NP prAyvn DDyn

S5-I AXRN TVID’Nad

T1MDNIN)




JDNOYPTII DITPN DOYVN DY NpLNRNNIA TIIN NLY NN NMIVNINIAN
.O21V21TD NPVLDKND D'OND 1N MMIVNAD NMIVLNIN NN

MNVPDIN NIV NMAD 1NTIN 1PINY NPLNNNI NYRIN NLYN NN NMIDMININ
NN DN DVavm

;1PN 90 NN NMLMNAN N
DM NIMNMNIVDR MTTNI L YINRND DY DM NLY 1M DN MT TN NNYP RN
.(OMADN MPIdM M0, DY NYNY XM



~NMLIAIDNA (1MY, 111 D'NAa5 1900-1600
(5,12,13(3,4,5) M D'WWO1wnNn1 My>ox DN NMIXD1D
292 MINDALY YINW

D1Masan nN2IMI Ahmes pnnNRkD'Nad 1680-1620
151 7N - Rhind 13
DNAN MXNMIYN NN S50 Monnn Mwya 87

> DYNYN OY MMLNINI NNaAN
DTN =101 MY pNINaMOY MMpan Y2 -5wn

TR INTNY DAYNOINND AN DY )YYIN whwn

V1ap NOY MMpInN D25 Dipian MMp) NN DpPNINN D1IDD -MDA™N

D\
B\

.DNVI I DIN - NDOYYN 1N

I.‘, Thales of Miletus P>np'Nad 624 547




nMromxr,y 0Yapn BC A DEDMpn . DT DWYnN A 00N - DYN SY DN PN
 ECAYNAB Dy nmw

NMLMNA MNXIINT
Triangular unmbers A
: ( '\
;" \‘-.\ /\\ \ and 5o on
/.\ \ / 3 J\ \ \\
. L d - LA and 59 on
1 3 6 10
Square numbers y———r—
Thales' Intercept Theorem o L__. 3
tates that: —
° DE _ AE _AD — ' }—‘T »
BC AC AB m
1 4 9 16 and 10 on
Penlagonal numbers
)”\\ \
and 50 on
\ \\. 'f)
1 5 12 and o om







DA DMOY DMADN HYY Dara NN . DOYN HY LITVLD NN DALY
TDIVNMIN NN _DMDDA MNIPYNR IMLNIN NTY PN
W5 MNNIN AKX DN wOewna anmdi yimin D1 a vawn

TDIWa NONIM NN - 180 whwnin nimrDop
DMTDWIIYNI MY NNt HY Nopian

© MathsisFun.com



NMN DTOPIN Y MANNNT MMM PINA YNNI :NORNNE NN
(Mwmn

DM MY g DY I MMPIpY X,y MNrm 022pn g1 p DIpn DN
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transversal

P X,y
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a+b+c=180 _1oM
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Exterior Angle
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DTPTPN Y TASN D TPTPN AINY DI ONXN DMIp 1M DN OW TNN TPTPN NN
MMM DIDD . D'WOYN N2 5 N0an I DPONMNN OMP h-311X¥1) 1D 0'1NDn
MADIAD NNATND NN SW NMMMan NNt D12DY MY DNOY NMPNNan

A B C D E
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Pentagon Angle Sum =a; + (a, + by) + (b, + ¢4) + ¢, + (c3 + a3 +bs).

t t ¢

=(a;+ay+a3)+(by+hy+hs3)+({c; +c,+c3)
= 180°+ 180° + 180°
= 540°

D

ai-1 NMMNaN MM DX 1D :MNXNN NN D1I2D NN
SUM[n¢180-aiy1=180n_-SUMiaij=180n-180(n-2,-180%2-360
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DD
[a%+b’-2ab cos0)=c?7 wNwN1D1DIPN PIN DK D) TNYA]

PINN NINND) DML D'NAY 550
AN al+ b?=c? NN WOIWNN NNr DN
a’+b?scc2 oarx 90% . DN

D217 NN NN VNN LAYN NIND MNY D2O1TY DY NAN

D'NMTDWMYNI MYOSXN DN IND Sy nnon .1
a/c=e/a b/c=d/b

a’=c*e b?=c*d

a’+b2=c*ce+d)=c?




Proposition 47 in Book 1 47 vawvn 119p2 DTOPINNINN 2.
ABD =~FBC mwon 2 ann a=AB,b=AC my>x :Damn D'>O1NOnN DWNIwnn Iy

ABD-=1/2BDLK BDLK mmny1mn nown xn Xin ABD wwnn now
My BK nanmamewn BD DDam NNN
FBC=1/2BAGF BAGF ya1inn nown xn Xin FBC wownn now D N
BDLK-BAGF=AB?-a? 12,
CKLE=ACIH=AC?%=b? D) N
AB2+AC2-BDLK+CKLE=BC? 12,
a’+b?=c?
G
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c’=(b_ay?+4*ab/2 - a?+b?




JMTAaN V121N Ny

( a+b )2 =

C2NLYA VI IN ab NLYI DWOYN NYIINNA 121N NN
(a+by? = a%+2ab+b%=c’+4ab/2

a’+b2=c?




5,12,13 18 3,4,5 12 DSy Doy 0n»p DNANNA LaAVNH
T DN MNYPNN (ML MYOY ) DMOY DMADN MYOY 7IDIN W ONN
(5,4 ,3) (13,12 ,5) (17,15 ,8) 25 ,24,7)
(20,21,29) (12,35,37) (9, 40, 41) (28, 45, 53)
(11, 60,61) (16,63,65) (33,56,65) (48,55, 73)
(13, 84,85) (36,77,85) (39,80,89) (65,72,97)
a=m’>—n? b=2mn, c=m’+n’ n,m 92 N2V 521pPY IWaN 2 NN IOMN
NMYaANN MyOwn 50 NN NN 0OY 19DN2 NYac3M mM2'0NMan MYOwn Y1 NN

. Ns2 MY DMMPNN DMOY 0NMaDN MYOW W DNN
a"+bn=c"
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TIOND
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squaring doubling trisecting
the circle the cube the angle
———— A A )
7/' I \> P - B — g N ",'
| \ l B \e
8 .l.’ {- ___.-;

construct a square construct (duplicate) construct an angle
with an area ex- a cube with exactly exactly one-third
actly equal to that twice the volume of of any given angle
of a given circle a given cube

proved impossible proved impossible proved impossible
by Ferdinand von by Pierre Wantzel by Pierre Wantzel
Lindeman in 1882 in 1837 in 1837



(N-2,*180 =Mmy>X n DY N12121 MM DD
DIDNM ODINN 20YNn DT NN MYOX My Naoa yox
A-2rsin(180°/ny-2Rtan(180°/n,
X = ((n-2)mt / n) radians = (((n-2)/n) x 180° ) degrees
y = (2t / n) radians = (360° / n) degrees

PIAN TWNNADTNIINNINY - T2V
(1. 1.XP19 2071 NN DKy aca+X)H)=xX? NRNNYNN DX 1NA NMUMNANMAYY
(1. 1.XPIa NN ORMNIIR V2 W NN DMONNNTN D1ADN
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2P NITNVPIN ,NITNILY . INMY MYYX1 MINA DY DMIVND DA 3 : D19
MTOPTIT NITANPN DaD1) DA YW - N1VYaN

TONI DO M PN DN DY 200 0N DTOPIN
MNY MK IR MY MyOSX DY D912 INN (DTOPIN DOXN TND NN : DTNMIIN

NLOAX SY 0aD1) 2+ DMANA DY O IRD DMLD1a 3
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Tetrahedron Octahedron Cube

&

Icosahedron Dodecahedron
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NLSAX SV OO WNN DN NYMN

The Tetrahedron The Cube The Octahedron The Dodecahedron The Icosahedron

The five regular solids discovered by the Ancient Greek mathematicians are:

The Tetrahedron: 4 vertices b edges 4 faces each with 3 sides
The Cube: o vertices 12edges 6 faces each with 4 sides
The Octahedron: 6 vertices 12edges & faces each with 3 sides
The Dodecahedron: 20 vertices 30 edges 12 faces each with 3 sides
The Icosahedron: 12 vertices 30 edges 20 faces each with 3 sides

ATNNPINI ITNPTIT,ITROPIN, NP, 1 TRIVD- DIND1N DAIVDaN NN - 1LOaN
MY MXAN O D TPTPN D22 MWAa) NMYOX 19DN 1NN
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Leonhard Euler (1707-1783 191K
NP NITND) 1IN HID AN NNDL
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n n IOMN NP ad
f+r- - = f- b) + 2

f = dm 129
2m — (m —2)n
mMNINa 5 n5 Y m,n>2 NMIAVI NLINNTNINNYNT
(MILMIN - PIAINLOAN OY DIONWNN DANN 5 KT
;112NN
—MYOX 1aDN DN D TPTP 19DN D1DA NIND 1aDN
D NNN19DN DMYa MnNa 2

(MINMNI 12X MNYPNH MY 9120 DA PN IDMIX LawN
(TPTP 225 TPTP 22N 150Ny 1w
2=D"NNXMN 19DN D11'N NIKAN 19DN D1Da MNYp 19N

T NN 9VNI MANNYNN MOYP 71NN NN
N1 KO INKS . TNK2 NINA 1aDN TNKD MNYP 1aDN
DINPIY TV ,IYP1 NNIX PNNI . DNN XD YV INRI Davn
NNNX DY NN DNIX DY



NTTINY N
Buckminster Fuller

92T

17912
Nobel, 2010 A.Geim and K.Novoselov

TNMIX_ 1))

C.,Buckball (Fullerine)
H.Kroto, R.Curl and R.Smalley Nobel 1996
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NNXIN 'NIAYDM NNYNN AN 119Dy X'WIN XM 12 DNI1AX 271N INK 12N
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TN DNYN NLY NNAN DN YT AT [NLVYN NTN=1D1MAYNN DY [NN1N=1 NN’
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NLY D12DY D1 TN 12122 MTNIAN 101NN ,NN NTIN A NLY PAIWWPN DA 1D
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DNTRTY NIMN ANNA - MYOX MY DWOYN Ny 1 =D1T1 0y %2yn 71N 1N DN
NTAPiAY . 23unNNapnn VP 6 =1apnN . DayNna1 DpnNn NAwn DX 0N 60-180/3
52251\ N DTADINYITN IO MYSX 19DN DY DAY HaynH 11pnind 5011 .3 n
12196 ,48,24,12,6 :my>¥n1apn NN 15W

DML LaAYNN ,AB OW YONN NN AWND 501 1MapM T2 L) DX

AD=1/2

CD=sqrt(1-AD?)=sqrt(3/4)=sqrt(3)/2

DB=1-CD=1-sqrt(3)/2

AB=sqrt(AD?+DB?)=sqrt(1/4+1+3/4-sqrt(3))=sqrt(2-sqrt(3))=0.517638...

pi ~< 12AB=6.211657...
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a, = K tan(r/K), b, = K sin(r/K),

a,..= 2K tan(rnt/2K), b,,, = 2K sin(rt/2K),
a,=3 tan(n/3)=3v3 & b,=3 sin(rt/3)=3v3/2
(1/a,+1/b,)=2/a

n+1

an+1 bn = (bn+1)2 i
/ .
0
04 =1
AB = sin({1m/K)

AT = tan(n/K) __,
where K = 2 x 2
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265/153 < sqrt3 < 1351/780
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symbol value symbol  value symbol  value
a 1 i 10 2 100
B 2 K 20 a 200
¥ 3 A 30 T 300
) 4 T 44) 3 440}
_ € ] v a0 % 800
(digamma) C 6 ¢ 60 x 600
€ 7 0 70 P 700
7 8 T 80 w 80}
8 g {(koppa) C’ 90 | (sampi) 2 900
an( = 287
"yar( = 3287
M€ = 50,000
M*gn( = 120,287
2nd myriad
3rd myriad

D'TADMADN DY N2 NI NLw
-NMDLN Yy DD1AN

10°10" = 10°**
M=10,000 TV TN "N MapNnN
MDINPYN,"TIND 1N KD myriad Xpaw

108 5w 'pwa’ Sy vynn DTN
1st myriad 15 xpw

(108)(108] _ 108-108
((108)(108))(108) — 108-1018-

- DOWYWN O5ONY 5w HNN M1 190N AWM DTNDAN "IN avnn“

8x 1063 NHw NanNoa
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Bonaventura Francesco Cavalieri 1598-1647 »"m5Nap vavn

TNINOY NN Y02 NLY/TNIKI INY MMNX DY ONX DN DNLwd N2)
DMY NN/ 1IN"NvY
1MA2 MY NMyILNN MNMIY NYY N NNnN Nnnn




DI'TIY DY IN2IN DDA DI TIY DINN XXIND 992 N DMyad my 11T NAd X NAT
N2l . DINPN WA NN NN NLY DA NN 1T (r_y?, NNTON JTNN NLY 1NN 2221 :NTIN
r3(1-1/3)2=4/3mnr3 1T1OXNI NN 2/3 MTIN NI &r3/3 Dinpn
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V=A*H/3 :D'D1p1 MTNI1ad D2MI 1N NN
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Paul -Habakkuk Guldin 1577-1643  1»T912 LaAYnN : 212D 1911 NA) DO NLY
(Pappus of Alexandria 290-350 P1axa 'y N5 NN NP1 NYynd,

Pappus-Guldinus theorem
LYNY (MLYN ) TIINN DIY 72 ,7'X 212D 1NDN (ANLY) S TN DY NMAD MM DIpy DN
MY DT OW (N2 INLY 2212°D A IXNIM ;1IN DY TARN TN NXN) NXP MTNP)
(2TTRA ) 2TTRS 1OW T210N 120 XY 22YNN 9PN 2190 (NLWD ) TNND

r(1"2YH) 1LPMIDNTIY D1V XNNTY
ROITnmorm

A = (27r)(27R) = 47*Rr.
V = (7r?)(27R) = 2n° R,
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Hippocrates of Chios oo, p'nNad>470-410
TMUNMND DY D'LINONX' ANI PN DY TNON
D'Na%460-370 D1pNn DLAIMATIND,
(Hippocrates of Cos Xannyuawnonmmiow’
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DAaynNn Vian Nwab oONXLIN OSY D LINON
NLY NYPY TYN NITY AWN . DMY A,a DONININ D'NLYNY NN :DIvIP1Ia N d¥ N1
DYVAIMINDWYOIYN NLWY Havn

R=AO r=AD=sqrt(2R?)/2=R/v2 A=R?/2
a=mir2/2-(nR?/4-A)=rtR%/4-ntR?/4+A=A o.wn
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NnTN 1P H Gmmpia CE CFoyraannapninny 12 A2'20 5210 11D
AG 2 5w wdw pwawd 1078 my



3-5 nnr npadm - DXaX vVawn
A P B

R 2AP
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"MWa' 120 "MN1DIN" 1A 5 Tan p'Nad 400 pran o1:IN Oenopides of Chios
DTOPIN NI NMOVY UNN NN NMNIDIN YOW NDIN ,MN1DINN JNAD DY 11Nad 1w
TMIVNINIAT NIN:
(TNHIP MPTN MMPINY .
(T AWNIPII1DWNND 1N (WP DY PONHY VLD .
(TN YN D PTAN DNTN M.
mamn mav n Mmoo .
DMpN MOYn 180 MY 1)K 1MIDY (NN MM DMINK DMP W DY 1IN WP DX .
180_n MnNa MMrn DIDDY 1NM2Y DOWNNI D'Wal)
TN DNIPNIP 1AWV IPI YINN NMp 7T 1aoN Nnan

U'l-buul\)l—l

'common notions' :M1TANYAP DADTOPIN

DN DY wOW 12T DWn (Things) DMaTaw .

MY MXXINN DY DY MY D'9"DIN DN

MY MXXNINN DY D221Y MMy DMIDNN DN .

DN DMWY DN DMATIY : (N2'WPYAT, NAPYN NNON .
PO NTADOWN .

UT DN WIN =

N1 ND T HY NN, M0V DNPY - DD YN 1N MNN
NMI=NMNT. DY NN D'PNIN=Magnn . M1 D'PNIN - TOPIN NMVNINDA DTN
Vapon D'pnInNn A, My
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Plato nN\LYarRD'NaY 427-347

MMILMNIAN MDD, NLNNN NP
DMLNNN DMNMXY INNINI] 'Phaedo’' IN2MO D'NAd> 387 .'"MMTPNN' NN TDMN
TITN AXIOODY NN NIVIAN NITAN AN 21 KOO IN TNIX DY IP . DMMOvIn
DTOPIND

DM DT - DMINNN DI DN NXD DMIANINN DMLNI DIPNIN 1D1N DOWN

384-322 BC Aristotle wp"x

DM N, NTN L, WN - "MMDY NYAINN 10NN DYN NLYAN SYW Tndn
D'PTNAY MI1'DI1 MON DI NNMP NMNRNY NN MDA 'Lyceum’y DINDON NX TDM
NN

D'NaY 356-3239TanN 1MDION SY 01N 1MIVDMINI 1DYAN



Theaetetus of Athens 417-369 BCv5ax SwiTndn pivnNn
D1aDN (DTOPIN 13 712 1TRNPNR ,ITRUPIN - D91 DW MIANIN NMILNIN
10 7712 = DMONINXINI DMONNNT



Theatetus Menaechmus 380-320 BC pivvNn
DI DDA NN
ax2+byZ+cx+dy+e=0 NMIYW NA1TA xy NYMNI MNXIWND MMIYaNn D)

TN DINPN 2NN YY 'MMP'N MRwNn
&-E_ X2+Y2=R?2 :2aun Circle
(X/A)%+(Y/B)2=1 ﬂ‘f}ﬂ’?N Ellipse
Y=AX? 211719 '
‘s Y=A/X 9511197 Parabola
\ | . Hyperbola
N~ 7
A

NDAYNIN DMWY

Parabola

|
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Index ¢ Code ¢

10

PPP

LPP

LLP

CPP

LLL

CLP

CCP

CLL

CCL

CCC

Given Elements

three points

one line and two points

two lines and a point

one circle and two points

three lines

one circle, one line, and a point

two circles and a point

one circle and two lines

two circles and a line

three circles (the classic problem)

Apollonius of Perga 262-190 BC p1n,an

Number of solutions
(in general)

Example

(solution in pink; given objects in black)
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Euclid of Alexandria 325-265 BCpTYpIx
D212 132 (NpvonnNNNn Sy, 'DLINONN’
TOPIN NMLNINY

DTYOPIRNINA (MMLMKW DY, 'DWINONN' 01013
Euclid’s “Elements” http://aleph0.clarku.edu/~djoyce/java/elements/toc.html
Book I. The fundamentals of geometry: theories of triangles, parallels, and area.
Definitions Postulates Common Notions Propositions
Book Il. Geometric algebra. Definitions Propositions
Book lll. Theory of circles. Definitions Propositions
Book IV. Constructions for inscribed and circumscribed figures.Definitions Propositions
Book V. Theory of abstract proportions. Definitions Propositions
Book VI. Similar figures and proportions in geometry. Definitions Propositions
Book VII. Fundamentals of number theory. Definitions Propositions
Book VIII. Continued proportions in number theory. Propositions
Book IX. Number theory. Propositions
Book X. Classification of incommensurables.
Definitions | Propositions 1-47 Definitions Il Propositions 48-84 Definitions |ll Propositions
85-115
Book XI. Solid geometry. Definitions Propositions
Book XIl. Measurement of figures. Propositions
Book XIlll. Regular solids. Propositions
Other books: Data, On Divisions of Figures, the Phaenomena, the Optics
Lost books: Surface Loci, Porisms, Conics, and the Pseudaria (that is, the Book of Fallacies)
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Lema, conjecture, proof nnN21m (N12p)NMn ,Nn>

The Original Euclid's Postulates (5)

1. For every point A and for every point B not equal to A there exists a unique line that
passes through A and B.

2. For every segment AB and for every segment CD there exists a unique point E such that B is
between A and E and such that segment CD is congruent to segment BE.

3. For every point O and every point A not equal to O, there exists a circle with center O
and radius OA.

4. All right angles are congruent to each other.

5. (Euclid's Parallel Postulate) For every line [ and for every point P that does

not lie on /, there exists a unique line m passing through P that is parallel to /.

Incidence Axioms (3)
1. Given 2 distinct points there is a unique line incident with them.

2. Given a line there exist at least 2 distinct points incidence with it.
3. There exist 3 distinct points not incident with the same line.



Incidence Propositions

If 2 distinct lines are not parallel then they have a uniqgue common point.
There exist 3 distinct lines which are not concurrent.

For every line there is at least one point not incidence with it.

For every point there is at least one line not incidence with it.

For every point there exist at least 2 lines incidence with it.

Lk wh e

Betweenness Axioms (4)

1. If A*B*C then also C*B*A and A, B, C are distinct collinear points.

2. Given 2 points P and Q there exist 3 points A, B, C such that P*A*Q and

P*Q*B andC*P*Q.

3. Given 3 collinear points, only one of them can be between the other two.

4. (Plane Separation) For every line | and for every 3 points A, B, C not on |,

(a) IfA,B are on the same side of and B,C are on the same side of /, then A,C are on the same
side of /.

(b) If A, B are on the opposite sides of / and B, C are on the opposite sides of /, then A, C are on
the same side of /. Corollary:

(c) If A,B are on the opposite sides of / and B,C are on the same side of /, then A, C are on the
opposite sides of /.



Betweenness Propositions
1. AB> [cut] BA>=AB andAB> [union] BA>=<AB>
2. Every line gives exactly two mutually exclusive half-planes.
3. (a) Given A*B*C and A*C*D then B*C*D and A*B*D
(b) Given A*B*C and B*C*D then A*B*D and A*C*D
4. Line Separation Property
5. Given A*B*C then
(a) AB[union]BC=AC
(b) AB[cut]BC={B}
(c) BA>[cut]BC>={B}
(d) AB>=AC>
6. Pasch's Theorem
7. Given <CAB and a point D on the line BC, then D belongs to the interior of
<CAB if and only if B*D*C.
8. If Dis in the interior of <CAB then
(a) so is all of ray AD except A itself
(b) theoppositeofrayADiscompletelyintheexterior
(c) if C*A*E then B is in the interior of <DAE
9. Crossbar Theorem



Congruence Axioms (6)

1. Given segment AB and any ray with vertex C, there is a unique point D on this ray such
that AB = CD.

2. IfAB=CD andAB=DF thenCD=DF.

3. GivenA*B*C andD*E*F, ifAB=DE andBC=EF thenAC=DF.

4. Given <D and any ray AB there is a unique ray AC on each half-plane of the

line AB such that <BAC = <D.

5. If <A=<B and <A=<C then <B=<C.

6. (SAS Criterion) If 2 sides and the included angle of a triangle are congruent to

those of another triangle, respectively, then the two triangles are congruent.

Congruence Propositions

Segment Subtraction

Segment Ordering

Supplements of congruent angles are congruent.
All vertical angles are congruent to each other.

An angle congruent to a right angle is a right angle.
Given a line / and a point P there exists a line through P perpendicular to /.
ASA Criterion

Isosceles Triangle Theorem

Angle Addition

10 Angle Subtraction

11. Angle Ordering

12. SSS Criterion

13. All right angles are congruent to each other.

O 00 NOULRA WNRE



Continuity Axioms (2)

1. (Circular Continuity Principle) If a circle has one point inside and one point outside
another circle, then the two circles intersect in two points.

2. (Archimedes' Axiom) Given segment CD and any ray AB there is a number n and a point E
on this ray such that n x CD = AE >= AB.

Parallelism Axiom (1)

i (Hilbert's Parallel Axiom) Given a line | and a point P not on /, there is at most one line
through P which is parallel to /.



Theorems in Neutral Geometry:
1. Alternate Interior Angle Theorem and its corollaries:
(a) Two lines perpendicular to another line are parallel.
(b) Given a line / and a point P not on /, there is a unique line through P
which is perpendicular to /.
(c)Given a line / and a point P not on /, there exists a line through P which is
parallel to /.
2. SAA Criterion
3. Everysegment has a unique midpoint.
4. Every segment has a unique perpendicular bisector.
5. Every angle has a unique bisector.
6. Given AABC,AB>BC if and only if <C > <A.
7. Given AABC and ADEF with AB=DE and BC=EF, then AC <DF if and
only if <B < <E.
8. Triangle Inequality Theorem
9. Saccheri-Legendre Theorem
10. If there is one triangle with angle sum = 180° then a rectangle exists.
11. If a rectangle exists then every triangle has angle sum = 180°.
12. If there is one triangle with angle sum < 180° then every triangle has angle
sum < 180°.



Note: Using Euclid's Parallel Postulate it can be proved that in Euclidean Geometry the angle
sum of any triangle = 180°. In Hyperbolic Geometry angle sum of any triangle always < 180°
whereas in Elliptic Geometry > 180°.
13. Euclid's Parallel Postulate is equivalent to each of the following statements:

(a) If two lines are cut by a transversal such that two interior angles of the same side have
degree sum < 180° then the two lines intersect on this same side.

(b) Hilbert's Parallel Axiom

(c) If a line intersects / then it intersects any line which is parallel to /.

(d) The converse of the Alternate Interior Angle Theorem

(e)If 11 //I2 and m—-11 then m—-12.

(f) Ifi1 //I2 and m1 11 and m2 -2 then either m1 =m2 or m1 //m2.



Hyperbolic Axiom (1)
i There exists a line [ and a point P not on / such that there are at least two lines through P
which are parallel to /.

Theorems in Hyperbolic Geometry:
1. There are no rectangles.
2. Universal Hyperbolic Theorem
3. For every line / and a point P not on /, there are infinitely many lines through
P which are parallel to /.
4. The angle sum of any triangle < 180°.
5. AAA Criterion
Note: It can be proved that, if Euclidean Geometry is consistent then
(a) so is Hyperbolic Geometry
(b) the Parallel Axiom is independent from the other axioms.
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BC 310-230 Aristarchus of Samosis
N2511 12210 2D 121N WNRNY YIXND NYNIN NN DI12AVDMN

sinx (X tana NLp M
sina/sinB<a/B< tana/tanB 0°<B<a<90°

sin a

Tan o



(Calculus , 93X, DYRNADLIINI DIONINIIDT DY NPWVNNNN NOMNN
DTNOAINIDTOPINDIDITI DY DINPMMAYIA YNNI NN DONNILIRI TN
.DMYTN MO NIAND NP 70T NIWN AN MIXWO DLIPID NN TN NN1D 1T

ONYOINTAA A MND NTI MDD . DAMNID MIPI N DTN NN XD NIN
Neugebauer, The Exact Sciences in Antiquity, Dover, page 78. mha
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Eudoxus of Cnidus 408-355 BC 4,5 m1Tan 5 712 ) D'ON* S¥ M IN'D 1D,
,22VN SW NX1LIN - Exhaustion n¥xin nvw Dedekind 1872 T72p777NN v D'DAN
DIIN,NTNIA
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D1p1 DIDNN VIAMN MKXA NYAIX D25 NOXD Dy n 91 DX ELKF yarinn nown
NN 1M D'DON N LN NYAPS DWMIYNN NAaPINA 199 .Daynin NN DDINN V1AM
.DIDNN V12D YINN XXNIN Daynad nown

W MNAY D'DIN XN MYDX DY 4 DY DIDN N8 1AyNna _a5w 522 99N nryw
3/41M-16 N5)YNn NLYN_N 1M NDIN NADPIN AD1aD YINN INPIY Dayni1 nownn
A Nvwn 7/8-n1n noon.
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mybxy 4.8,16,32 ... Dy DINDIAN NIT'DA ,WOYNN NLYN 1LY YAYNn NLYY NI DN
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Eratosthenes 276-192 BC DiavDINLDIN
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AP*DP =BP*CP DINDIAN DY DIONNIN DMINMNN LAYN
P.O - Daynbyim p0_-5xwwnn na
D1 Dwwn ADP CBP -nnon

(BAD = BCD MY BD 1NMN Sy Monnin nmm nv
ABC = (ADC, my AC InNMn oy monmnnmmm ny
(APB = .CPB nIpTp Mt
AP/CP-BP/DP-AB/CD 129
. AP*DP-BP*CP AP*CD-AB*CP BP*CD-=AB*DP. N
own




rorTaoyn>ona Pnmpadw h 'mnxyn’
h=PT? s=PO s-r=PA s+r=PB
h=s2-r2 = (s-r)*(s+r) = PT?=PA*PB = PM*PN




Hipparchus of Rhodes 190-120 BC p1>1a'n

nMLMNAY
(DMNA 5V TNNDN D1X)12WI ANINY 1NN sqrt(2) "2 R¥n

Heron of Alexandria 10-75 AD 71"
D9 DY Nan 0a Ny
abc mybdx dSya A whwn nowd N1 vawn
A = sort [ s(s-a)(s-b)(s-c) ] = sqrt [ (a+b+c)(-a+b+c)(a-b+c)(a+b-c) ]/ 2
s=(a+b+c)/2 wOwnin qpn XN




K Menelaus of Alexandria 70-130 DIXYIn
nMav MMIVvVNINY

A B F
Ar BD CE_ .DINYIN LAWN
FB DC FEA ' NYMNI DWNWNY

AFx BD xCE =—-FB x DC x FA.
DEF 1pn DY KIWND AB_5 5apn CK:NNN
BD BF| |AE AF | DMTDWwNYNN

N pcl |CcK|'|EC| |CK
# Sin—Y AN NMTIWPp_DMAaD DWNnd

' SiNAD-SINnBE-sinCF=sinBD-sinCE-sinAF.
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Claudius Ptolemy 85-165Rknbn
'NNnON LawnN Ptolemy’s theorem 1NN DXINWD DX DMMN

AC|-|BD| = |AB| - |CD| + |BC| - | AD|

/BAC= /BDC / ADB = ZACB. N0
ABC I"MrnxIn

AC NN K-2wxna
ZABK+ £CBK= ZABC= ZCBD + £LABD, £LCBK = ZABD.

AABK ~ ADBC AABD ~AKBC. D'NMTDWNIYN
AK/AB =CD/BD, CK/BC=DA/BD; 125
AK-BD = AB-CD, CK-BD = BC-DA; IN
AK-BD + CK-BD = AB-CD + BC-DA; DI1DDM
(AK+CK)-BD = AB-CD + BC-DA;

AK+CK = AC, --> AC-BD = AB-CD + BC-DA own
AK-CK=2AC AC_5 YiNn K DN




D1axa Papus of Alexandria 290-350 D*>1Tan D1N DMILVMINAN NINN
112D 9 N0 1640 PO LavNn'A DOLNN INNND - MNDMaN NN
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Harmonic Range n1nDinn

O ® O ®
A C B D

PN A D NTpy Yy M CNMpa 'y (NN MpNNn v Ip by AJB MMp) DN

AC  AD 120, My
CB DB

N ABY'ynmaninopShnn CD Dy CD Yy maninophnn ABTX
CA/AD-=CB/BD

2NN Dinnh DX ABCD A0
INAB2a™ D) Xin O DX

OB *=0CX0D.



Pappus's Harmonic Theorem
Z

D

A VMYOX DN D'OMNN DMINIY DPNn AZD »TpTp DX wOIIwN 11N nMp) Y25 1an)
WDC

Y NnTpi2 AByO¥n qwnn nX vua'w DC NN 7'wn)

Menelaus theorem D) NN 22NN DIND MINY DN X2 ABWY mmpan



DIAND DY MDpPNn Lavwn

Pappus's Hexagon Theorem

MNP DY abe MMpIMm TNXIP DY ABCMNMpIn DX

CTNRP DY DX Ab&aB Ac&aC Bc*bC 01NN MININ XYZ MNMPIn TN
AbCaBc :D1aNa 5w aDpPNn

19NN DMP 9.5 MMpPIn 9 NN 9ON) DN :sefl-dual MXYO IONIT Xin bapnn

NN NP2 D'RAR) abe DMIPM ,NMPI2 0'Wa2) ABC DMpn DN
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NP X1 XYZ 1P IWKRD :2ANINTN DLND LAYNT MNII DX MNXID 1NN
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NN DIRNI

DM WY DMNINN DNYI DDIP DINNY DPDa bawnd VI3 NIPN KN N Lawn



Pappus Chain D1aNa nawvv

A B C

. P, DIWIYIDMPM, VILPN, UNTIN 2aynNn XNO Dpwnn P, DayN NIYIY W Nl
(R,r DD U,V DV2YNN 121N DN NOY D'DIP1ANY NDAWIN DY DAV DVAYNN 1IN
( R-r )+(r+r )=R+r . (DTN DMPHY12P DDIPIAN YN D’PNINN D12D1 INKN

DT DMYA YAIN p, 22YND (DT DMNIYAY MY D'DANN p, 2AVynN pnan
DTN DMYa 2n PNINN p,-N

NI p, YW DPTIN 2NN ML TNNIP TN ,1VPM D)ITAN DD TIN DN X1 AC/AB=r DN

r(1+r) nr(l —r) ) (1—7)r

(mmyn) - (2[n2(1 - T‘)2 +T] ) n2(1 _ 7')2 4 Tn = 2[n2(1 — 'r)2 =} 7‘]



Hypatia of Alexandria 370-415
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Cube
V = a3
Volume is the
three—dimensional
space occupied by an b
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v =abh
Cylnder Rectangular Prism
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Cone Frustum
- / -
Volume is the vV = 1 (d +db + b)
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D'MLYN 'DN Y1 MYSX 'DN MNa D TPTP ‘DN = 19N 19N
Y=V —FE+ F = Vertices— Edges + Faces
| TPXPITINA NN = 2 "M qd
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22871 1NN V91 NIV MYTN NP 252N NanN V1axd » T2 PIX D'WaN nNnd
(Francis Guthrie, 1852, i D'D112 N'YaNn NN ND")

(Alfred Kempe, 1879,
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(Kenneth Appel and Wolfgang Haken, 1976) 1PN Dax
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(Maurits Cornelis Escher, 1898-1972)
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