Hormone Circuits Lecture notes
Uri Alon (Spring 2021)
Lecture 8
Ovulation number

Review: we studied the HPA axis. It is one of several “HP”axes. They
control major pillars of life: growth, stress, metabolism, and reproduction.
Each axis has its own dedicated cells in the pituitary, and its own
𝑥! , 𝑥" 𝑎𝑛𝑑 𝑥# hormones. Reproduction is controlled by the H-P Ovary axis,
which is the subject for our lecture.
Our goal is to understand how, out of many follicles that start a race every menstrual cycle,
only one (or M in other species) gets to win and ovulate.
In humans M=1 (fraternal twins are rare ~1/89 unassisted
pregnancies). In mice M=6-8. In deer typically M=2 (Fig 1.)
This is the “choose M” problem.

The ovulation number is important for evolutionary fitness.

Figure 1

This was shown nicely by a famous experiment by David Lack in
the 1950s. Lack measured fitness using birds in a forest near
Oxford (Fig. 2). He manipulated the egg number in the nest. The
number of surviving offspring went up with the number of eggs.
Then, at high egg numbers it began to drop. The reason for the
drop is the burden on parents, as birds raced to feed so many
hungry chicks. There is an optimum number of eggs, an optimal
clutch size. The natural number for that bird species is at the
optimum.
Mammals too have evolved different litter sizes. Mice live fast, Figure 2
die young and leave a good-looking batch of many babies. Bats,
elephants, whales, and humans generally make only one baby at a time and spend time to teach
it how to live in their environment
So, the ovulation number is important. How is it determined?
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Let's start with the HPO axis (Fig. 3). H secrets 𝑥! (GnRH) to make P secrete 𝑥" - the
gonadotropins LH and FSH. FSH (follicle stimulating hormone) stimulates the follicles in the
ovary. The two ovaries are walnut sized organs, on both sides of the uterus, connected to it by
fallopian tubes (Fig. 4). They contain hundreds of thousands of egg cell (oocytes) surrounded by
support cells. The spherical combination of an egg and its support cells is called a follicle (Fig. 5).
Follicles include an egg- with a single copy of each
chromosome, surrounded by graulosa and theca cells. FSH
makes those support cells grow and divide.
At birth there are about 1 million follicles, which decay
exponentially throughout life (Fig. 6), reaching almost zero at
age 50, at menopause. Incidentally, humans are among the
Figure 6
few species with menopause, raising theories about the
fitness advantage of long life beyond the
reproductive period, such as “grandmother”
and “aunt” effects.
In each menstrual cycle, a batch of about 1020 follicles start the race (Fig. 7). In women,
these follciles are about 2-5mm in size and
have about 2 million granulosa cells. They
begin to grow under control of FSH. Granulosa
and theca cells divide. The smaller follicles die,
until only one (or only M, in other animals) is
left. This dominant follicle is ~20mm large
with ~60 million granulosa cells. It is the
winning follicle, the one that will ovulate with a
chance to meet sperm, fertilize, and make a
baby.
The race is regulated by hormones made by
the follicles themselves (Fig. 8). Follicles are
thus also hormone-producing glands. The
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theca cells produce androgen (A) under the influence of LH. Some of the androgen goes to the
circulation, the rest is converted by granulosa cells, under control of FSH, into the important
hormone estrogen (E). Estrogen is the 𝑥# in this axis. Estrogen shuts off FSH production
(production of 𝑥! and 𝑥" ), just like the long feedback in the HPA axis.
Thus, FSH drives the race. Estrogen is made by all participants and causes a reduction in FSH.
This is a self-regulating race.
Unlike the HPA axis, where 𝑥# always inhibits 𝑥" , when
estrogen is very high, its negative effect on 𝑥" becomes a
positive effect. Negative feedback turns to positive feedback.
This switch causes the LH surge at about day 14 of the
menstrual cycle (Fig. 9). The LH surge triggers ovulation- the
dominant follicle bursts the ovary in an inflammatory process.
It goes down the fallopian tube to the uterus. The remaining
G and T cells become a new hormone-secreting gland called
the corpus luteum (LH is luteinizing hormone). The corpus
luteum secretes progesterone, setting off the second half of
the cycle. If there is no fertilization, the thickened lining of the
uterus sloths off causing the bleeding in the first 5 days or so
of the next cycle.
By the way, the duration of the luteal phase is quite constant
between individuals, about 14 days; in contrast, the first half
of the cycle is quite variable so that total cycle length Figure 9
averages 28 days but can be as long as 35 days.
The granulosa and theca cells secrete hormones, and the granulosa cells also have a nurse role
by tending the oocytes, providing nutrients.
The follicle competition is known to occur through the circulation and not primarily by contacts
within each ovary. Evidence for this is that follicles start the race in both ovaries, but only one
ovary ovulates. Which ovary ovulates appears to be random every cycle. If a female loses one
ovary (ovariectomy), the remaining ovary ovulates every month - doubling its ovulation frequency.
Ultrasound measurements can track the sizes of follicles over the cycle. The sizes of the follicles,
𝑥$ , grow with time, and one by one the follicles die until only one is left. Interestingly, the dominant
follicle size grows linearly with time,
𝑥$ = 𝑣 𝑡
where 𝑣 is the velocity. This is like in mechanics, a ball moving with constant velocity. It's unusual
to see an organ size growing linearly, usually we expect exponential growth or decline. We will
soon understand this linear rise.
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Mathematical model of ovulation number control
To understand how M are chosen out of the 𝑛
follicles that start the race, we need a
mathematical model. The most elegant model is
by Lacker and Peskin in the 1980s (Fig. 10).
Lacker found that there must be a signal that
makes follicles die if they are too small or too
large compared to the rest. Their model had a
biphasic function, but it did not correspond to
known physiological factors.
Michal Shilo in her MSc followed the Lacker
approach, and made an advance by finding a Figure 10
physiological factor that can choose M.
We begin with an equation for the size of follicle i, denoted 𝑥$ . Since all cells come from cells, and
granulosa and theca cells replicate to make more of themselves, we begin with the usual
𝑑𝑥$ /𝑑𝑡 = 𝑥$ .
From now on we neglect parameters like a growth rate that multiplies this equation, to keep things
intuitive and elegant. We will use the “~” symbol a lot. This is a step forward in our skill level
compared to previous lectures where we carried constants around.
Next, we add the fact that FSH drives the growth of follicles (after all, it is called follicle stimulating
hormone)
𝑑𝑥$
= 𝑥$ 𝐹𝑆𝐻
𝑑𝑡
To understand FSH as a function of time, recall that it is inhibited by estrogen E. Thus 𝐹𝑆𝐻~1/𝐸.
Estrogen is made by each follicle, and the larger the follicle the more estrogen. Thus, estrogen
goes as the sum of follicle sizes

Where 𝑥%

𝐸~∑𝑥$ = 𝑥%
is the total hormone producing mass of the follicles.
!

!

Since FSH is inhibited by E, 𝐹𝑆𝐻~ & ~ ' , we conclude that
!

𝑑𝑥$ 𝑥$
=
𝑑𝑡
𝑥%
'

This is a nice result: the growth rate depends on the relative size, ' .
!

If this was all, each follicle would keep growing and never die. To add the death term, we
reasoned, after Lacker, that there is an additional factor that reduces growth at large and small
sizes. To find such a factor our first clues came from analyzing a disease of ovulation called
polycystic ovary syndrome, or PCOS. It is consoling that something as dire as a disease can offer
clues to develop a mathematical model.
In PCOS, there are problems with the cycle and with fertility, with few or no ovulations and menses
(Fig 11). Often, the ovary has multiple cysts, seen by ultrasound, which are many large follicles
that do not ovulate (Fig 12). The defining feature of PCOS is high androgen level. Thus, androgen
interferes with the race and with ovulation.
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It was thus expected that lack of androgen would Follicle
growth rate
improve ovulation. This is not the case. When animals
or follicles in vitro were treated with low levels of
androgen, it enhanced follicle growth and increased
the ovulation number. Thus, androgen has a biphasic
effect on follicles (Fig 13).
We reasoned that since each follicle makes androgen,
the defining factor must be the local androgen
Figure 13.
concentration in follicle i, denoted 𝐴$ . Thus
𝑑𝑥$
𝑥$
=
𝜙 (𝐴$ )
𝑑𝑡
𝑥%

Local
androgen
in follicle

Where 𝜙 is a biphasic function: it is negative at low and high levels of 𝐴$ , and positive in between.
To understand the dynamics of local androgen 𝐴$ , we reasoned that each follicle makes androgen
in proportion to its own size (its own number of theca cells),
𝐴$ ~𝛼 𝑥$
Next, we noticed that total androgen, secreted by the sum of all follicles together into the
circulation, is nearly constant across the 14 ovulation days. Thus
𝑇𝑜𝑡𝑎𝑙 𝑎𝑛𝑑𝑟𝑜𝑔𝑒𝑛 = 𝐴 % = 𝛼 ∑ 𝑥$ = 𝛼 𝑥% ~ 𝑐𝑜𝑛𝑠𝑡
The conclusion is that 𝛼~1/𝑥% . The local androgen level is thus, again, a function of the relative
size of the follicle,
𝑥$
𝐴$ ~
𝑥%
We end up with an elegant equation, in which the growth rate of a follicle depends in a biphasic
way on its size relative to the sum of all the follicles in the race:
(1)

𝑑𝑥$ 𝑥$
𝑥$
=
𝜙 ? @
𝑑𝑡
𝑥%
𝑥%

It turns out that one can easily solve this equation for the important case of M equal-sized follicles
that grow while all others die. This is a symmetric solution, in which the relative size of the M
growing follicles is 𝑥$ /𝑥% = 1/𝑀. The other, losing, follicles have 𝑥$ /𝑥% = 0. For example, if we
are interested in a symmetric solution with M=3, each of the follicles is ⅓ of the total summed
size. The other, losing,, follicles have 𝑥$ /𝑥% = 0
Plugging this into Eq (1), we find that the growing follicles have a constant velocity
𝑑𝑥$
1
1
=
𝜙? @ = 𝑣
𝑑𝑡
𝑀
𝑀
Thus
1
1
𝑥$ (𝑡) = 𝑣 𝑡 𝑤𝑖𝑡ℎ 𝑣 =
𝜙? @
𝑀
𝑀
For these follicles to grow in size, the velocity must be
positive. This requires that 1/M fall between the two zero
points of 𝜙, so it can be in the region where it is positive.
If we name the two zero points 1/𝑀! and 1/𝑀" (Fig. 14),
we find the following condition for a growing solution:
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Since 𝑀! and 𝑀" are parameters determined by the levels of local androgen needed for growth
or death, they are the same for all follicles, and depend on things like androgen receptor affinity.
To get M=3, for example, we need 𝑀! < 3 and 𝑀" > 3 (Fig. 15).
But there is another condition, a bit more subtle. The symmetric solution needs not only to grow,
but also to be stable. If we make one of the M follicles a bit bigger than the rest, we want it to
shrink back to be equal. To see this graphically we can show that the region of stability occurs
when 1/M is to the right of the maximum of 𝜙. That is, 1/M must lie in the declining phase of the
biphasic function.
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To see why, imagine that we make one follicle of the M a bit larger than the others (orange dot in
Fig. 16). Since 𝜙 is declining, it grows a bit slower than the other follicles (green dot), and shrinks
back. The solution is stable. Likewise, if one follicle is a bit smaller, it grows faster, and catches
up, returning to the symmetric solution.
In contrast, in the rising part of 𝜙, to the left of its maximum, the symmetric solution is unstable.
A slightly larger follicle grows faster than the rest and keeps growing, breaking the symmetric
solution.
Thus, the second criterion is that 𝑀 > 1/𝑀()' or equivalently 𝑀 < 1/𝑀()' . If we assume for
simplicity that 𝜙 is a parabola, the maximum point is midway between the zeros, 𝑀()' =
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condition for stable growing solution

If we assume for simplicity that 𝑀" >> 𝑀! , we find
𝑀! < 𝑀 < 2𝑀!
This explains how setting a physiological parameter like 𝑀! , where 1/𝑀! is proportional to the the
local androgen concentration that is toxic to the follicle, can determine the ovulation number M.
For ovulation number M=3, for example, 𝑀! needs to be in the range between 3 and 6. For the
human case M=1, M1 needs to be between zero and one (in the M=1 case the stability criterion
is unimportant).
Fig 17 shows the relation between the androgen toxicity parameter 𝑀! and the ovulation number.
At 𝑀! =3.5, for example one can have 4, 5 or 6 ovulating follicles. Fig 18 shows the follicle
dynamics for a case with 𝑀 = 1 (𝑀! = 0.9, 𝑀" = 3) and a case with 𝑀 = 4 (𝑀! = 3.9, 𝑀" = 7).
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This model can also explain how high levels of
circulating androgen might interfere with ovulation,
as in PCOS. High levels of androgen are effectively
like shifting the biphasic curve to the left (Fig. 19).
This reduces 1/𝑀! , or equivalently increases 𝑀! .
When 𝑀! becomes larger than the initial number of
follicles entering the race, about 10-20, there are no
solutions, and no ovulations can occur.
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Fertility treatments for PCOS include estrogen
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receptor antagonists-agonists, which constantly
provide only a low activation of the estrogen receptor and blocks additional signals. This increases
FSH levels. Normalizing insulin resistance may also important, because many patients with PCOS
have insulin resistance leading to high insulin levels that induces androgen production in follicles
(theca cells have insulin receptors).
We can also understand how some fertility treatments work. These treatments use drugs that
work on the estrogen receptor that increase FSH. This drives the race faster for a given 𝑥% . Such
treatments if given at high doses can even increase the chance for twins (Fig. 19).
So let’s discuss twins. There are two types. Identical twins, also called monozygotic (MZ) twins,

occur when a single egg cell is fertilized by a single sperm cell. The resulting zygote
divides to a ball of cells that then breaks into two, with each twin originating from one half, and so
have identical genomes. MZ twins occur in 3 to 4 per 1,000 births.
The other type are non-identical twins, with a frequency of ~1/89 pregnancies. They occur when
two follicles ovulate. In the model twins can occur even if the only stable solution is M=1. If two
follicles happen to start the race with very close initial sizes, they grow together (Fig. 20). Given
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enough time, the smaller one will die in the model because M=2 is unstable. But in 14 days, it
happens sometimes that the second follicle is so close in size to the dominant follicle that it also
makes it to the LH surge and ovulation.
The probability for triplets and quadruplets in this picture drops exponentially because it is
increasingly unlikely to have three or four such nearly identical initial sizes to keep together
throughout the process. This is indeed similar to the observed frequencies

Naturally, twins occur in about one in 89 pregnancies, triplets in about one in 7910
pregnancies, and quadruplets in about one in 371126 pregnancies.
To summarize, follicles may solve the “choose M” problem by a circuit in which in follicles
race, measure their relative size by means of a global signal – estrogen as a shared
circulating hormone that inhibits their growth - and a androgen as a local signal that kills
them if their relative size is too large or too small.
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