sensing is performed by filtering with the corre-
sponding filters, and sampling their outputs at rate . Recon-
struction from the compressed measurements ,
is obtained by applying the CTF block of Fig. 3 in order to re-
cover the sequences . The original signal is then con-
structed by modulating appropriate impulse trains and filtering
with , as depicted in Fig. 5.

As a final comment, we note that we may add an invertible
diagonal matrix prior to multiplication by . Indeed, in
this case the measurements are given by

(49)

where has the same sparsity profile as . There-
fore, can be recovered using the CTF block. In order to
reconstruct , we first filter each of the nonzero sequences

with the convolutional inverse of .
In this section, we discussed the basic elements that allow re-

covery from compressed analog signals: we first use a biorthog-
onal sampling set in order to access the coefficient sequences,
and then employ a conventional CS mixing matrix to compress
the measurements. Recovery is possible by using an IMV model
and applying the CTF block of Fig. 3 either in time or in fre-
quency. In practical applications, we have the freedom to choose

and so that we end up with analog sampling func-
tions that are easy to implement. Two examples are considered
in the next section.

VI. EXAMPLES

A. Periodic Sparsity

Suppose that we are given a signal that lies in a SI sub-
space generated by so that .
The coefficients have a periodic sparsity pattern: Out of
each consecutive group of coefficients, there are at most
nonzero values, in a given pattern. For example, suppose that

, and the sparsity profile is . Then
can be nonzero only at indexes or for
some integer . Decomposing into blocks of length ,
the sparsity pattern of implies that the vectors are
jointly -sparse.

Since lies in a SI subspace spanned by a single generator,
we can sample it by first prefiltering with the filter

(50)

where is any function such that defined by (4) is
nonzero a.e. on , and then sampling the output at rate , as
in Fig. 1. With this choice, the samples
are equal to the unknown coefficients . We may then use
standard CS techniques to compressively sample . For ex-
ample, we can sample sequentially by considering blocks

of length , and using a standard CS matrix designed
to sample a -sparse vector of length- . Alternatively, we can
exploit the joint sparsity by combining several blocks and sam-
pling them together using MMV techniques, or applying the
IMV method of Section IV. However, these approaches still re-
quire an analog sampling rate of . Thus, the rate reduction is
only in discrete time, whereas the analog sampling rate remains
at the Nyquist rate. Since many of the coefficients are zero, we
would like to directly reduce the analog rate so as not to acquire
the zero values of , rather than acquiring them first, and then
compressing in discrete time.

To this end, we note that our problem may be viewed as a
special case of the general model (18) with

, and , with
. Therefore, the rate can be reduced by using the tools

of Section V. From Theorem 2, we first need to construct a set of
functions that are biorthogonal to .
It is easy to see that

(51)
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with given by (50) constitute a biorthogonal set. Indeed,
with this choice

(52)

where we defined

(53)

From (50), . Combining this with the relation

(54)

it follows from (52) that .
We now use Theorem 2 to conclude that any sampling func-

tions of the form with
and given by (50) can be used to com-

pressively sample the signal at a rate .
In particular, given a matrix of size that satisfies the
CS requirements, we may choose sampling functions

(55)

In this strategy, each sample is equal to a linear combination of
several values , in contrast to the high-rate method in which
each sample is exactly equal .

As a special case, suppose that , on the in-
terval [0,1] and is zero otherwise. Thus, is piecewise con-
stant over intervals of length 1. Choosing in (50)
it follows that . This is because

so that . Therefore,
are biorthogonal to . One way to acquire

the coefficients is to filter the signal with
and sample the output at rate 1. This corresponds to integrating

over intervals of length one. Since has a constant value
over the th interval, the output will indeed be the sequence
. To reduce the rate, we may instead use the sam-

pling functions (55) and sample the output at rate . This is
equivalent to first multiplying by periodic sequences with
period . Each sequence is piecewise constant over intervals of
length 1 with values , . The continuous output is
then integrated over intervals of length to produce the sam-
ples . Applying the CTF block to these measurements al-
lows to recover . Although this special case is rather simple,
it highlights the main idea. Furthermore, the same techniques
can be used even when the generator has infinite length.

B. Multiband Sampling

Consider next the multiband sampling problem [21], [23] in
which we have a complex signal that consists of at most fre-
quency bands, each of length no larger than . In addition, the
signal is bandlimited to . If the band locations are known,

then we can recover such a signal from nonuniform samples at
an average rate of which is typically much smaller
than the Nyquist rate [18]–[20]. When the band locations
are unknown, the problem is much more complicated. In [21], it
was shown that the minimum sampling rate for such signals is

. Furthermore, explicit algorithms were developed which
achieve this rate. Here we illustrate how this problem can be for-
mulated within our framework.

Dividing the frequency interval into sections,
each of equal length , it follows that if
then each band comprising the signal is contained in no more
than 2 intervals. Since there are bands, this implies that at
most sections contain energy. To fit this problem into our
general model, let

(56)

where is a low-pass filter (LPF) on . Thus,
describes the support of the th interval. Since any multi-

band signal is supported in the frequency domain over at
most sections, can be written as

(57)

for some supported on the th interval, where at most
functions are nonzero. Since the support of has length

, it can be written as a Fourier series

(58)

Thus, our signal fits the general model (18), where there are at
most sequences that are nonzero.

We now use our general results to obtain sampling functions
that can be used to sample and recover such signals at rates
lower than Nyquist. One possibility is to choose .
Since the functions are orthonormal (as is evident by con-
sidering the frequency domain representation), we have that

. Consequently, the resulting
sampling functions are

(59)

In the Fourier domain, is bandlimited to and piece-
wise constant with values over intervals of length

.
Alternative sampling functions are those used in [21]:

(60)

where are distinct integer values in the range
. Since is bandlimited, sampling with the filters (60) is

equivalent to using the bandlimited functions

(61)

To show that these filters can be obtained from our general
framework incorporated in Theorem 2, we need to choose a
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matrix and an invertible matrix such
that , where

(62)

and represents a biorthogonal set. In our setting, we can
choose due to the orthogonality of .

Let be the matrix consisting of the rows , of
the Fourier matrix

(63)

and choose as a diagonal matrix with th diagonal ele-
ment

(64)

From (62),

(65)

Since is equal to over the th interval
and 0 otherwise,

is piecewise constant with values equal to on inter-
vals of length . In addition, on the th interval,

(66)

Consequently, on this interval, is equal to
. Since this expression does

not depend on , for .
From our general results, in order to recover the original

signal we need to apply the CTF to the modified measure-
ments . Since is diagonal,
the DTFT of the th sequence is given by

(67)

This corresponds to a scaled noninteger delay of .
Such a delay can be realized by first upsampling the sequence

by factor of , low-pass filtering with a LPF with cut-off
, shifting the resulting sequence by , and then down sam-

pling by . This coincides with the approach suggested in [21]
for applying the CTF directly in the time domain. Here we see
that this processing follows directly from our general frame-
work.

We have shown that a particular choice of and re-
sults in the sampling strategy of [21]. Alternative selections can
lead to a variety of different sampling functions for the same
problem. The added value in this context is that in [21] there is
no discussion on what type of sampling methods lead to stable
recovery. The framework we developed in this paper can be ap-
plied in this specific setting to suggest more general types of
stable sampling and recovery strategies.

VII. CONCLUSION

We developed a general framework to treat sampling of sparse
analog signals. We focused on signals in a SI space generated by

kernels, where only out of the generators are active. The
difficulty arises from the fact that we do not know in advance
which are chosen. Our approach was based on merging ideas
from standard analog sampling, with results from the emerging
field of CS. The latter focuses on sensing finite-dimensional vec-
tors that have a sparsity structure in some transform domain.
Although our problem is inherently infinite-dimensional, we
showed that by using the notion of biorthogonal sampling sets
and the recently developed CTF block [21], [38], we can con-
vert our problem to a finite-dimensional counterpart that takes
on the form of an MMV, a problem that has been treated previ-
ously in the CS literature.

In this paper, we focused on sampling using a bank of analog
filters. An interesting future direction to pursue is to extend these
ideas to other sampling architectures that may be easier to im-
plement in hardware.

As a final note, most of the literature to date on the exciting
field of CS has focused on sensing of finite-dimensional vec-
tors. On the other hand, traditional sampling theory focuses on
infinite-dimensional continuous-time signals. It is our hope that
this work can serve as a step in the direction of merging these
two important areas in sampling, leading to a more general no-
tion of compressive sampling.
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