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von Neumann measurement is optimal for detecting linearly independent mixed quantum states
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We consider the problem of designing a measurement to minimize the probability of a detection error when
distinguishing between a collection of possibly nonorthogonal mixed quantum states. We show that if the
guantum state ensemble consists of linearly independent density operators, then the optimal measurement is an
orthogonal von Neumann measurement consisting of mutually orthogonal projection operators, and not a more
general positive operator-valued measure.
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[. INTRODUCTION most efficient way of obtaining information about the state of
a gquantum system is not always by performing orthogonal
One of the important features of quantum mechanics igprojections[2,3], but rather by performing more general
that nonorthogonal quantum states cannot be perfectly distirpositive operator-valued measuréd30OVMs). A POVM con-
guished[1]. Therefore, a fundamental problem in quantumsists ofm PSD Hermitian operatofdl;, 1<i<m} that form
mechanics is to design measurements optimized to distira resolution of the identity ofil but are not constrained to be
guish between a collection of nonorthogonal quantum stategrojection operators, so that
We consider a quantum state ensemble consistingn of

density operator$p;, 1<i<m} on ann-dimensional com- I1;=0, 1sis=m,

plex Hilbert spaceH, with prior probabilities{p;>0, 1< "

<m}. A density operatop is a positive semidefinitéPSD E M= 3
Hermitian operator with Ti§) = 1; we writep=0 to indicate “~

pis PSD. A mixed state ensemble is one in which at least one
of the density operators; has rank larger than one. A pure-  Necessary and sufficient conditions for an optimum mea-
state ensemble is one in which each density operatas  surement maximizing the probability of correct detection
rank-one projectofe;)(#;|, where the vectorks;), though  have been developdd—6]. However, in general obtaining a
evidently normalized to unit length, are not necessarily orclosed form expression for the optimal measurement directly
thogonal. from these conditions is a difficult and unsolved problem.
In a quantum detection problem a transmitter conveysClosed-form analytical expressions for the optimal measure-
classical information to a receiver using a gquantum-ment have been derived for several special cged 2.
mechanical channel. Each message is represented by prepar-In order to physically realize a POVM, we can rely on
ing the quantum channel in one of the ensemble sfateAt ~ Neumark’s theorerfi2], which states that the spag¢écan be
the receiver, the information is detected by subjecting theextended to a larger space, such that the POVM operators
channel to a quantum measurement in order to determine tHé;= P A;P are projections of a set of von Neumann measure-
state prepared. If the quantum states are mutually orthogonahent operatoré\; onto H, whereP is the orthogonal projec-
then the state can be determined correctly with probabilittion onto. The physical interpretation given to Neumark’s
one by performing an optimalon Neumann measurement theorem is that the larger space is obtained by combining an
[1]. A von Neumann measurement consistsnoimutually — ancilla system with the given known system. Thus, in prac-
orthogonal projection operatofdl;, 1<si<mj} that form a tice, to realize a POVM, the original system must be en-

resolution of the identity orH, so that larged, which in some cases, may be difficult to do in prac-
o tice.
LT =611, 1=<i,j=m, () Kennedy[13] showed that for a pure state ensemble con-

sisting of rank-one density operatgss=|;)( ;| with lin-

§ =1 2 early i_nqependent vec_t_ofﬁ/ﬁi), the optima! measurement
= m maximizing the probability of correct detection is a von Neu-
mann measurement consisting of mutually orthogonal rank-
wherel, is the identity operator off. one projection operators. Thus, in this case, an enlargement

If the given states are not orthogonal, then no measuresf the original system is not necessary. However, this impli-
ment will distinguish perfectly between them. Our problemcation has not been proven for the more general case of
is therefore to construct a measurement that minimizes thmixedstate ensembles.
probability of a detection error. It is well known that the In Sec. lll we show that the optimal measurement for

distinguishing between a set of linearly independent mixed

quantum states is a von Neumann measurement and not a
*URL:  http://www.ee.technion.ac.il/Sites/People/YoninaEldar/;general POVM. Therefore, in this case, when seeking the
electronic address: yonina@ee.technion.ac.il optimal measurement, we may restrict our attention to the
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class of von Neumann measurements. We also show that the min Tr(X), 8
rank of each projection operator is equal to the rank of the XeB
corresponding density operator. _ N )

In Sec. IV we consider the least-squares measuremeNtheres is the set of Hermitian operators G, subject to
(LSM) [11], also known as the square-root measurement
[14,15, which is a detection measurement that has many
desirable properties and has been employed in many settinggs shown in[6], the conditions(6) and (7) together imply
We show that for linearly independent mixed state ensembleg, ¢
the LSM reduces to a von Neumann measurement.

In the next section we present our detection problem and ti<r;, (10
summarize results frorf6] pertaining to the conditions on
the optimal measurement operators. wheret; =rank(l,).

Kennedy[13] showed that for pure state ensemb}gs

Il. OPTIMAL DETECTION OF QUANTUM STATES =[i)(¢i| with linearly independent vectoiigt;) the opti-
Assume that a quantum channel is prepared in a quantUI\[rEi?rI] n;zﬁzﬁgmg?tvfcgr?ng'o?i m:isour:el\r}ihuﬁ;tnl :r;% <laniLa-
state drawn from a collection of given states represented b Kif, 1=
density operatorgp;, 1<i=<m} in an n-dimensional com-
plex Hilbert spaceH. We assume without loss of generality
that the eigenvectors ¢f,, 1<i<m, collectively spar{20]
H.

Since each density operatpr is Hermitian and PSD, it
can be expressed via the eigendecompositiop; asg; ¢;*
where ¢; is an nXr; matrix of orthogonal eigenvectors
{l#i), I=k=r;} and ri=rank(p;). The density operators  Suppose now that the density operatptsare linearly

ﬁi(;5 1>$1i$lin arellingarly}i?depen?enﬁfIth_e deigen\éecttorst independent, and Idii; be the optimal measurement opera-
i)s 1=k=r;, 1<i=m} form a linearly independent se - . . -
of \I/kectors. Sir;ce the eigenvectors @f, 1<i<m collec- tors that maximiz¢5) subject to(3). Denotingll=2{1,11,
tively span then-dimensional spacét, it follows that for W& have that

X=pipi, 1l<is=m. 9)

durement. However, this implication has not been proven for
mixed states. In the following section we use the conditions
for optimality to prove that the optimal measurement for
linearly independent mixed states is a von Neumann mea-
surement and not a more general POVM.

IIl. LINEARLY INDEPENDENT STATE ENSEMBLES

linearly independent state sets m m
" ranI(H)sE ranl{HQzE t;. (11
=1 =1
> ri=n. @
i=1 Sincell=1, we also have

At the receiver, the constructed measurement compmises rankIT)=n, (12
measurement operatofH; , 1<i<m} onH that satisfy(3).
We seek the measurement operatdis, 1<i<m} satisfy-
ing (3) that maximize the probability of correct detection,

from which we conclude that

m
which is given by > ti=n. (13
N i=1
Py=2, piTr(pill)), (55  Combining(13) with (10) and(4) we conclude that
=1
ti=r;. (14)

wherep;>0 is the prior probability ofp;, with =;p;=1. . ) N
It was shown ir{5,6] that a set of measurement Op(_z.r‘—,uorsTherefore, via the elg?ndec9mp05|t|on we can express each
{I1;, 1=<i=<m} maximize the probability of correct detection Mmeasurement operatdk; asIl;=pu;u{, wherey; is ann
for a state sefp;, 1=<i=m} with prior probabilities{p;, 1 ~ i matrix of orthogonal eigenvectory wiy), 1<k=r}.
<i<m} if and only if there exists an HermitiaX satisfying S'nC(Z)Eizlri:n we haven vectors| u;). In addition, from
Eqg. (3),
X=pip;, 1<i=m, (6)
2 L =1n (15
such that 1k

A A from which we conclude that the vectodu), 1<k
(X=pip)Il;=0, 1sis=m. (7)) <r;, 1<i=m} are linearly independent.
A We now show that the vector§u), Isks=r;, 1<i
The matrixX can be determined as the solution to the prob-<m} are mutually orthonormal. From E3) we have that
lem for any 1sl<r;, 1<j<m,
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along thez direction, or both may be in the-zplane, tilted at
|:U’jl>:; ikl i) | i) - (16)  120° or—120° from thez axis. In this problem the states to
' be distinguished are given By,)=|aa), |4,)=|bb), and
Since the vector$u;) are linearly independent, we must |#3)=|cc), wherela), |b), and|c) correspond to polariza-

have that wi| mj) = & i - tions of a photon at 0°, 120°, ane120°. For this state set,
We conclude that
(pal o) =( b1l p3)=( ol b3)=—3, (22)
T
ﬁi: > lmi) ikl =Ps., (17)  so that the Gram matrix of inner products is invertible, and
k=1 : the state set is linearly independent.

) o We note that both of the state sets considered above are
whereP is an orthogonal projection onto a subspa®f  gpecial cases of geometrically uniform staté$] (assuming

‘H with dimensionr; and equal prior probabilities The optimal measurement for dis-
tinguishing these state sets is derived 14,12 and, as we
PsPs=3diiPs; (18 expect, is a von Neumann measurement.

Both of the examples above are examples of pure state
so thatH=S;®- - &Sy, is the direct sum of the subspaces sets. From each pure state set we can generate a mixed state
§; . Thus, the optimal measurement is a von Neumann measet by choosing one of a subset of the possible state vectors
surement. We summarize our results in the following theowith a certain prior probability. For example, suppose we
rem: generate a state set in which the first state is eithet or

Theorem 1 Let {p;, Isi<m} be a quantum state en- ,u? with probability p and 1-p, respectively, for some
semble consisting of linearly independent density operators: 1, and the second state is eithen® or xu* with probabil-
pi With prior probabilitiesp;>0. Then the optimal measure- ity q and 1-q, respectively, for somg<1. Since the states
ment is a von Neumann measurement with measurement opzy' are linearly independent, any subset of the states is also
erators{ll; =P, 1<si<mj} whereP is an orthogonal pro- linearly independent, which implies that the generated mixed

jection onto anr;-dimensional subspacs; of M with r;  State setis linearly independent.
=rank(p;) andPsPs = 6;;Ps.
b ' IV. LEAST-SQUARES MEASUREMENT

Examples of linearly independent states A suboptimal measurement that has been employed as a

We now consider several examples of linearly indepen_detection measurement in many applications is the least-
dent quantum states. A state set that is often used in thgfuares measuremeftSM) [11,16, also known as the
context of optical communications is thearray phase-shift- Sduare-root measuremeftt0,14,15,17—-1p The LSM has

keyed coherent state sit,8]. The state set consists of the Many desirable properties. Its construction is relatively
coherent statelsp,), where simple; it can be determined directly from the given collec-

tion of states; it minimizes the probability of a detection
di=pu, O<i=m-1, (19 error for pure and mixed state ensembles that exhibit certain
symmetried6,11]; it is “pretty good” when the states to be
with distinguished are equally likely and almost orthogdiad];
o i(2mim) ] and it is asymptotically optimdl15,16.
u=e , Osism-1. (20 The LSM corresponding to a set of density opera{prs
= ¢ ¢, 1<i<m} with eigenvectors that collectively span
‘H and prior probabilitiegp;, 1<i<m} consists of the mea-
surement operatof,; = uiu , 1<i<m} where[11,16]

The amplitudex>0, and s=u? is the mean number of
transmitted photons, or the intensity of each signal.

We now show that the states defined (1) are linearly
independent. To this end it suffices to show that the Gram

— *\—12,,
matrix of inner products with thekth element given by pi= (W) (23
(il #y) is invertible, or equivalently, has eigenvaluas Here
>0. It was shown ir{8] that
© ginm V=[y1 ¢p - m] (24)
— —S H
Aj=me & (i+nm)!” Isism, @D is the matrix of(block) columnsy; = \/p; ¢; , and (-)*?is the

unigue Hermitian square root of the corresponding matrix.
so that clearlyy;>0. We therefore conclude that thearray ~ Note that since the eigenvectors of g} collectively span
phase-shift-keyed coherent state set is linearly independent, the columns of thé;} also together spai, soW¥* is

Another example of a linearly independent state set is thévertible.

state set considered by Peres and Wootterg3]n Specifi- We now show that the LSM satisfies the conditions of
cally, they consider the case of two noninteracting spin- Theorem 1 so that if the columns 6&;} are linearly inde-
particles, prepared with the same polarization, where therpendent, theix,;>;=3;4;; and the LSM is a von Neumann
are three possible preparations: Both spins may be directedeasurement.
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From Eq.(23) we have that

SiS = (W) Ty g (W) T Ryt (W) T2
(29

To simplify Eq. (25) we express); as

{//i:q’Ei . (26)

HereE; is annXr; matrix where thegth column ofE; has
one nonzero element equal to 1 in thth position withp
=3\_4rc+q. We then have that

(27)

If the density operatorép;} are linearly independent, then
>;ri=n and the operators/;} are also linearly independent.
Since each matrixy; has dimensiomXr; we conclude that
V¥ is annXn matrix with linearly independent columns and
is therefore invertible. Thusp* (W W¥*) ¥ =|_ and

Y (W) "y = EF W (W) THPE;.

Y (PW*) "Ly =EFE;j= 5. (28)
Substituting Eq(28) into Eqg. (25),
33 =8 (VW) Tyt (W) 2= 5,3, (29)
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mutually orthogonal projection operators. We summarize our
results regarding the LSM in the following theorem.

Theorem 2 Let {p;, 1<i=m} be a quantum state en-
semble consisting of linearly independent density operators
p; with prior probabilitiesp;>0. Then the least-squares mea-
surement is a von Neumann measurement with measurement
operators{; =P, 1si<m} where P is an orthogonal
projection onto arr;-dimensional subspacg of H with r;
=rank(p;) and Ps P5j= 5ijPs,

We note that in many cases the LSM minimizes the prob-
ability of a detection error, both for linearly independent
states and for linearly dependent stdtes,12. A sufficient
condition on the state sets under which the LSM is optimal is
given in[12]. It is also shown that state sets that exhibit a
wide class of symmetry properties satisfy this condition and
therefore, for such state sets, the LSM is optimal. However,
there are also cases in which the LSM is not optimal; for an
example, se@b6]. An interesting direction for future research
is to derivenecessanand sufficient conditions for the LSM
to be optimal.

ACKNOWLEDGMENTS

The author acknowledges the Taub Foundation for finan-

and the LSM is a von Neumann measurement consisting dfial support.

[1] A. Peres,Quantum Theory: Concepts and Methd#duwer,
Boston, 1995

[2] A. Peres, Found. Phy&0, 1441(1990.

[3] A. Peres and W. K. Wootters, Phys. Rev. Lé#, 1119(1991).

[4] A. S. Holevo, J. Multivariate Anal3, 337 (1973.

[5] H. P. Yuen, R. S. Kennedy, and M. Lax, IEEE Trans. Inf.
TheoryIT-21, 125(1975.

[6] Y. C. Eldar, A. Megretski, and G. C. Verghese, |IEEE Trans.

Inf. Theory 49, (2003.
[7] C. W. Helstrom,Quantum Detection and Estimation Theory
(Academic Press, New York, 1976

[12] Y. C. Eldar, A. Megretski, and G. C. Verghese, e-print
quant-ph/021111.

[13] R. S. Kennedy, MIT Research Laboratory Electronic Quarterly
Progress Report, Technical Report No. 110, 1973.

[14] P. Hausladen and W. K. Wootters, J. Mod. Opfl, 2385
(1994).

[15] P. Hausladen, R. Josza, B. Schumacher, M. Westmoreland, and
W. K. Wootters, Phys. Rev. A4, 1869(1996.

[16] A. S. Holevo, IEEE Trans. Inf. Theor§4, 269 (1998.

[17] M. Sasaki, K. Kato, M. Izutsu, and O. Hirota, Phys. Re\6&\
146 (1998.

[8] M. Charbit, C. Bendjaballah, and C. W. Helstrom, IEEE Trans.[18] M. Sasaki, T. Sasaki-Usuda, M. Izutsu, and O. Hirota, Phys.

Inf. Theory 35, 1131(1989.

[9] M. Osaki, M. Ban, and O. Hirota, Phys. Rev. 24, 1691
(1996.

[10] M. Ban, K. Kurokawa, R. Momose, and O. Hirota, Int. J.
Theor. Phys36, 1269(1997).

[11] Y. C. Eldar and G. D. Forney, Jr., IEEE Trans. Inf. Thedig
858 (2001).

Rev. A58, 159(1998.

[19] K. Kato, M. Osaki, M. Sasaki, and O. Hirota, IEEE Trans.
Commun.47, 248(1999.

[20] Otherwise we can transform the problem to a problem equiva-
lent to the one considered here by reformulating the problem
on the subspace spanned by the eigenvector$ppf 1<i
=m}.

052303-4



