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Abstract. For a wide class of chemical reaction networks, including all those governed by
detailed balanced mass-action kinetics, we examine the robustness of equilibrium species concentra-
tions against fluctuations in the overall reactant supply. In particular, we present lower bounds on
the individual species-concentration sensitivities that derive from reaction network structure alone,
independent of kinetic parameters or even of the particular equilibrium state at which sensitivities
are calculated. These bounds suggest that, in the class of reaction networks considered here, very
high robustness (i.e., very low sensitivities) should be expected only when the various molecules are
constructed from a large number of distinct elemental building blocks that appear in high multiplicity
or that combine gregariously. This situation is often encountered in biology.
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1. Introduction.

1.1. Motivation. Our interest is in understanding the relationship between the
general features of a chemical reaction network and the sensitivity of its equilibria to
changes in the overall supply of reactants.

Although our concerns are with reaction networks in general, we are motivated by
questions that arise naturally in biology. The cell is highly dynamic. Nevertheless, it
is reasonable to suppose that in the cytoplasm certain biochemical modules (reaction
networks) act on a timescale that is fast relative to other cellular processes (e.g., rela-
tive to the production of large proteins or relative to the transport of small molecules
across membranes). Thus, the concentrations of species participating in such a “fast”
reaction network might be regarded as instantaneously at or near equilibrium.

At the same time, the “fast” biochemical module under consideration might be
perturbed within the cell by slower changes in the overall reactant supply, as fresh
proteins are produced or as smaller molecules enter the cell from its exterior. In re-
sponse, the “fast” equilibrium composition would shift accordingly. For some purposes
it might be advantageous for certain species concentrations within the module to be
insensitive (robust) against such disturbances, while for other species great sensitivity
might be highly desirable. Thus, as has been suggested by Veitia [25], it becomes
important to understand how reaction network structure affects the responsiveness of
its equilibrated species concentrations to changes in the ambient cellular environment.
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The present inquiry is not dissimilar in nature to other lines of research. One is
biochemical systems theory pioneered by Savageau [23]. Another is metabolic control
analysis developed from work of Higgins [15] by Kacser and Burns [19] and Heinrich
and Rapoport [13, 14]. Here we provide general results along similar lines, but results
that depend only on network structure. These results apply, within a large and
relevant class of chemical reaction systems, to networks of arbitrarily large size and
complexity.

For our purposes, it will suffice to presume that the reaction networks we study
are governed by mass-action kinetics conforming to what chemists call detailed bal-
ance |26, 20, 10]. In fact, even these presumptions are overly strong, for we shall
require only that the system considered have what Horn and Jackson called the quasi-
thermostatic property [16]. (Detailed balancing in mass-action systems is sufficient
but not necessary to ensure quasi-thermostatic behavior.)

The remainder of this introduction is organized as follows: In section 1.2 we
define, in the context of an informal example, what we mean by species sensitivities.
In section 1.3, we indicate the type of theory we seek by stating one principal result:
lower bounds for species sensitivities that derive from network structure alone. In very
rough terms, these bounds suggest that strong robustness (i.e., very low sensitivities)
of equilibrium concentrations against variations in reactant supply can be expected only
when the species are built from highly gregarious or multiplicitous building blocks—
that is, from certain elements that associate indiscriminately with each other or that
appear in high multiplicity within the compound species. In section 1.4 we discuss the
organization of the remainder of the article.

1.2. Sensitivities. To illustrate more concretely the problems that are of inter-
est, it will be useful to consider, informally, the relatively simple reaction network

(11) 2A\:‘A2, A2+BﬁAgB, AsB+C = A;BC.

Note. Network (1.1) is inspired by a regulated recruitment [22] model for a gene
transcription control mechanism: Species A corresponds to a protein monomer that
can dimerize to form As, an active transcription factor. The dimer As (but not
the monomer A) can bind the DNA promoter B to form the compound A;B. The
compound A, B can subsequently recruit the enzyme RNA polymerase, denoted C, to
form the active compound A; BC. It is the concentration of this last compound that
determines the system’s activity—the rate of transcription of the gene downstream
from B.

Although we shall eventually consider a far wider class of reaction networks,
our example here is an instance of what we shall later call a constructive network:
Network (1.1) contains, explicitly, certain elemental species A, B, and C, from which
all other species are ultimately constructed. (It needn’t be the case in a constructive
network that, as with our example, all reactions merely add a monomer of one of the
elements. Thus, for example, a reaction such as A3 B + As BC = A4B>C might also
be included.) Certainly not all reaction networks are of this kind, but here and in
section 1.3 consideration of constructive networks will facilitate both an introduction
to the questions of interest and a description of some results.

As indicated earlier, we suppose that the individual reactions in network (1.1) are
governed by mass-action kinetics, with fixed positive rate constants. (In the case of
network (1.1), the detailed balance requirements are automatically satisfied, with no
constraints imposed on rate constant values [10].) For the purposes of our discussion,
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SENSITIVITY AND ROBUSTNESS IN REACTION NETWORKS 979

we suppose also that the reactions take place in the context of a closed vessel, the
contents of which are maintained at a fixed volume and temperature. Corresponding
to a certain initial supply of various species, the mixture composition will evolve in
time and ultimately approach equilibrium.

Note that the reactions conserve the elements A, B, and C, although these ele-
ments may reside latently within the compound species A, A2 B, and A2 BC. In fact,
if ¢4(¢) indicates the molar concentration of species s at time ¢, we expect that, for
all time, the conservation conditions

(1.2) caA(t) + 2¢a,(t) + 2ca,8(t) + 2ca,Bc(t) = Ta,
ca,B(t) +ca(t) + ca,pe(t) =Tg,
cc(t) + ca,pe(t) =Tc

would be respected. In (1.2) we have denoted by Ta, T, and T¢ the time-invariant
total molar concentrations of the elements A, B, and C, regardless of whether they
appear overtly or latently.

For specified positive values of the total element concentrations, say 1%, 15,
and T, the (polynomial) mass-action differential equations for network (1.1), for-
mulated in the usual way [7], will give rise to precisely one equilibrium composition
Ciy €y CGs Chys Chy By Ca, o COMsistent with that specification. On the other hand, if
the vessel is temporarily opened and additional amounts of A, B, and C are added (ei-
ther directly or by the addition of Ay, A3 B, and A BC), the resealed vessel will even-
tually come to a new and different equilibrium c’y*, 5", ¢, €4 , €4, g, €, po» Which is
the equilibrium consistent with the, now different, total concentrations T1*, T5*, and
TE* of the elements. As we shall see later in the article, the equilibrium concentrations
of the six species are given by smooth functions of T4, Ts, and T¢.

Our interest is in the way that equilibrium concentrations of the various species
are affected by small variations in the supply of the elements A, B, and C. By the
sensitiwity matriz for the system we mean the array whose entries are given by

dlné,
(1.3) <81nTe> ’

where s € {A,B,C, Ay, AsB, AsBC}, e € {A,B,C}, and &(+,-,-) is the function
that gives, for each specification of T4, Tg, and T¢, the equilibrium concentration
of species s. Values of the entries in the sensitivity matrix will depend, of course,
on the equilibrium composition at which they are evaluated (in particular, on the
values of T4, T, and T¢ at that equilibrium). The entry %%:C, for example,
indicates the magnitude, at a particular equilibrium, of the fractional change in the
equilibrium concentration of As BC' in response to a small fractional change in the
total concentration of element B. (The use of logarithms to reflect fractional changes,
which is common in biology [23], is especially compelling when the various species
concentrations can be of very different magnitudes.)

By the sensitivity of species s at equilibrium composition ¢*, denoted A®(c*), we
mean the largest of the absolute values of the entries in the sensitivity matrix row
corresponding to species s. Thus, for example,

i

61néAch
8lnTA

(1.4) AA2BC () = max{‘

81né,4230
81HTB

81115,4230
81DTC
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In this instance, A42B¢(¢c*) gives an indication, at equilibrium c¢*, of the most pro-
nounced of the variations in the equilibrium concentration of A; BC, as the mixture
is perturbed, respectively, by variations in the supply of A, B, and C.

Our interest is in providing means to calculate the sensitivity matrix at a particu-
lar equilibrium composition and, even more, in coming to a qualitative understanding
of how reaction network character imposes intrinsic lower bounds on its species sen-
sitivities, bounds that derive from the reaction network alone, independent of rate
constant values or even of the equilibrium composition at which they are calculated.
Bounds of this kind are described in the next section.

1.3. Network-imposed sensitivity bounds: Gregarious or multiplicitous
elements are necessary for highly robust equilibria. Our goal in this section
is to describe, informally and in the context of constructive networks, ways in which
the network itself places a lower bound on species sensitivities. For a constructive
network, we denote by . the set of species and by & the set of elements. In the
case of network (1.1), ¥ = {A, B,C, As, AyB, A;BC'} and & = {A, B,C}. For each
element e € & and each species s € . we denote by M7 the e-content of species s—
that is, the content of element e in species s. Thus, in our example, M j;‘ =1, M¥ =0,
Mg =0, M;;‘2 = 2, MA%B = 2, MA%BC = 2, and so on. (Later on, beginning in
section 3, the notion of “element” will have meaning for reaction networks broadly,
not just for those that are constructive. Even in this broader context it will make
sense to speak of “the e-content of species s.” Results described in this section will
then extend to reaction networks in general.)

For each pair of elements e, ¢’ € & we denote by M7"**(e’) the maximal e-content
that can be found as we search over all species that contain the element e’ (i.e., over
all species that have positive e’-content). In network (1.1), the species that contain
A are A, Ay, A3B, and A3 BC'. Thus, for example,

M (A) = max {Mg}, M2, M5, MngC} = max{0,0,1,1} = 1.

Evaluating M7***(¢’) for all combinations of e, e’ € & in network (1.1), we obtain

(1.5) MP**(A) =2, MP**(B) =2, MP**(C) = 2,
Mper(A) =1,  MR(B)=1, M (C)=1,
MEU(A) =1,  MEU(B)=1  MZe(C)=1

Note that in general M™*(e’) will be high when there is an e’-containing species in
which e appears with high multiplicity.
The degree of element e is given by

(1.6) deg(e) = Y M (c’).

e'es
Thus, for network (1.1),
(1.7) deg(A) = 6, deg(B) = 3, deg(C) = 3.
Note that a high degree for a particular element will result if it is free to combine

with many other element partners (resulting in many nonzero terms in (1.6)) or if it
is multiplicitous in at least one instance of those various liaisons (resulting in a high
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value for at least one of the terms in (1.6)). Indeed, a very high degree for a particu-
lar element requires such gregarious or multiplicitous couplings (or a combination of
both).

All this is relevant to the description of a result we shall present as Theorem 7.3,
a theorem that provides a network-imposed lower bound on the species sensitivities:
At every equilibrium composition ¢* and for each species s € .7,

S * Ms
(1.8) A%(¢") > max .
ect | deg(e)
It should be noted that the lower bound afforded by (1.8) is an attribute of the network
alone. It is independent of rate constant values and of the particular equilibrium
compositions at which sensitivities are of interest. For network (1.1) we have at every
equilibrium composition c*,

. AP =, AC(e") =

)

(1.9) A (") >

(AVARRSCI =
W

AAQB(C*) AAQBC(C*) > .

)

Wl = o=

AA2 (C*) Z

Wl =

1
3 3

The bound given by (1.8) tells us that for an equilibrium concentration of a partic-
ular species s to be very robust against fluctuations in the overall supply of elements
(that is, if s is to have very low sensitivity), the elements of which s is composed
should have very high degree (so they should be gregarious or multiplicitous). It helps
too if species s itself is composed of very few copies of the various elements—that
is, if M? is low for the various e € &, especially those elements of low degree. In
the setting of constructive systems, if we consider the sensitivities of the elements
themselves (that is, for s = e), we note that M = 1 when ¢/ = e and 0 otherwise.
Thus, for each e € &, (1.8) reduces to

e[ *
(1.10) A(c*) > deg(e)’
As indicated earlier, we have stated here just one principal result, carried by (1.8),
and then only in the context of what we have called constructive networks. That
restriction was solely for the purpose of this introduction. Our concerns extend to
networks in general, and our interests are not limited to the establishment of bounds.
We seek, for example, to provide means to determine how entries in the sensitivity
matrix depend on the current equilibrium state.

1.4. Organization. In section 2 we provide an introduction to the rudimen-
tary aspects of chemical reaction network theory, in particular to properties of quasi-
thermostatic systems.

In section 3 we introduce the idea of elemented reaction networks. These con-
stitute a broad generalization of what we call constructive reaction networks in this
section: The fact is that the differential equations that derive from reaction networks
typically reflect certain “conservation conditions” (integrals of motion), although what
is conserved cannot always be clearly associated with total concentrations of species
appearing overtly in the network (A4, B, and C' in our example). Nevertheless, one can
generally associate with the network certain “elements,” not necessarily overt species,
whose total concentrations are conserved along solutions of the differential equations
that the network induces. (An element might, for example, be identified with a moiety
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982 GUY SHINAR, URI ALON, AND MARTIN FEINBERG

that manifests itself latently within the various species of the network while not itself
appearing overtly.) For a given network there can be many such choices of (indepen-
dently) conserved elements, and a particular application might favor one choice over
another. By an elemented reaction network we mean a reaction network taken with
one such choice of elements.

In section 4 we begin to examine properties of elemented quasi-thermostatic
systems. This will set the stage for a discussion of sensitivities in section 5. Ex-
tended to elemented systems generally, our interest (as in this introductory section)
will be in the variations of the equilibrium concentrations of the species in response
to variations in the total concentrations of its elements. In section 6 we provide com-
putational means to determine the sensitivity matrix—that is, to determine through
explicit formulas how its entries depend on the particular equilibrium state at which
they are calculated.

In section 7 we deduce lower bounds on the species sensitivities, bounds that
are induced by the network alone, independent of rate constants and even of the
equilibrium state at which the sensitivities are calculated. As in this introductory
section, these bounds will be related to the degrees of the various elements. For
elemented networks generally, the degree of an element is again influenced by the
extent to which it combines in a gregarious and multiplicitous fashion. In section §,
we define formally what we mean by a constructive system, and we state a result that
is particular to them. In section 9 we offer some brief concluding remarks.

2. Some ideas from chemical reaction network theory. In this section we
provide a brief review of rudimentary material from chemical reaction network theory
[10, 16, 7, 5, 6, 8,9, 2, 3, 4, 17, 11]. (An introduction for mathematicians, with more
motivational discussion, can be found in [7].) Although chemical reaction network
theory addresses a wide variety of dynamical issues, our focus here is exclusively on
what Horn and Jackson [16] called quasi-thermostatic behavior.

2.1. Notation. We denote the real numbers by R, the strictly positive real
numbers by R, , and the nonnegative real numbers by R... For an arbitrary finite set
I (usually the set of species in a reaction network) we denote by R the real vector
space of all formal sums ", _; u;i in which all u; are real. By Ri (respectively, Ri)
we mean the set of all u € R! for which all u; are positive (respectively, nonnegative).
By the support of an element u € R we mean the subset of I defined by supp(u) =
{iel:u;+#0}.

We use the symbol “o” to indicate componentwise multiplication. That is, for
every v and v in RY, w o v is the element of R such that (uov); = u;v;. We denote
by “” the (standard) scalar product in R” : w-v =", ; uv;.

The function In(-) : RZ. — R’ is the componentwise logarithm. That is, for each
uw € RL, (Inu); = In(u;). The function exp(-) : RY — R% is defined similarly: For
each u € R!, (expu); = exp(u;).

If I is an arbitrary finite set, then by #(I) we mean the number of distinct
elements in [.

2.2. Chemical reaction networks and their differential equations. We
begin with a definition of a chemical reaction network. By the complezes of a re-
action network we shall mean the linear combinations of the species that appear
before and after the reaction arrows. In network (1.1) there are six complexes:
2A,A5, Ay + B, AsB,AsB + C, A, BC. If . is the set of species of the network,
we view the complexes of the network to be members of R‘f . We take a reaction net-
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SENSITIVITY AND ROBUSTNESS IN REACTION NETWORKS 983

work to be a specification of its species, a specification of its complexes, and, finally,
a specification of a “reacts to” relation among the complexes.
DEFINITION 2.1. A chemical reaction network consists of three finite sets:
1. A set .7 of distinct species of the network;
2. a set € C Rf of complexes of the network;
3. aset ZCE X E of reactions, with the following properties:
(a) (y,y) ¢ Z for anyy € €;
(b) for each y € € there exists y' € € such that (y,y') € # or such that
(v,y) € .

Following the usual notation in chemistry we write y — 3’ to indicate the reaction
whereby complex y reacts to complex y’. With each reaction y — y’ we associate the
reaction vector y' —y € R”. In the context of our example, the reaction vector
corresponding to AsB + C' — AyBC is Ay BC — A3 B — C. For reasons that will
become apparent, the span of a network’s reaction vectors has special significance.
This serves as motivation for the following definition.

DEFINITION 2.2. The stoichiometric subspace of a reaction network {.%, €, %}
is the set S C R defined by

stpan{y’—ye]Ry:y—»y’Ez%’}.

When a particular network is under discussion, it will be understood that the
symbol S is reserved to denote its stoichiometric subspace. We denote by St ¢ R
the orthogonal complement of S relative to the standard scalar product in RZ. We
reserve the symbol p (= #() — dim S) for the dimension of S*.

Note that if M € Rf is the vector of molecular weights of the species in a network
and if y — 9/ is a reaction, then y - M is the total mass of molecules on the reactant
side of the reaction, while ¢’ - M is the total mass of molecules on the product side.
If the reaction respects conservation of mass, then we expect that y - M =y’ - M,
or equivalently, that (y' —y) - M = 0. If all the reactions in the network respect
conservation of mass, then M should be orthogonal to each of the reaction vectors,
which is to say that M should be a member of S*. Following Horn and Jackson [16],
we say that a reaction network is conservative if there exists for it at least one positive
member of S* that might play the role of a vector of molecular weights, relative to
which all reactions are mass conserving.

DEFINITION 2.3. A chemical reaction network {&,€,%} is conservative if
StNRY #0.

In order to write the differential equations governing the species concentrations
in a reaction network, it is first necessary to specify, at each mixture composition, the
rate at which the various reactions occur. For each reaction network {., ¢, Z} we
generally denote by ¢ € Rf the vector of molar concentrations of the species. That
is, for each s € ¥, ¢, is the molar concentration of species s. By a rate function for
the reaction y — y’ we mean a function %, (-) : RY — Ry that gives information
about the dependence of occurrence rate on mixture composition. In particular,
Hy—y(c) is the molar occurrence rate per unit volume at composition c. It is natural
to expect that, at a particular mixture composition ¢, #;_.,(c) will be positive if and
only if all species appearing with nonzero stoichiometric coefficients in the reactant
complex y are present at composition ¢—that is, if and only if supp(y) C supp(c).
Very often, rate functions are taken to be of mass-action type—monomials in the
species concentrations reflecting the probability of an encounter between molecules
appearing in the reactant complex.
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DEFINITION 2.4. A kinetics 2 for a reaction network {7, €, %} is an assign-
ment to each reaction y — y' € Z of a continuous rate function Ay, (-) : Rf — Ry
such that ., (c) > 0 if and only if supp(y) C supp(c). A mass-action kinetics for
the network is a kinetics of the following kind: For each reaction y — vy € X there is
a positive rate constant ky_.,s such that

(2.1) Ay (€) = by H (cs)?.
s€S

A kinetic system is a reaction network endowed with a kinetics. A mass-action system
is a reaction network endowed with a mass-action kinetics.

DEFINITION 2.5. The species-formation-rate function for a kinetic system {.7,
€, R, X} is the function r(-) : RY — R defined by

(2.2) rle)= Y Hy (O ),

y—y €ER
and the associated differential equation is
(2.3) ¢ =r(c).

We say that ¢ € Rf is an equilibrium composition if r(c) = 0. By the positive
equilibrium set for the kinetic system we mean the set

(2.4) E={ceRY :r(c)=0}.

Ezample 2.6. Network (1.1), taken with mass action kinetics, gives rise to the
species-formation-rate function (2.5), which is constructed according to (2.1) and
(2.2):

(2.5) rac) =2k, oa(ca,) — 2kaaa,(ca)?,
re(c) = ka,B—a,+B(cA,B) — ka,yB—a,B(cA,)(cB),
rc(c) = ka,po—a,B+c(ca,Bc) — kayBro—a,Bo(ca,B)(co),
Tay(€) = kaa—a,(ca)® — kay—oalca,)
+ka,B-A,4+B(ca,B) — ka4 B—-a,B(ca,)(cB),
r4,B(c) = ka,1B-a,B(ca,)(cB) — kA,B—A,+B(CA,B)
+ ka,Bc—A.B1c(caBc) — ka,Bro—a,Bc(ca,B)(co),

ra,B0(c) = ka,Brc—a,Bc(ca,B)(cc) — ka,Boc—a,B+c(CaBC).

Remark 2.7. Note that the species-formation-rate function takes values in the
stoichiometric subspace S, which, for a conservative system, will be a proper linear
subspace of R, Because in (2.3) the “velocity vector” ¢ is restricted to point along
S, it is not difficult to see that a composition trajectory that begins at composition
¢ can pass through composition ¢ only if ¢/ — ¢’ lies in S.

With this in mind we say that two compositions are stoichiometrically compat-
ible if ¢/ — ¢’ lies in S. Stoichiometric compatibility is an equivalence relation that
serves to partition the set Rf of all compositions into stoichiometric compatibil-
ity classes (and partition the set Rf of strictly positive compositions into positive
stoichiometric compatibility classes). Stoichiometric compatibility classes are those
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subsets of parallels of S that lie in Rf . In particular, the stoichiometric compati-
bility class containing a composition ® is the intersection of RY with the parallel
CO+S:{CO+U€R'72(TES}.

Because two compositions along a trajectory governed by (2.3) must be stoichio-
metrically compatible, it is evident that each composition trajectory must lie entirely
within a stoichiometric compatibility class.

2.3. Quasi-thermostatic kinetic systems. It is remarkable that a wide va-
riety of mass-action systems fall into a class called by Horn and Jackson [16] quasi-
thermostatic. Quasi-thermostatic systems are characterized by a simply described
positive equilibrium set.

DEFINITION 2.8. A kinetic system {%, €, %, % } is called quasi-thermostatic if
it admits a positive equilibrium c* € Rf and if its positive equilibrium set is given by

(2.6) Ez{ceszlnc—lnc*GSL}.

Remark 2.9. Given the stoichiometric subspace for a quasi-thermostatic system,
specification of its entire positive equilibrium set amounts to the specification of a
single member, c¢*. In fact, if ¢** is any other member, then the positive equilibrium
set has the alternative characterization

E = {cERf:lnc—lnc** ESJ‘}.

Remark 2.10. Not all mass-action systems are quasi thermostatic [16, 9, 2, 3, 4],
but very important categories of them are. In particular, detailed balanced mass-
action systems are quasi thermostatic [16]. In the terminology of chemistry, a kinetic
system {7, €,%, %} is detailed balanced if all of its reactions are reversible (i.e.,
y — v’ implies y — y) and if for each y — y’ € # and at each equilibrium ¢* € RY,

Hy—y (€7) = Hy—y ().

Not all reversible mass-action systems are detailed balanced: In some instances,
reaction network structure alone will suffice to ensure detailed balancing, regardless of
rate-constant values, but in other instances detailed balancing obtains only if the rate
constants are suitably orchestrated [10]. It is a commonly held belief among chemists
that closed mass-action systems occurring in nature should be detailed balanced (and,
therefore, quasi thermostatic). This belief seems to go back to Wegscheider [26] and
Lewis [20].

Horn and Jackson [16] showed that mass-action systems satisfying the far weaker
condition of complex balancing are also quasi thermostatic. (Detailed balancing im-
plies complex balancing, but the converse is not true.) In turn, Feinberg [5] and
Horn [17] showed that for a large class of mass-action systems (those that derive
from weakly reversible deficiency zero networks), complex balancing, and therefore
quasi-thermostatic behavior, is a consequence of reaction network structure alone,
independent of rate-constant values. Subsequently, Feinberg [7, 8, 11] showed that,
regardless of rate-constant values, quasi-thermostatic behavior (but not necessarily
complex balancing) is a property of mass-action systems that derive from a still wider
class of networks, those satisfying the requirements of the deficiency one theorem.
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986 GUY SHINAR, URI ALON, AND MARTIN FEINBERG

The following proposition tells us that, for a quasi-thermostatic kinetic system,
each positive stoichiometric compatibility class (Remark 2.7) contains exactly one
member of the positive equilibrium set. A proof can be found in [16], and a somewhat
different proof is given in Appendix B of [11].

PROPOSITION 2.11. Let {7, 6, %} be a reaction network with stoichiometric
subspace S, and let c*,c® be elements of Rf. Then the sets

co—i-S:{cO—l—UeRy:aES}
and
E:{cERf:lnc—lnc*ESL}

meet at exactly one point.
Remark 2.12. If, for a quasi-thermostatic system, we write the equilibrium set
in the form

(2.7) E={ceRy :c=c"oexp(y),v€S},

it becomes clear that F is a p-dimensional smooth manifold (p = dim S*) parametrized
globally by the map &(-) : S* — R, where &() = c* oexp(7). (After choosing a basis
for S*, one can of course identify S+ with RP.) Clearly, &(0) = c*. For future reference
we note that the derivative of &(-), evaluated at 0, and denoted d¢[0] : S* — R
acts on each v € ST in the following way: d é[0]y = ¢* o . From this it is apparent
that the linear subspace tangent to E at ¢* is

(2.8) C*OSLZ{C*OVZ’YESL}.

3. Elemented reaction networks. By an elemented reaction network we mean
a reaction network taken together with a distinguished choice of nonnegative basis for
St. As will be readily apparent, each basis vector gives rise to a linear combination
of the species concentrations that is conserved along solutions of the differential equa-
tions associated with any kinetic system deriving from the network. Loosely speaking,
then, each basis vector can be associated with an “indestructible element” whose to-
tal concentration is conserved by the reactions. In some instances, as in the case of
network (1.1), these conserved elements (A, B, and C in our example) have natural
interpretations and correspond to a natural choice of basis for S*. For a different
network, the choice of elements might be more arbitrary and may, in fact, vary from
one application to another.

As we shall see later, whatever the choice of elements, specification of their total
(time-invariant) concentrations will serve to specify, bijectively, a particular stoichio-
metric compatibility class (Remark 2.7). For a quasi-thermostatic kinetic system, each
positive stoichiometric compatibility class contains precisely one equilibrium (Propo-
sition 2.11). In effect, then, the positive equilibrium set E can be parametrized by the
total concentrations of the elements. As suggested in the introduction, our interest is
in how the equilibria change in response to a change in the element concentrations,
which, in fact, corresponds to a change in stoichiometric compatibility class.

DEFINITION 3.1. An elemented reaction network consists of the following:

1. A reaction network {, €, #};
2. a set & of p (= dimSt) distinct members called the elements of the network;
3. a basis M = {M.},co CRY for S*.

For each e € & and s € .7, the component M7 is called the e-content of species s.

Remark 3.2. Although we have not built such a requirement into the definition,
we shall, in this article, suppose that all networks under consideration are conservative
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in the sense of Definition 2.3. (There are instances, not considered here, in which
one might want to study the more general situation.) It is easy to see that, for a
conservative network, it is always possible to choose a basis for St that lies in R‘f .
Moreover, it is not difficult to see that, for an elemented conservative network, there
exists for each species s at least one element e such that the e-content of s is not zero.

Ezample 3.3. One elemented network derived from (1.1) results from the choice
& = {A, B,C} and the basis for S* given by

(3.1) My =A+2A5+2A3B + 2A,BC,
Mp =B+ AsB + A3 BC,
Me=C+ A3BC.

In this case all of the elements are associated with certain species that appear explicitly
in the network.
Example 3.4. Tt is instructive to consider a simple network of the general form

(3.2) W+X=Y+7Z7

for which dim S+ = 3. The network might be “elemented” in different ways, depending
on the context. If, for example, W = AQ3, Y = AQ, and Z = X(Q, then (3.2)
represents a transfer of a molecular component @ from species AQ2 to species X. In
this case, it is natural to take & = {A,Q, X} and

Ma=AQ2+ AQ =W +Y,
Mg =2AQ:+AQ+ XQ=2W+Y + Z,
Mxy=X+XQ=X+Z7.
Note that the element X is an overt species, whereas the elements A and ) are not.
If, on the other hand, W = AB, X = CD, Y = AC, and Z = BD, then (3.2)

represents a component exchange. One natural choice of elements is & = {A, B,C}
and the basis for S* given by

My =AB+ AC =W +Y,

Mp=AB+BD =W + Z,

Mc=CD+AC=X+Y.
Still another choice is & = {4, B, D} and

My =AB+ AC =W +Y,

Mp=AB+BD =W + Z,

Mp=CD+BD=X+7

With neither choice does any element appear explicitly as a species.

Recall that for the network discussed in the introduction we considered the total
concentrations of the three elements. For each element e, the total concentration was
calculated from the current mixture composition ¢ by a sum of the following kind:

Z MZes,

ses
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where M7 is the e-content of species s. We now extend this idea using the following
definition.

DEFINITION 3.5. Let {7, ¢, %,&, #} be an elemented reaction network. The
element concentration functions T.(-) : R” — R are defined for each e € & by

(3.3) T.(z) :== M, - x.

For use later, we define the function 7'(-) : R” — R¢ by

(3.4) T(x) =Y Te(x)e.

ecé

It is not difficult to see that the kernel of T(-) is the stoichiometric subspace S.

Remark 3.6. Two compositions ¢’ and ¢ are associated with precisely the same
element concentrations (i.e., T(c') = T(c")) if and only if ¢’ — ¢ is a member of the
stoichiometric subspace, which is to say that ¢’ and ¢’ reside in the same stoichiometric
compatibility class. In this way each specification of positive element concentrations
(i.e., each member of T(RY) C R%) can be identified bijectively with a positive
stoichiometric compatibility class.

DEFINITION 3.7. An elemented kinetic system is an elemented reaction network
endowed with kinetics.

Remark 3.8. It is apparent from Remark 3.6 that the element concentrations
remain invariant along solutions of the differential equations associated with an ele-
mented kinetic system: Composition trajectories reside entirely within stoichiomet-
ric compatibility classes (Remark 2.7), and, within each stoichiometric compatibility
class, all compositions give rise to the same element concentrations. The constancy of
the element concentrations can, of course, be seen more directly: If ¢(+) is a solution
of the differential equation for a particular elemented kinetic system, and if e is an
element, then, at each t,

d - de(t)

ZTeelt) = Mo - == = M, - r(c(t)) = 0.

(3.5) =

Here, of course, M, € St is the basis vector associated with element e, and r(-) is
the species-formation-rate function for the kinetic system. The last equality in (3.5)
follows from the fact that r(-) takes values in S.

4. Elemented quasi-thermostatic systems. We asserted in Remark 3.6 that,
for an elemented network, there is a bijective correspondence between positive
stoichiometric compatibility classes and distinct positive specifications of element
concentrations. On the other hand, for a quasi-thermostatic system, each positive stoi-
chiometric compatibility class contains precisely one equilibrium (Proposition 2.11).
Thus, for a quasi-thermostatic elemented system, there is a bijective correspondence
between the positive equilibrium set £ and T(R7), the set of all (realizable) positive
specifications of the element concentrations. Our goal in this section is to show that
this correspondence is, in fact, a diffeomorphism. Then we will be able to speak of
the smooth dependence of equilibrium species concentrations on the element concen-
trations, and the way will be paved for discussion and analysis of sensitivities, which
were described only informally in the introduction.

We consider, therefore, a quasi-thermostatic elemented kinetic system {7, ¢, %,
A, &, M} with positive equilibrium set E € RY. We denote by Tg(:) : E — T(RY)
the restriction of T'(-) to E, taken with the indicated choice of codomain. (It is
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the function Tr(-) that we want to show is a diffeomorphism.) Note that Tg(-)
is a map from the p-dimensional smooth manifold £ to the p-dimensional smooth
manifold T(RY') (an open set in R® by the open mapping theorem [1]). Recall from
Remark 2.12 that if ¢* is a member of E, then at ¢* the space tangent to F is

c*OSJ‘:{c*OPy:"yESJ‘}.

NOTATION 4.1. Occasionally we will focus on a fired but arbitrary positive equi-
librium c¢* € E. It will be useful to have available a scalar product “x” in R defined

by

sry=o- oy = 3wy,
seS

LEMMA 4.2. The derivative of Tr(+) at an equilibrium c* € E is the nonsingular
map dTg [c*] (-) : ¢* oSt — R given for each v € S* by

(4.1) dTg [c*] (c* ory) = Z (M, * )e.
e€é

Proof. Equation (4.1) derives from straightforward calculation. To see that the
map d Tx [c¢*] () is nonsingular, suppose that v# € St is such that d T [¢*] (¢*oy#) =
0. This requires that M, x y# = 0 for each e € &. Thus, v# € St is orthogonal, with
respect to the “x” scalar product, to each member of a basis for S*+. Hence, v# and
therefore ¢* o 4# are each the zero vector in R . d

PROPOSITION 4.3. Tg(") : E — T(RY) is a diffeomorphism.

Proof. To show that Tr(+) is bijective, suppose that T is some fixed but arbitrary
member of T(Rf ). We will argue that there is precisely one member of E mapped to
the point 7° by T(-). Because T° is a member of T(RY), there is a ¢ € RY such
that T(c) = T°. That is,

T(c") = Z (M, - e =T°.
ec&

In fact, the full set of vectors in R” mapped by T(-) to T° is ¢ + ker T(-) = ® + S.
Our interest, then, is in the members of ¢® + S that are also members of E. If ¢* is
a member of E, then, for the quasi-thermostatic system under study, the equilibrium
set is given by

E:{cERf:lnc—lnc*GSL}.

From Proposition 2.11, however, E meets ¢’ + S in ezactly one point. Thus, Tg(-) is
bijective.

Because from Lemma 4.2 we have that d T [¢*] (+) is nonsingular for each ¢* € F,
the inverse function theorem [12] ensures that, at each point in T(Rf ), there is a local
inverse of the smooth function Tg(-) that is also smooth. Since any such local inverse
must be a restriction of the (unique) global inverse whose existence was established

above, it follows that the inverse of T'(+) is smooth. O

5. Sensitivities. Hereafter we consider an elemented quasi-thermostatic kinetic
system {% €, %, % ,&, #}, and we denote by ¢* a fixed but arbitrary member of
its positive equilibrium set £. We denote by T* € R? the value T(c*). That is, T* is
the vector of element concentrations associated with the equilibrium composition c*.
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Proposition 4.3 tells us that the map Tg(-) : E — T(RY) gives a global coor-
dinate system on E. That is, each equilibrium in F is characterized uniquely by a
specification of the concentrations of the elements. We will choose to introduce a
change in coordinates so that we can work instead with logarithms of the element
concentrations. For this purpose we introduce the map InTg(-) : E — InT(RY) de-
fined in the obvious way: For each ¢ € E, InTg(c) = In(Tg(c)). As a variant of (4.1),
it is not difficult to see that d1nTg[c*](-) : ¢* 0 St — R? is given by

(5.1) dInTg[c](c o) = TLJ(M@ CFoy)e= Tie*(Me *7)e
ecé ecé
for all v € S*.

Because InTg(-) amounts to the composition of the diffeomorphisms Tg(-) and
In(-) : T(RY) — WmT(RY), it too is a diffeomorphism. Hereafter, we denote by
¢(-) : nT(RY) — E the inverse of InTx(-). Thus, if InT is a member of InT(RY) it
makes sense to speak of “the equilibrium composition ¢(InT").” Note that In Tg(c*) =
InT(c*) = InT* and &(InT*) = c*. Note too that de[lnT*](-) : R — ¢* o S* is just
the inverse of dInTg[c*], which is given by (5.1). Thus we have

1
5.2 de[lnT™ —(M,*xv)e| =c*o
(5.2) In 7] <; 7 (Me*7) ) Y
for all v € S*.

We will also be interested in the map Iné(-) : nT(RY) — InE (= Inc* 4+ S1)
defined in the obvious way. (Note that the tangent spaces of the manifolds In T'(R:)
and Inc* + St are, respectively, everywhere R® and S*.) Because dIneé[lnT*](-) :
R¢ — S+ is given by L od¢[InT*], it follows from (5.2) that

1
(5.3) dlnéfln 7% (Z — (M, * 7)e> =
T
ecé
for all v € S*.
We are now in position to make precise definitions of the sensitivities discussed
informally in the introduction.
DEFINITION 5.1. By the sensitivity vector for element e at equilibrium composi-
tion ¢* we mean the vector in c¢* o St C R given by

Olne , | _ .
(5.4) aTTe(c ):=dlnc[lnT"]e.
By the sensitivity matrix at ¢* we mean the array whose elements are given by
Olne¢,
(5.5) ( (c*)) .
OlnT, seF. ccE

6. Means to calculate the sensitivity matrix. Here we provide means to
calculate the sensitivity matrix at the equilibrium ¢* € E.! For the specified equi-
librium ¢*, we denote by {M®} ., C S* the basis for S* that is reciprocal, relative

IWe note that these calculations have points of contact with issues raised some years ago in
two Ph.D. theses, by K. Israel [18] and J. Nailor [21], supervised by Michael Reed. Stated in very
rough and somewhat inaccurate terms, their interest was in signs of entries in what we call the
sensitivity matrix—signs that might be determined by experiment. The motivation was that such
experimentally determined signs might provide clues about the underlying reaction network when
the network is unknown.
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to the “x” scalar product in R”, to the basis .# = {M.},,. (Recall Notation 4.1.)
That is, M * M, = 1 if ¢’ = ¢ and is 0 otherwise. Because the “x” scalar product
depends upon c¢*, so will the reciprocal basis it induces. It is not difficult to determine
such reciprocal bases computationally within the context of readily available symbolic
mathematics programs.

THEOREM 6.1. Let {&, €, %, ,&, M} be an elemented quasi-thermostatic
kinetic system, let ¢* € E be a positive equilibrium (corresponding to an element
specification T* € R ), and let {M°} ., be the basis for S* reciprocal to M relative
to the “x” scalar product in R . Then for each e € &, the sensitivity vector is given
by

Olné

(6.1) OlnT,

(c*) = T*M°.

Entries of the sensitivity matriz are given by

dlné,
OlnT,

(6.2) (c)y=T>M*®
for each s € ¥ ande € &.

Proof. Equation (6.1) results from a simple substitution in (5.3): To obtain the
sensitivity vector for a particular element e’ € &, set v = TS M ¢ Equation (6.2) is
just the component form of (6.1). O

Ezample 6.2. Consider network (6.3), which can serve to model a process whereby
an active biomolecule A5 By is assembled from elements A and B:

One elemented network derived from (6.3) is afforded by the choices & = {4, B} and
M ={Ma, Mg}, where

(6.4) Mj= A+ AB+24,B,,
Mp = B+ AB + 24,B,.

If the kinetics for the network is mass action, then, for any choice of rate constants,
detailed balance will obtain [10] and the system will be quasi thermostatic. Thus,
Theorem 6.1 can be used to calculate all entries in the sensitivity matrix, evaluated
at an arbitrary equilibrium c¢*. In particular, the entries corresponding to the “active”
species A Bo are

Olnca,p, , . 2(C*A +cup + 2C*AzB2)C*B
(6.5) TR Cal () - AT AR T T )8
3lnTA CACB + (CA + CB)(CAB + 4CA232)
Oln CAsBs , s _ 2(C*B + CZB + 20?4232)0?4
OlnTg chep + (e +cp)(chp +4ch,p,)

7. Degree, connectivity, and network-imposed sensitivity bounds. As
before, we consider an elemented quasi-thermostatic kinetic system {&, ¢, %, # , &,
'}, and we let ¢* be a positive equilibrium, corresponding to an element concentra-
tion specification T* € R®. Motivated by considerations discussed in the introduction,
we have interest in understanding the extent to which the equilibrium concentration
of a particular species s € . might be robust against variations in the supply of
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elements. Our interest, then, is in the “worst case”—that is, in the most sensitive
response in the concentration of s, taken against variation in each of the element
concentrations.

DEFINITION 7.1. The sensitivity of species s € .7 at ¢*, denoted A®(c*), is

defined by

By the system sensitivity at ¢*, denoted A(c*), we mean the least of the species sen-
sitivities. That is,

s/ oxy Olné, ,
(7.1) A(e )—I&&é{{'—alnTe(C )

(7.2) A(e®) = greli;As(c*).

Remark 7.2. In general, the species sensitivities and the system sensitivity will
depend on the choice of basis .# for S*.

If the system sensitivity is high at ¢*, then all species sensitivities at ¢* are high, so
it makes sense to say that the system itself is highly sensitive to element concentration
variations.

Our goal in this section is to provide lower bounds on the species sensitivities
and on the system sensitivity, bounds that derive from network properties alone, in-
dependent of kinetic parameters and even of the equilibrium at which the sensitivities
are calculated. By way of preparation, we posit formally some ideas that were dis-
cussed informally in the introduction. All the following are attributes of the elemented
network underlying the kinetic system we have been studying;:

For each e € & we let

(7.3) M = max {M;}.
s€s

That is, M"** is the largest number of copies of element e that can be found in any
species. It is a measure of the extent to which element e combines in a multiplicitous
way.

For each e, e’ € & we let
(7.4) M (') = max {MS}.

sesupp M,/

That is, M***(e’) is the largest number of copies of element e that can be found in
any species that also contains e'. Clearly we have

(7.5) M (el) < M

for each e, e’ € &.
By the degree of element e we mean

(7.6) deg(e) = Z M (e,

e'eé

As we indicated in the introduction, an element will have high degree if it combines
gregariously with many different elements or if it combines in high multiplicity with
at least one of the elements.
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THEOREM 7.3. Let {&, €, %, ,&, M} be an elemented quasi-thermostatic
kinetic system with positive equilibrium set E. For each ¢* € E and each s € .,

MS
7. A(c) > = .
(77 (") 2 gleag{deg(e)}
Moreover,
MS
. *) > mi = .
(7.8) M) = gell;?eaéz’({deg(e)}

Proof. We begin with the equation

(7.9) M, =dIn¢[lnT"] (Z %(M@/ * M@)e/> ,

ecs ¢

which is an immediate consequence of (5.3). Written in terms of components, (7.9)
gives for each e € & and s € .7,

Olneg , .. 1
(c )T_e*,

(7.10) M? =

e OlnT, (Mer + Me).
e'es €

From this we can write the inequality

dlnég 1

7.11 M? < * M x M).
(711) 12 Y | ()] 7 (M M)

e'es €
Note that for each e¢’,e € & we have
(7.12) Mo s My = MM = > MiciM;

ses s€supp M,
SMPEE) Y Meh = MP ()T

s€supp M,/

Thus, from inequalities (7.11) and (7.12) and equations (7.1) and (7.6) we obtain for
every e € & and s € . the inequality

(7.13) M < A(e*) Y M (') = A°(c*) dege),
e'es&

or equivalently,

(7.14) A(c") > —

Since (7.14) holds for every element e € &, we in fact have, for each s € ., the bound
given in (7.7). The bound (7.8) is then just a consequence of the definition of system
sensitivity. d

Example 7.4. In the case of the elemented kinetic system of Example 6.2, we
have from (6.4), (7.4), and (7.6) that

(7.15) deg(A) =4, deg(B) = 4.
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From (6.4), (7.7), and (7.15) we obtain

(7.16) A > I ES
AA2B2 (C*) 2

N~

Note that the lower bound on the “active” species AsBs is sharp: If, for example,
c* = €A+ eB + €AB + A3 By, then, from (6.5) and (7.1), we have that A4252(c*) =
1(1+€)+o(e?). Thus, as e tends to zero, A4252 tends to the lower bound 1 in (7.16).
We note that for any choice of ¢* there is an assignment of rate constants for network
(6.2) consistent with the existence of the equilibrium ¢* and at which detailed balance
obtains. Thus, there are quasi-thermostatic systems for which, at certain equilibria,
the sensitivity of A; By approaches the stipulated lower bound arbitrarily closely.

Remark 7.5. In a conservative elemented network, for each species s € .% there
exists an element e € & such that the e-content of s is positive (Remark 3.2). Thus,
inequality (7.7) implies that a species (or system) sensitivity of zero is impossible in
conservative quasi-thermostatic systems. It should be noted, however, that kinetic
systems exist that do allow for zero sensitivity. One such system, proposed in the
context of bacterial signaling, is treated in [24]. In this system the quasi-thermostatic
condition is not satisfied.

Remark 7.6. Because the sensitivities themselves will depend on the choice of
elements, so will the bounds given by Theorem 7.3. Consider, for example, the very
simple network

(7.17) 2A+ B = AyB.
This network can be elemented in various ways: One choice is given by

(7.18) Ma = A+24,B,
Mp = B+ A;B;

another equally valid choice is given by

(7.19) Mo=A+eB+ (2+¢)AsB,
Mp =A+2eB+ (2+ 2¢)A2B,

where € is a positive number much smaller than 1. From Theorem 7.3 we have that,
for choice (7.18), the species sensitivities are bounded from below according to the
inequalities A4 (c*) > 1, AB(c*) > 1, and A42B(c*) > 1. For the system sensitivity
we have that A(c*) > 1. On the other hand, for choice (7.19) the same theorem gives
the bounds A%(c*) > 1 4o0(€), AB(c*) > o(e), A%2B(c*) > 1, and A(c*) > o(e). Thus,
different choices of basis for S* can lead to markedly different lower bounds. Note
that while choice (7.18) carries a natural interpretation for the elements A and B as
building blocks that appear either overtly as species or latently in the compound As B,
choice (7.19) offers no immediate physical interpretation for the elements @) and R.

Note also, that in the general case, if each vector in the basis for S* is multiplied
by a (potentially different) scalar, then the lower bounds corresponding to the new
basis remain unchanged.
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The bounds given in Theorem 7.3 give rise to different (weaker) bounds that are
stated not in terms of the degrees of the elements, but, rather, in terms of what we
call the element connectivities. For each e € & we denote by I'(e) the set of elements
that appear together with e in at least one species. More precisely,

(7.20) I'(e) = {e’ € & : supp Mo Nsupp M, # 0} .
By the connectivity of e we mean the number of such elements:
(7.21) conn(e) := #(T'(e)).

From (7.5) and (7.6) it is not difficult to see that

(7.22) deg(e) < conn(e) M.

Thus from Theorem 7.3 we have the following.
COROLLARY 7.7. Let {&, €, %, % ,8, M} be an elemented quasi-thermostatic
system with positive equilibrium set E. For each ¢* € E and each s € .7,

MS
2 A*(c") > wonmle) MImaE
(7.23) (") = Ie?eaé)?’i{conn(e)JWe"“””}
and
MS
' * > 3 - e .
(7.24) Ale") 2 o X { conn(E)Memar}

8. Constructive reaction networks. By a constructive reaction network we
mean an elemented network with special properties: Its elements can be identified
with certain building blocks that appear explicitly as species of the network and
from which all other species are constructed by means of the network’s reactions.
Example 3.3, which is based on network (1.1) in the introduction, is an example of a
constructive reaction network.

DEFINITION 8.1. A constructive reaction network is an elemented reaction net-
work { S €, %,E, M} such that & C S and such that, for each e € &,

(8.1) M, =e+ Zng,
qe2

where 2 = .\ &, and where the M3 take nonnegative integer values. The members
of 2 are called the compounds of the network.

For constructive networks the following proposition indicates the sense in which
the compounds are built from the elements in terms of reactions appearing in the
network.

PROPOSITION 8.2. Let { &, €, %,&, 4} be a constructive reaction network.
Then the set

(8.2) {q—ZMeqe:qeo@}
ecé

is a basis for the stoichiometric subspace S.
Proof. Clearly, the vectors of (8.2) are linearly independent and their number is
equal to dim S. To see that they are in fact members of S, it is enough to show that
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each of the vectors in (8.2) is orthogonal to all the vectors of (8.1). Toward this end,
note that for each ¢’ € 2 and each ¢’ € &,

<LI' - ZM5,6> e+ Z Miq | = Mg,' _Mg,’ —0 O

e€é qe2

Remark 8.3. The vectors of (8.2) can be viewed as “reaction vectors” that derive
from the “reactions”

(8.3) {ZMgqu:qEQ}.

ecé

Each of these “reactions” can be regarded as representing the production of a partic-
ular compound solely from the elements. Of course, these “construction” reactions
need not all be “true” reactions of the original network, but, at least in terms of
stoichiometry, each of the “true” reactions can be regarded as a linear combination
of the “construction” reactions. Similarly, each member of (8.3) can be viewed as
an overall reaction—one for each compound—that derives from a linear combination
of the “true” reactions. Hence, the “true” reactions can be viewed as machinery for
constructing the compounds from the elements.

Remark 8.4. Proposition 8.2 provides a way to distinguish a reaction network
that might be constructive (for a suitable choice of elements) from one that cannot
be constructive. For example, network (3.2) has a one-dimensional stoichiometric
subspace spanned by Y + Z — X — W. Thus, there is no partition of the species set
into elements and compounds that is consistent with a basis for the stoichiometric
subspace of the form (8.2).

We note that for a constructive kinetic system the elements themselves are species,
and so it makes sense to speak of their sensitivities. Recall that for a constructive
system we have, for each pair e,e’ € &, that Mjl is 0 if ¢’ # e and is 1 otherwise.
This observation gives rise to the following corollary to Theorem 7.3.

COROLLARY 8.5. Let {&, €, %, ,&, M} be a constructive quasi-thermostatic
system with positive equilibrium set E. For each ¢* € E and each e € &,

1 1
4 A¢(c*) > > .
(84) (<) 2 deg(e) ~ conn(e)Mmaz
Moreover,
(8.5) Ae) > mind —— b > i L
. min ming ———— 5.
€)= deg(e) | ~ ec& | conn(e) Moz

Remark 8.6. For any elemented network, it is apparent that, for each element
e € &, conn(e) < #(&). If we let

(8.6) M = max {M*}

then we have

(8.7) deg(e) < conn(e)M " < #(&)M™*".
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For a constructive kinetic system in particular we get a crude bound on the system
sensitivity:

1

(8.8) A(e*) > @)

Although this bound is far less nuanced than (8.5), it already tells us that high system
robustness (low sensitivity) requires that the system have a large number of elements
or that it contain at least one species having high element content (or a combination
of both).

9. Concluding remarks.

Remark 9.1. We emphasized both in the introduction and in section 7 that the
species sensitivity bounds given in Theorem 7.3 depend on network structure alone,
independent of kinetics or even of the equilibrium state at which they are evaluated.
In fact, even the fine details of the reaction network are of limited consequence:

For a quasi-thermostatic kinetic system the entire equilibrium set is determined
by specification of just one equilibrium state and the stoichiometric subspace for the
underlying network of chemical reactions. This is to say that two elemented quasi-
thermostatic systems that share a common equilibrium state and the same stoichio-
metric subspace have precisely the same positive equilibrium sets and, therefore, the
same species sensitivities (relative to the same choice of elements). To the extent
that the network influences the equilibrium set, then, that influence is felt through
the stoichiometric subspace. In turn, the stoichiometric subspace is merely the span
of the network’s reaction vectors, but the same span might derive from two rather
different reaction networks.

Certainly, though, there is some network information carried by the stoichio-
metric subspace S, and therefore, by its orthogonal complement S*. Indeed, the
sensitivity formulas given by Theorem 7.3 derive squarely from the nature of S+ and
the particular elemental basis chosen for it.

Remark 9.2. As we indicated earlier, the sensitivity bounds derived for elemented
systems suggest that strong robustness (i.e., very low sensitivity) against fluctuations
in the element concentrations requires that the elements manifest themselves within
the species in high multiplicity or that the species combine with each other gregari-
ously. There is a certain intuitive sense to these requirements, for when they are met,
the effect of changes in an element’s total concentration can be attenuated through
propagation across many species or buffered within species containing multiple in-
stances of that element. It is striking that the requirements for high robustness are
highly suggestive of biochemistry, in which large molecules are often built from mul-
tiple copies of many distinct elements that readily combine with each other by means
of relatively large reaction networks.
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